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We consider the estimation of a high order quantile associated with the conditional
distribution of a regressand in a nonparametric regression model. Our estimator is inspired
by Pickands (1975) where it is shown that arbitrary distributions which lie in the domain
of attraction of an extreme value type have tails that, in the limit, behave as generalized
Pareto distributions (GPD). Smith (1987) has studied the asymptotic properties of maximum
likelihood (ML) estimators for the parameters of the GPD in this context, but in our paper
the relevant random variables used in estimation are standardized residuals from a first
stage kernel based nonparametric estimation. We obtain convergence in probability and
distribution of the residual based ML estimator for the parameters of the GPD as well
as the asymptotic distribution for a suitably defined quantile estimator. A Monte Carlo
study provides evidence that our estimator behaves well in finite samples and is easily
implementable. Our results have direct application in finance, particularly in the estimation
of conditional Value-at-Risk, but other researchers in applied fields such as insurance will
also find the results useful.
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1. INTRODUCTION

Consider the nonparametric regression model

Y = m(X) + 02U, (1)
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where m is a real valued function that belongs to a suitably restricted class (see
Section 3), 0 < 0 < oo is an unknown parameter, E(U|X =x) =0, and V(U | X = x) =
1. We assume that U has a strictly increasing absolutely continuous distribution F(u)
which belongs to the domain of attraction of an extremal distribution (Leadbetter et al.,
1983; Resnick, 1987). In this case, for a € (0, 1), the conditional a-quantile associated with
the conditional distribution of ¥ given X, denoted by gy, x—.(a), is given by gy x-.(a) =
m(x) + 0'2g(a), where g(a) is the a-quantile associated with F. If U were observed, g(a)
could be estimated from a random sample {U;}’_, and combined with estimators for m
and 0 to obtain an estimator for gy y—.(a). In general, U is not observed, but given a
random sample {(Y;, X;)}., and estimators /m(x) and 0 for m(x) and 0, it is possible to
obtain a sequence of standardized nonparametric residuals

Yi — m(X;)

Ui=—"—
012

fori=1,...,n, 2)
that can be used to produce an estimator g(a) for g(a). Then, we can define gy x—,(a) =
(x) + 0124(a) as an estimator for Gy | x=x(a).

In this article, we are particularly interested in cases where a is very large, i.e., in the
vicinity of 1. These high order conditional quantiles have become particularly important
in empirical finance where they are called conditional Value-at-Risk (VaR) (see (McNeil
and Frey, 2000; Martins-Filho and Yao, 2006b; Cai and Wang, 2008). It is interesting
that the information that a is in the vicinity of 1 proves helpful in the estimation of g(a).
The seminal result comes from Pickands (1975), who showed that if F is in the domain
of attraction of an extremal type distribution, denoted by F(x) € D(E), for some fixed k
and function a(&),

F(.x) € D(E) < limgauxsup0<u<uw—cf

F:(u) — Gu;0,0(&),k)| = 0, (3)
where F:(u) = %{S“’ Uso = sup{x : F(x) < 1} < oo is the upper endpoint of F, u,, >
& e M, G is a generalized Pareto distribution (GPD), i.e.,

{1—a—k@—uyww ifk£0,6>0

G(y;u,0.k) = .

1 —exp(—(y—w/o) ifk=0,06>0

with p<y<oo if k<0, p<y<u+g/k if k>0. It is evident that F:(u) is the
conditional distribution of exceedances over a threshold ¢ of a random variable U given
that U > ¢&.

The equivalence in (3) shows that G is a suitable parametric approximation for the
upper tail of F provided that F belongs to the domain of attraction of an extremal type
distribution. Therefore, it is intuitively appealing to obtain an estimator for g(a) from the
estimation of the parameters k and ¢(&). Smith (1987) provides a comprehensive study
of a maximum likelihood (ML) type estimator for k and ¢(£) when the sequence {U;}/,
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is observed. In this article, we extend Smith’s results and study the asymptotic properties
of ML type estimators for k and ¢(&) based on a sequence {ﬁ,-};;l obtained from first
stage estimators m(x) and 0. The extension is desirable as many stochastic models of
interest, in particular those used in insurance and finance, exhibit the conditional location-
scale structure of Eq. (1) (see (Embrechts et al., 1997) rather than the simpler formulation
treated by Smith.

We have shown that, for the case where F(x) belongs to the domain of attraction of
a Fréchet distribution, the ML estimator for the parameters of the generalized pareto
distribution (GPD) based on the sequence {ZZ-}I’.’:1 converges at a parametric rate to a
normal distribution when suitably centered. The asymptotic distribution is similar to that
obtained by Smith (1987), but although the use of standardized nonparametric residuals
does not impact the estimator’s rate of convergence, it does increase its variance. We also
study the asymptotic behavior of the estimator g(a) constructed from the ML estimators
for the parameters of the GPD. In particular, we show that ZEZ; — 1 also converges in
distribution to a normal at the parametric rate. These results, combined with known
properties for suitably defined m(x) and 0, provide weak consistency of gy x—.(a) as an
estimator for gy x—.(a).

Besides the introduction, this article has four more sections and two appendices.
Section 2 provides definitions and discussions of the specific estimators we will consider.
Section 3 provides the asymptotic characterization of our proposed estimators and the
assumptions we used in our results. Section 4 contains a Monte Carlo study that sheds
some light on the finite sample properties of the estimator under study and a comparison
with a commonly used estimator proposed by Hill (1975) for the parameter k of the GPD
distribution. Section 5 provides a conclusion and gives directions for further study. The
appendices contain all proofs, supporting lemmas, tables, and figures that summarize the
Monte Carlo simulations.

2. ESTIMATION

Our proposed estimation procedure has two main stages. First, the definition of U
in (2) requires specific estimators for m(x) and 6. We consider the local linear (LL)
estimator A (x) =& where (&,f) = argmin, ; Y7 (Y, — o — B(X; — x))*K, (%) based
on a random sample {(¥;, X;)}, of observations on (¥,X) € R* and 0= %Z?zl(Yi -
m(X;))?. Here, K;(-) is a kernel function satisfying some standard properties (see Section
3), and 0 < hy, is a bandwidth.! It should be clear from what follows that other
nonparametric estimators for m(x) could be used to define ﬁ, What is important is

IThe case where (Y, X) € ®'*2 with X € 2 and D > 1 can be analyzed with arguments that are similar
to those we have used. The only differences reside on how the kernel function is defined and the speed of
convergence of the relevant bandwidths to zero.
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that they are uniformly asymptotically close to m(x) in probability at a suitable rate. In
particular, under our assumptions, the LL estimator satisfies

R }’lhln -2
sup |m(x) — m(x)’ =0, (—) + h%n , 4)
xeG ogn

where G C N is the compact support of m (see Assumption A5 in Subsection 3.2).
It is worth mentioning that, if the regression model in (1) is parametric, i.e., m(x) =
m(x; B) for B € B C WP where D is finite, then any estimator for f that converges at the
parametric rate (,/n) will satisfy (4), therefore preserving the asymptotic characterizations
of Theorems 1 and 2 in Section 3.

Also critical is that 0 converges to 0 sufficiently fast (but not necessarily at a parametric
rate). Under our assumptions and given (4), it can be easily obtained that

A nhy \ )
9_9=01’ (lOg}’l) +h1n ’ (5)

which will prove sufficient for our asymptotic results. The second stage of estimation,
which is based on the equivalence in (3), is more intricate and requires some additional
notation and motivation. We first discuss estimation for the case where U; is observed.
Since the GPD is a suitable approximation for the upper tail of F, it is intuitively
reasonable to use only sufficiently large values of U; to estimate its parameters. Therefore,
a key aspect of the estimation is the determination of a threshold value such that only its
exceedances are used to estimate the parameters of the GPD. For any given sample size
n, a specific threshold selection implicitly defines a number N of exceedances to be used
in the second stage estimation. Alternatively, by choosing N an implicit threshold (not
unique) is defined.

For an observed sequence {U;}",, we define the order statistics {U;}_, where U, <
Ug <--- < Uy For a fixed N < n, we define the excesses over Uy, by {Z;}}L, =
{(Un—n+j) — U(,I,N)}j.":l. Ascending order statistics can be viewed as estimators for a-
quantiles associated with empirical distributions. As such, we can write

Uia if na e N
qn(a) = .
Ufnairy  if na ¢ N,
where N represents the set of positive integers and ¢,(a) is the a-quantile associated
with the empirical distribution F,(u) =n~'Y " | yu<y With x4 denoting the indicator
function for the set A. Consequently, for a,=1— % we can write {Z j}j.\’:, =
{Un—n+j) — 4qn (an)}j.\':]. Thus, for a given sample size n and N (and consequently a,),
we can estimate the threshold ¢,(a,) which will be exceeded by exactly the N largest
elements of {U;};_,. The sequence {Z;}}_, could then be used to estimate the parameters

of the GPD. Here, the threshold ¢ in equivalence (3) is estimated by g,(a,) which, given
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a sample of size n, determines the order statistics to be used in estimating the parameters
of the GDP.

Since in our case we only observe {U;}",, we must produce an estimated sequence
of exceedances with typical element given by Z ;. Perhaps the most natural procedure
would be to define Zf = /U(n—N—#j) — ¢, (a,), where g,(a,) is the a,-quantile associated
with the empirical distribution of the nonparametric standardized residuals {a};’:l.
However, it is well known from the unconditional distribution and quantile estimation
literature (Azzalini, 1981; Falk, 1985; Yang, 1985; Bowman et al., 1998; Martins-Filho
and Yao, 2008) that smoothing beyond that attained by the empirical distribution
can produce significant gains in finite samples with no impact on asymptotic rates
of convergence. ConsequenII , we define g(z) as the solution for F (q(2)) = z, where
Fu) = ["_ ﬁ YK (-"*U" dy, K,(-) is a symmetric kernel function and 0 < h,, is

hay
a bandwidth satisfying certain regularity conditions. Therefore, we define the observed

sequence of exceedances to be used in the estimation of the parameters of the GPD
in the second stage as {Z}?’;l = {ﬁ(,,_M_J_,-) - Z](a,,)};v;l. Note that here the number of
residuals N, that exceeds g(a,) may be different from N for any finite n. As will be seen
in Section 3, this finite sample difference will be of no asymptotic consequence for the
estimation.

Given the sequence {Z};V‘:"l, we consider maximum likelihood estimators for ¢ and
k based on the density g(z;0,k) = 1 (1 — "f)l/ 1 associated with the GPD distribution
when u =0. In particular, we obtain a solution (Gy,k) for the following likelihood
equations:

1 NY ~ -
> logg(Z;;6x.k) =0 and
=1

01 & ~ .
— E logg(Z;;6y,k) = 0. (6)
Jdo N; ‘ —

BN, 2

Now, if {U;}_, were observed, for a threshold ¢ = ¢,(a,) we could write, based on (3),

F n\ Ay — F(q, n k 1/k
F(In(lln)(y) = (y+q (a )) (q (a )) oA 1 — (1 — _y> ,

1 — F(Qn(an)) ON

where ¢ has a subscript N to make explicit the fact that it depends on the threshold
g.(a,). Without loss of generality, we can write for a € (0, 1) that g(a) = ¢,(a,) + Yv.a»
where by construction F(q,(a,) + yy.) = a. Hence, we have

1— 1/k
N (1 — kyN“‘) . (7)

1= F(qu(an) on

If F is approximated by the empirical distribution F,, then 1 — F(gq,(a,)) ~ %,
which suggests yy, ~ % (l - (“‘T“)”)k> and g(a) ~ g,(a,) + % (1 — (%)k) The last
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approximation is the basis for our proposed estimator g(a) for g(a), which is given by

o o (| ((L=am) q
Q(a)—Q(an)'F? —(T> . (3)

Lastly, the estimator for gy y_,(a) is given by gy x—.(a) = m(x) + 0"2§(a). In the next
section, we discuss the existence and provide asymptotic properties for (Gy, k), g(a), and
éY\X:x(a)'

3. ASYMPTOTIC PROPERTIES OF THE PROPOSED ESTIMATORS
3.1. Preliminaries

We start by discussing some seminal results from Smith (1987) as they are helpful in
understanding our strategy for proving the main theorems. As mentioned above, contrary
to our setting where the variables Y and X are related through a location-scale model, in
Smith (1987) the estimation of g(a) is conducted under the assumption that the sequence
{Z j}?’:l is observed. As such, he proposes estimators (dy, k) that satisfy the first order
conditions

1 .

N Z logg(Z;;65,k) =0  and

j=1

01 .
%N;logg(zj;o'mk) =0 ©)
associated with the likelihood function Ly (0,k) = % Zf’:] log g(Z;; 0,k). Following Smith
(19895), it will be convenient to reparametrize the likelihood function and represent
arbitrary values o and k as oy (1 + toy), ko + 0y for t,7 € N, oy — 0 as N — oo and
some oy and kg. Hence, we can rewrite the likelihood function Ly(o,k) as Lyy(f,7) =
T 2% log 8(Z (1 +1dy). ko + t0y). It is evident that a) L7y(0,0) = Ly(ay. ko) and b)
choosing (6y, k) such that Eq. (9) is satisfied is equivalent to choosing ¢* and t* that satisfy
1 6LTN 1 aLTN
t*,7*) =0 and ———

ovoy o (T =0and o

By a Taylor’s Theorem expansion of the left-hand side of the derivatives in (10) about
(0,0), we have for 41,4, € [0,1]

(t*,7%) = 0. (10)

A

10 1 0 on
L) == —loga(Z; oy, ko) —r
2 o 7w (t,T) N ; P 0gg(Zison, ko) By

| AR , A
" ﬁ ; Jo? log g(Zi;on(1 + Onthy), ko + 5NT/L2)U?\J

1 &L 2
+ N ; 606k10gg(zi; on(1 4+ 0ntdy), ko + OntAa)onTt = iy + Ly + by
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and
0 I 9
7 (D = ;Tklogg<z,,oN,ko>—
I &
+5 ; 10 8(Zon (1 + dnth). ko + Oyt
N =
+lZ 0 log g(Zi: oy (1 + dytin), ko + OnTha)T = Ly + Isy + 1,
N L e i3ON Nt1), Ko + ONTZ2 an + sy + Ion,
where the terms Iy for [ =1,...,6 denote the corresponding average in the preceding

equality. The existence and characterization of a solution (#*,7*) for Eq. (10) as maxima
for Lyy depends on obtaining expressions for the expected value of the score vector and
its derivative with respect to the unknown distribution F; where £ — co. Smith (1987) has
shown that, if the class to which F belongs is restricted to satisfy,

FR1: F € D(®,), that is, F belongs to the domain of attraction of a Fréchet distribution
with index o > 0,

FR2: L(x) = x*(1 — F(x)) satisfies LL((’XX)) =14+ k(t)¢p(x) + o(¢(x)) as x — oo for each ¢t >
0, where 0 < ¢(x) — 0 as x — oo is regularly varying with index p < 0 and k(¢) =

Cflt u?~'du, for a constant C,

then for a nonstochastic positive sequence uy — oo as N — oo and for

oy =uy/o, 0 <oa=—1/kg and ko <0, we have E(aN{f logg(Z;on,ko)) = (fﬁ”’vp)) +

o(¢(uN)> E(5zlog 8(Z: oy, ko)) = —% +o($luy).  E(oy Llogg(Z:oy.ky)) =

—55, + 0(p(uy)), E(Okz log g(Z;an, ko)) = m + O(¢p(uy)), and E(oy maklogg(Z
on, ko)) = m + O(¢(uy)), where all expectations are taken with respect to the
unknown distribution F,,. Evidently, these approximations are based on a sequence
of thresholds uy that approach the end point of the distribution F as the N — oo.
In addition, it can easily be shown that I,y = O,(N~'25y"), Ly = 0,(N~'253") and
provided N2y — oo and N'2¢(uy) = O(1), we have Iy, Isy = 0,(1). Furthermore,
by =—15 +0,(1), Ly= m +op(1), Isy = m + Op(l) Iy = — i +

(140) (2+42)
0,(1) uniformly on Sy = {(t,7) : * + 1> < 1}. Consequently, - 7 L Lon(1,7) RS t(—%)+

o? 242 :
T (m) Oz LLon(1,7) R t(m) + r(—m>, which combined with the
2

2u

J— PR
fact that H = — ( e “*“"22*“’ is assumed to be positive definite gives
T~ TF0QF0

T 5 Lov (1, 7)
(T F e aem (o ms
82, 0t
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By Lemma 5 in Smith (1985), we can then conclude that %LTN(LI) has, with
probability approaching 1, a local maximum (¢*,7*) on Sy = {(#,7) : > + > < 1} at which
%gLTN(t*,r*) =0 and %;iLTN(t*,r*) = 0. Put differently, there exists, with probability
approaching 1, a local maximum (6y = ay(1 + t*dy), k=ko+ ™0y) on Sg = {(0, k) :
||(% — 1, k — ko)|| < oy} that satisfies the first order conditions in Eq. (9).> Our first
result (Lemma 1) shows that the solution for the first order conditions given in
Eq. (6) corresponds to a local maximum of Ly(c,k) = %Z;V;l logg(zj;a, k). We do
so by showing that the first order conditions given in (6) are asymptotically uniformly
equivalent in probability to those in (9). However, given that we must deal with estimated
sequences Z, additional assumptions are needed.

3.2. Assumptions

As in Smith (1987), we retain FR2 and the assumption that {U;}/_, forms an independent
and identically distributed sequence of random variables with absolutely continuous and
strictly increasing distribution F. However, additional assumptions are needed. The first
set of additional assumptions results from the fact that given Eq. (1) we must conduct
nonparametric estimation of m, 0 and g. Therefore, we need the following assumption.

Assumption A1. The kernel functions K;(x) for i=1,2 are bounded, symmetric,
twice continuously differentiable functions K;(x) : ®# — % with compact support. They
satisfy [ K;(s)ds =1, [ sK;(s)ds = 0, [ s’K,(s)ds = o3, < oo and [ s/K,(s)ds =0 for j =
1,...,m, where m > 2. Furthermore, we assume that for any u, v € ) with u # v, we have
|K;(u) — K;(v)| < Clu — v| for some constant C > 0.

The higher order m for K, is necessary in the proof of Lemma 2 in Appendix 1. All
other assumptions are common in the nonparametric estimation literature and are easily
satisfied by a variety of commonly used kernels.

Assumption A2. The bandwidths 0 < h;, — 0 as n — oo for i = 1,2. In addition, we
assume that hy, oc n=Y3, h,, &x n73 for ¢ > 0, and ﬁh;”jl — 0 as n — oo, where
m > 2.

The last condition puts a restriction on the relative speed of N and hy, as n — oo.
Given the orders of hj, and h,,, it suffices to choose N o n*°=%. In this case, all orders
in A2 are satisfied and, as needed in Smith (1987), N'/26y — oo and N'2¢(uy) = O(1),
where uy is a positive nonstochastic sequence such that uy — oco as N — oo.

2|x|l denotes the Euclidean norm of the vector x.
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Assumption A3. F(u) is absolutely continuous with density 0 < f(u) for all u <
Uso = sup{u : F(u) < 1}. f is m-times continuously differentiable with derivative function
satisfying | £ (u)| < C for some constant C and j = 1,...,m.

The differentiability restrictions on f are necessary in the proof of Lemma 2.

Assumption A4. {(X;,U)}-1... 1s a sequence of independent and identically
distributed random vectors with density equal to that of the vector (X,U) and given
by fxu(x,u). We denote the marginal density of X by fy(x) and the conditional
density of U given X by fy x=.(u|x). We assume that E(U|X) =0, E(U*|X) =1,

E(U*|X) = 4 < oo, and that liml,%of””f;% = 1 almost surely.

The requirement that limwmf”‘xf:(% =1 almost surely implies that U and X are

asymptotically independent in the tail of U.

We note that strong moment requirements on U are needed since we estimate
conditional quantiles via the estimation of m(x) and 6. An alternative approach, that
bypasses these requirements, would be to extend the parametric quantile regression of
Chernozhukov (2005) to a nonparametric setting.

Assumption A5. m(x) and fx(x) are twice continuously differentiable with compact
support given by G and inf, s fx(x) > 0.

Assumptions Al, A2, A4, and AS are sufficient for Eq. (4) to hold for both the LL
and Nadaraya-Watson (NW) estimators, but can be relaxed at some cost. They are,
however, standard in the nonparametric literature (Masry, 1996; Fan and Yao, 2003; Li
and Racine, 2007).

The second additional assumption we need relates to the fact that, as mentioned
in Section 2, our estimation procedure hinges on the estimation of the threshold uy
which appears in Section 3.1 by g(-). As a result, contrary to Smith (1987) (see his
Theorem 3.2), we explicitly account for the stochastic nature of the estimated threshold.
This added difficulty requires a further restriction on the class of distributions F we
consider. Specifically, as in Davis and Resnick (1984), we assume

FR1’: F has a strictly positive density denoted by f and for some o« >0 we have

lim, o 225 = g

We note that by Corollary 1.12 and Proposition 1.15 ¢) in Resnick (1987), FR1’ implies
FR1, assuring that under FR1’ F € D(®,), with « = —1/ky and k; < 0. Finally, let us
note that restricting F to D(®,) is not entirely arbitrary. If F € D(W,), the domain of
attraction of a (reverse) Weibull distribution, then it must be that u,, is finite, a restriction
which is not commonly placed on the regression error U. The only other possibility is F
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in the domain of attraction of a Gumbel distribution, F € D(A). In this case, whenever
Uy 18 not finite, we have that 1 — F is rapidly varying, a case we will avoid.

3.3. Existence of 6y and k

We now establish the existence of &y and k. The strategy of the proof is to show
that the first order conditions associated with the likelihood function ZTN(t,r) =
%Z?’;l log g(?,-;a,v(l + tdy), ko + 1dy) are asymptotically uniformly equivalent in
probability to those associated with Lyy on the set Sy. Formally, we have the following
lemma.

Lemma 1. Assume FRI' with o > 1, FR2, and Assumptions AI-AS5. Let t,t1 €N, 0 <
oy = 0, SyN'2 = o0 as N — oo, and denote arbitrary ¢ and k by ¢ = oy(1 + téy) and
k = ko + t0n. We define the log-likelihood function

N,

~ 1] & ~
Lin(t,1) = = ) 1og ¢(Z3 on(1 + 10y), ko + t0x),

j=1

where Z = ﬁ(n—N+j) —qlay), a,=1— % q(-), and 6(,1_N+,~) are as defined in Section 2.
Then, as n — o0 %zm(z‘,r) has, with probability approaching 1, a local maximum
(",7%) on Sy = {(1,1) : 2 +7* < 1} at which 3 £Lin(1",7%) = 0 and 3 £ Ly (1°,77) = 0.

The vector (¢*,7*) implies values oy and k which are solutions for the likelihood
equations

01 & ~ - o1& ~ -
o N j;logg(zj;az\,,k) =0 and AN j;logg(zj;a,v,k) =0.

Hence, there exists, with probability approaching 1, a local maximum (6y = an(l +
*0x), k = ko +1°0y) on Sg = {(0, k) : (% — 1, k — ko)|| < on} that satisfies the first
order conditions in Eq. (6). The proof of Lemma 1 depends critically on two auxiliary
results. First, there is a need for /. to be uniformly asymptotically close to m at a certain
order. Specifically, we need on the compact set G that g,(a,) ' supicg|i(x) — m(x)| =

~ —1/2 —~
0,(N~ and that 0 — 0 = =l + . This assures that the residuals U; are
,(N~'?) and that 0 — 0 = O, nh h3, ). Thi hat th iduals U,

logn
in some sense close to the unobserved U;. Second, in Lemma 2 g(a,) is shown to be
asymptotically close to g,(a,) by satisfying % = 0,(N7'2). Tt is in Lemma 2 that
the stochasticity of the threshold g(-) is explicitly handled and where assumption FR1’ is
used. It is important to emphasize that Lemma 1 (as Theorem 3.2 in (Smith, 1987)) does
not provide a “consistency” result for the ML estimator. In fact, since the distribution
F,a, 1s only approximately a GPD, there are no true values for the parameters of the
GPD to which & and k are approaching in probability. What the lemma does state is that

the solutions for the first order conditions listed in (6) correspond to a local maximum
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of the likelihood associated with the GPD in a shrinking neighborhood of the arbitrary
point (g, ko).

3.4. Asymptotic Normality of 7 = (&, k)

Smith (1987, Theorem 3.2) showed that given conditions FR1, FR2 and provided
{Z;}\_, is an independent and identically distributed sequence from F,,, N — oo and

ﬁNl/qu(uN) — p e 9, the local maximum (&y,k) of the GPD likelihood function, is

such that for kg = —1 and oy = %
oN 1 J u(1—ko)(1+2kp)
1—ko+k -1
VNAZ ) 7 V| sl | H )
R0 [—ko+kop
— 1 1—ko —1Y 3 . o e .
where H = TTdm (:1 5 ) Our first theorem provides a similar asymptotic result

for the estimators (6y,k). A main difference between our result and Smith’s derives
from the fact that, as in Lemma 1, our Theorem 1 accounts for the stochasticity of the
threshold g(a,) used to define the exceedances in our estimation. It is the stochasticity
of the threshold that requires the stronger FR1’ instead of FR1. In fact, even if the U;
were observed, given that exceedances Z; depend on the stochastic g,(a,), Theorem 3.2
as stated is not valid as it treats the threshold uy as a nonstochastic sequence.

Theorem 1. Suppose FR1’ with o > 1, FR2, AI-A5 hold, and that ﬁN”qu(q(a,,)) —
1 e N The local maximum (Gn, k) of the GPD likelihood function is such that for ky =

_1 — 4lan)
p and oy = >
w1 p(1—ko)(1+2kop)
VN | o _d) N 1—ko+kop H*IV H!
]; —k u(—ko)k(I+p) ] » 2 ’
0 1—ko+kop
K34k +2 -1
(2kog—1)2 kotko=1)
243 2342k~ 1

where V, =
R S M i
koko=D i (ko—1)2 (2kg—1)

It is important to emphasize that the equivalence in (3) requires the parameter ¢ on
the GPD to be dependent on the threshold ¢ that must be approaching the endpoint u,,
of the distribution F. In our setting, the threshold is g(a,) (a function of N since a, =

- %). Note that, as required, g(a,) — Uy (U, = 00 When F belongs to the domain of
attraction of a Fréchet distribution) if (N/n) — 0. This observation justifies the notation
oy = d(q(a,)). The fact that oy = g(a,)/o in Lemma 1 and Theorem 1, where « is the
coefficient of regular variation and the indexing parameter of a Fréchet distribution
derives from the fact that we have restricted our study to a class of distributions F that
are in the domain of attraction of a Fréchet distribution.

1

3Substituting kg = —a~! shows that H is identical to the homonymous matrix in Eq. (11).
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The use of Z ; instead of Z; in the estimation impacts the variance of the asymptotic
distribution. It is easy to verify that H—'V,H~! — H~!' is positive definite, implying an
(expected) loss of efficiency that results from estimating U; nonparametrically. However,
any additional bias introduced by the nonparametric estimation is of second order effect
as the asymptotic bias derived in Smith (1987) is precisely the same as the one we obtain
in Theorem 1. An important note on the proof is that the fact that Z; is not iid as Z;
does not require the use of a Central Limit Theorem (CLT) for dependent processes as
justified in Lemma 3 in the Appendix.

3.5. Asymptotic Normality of g(a)

The asymptotic distribution of the ML type estimators given in Theorem 1 is the basis for
obtaining a normality result for g(a) given in Eq. (8). The basic idea is to define, without
loss of generality, g(a) = g(a,) + yn. for a, =1 — N/n < a and to estimate g(a,) by
q(a,) and yy, based on the estimated parameters of the GPD. It is important to note
that, in Theorem 2, as n — oo both a, and a approach 1.

Theorem 2. Suppose FRI’ with o > 1, FR2, and assumptions AI-A5 hold. In addition,
assume as follows:

(1) Nl/z(ls(CI(Gn))ﬁ — p with ko = —1 and oy = q(a,)/%

(i) n(1 — a) < N. Then, for some z, > 0,

Vi = (48 1) 4 v (ko (- ZEEDEED g i (7).
k

q(a) 14 n—oo
ké (C;7H_1V2H_1Cb + 2¢), (f B io) + 1)) ,
— ko

where c), = (k' G- ktlogza) 4k (57 =1 ), by = E (%logg(Zj; O'N,ko)O'N), and by =
E (5logg(Zj; an, ko).

Under the assumptions of Theorems 1 and 2, it is a direct consequence of the linear
properties of limits that for a — 1 with a € (a,, 1) we have gy y—,(a) = n(x) + §(a) >
m(x) + q(a) = qy|x=.(a).

It is worth mentioning that the proofs of Theorems 1 and 2 depend only on
nonparametric uniform convergence rates for m and 0. Specifically, even though 0
converges to 0 at a parametric rate (Doksum and Samarov, 1995; Martins-Filho and
Yao, 2006a), we have constructed our proofs using only lower speed in Eq. (5). This
is encouraging as it points towards the possibility of obtaining a version of Theorem 2
based on the more flexible model Y = m(X) + 0/*(X)U, where 0(X) is estimated
nonparametrically.
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The estimation of gy x—,(a) when a is in the vicinity of 0 (low order conditional
quantile) has been considered by Chernozhukov (2005) when gy x—.(a) = xf(a), fi(a) €
M9, In this case, he provides a complete asymptotic characterization of the quantile
regression estimator of f(a) proposed by Koenker and Bassett (1978) for F in the
domain of attraction of any extreme value distribution. Furthermore, his asymptotic
results are obtained when the quantile order approaches 0 at a speed that is slower
than or proportional to the sample size. Since our model for gy, x—.(a) is nonparametric,
it is in this sense more general than the one considered by Chernozhukov. However,
our asymptotic results on the parameters of the GPD are limited to the case where F
belongs to the domain of attraction of a Fréchet distribution and the quantile order
(a) approaches 1 at a speed that is slower than the sample size (n(1 —a) x N — oo in
Theorem 2). Furthermore, similar to Smith (1987) and Hall (1982), our proofs require the
specification of the speed at which the tail 1 — F(x) behaves asymptotically as a power
function. Condition (i) in Theorem 2 specifies this speed to be proportional to +/N.

4. SIMULATIONS

We conduct a simulation study to implement our parameter estimators 7 = (Gy, k) and
quantile estimator g, and compare them with some alternatives available in the literature.
We generate data independently from

lem(Xl)—i_Ql/zl]l? i=13"'ans

where X; is uniformly distributed on [—2,2]. We consider two nonlinear functions for
m(-), my(x) = 3sin(3x) and my(x) = x>. V; = 0'/2U; is generated independently from a
distribution with density f that is in the domain of attraction of the Fréchet distribution
@, with index o = —1/ky.

The first distribution we considered is the log-gamma distribution, whose density is
given by

1
-5-1

_ ap—1 u
f(u) = (log(u)) BT’
It is easy to see that V; is log-gamma distributed for V;>1 if and only if
log(V;) > 0 is gamma distributed with parameters o, f > 0. Furthermore, one can
show that E(V;) = (l%ﬁ)“l, V(V)=0= (1_#2/;)“1 - (fﬁ)z“l, and k) = —p. The log-gamma
distribution includes the Pareto distribution as a special case when oy = 1. We specifically
let (o, f) = (1,0.25), and (1,0.4), which correspond to ky = —0.25 and —0.4 respectively.
The variance of V; when (ay, f) = (1,0.4) is ten times the variance of V; when (o4, ff) =
(1,0.25). V; is demeaned since we use it as an error term in the regression model.

The second distribution we considered is the student-t distribution with v degrees of
freedom. It can be shown that ky = —%, which is kg = —1/3 for v =3, and —1/2.25 for

foru>1, a,f>0.
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v = 2.25, respectively. V(V;) = 0 = -5, so the variance of V; for v = 2.25 is three times
that the variance of V; for v = 3. We expect that the estimation will be relatively more
difficult when the variance is larger.

Implementation of our estimator requires the choice of bandwidths 4y, and h;,.
We select them using the rule-of-thumb bandwidths hln =1.25 S(X)n‘% and hzn =
0.79 R(U)n=5%% with a robust estimation for the variability of data as in (2.52) of
Pagan and Ullah (1999), where S(X) and R(ﬁ) are the standard deviation of X and the
sample interquartile range of U, respectively. We choose the second order Epanechnikov
kernel for both the estimation of m(x) and the smoothed sample quantile. The choice
of bandwidths satisfies the restrictions imposed to obtain the asymptotic properties in
Theorems 1 and 2. Our assumptions also call for the use of a higher order kernel in
estimating the smoothed sample quantile. Here we investigate the robustness of our
estimator with the popular second order Epanechnikov kernel for its simplicity.

In estimating the parameters, we include our estimator 7, Smith’s estimator ' =
(o, IAc), which utilizes the true U; available in the simulation, and k" for ko, the estimator
proposed by Hill (1975). Hill’s estimator is designed for data from a heavy-tailed
distribution with ky < 0 and has been studied extensively in the literature (Embrechts
et al., 1997). It is generally the most efficient estimator of k, for sensible choices of N,
though it is generally not the most efficient nor the most stable quantile estimator (McNeil
and Frey, 2000). Since U; is unknown in practice, we use U = % to construct k" =
—% Z;Ll(ln(ﬁ(,,,,vﬂ)) — ln(ﬁ(n,,v))). The theoretical properties of k", are unknown, and
here we investigate its finite sample performance relative to the estimator we propose. In
estimating the a-quantile, we include our estimator g, Smith’s (infeasible) estimator ¢°,
the Hill type estimator ¢”, and the empirical quantile estimator ¢°. Following (6.30) in
Embrechts et al. (1997), we construct ¢" as ¢" = U(n vy (=4 N /n i . ¢° 1s simply the empirical
quantile estimator based on {U }1_,. To give the reader a vivid picture of these estimators
in practice, we provide in Fig. 1 a plot of different quantile estimates against different
values of a, where ¢* is omitted for ease of illustration. We let a range from 0.95
to 0.995 as we are interested in higher order quantiles. The data are generated with
m(x) = 3sin(3x), 02U; is from the log-gamma distribution with (a;, 8) = (1,0.4), and we
select n = 1,000 and N = round(3n"$-%%") = 117, where round(-) gives the nearest integer.
Both § and ¢" are smooth functions of a, while ¢° is not. All three estimators seem to
capture the low order quantile well, though differences start to be more noticeable for a
approaching one.

We fix the sample sizes n to be 500 and 1,000 in our simulation. We choose N =
round(c n®8%%) where ¢ is simply set to be %, and the choice of N satisfies the
assumptions in our asymptotic analysis. Thus, N is 68 for n = 500 and 117 for n = 1,000,
and the effective sample size N in the second stage estimation is increased, but it is less
than doubled. Our proposed estimator seems to be relatively robust to the choice of N. On
the other hand, the choice of N is critical for g", as its performance deteriorates quickly
with N, as seen in Figs. 2 and 3 and in the discussion below. Each experiment is repeated
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FIGURE 1 Plot of qualntile estimates across different a, with n = 1000, N = 117, m(x) = 3sin(3x), and
log-gamma distributed 02 U with (o, 8) = (1,0.4). 1: true quantile, 2: g, 3: ¢", and 4 : ¢¢

5,000 times. We summarize the performance of parameter estimators in terms of their bias
(B), standard deviation (S), and root mean squared error (R) in Table 1 for both m(x) =
3sin(3x) and m(x) = x> with log-gamma distributed U, and in Table 2 with student-t
distributed U. We provide the performance for quantile estimators of g(a) where a =
0.95,0.99 and 0.995 by examining the bias (B), standard deviation (S), and root mean
squared error (R) in Tables 3-6. Specifically, results for log-gamma distributed U with
(a1, f) = (1,0.25) are detailed in Table 3, for log-gamma distributed U using (o4, §) =
(1,0.4) in Table 4, and for student-t distributed U using v = 3 and v = 2.25 in Tables 5
and 6.

In the case of estimating the parameters, we notice that  and 7 tend to overestimate
(on, ko), while §" carries a negative bias. As N increases, the performance of all estimators
improves, in the sense that they exhibit smaller bias and standard deviation, which
seems to confirm the asymptotic result in previous section. As ko decreases (larger f§ in
Table 1 and smaller v in Table 2), we find the biases of all estimators decrease with some
exceptions for k". The standard deviations of all estimators generally increase except for
oy, whose standard deviation decreases. The performance of estimators for oy in terms
of root mean squared error actually improves as ko decreases. We think this is related
to the bias and variance trade-off for the parameter estimation. As we have mentioned
above, the variance of V; is larger for the log-gamma distributions with § = 0.4 in Table 1
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FIGURE 2 Bias and standard deviatioln of 99% quantile estimators with different N, with n = 1000, m(x) =
3sin(3x) and log-gamma distributed 02 U with (a1, f) = (1,0.4). 1:¢*,2:3, 3:¢", and 4: ¢°

and for student-t distribution with v = 2.25 in Table 2. The distribution of V; starts to
exhibit heavier tail behavior, thus more representative extreme observations have a higher
probability to show up in a sample, which explains lower bias. 6’s performance is very
similar to that of &, with slightly larger standard deviation and bias. Among the three
estimators for k, k" is worst in log-gamma distributed U in terms of the largest root mean
squared error with largest bias and smallest standard deviation, but k" outperforms the
other two in student-t distributed U in terms of smallest root mean squared error, again
with largest bias and smallest standard deviation. Relative to k which does not have to
estimate m(-) and 0, k exhibits larger standard deviation, similar or slightly smaller bias,
and larger root mean squared error, though the difference is fairly small. It seems to
suggest that our proposed estimator j is well supported by the local linear estimator for
the function m(-) and 6.

In the case of estimating the quantiles, we notice that most estimators carry positive
bias, except that for large ko (ko = —0.25 for log-gamma distributed V; and ko = —1/3
for student-t distributed V;), ¢" is negatively biased in estimating 95% quantile, and ¢° is
negatively biased in estimating larger order (99% and 99.5%) quantiles. As N increases, all
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FIGURE 3 Root mean squared errorlof 99% quantile estimators with different N, with n = 1000, m(x) =
3sin(3x) and log-gamma distributed 02 U with (o, f) = (1,0.4). 1:¢°, 2: 3, 3:4", and 4: ¢°

TABLE 1

Bias (B), Standard Deviation (S), and Root Mean Squared Error (R) for Parameter Estimators with
Log-Gamma Distributed 62 U with ay =1, ky = -, n(x1000)

m(x) = 3sin(3x) m(x) = x?
oN ko oN ko
B oN n B S R B S R B S R B S R
5025 0.166 0.5 0.747 0.185 0.770 0.039 0.167 0.172 0.739 0.185 0.762 0.037 0.163 0.167
7 025 0.166 0.5 0.750 0.226 0.784 0.030 0.170 0.172 0.766 0.224 0.798 0.029 0.165 0.168
k" 025 0.166 0.5 —0.539 0.093 0.547 —0.561 0.097 0.570
7 025 0200 1 0.726 0.140 0.740 0.020 0.121 0.123 0.727 0.142 0.741 0.021 0.121 0.123
7 025 0200 1 0.733 0.175 0.754 0.015 0.121 0.122 0.744 0.179 0.765 0.016 0.122 0.123
k" 025 0200 1 —0.478 0.064 0.482 —0.490 0.065 0.495
7 04 0.149 0.5 0470 0.132 0489 0.029 0.182 0.184 0.474 0.133 0492 0.036 0.180 0.184
7 04 0.149 0.5 0.633 0.266 0.686 0.019 0.186 0.187 0.643 0.268 0.697 0.026 0.184 0.186
k' 04 0.149 05 —0.555 0.124 0.568 —0.564 0.126 0.578
5 04 0.18 1 0461 0.104 0472 0.021 0.134 0.135 0.460 0.103 0472 0.018 0.134 0.135
7 04 018 1 0.606 0.219 0.644 0.015 0.135 0.136 0.604 0.223 0.644 0.012 0.135 0.136
K" 04 0186 1 —0.474 0.084 0.481 —0.481 0.084 0.488
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TABLE 2
Bias (B), Standard Deviation (S), and Root Mea1n Squared Error (R) for Parameter Estimators with
Student-T Distributed 82z U, k, = -1/v, n(x1000)

m(x) = 3sin(3x) m(x) = x2

oN ko oNn ko

v oN n B S R B S R B S R B S R

5 3 0258 0.5 0281 0.04 0299 0.132 0.167 0213 0281 0.104 0299 0.135 0.170 0.217
53 025 0.5 0296 0.127 0323 0.128 0.170 0213 0296 0.127 0322 0.130 0.171 0215
B3 0258 05 —0.181 0.061 0.191 —0.182 0.061 0.192
530286 1 0254 0079 0266 0.102 0.125 0.161 0255 0.079 0267 0.106 0.123 0.162
53 0286 1 0263 0.00 0282 0.098 0.126 0.160 0.266 0.099 0284 0.102 0.124 0.161
o3 028 1 —0.156 0.044 0.163 —0.157 0.044 0.163

5 2025 0214 0.5 0.149 0075 0.167 0.108 0.182 0212 0.151 0.075 0.168 0.112 0.182 0214
5 2025 0214 05 0269 0.147 0307 0.107 0.186 0214 0270 0.143 0305 0.107 0.186 0.214
k" 2025 0214 05 —0.139 0.076 0.159 ~0.140 0.077 0.159
5 2025 0239 1 0.33 0059 0.146 0.083 0.136 0.159 0.133 0.058 0.145 0.080 0.135 0.157
5 2025 0239 1 0240 0.122 0269 0.080 0.138 0.159 0236 0.122 0266 0.075 0.137 0.156
k" 2025 0239 1 —0.118 0.056 0.130 —0.119 0.056 0.132

estimators’ performances improve in terms of smaller bias, standard deviation, and root
mean squared error, with some exceptions in bias. The distribution of V; exhibits a heavier
tail with § = 0.4 (Table 4) relative to f = 0.25 (Table 3) in the log-gamma distribution,
with v =2.25 (Table 6) relative to v =3 (Table 5) in the student-t distribution. As we
have mentioned above, the random variable V; has a larger variance in these cases. We
find it more difficult for almost all to estimate the quantiles across all experiment designs.
The only exception is on ¢*. When V; has larger variance, ¢* performs better in terms of
smaller bias, standard deviation and root mean squared error when estimating the 95%
and the 99% quantiles at least for the student distributed V;, and ¢* performs better in
terms of smaller bias when estimating the 99.5% quantile. Without having to estimate
m(-) and 0, ¢* clearly benefits more from the presence of the more representative extreme
observations. As expected, when we estimate higher order a-quantiles, all estimators’
performances deteriorate, with some exceptions in bias. When we estimate the 95%
quantile, which is relatively closer to the center of the distribution, ¢* outperforms the
others in terms of smallest bias, standard deviation, and root mean squared error. The
second best is ¢”, followed by ¢¢ and §. The advantage of the Hill type estimator does
not seem to carry through in estimating the higher order-99%, and 99.5% quantiles, as ¢"
always carries the largest bias and standard deviation relative to the others. ¢ and ¢* are
consistently the best with the smallest standard deviation and root mean squared error
with some exceptions in small sample. In terms of root mean squared error and in large
samples, for smaller ko, ¢* outperforms g, which has larger bias and standard deviation.
For larger kj, g seems to have slightly larger bias, but smaller root mean squared error
relative to ¢°.
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TABLE 3
Bias (x0.1) (B), Standard Deviation (S), and Root Mean Squar1ed Error (R) for Quantile Estimators with
my (x) = 3sin(3x), m,(x) = x?, and Log-Gamma Distributed 62 U with a; =1, 8 =0.25 (k, = -0.25)

a=0.95 a=0.99 a=0.995

m n B S R B S R B S R

my 500 0.013 0.199  0.199 —0.028  0.609 0.610  —0.047 10.060 10.061
m 500 0.066 0.248  0.257 0.003  0.289 0.289  —0.039 0.467 0.469
my 500 —0.126  0.193  0.231 10.594  0.870 10.816  40.390  20.009  40.828
m 500 0.033 0.255 0257 —0.076  0.556 0.562  —0.226 0.731 0.765

m 1000 0.006 0.144  0.144 —-0.016  0.425 0425  —0.028 0.725 0.725
my 1000 0.043 0.201 0.206 0.018  0.264 0.264  —0.005 0.343 0.343
m 1000 —0.136  0.160  0.210 10.034  0.556 10.174  30.017 10.160  30.232
my 1000 0.024 0.203  0.204 —0.021 0.449 0.449  —0.122 0.625 0.636

my 500 0.006 0.204  0.204 —0.047  0.604 0.606  —0.074 10.033 10.036
ms 500 0.067 0.244  0.252 0.045  0.277 0.281 0.024 0.454 0.455
my 500 —-0.132  0.189  0.231 10.777 0923  20.002  40.877  20.218  50.357
ms 500 0.033 0.247 0249 —-0.043  0.540 0.542  —0.173 0.723 0.744

ms 1000 0.004 0.146  0.146 —0.022  0.433 0433  —0.038 0.733 0.734
my 1000 0.040 0.202  0.205 0.037  0.256 0.258 0.026 0.331 0.332
ms 1000  —0.144  0.159 0215 10.105  0.569 10.242  30.208 10.208  30.428
my 1000 0.023 0.202  0.203  —-0.007  0.446 0.446  —0.084 0.644 0.650

=

Y

3

)

=

Y

3

)

QO Y QR QYR QR

TABLE 4
Bias (x0.1) (B), Standard Deviation (S), and Root Mean Square1d Error (R) for Quantile Estimators with
m; (x) = 3sin(3x), my(x) = x?, and Log-Gamma Distributed 62 U with a; =1, 8 = 0.4 (k; = -0.4)

a=0.95 a=0.99 a=0.995

m n B S R B S R B S R

3

my 500 0.010  0.159 0.159 0.012 0.640 0.640 0.049 10.247 10.248
mi 500 0.323 0.359 0.483 0.729 0.596 0.942 0.999 0.816 10.290
my 500 0.146 0.294 0.329 20.689 10.407 30.035 60.911 30.396 70.700
mi 500 0.298 0.362 0.469 0.654 0.860 10.081 0.727 10.091 10.311

mi 1000 0.005 0.114 0.114  —-0.010 0.447 0.447 —0.011 0.848 0.848
my 1000 0.268 0.304 0.406 0.632 0.564 0.847 0.859 0.711 10.115
mi 1000 0.107 0.253 0.275 10.806 0.948 20.040 40.580 10942  40.975
my 1000 0.253 0.303 0.395 0.596 0.742 0.952 0.721 10.044 10.268

500 0.012 0.158 0.159 0.001 0.644 0.644 0.020 10.242 10.242
ny 500 0.329 0.358 0.486 0.741 0.588 0.946 10.005 0.800 10.284
my 500 0.148 0.292 0.328 20.782 10.412 30.120 70.167 30.419 70.941
my 500 0.305 0.362 0.473 0.658 0.850 10.075 0.751 10.109 10.339

ny 1000 0.004  0.112 0.112  —0.004 0.439 0.439 0.004 0.838 0.838
my 1000 0.258 0.312 0.405 0.624 0.598 0.865 0.856 0.761 10.145
ny 1000 0.096 0.260 0.277 10.814 0.984 20.063 40.636 20.000 50.049
my 1000 0.244 0311 0.395 0.592 0.774 0.974 0.726 10.076 10.298
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TABLE 5
Bias (x0.1) (B), Standard Deviation (S), and Root Mean Squared E1rror (R) for Quantile Estimators with
my(x) = 3sin(3x), my(x) = x?, and Student-T Distributed 82 U with v =3 (k, = -1/3)

a=0.95 a=0.99 a=0.995

m n B S R B S R B S R

my 500 0.006 0.114 0.114 0.012 0.358 0.358  —0.018 0.622 0.622
my 500 0.072 0.162 0.178 0.102 0.297 0.314 0.081 0.481 0.488
my 500 -0.010 0.132 0.133 0.478 0.425 0.640 10.077 0.758 10.317
my 500 0.043 0.164 0.169 0.008 0.389 0.389  —0.055 0.590 0.593

m 1000 0.003 0.082 0.082 0.028 0.261 0.263 0.015 0.454 0.455
my 1000 0.047 0.140 0.148 0.089 0.248 0.263 0.085 0.370 0.380
my 1000 -0.023 0.119 0.121 0.322 0.317 0.452 0.771 0.529 0.935
my 1000 0.031 0.140 0.143 0.028 0.317 0.318  —0.011 0.484 0.484

m 500 0.004 0.114 0.114 0.004 0.365 0.365  —0.031 0.639 0.639
m 500 0.068 0.162 0.176 0.092 0.292 0.307 0.067 0.479 0.483
my 500 -0.014 0.133 0.134 0.471 0.418 0.630 10.068 0.746 10.303
m 500 0.040 0.164 0.168  —0.002 0.386 0.386  —0.066 0.585 0.589

m 1000 0.002 0.082 0.082 0.018 0.255 0.256  —0.003 0.439 0.439
my 1000 0.047 0.136 0.144 0.087 0.246 0.261 0.079 0.370 0.378
m 1000 -0.024 0.115 0.118 0.323 0.315 0.451 0.776 0.530 0.940
my 1000 0.031 0.136 0.140 0.023 0.321 0322 —-0.018 0.491 0.491

=

Y

3

[y

=

Y

3

)

Q9N QYR QYR QR Y

TABLE 6
Bias (x0.1) (B), Standard deviation (S), and Root Mean Square1d Error (R) for quantile estimators with
my (x) = 3sin(3x), my(x) = x2, and student-T distributed 62 U with v =2.25 (k, = —1/2.25)

a=0.95 a=0.99 a=0.995

m n B S R B S R B S R

3

my 500 0.006 0.088 0.088 0.017 0.353 0.353 0.004 0.675 0.674
m 500 0.325 0.246 0.408 0.655 0.483 0.814 0.836 0.736 10.114
my 500 0.258 0.214 0.336 0.988 0.643 10.179 10.758 10.113 20.081
m 500 0.296 0.244 0.384 0.566 0.590 0.818 0.681 0.874 10.108

m 1000 0.003 0.065 0.066 0.019 0.251 0.251 0.009 0.473 0.473
my 1000 0.278 0.215 0.352 0.592 0.423 0.728 0.770 0.603 0.978
m 1000 0.224 0.192 0.295 0.792 0.510 0.942 10.385 0.827 10.614
my 1000 0.264 0.213 0.339 0.533 0.496 0.728 0.664 0.743 0.996

my 500 0.007 0.089 0.090 0.015 0.356 0.357 —0.002 0.682 0.682
my 500 0.326 0.238 0.404 0.658 0.473 0.810 0.842 0.736 10.119
my 500 0.259 0.208 0.332 0.993 0.627 10.174 10.768 10.094 20.079
my 500 0.297 0.237 0.380 0.570 0.586 0.817 0.696 0.874 10.117

my 1000 0.002 0.064 0.064 0.023 0.249 0.250 0.019 0.474 0.474
my 1000 0.269 0.218 0.347 0.584 0.441 0.732 0.768 0.634 0.996
my 1000 0.216 0.196 0.292 0.781 0.524 0.940 10.374 0.850 10.615
my 1000 0.254 0.216 0.333 0.530 0.518 0.741 0.665 0.767 10.015

=

[y

=

Y

3

=

™

L

QQ}QMQ QR QR R QY

Y
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The choice of N could be important since the number of residuals exceeding the
threshold is based on g(a,). We need to choose large g(a,) to reduce the bias from
approximating the tail distribution with GPD, but we need to keep N large (small g(a,))
to control the variance of parameter estimates. We illustrate the impact from different N’s
on the performance of different estimators for the 99% quantile of U with a simulation,
where we set n = 1,000, m(x) = 3sin(3x), and use a log-gamma distributed U. The bias
and standard deviation of the estimators ¢*, g, ¢", and ¢° are plotted against N =
20,25,...,200 in Figures 2, and the root mean squared error (RMSE) are provided in
Fig. 3. We notice that ¢° is negatively biased and always has the smallest bias, while
g and ¢¢ carry relatively small and positive biases of similar magnitudes. These three
estimators’ biases are fairly stable across N. ¢"’s bias is positive and is influenced heavily
by N, being small when N ranges from 20 to 50, largest with N greater than 50. ¢*’s
standard deviation is always smallest across different N, and it is decreasing with larger
N. The standard deviation of ¢ decreases similarly with larger N, being slightly larger than
that of ¢* but always smaller than that of ¢¢ except for N smaller than 25. The standard
deviation of ¢" is heavily influenced by N and increases with N. Though it starts to be
smaller than that of ¢ when N is smaller than 50, and smaller than ¢¢ when N is smaller
than 90, its magnitude quickly outgrows the others when N is larger than 90. The strong
dependence of ¢’s performance on N also exhibits in RMSE in Fig. 3. Between N = 20
and 50, ¢" performs better than § and ¢¢, but its performance deteriorates quickly and
it is outperformed by the others when N is larger than 50. ¢* always carries the smallest
and stable RMSE across different N. As expected, g’s RMSE decreases with N due to its
decreasing standard deviation, but when N is larger than 110, its RMSE is stable. For N
greater than 50, ¢ always dominate ¢¢, which did not utilize the extreme value theory, and
q". The result indicates ¢"’s performance is sensitive to the choice of N, requiring a small
N to control its bias and standard deviation, while ¢* and g work well and outperform
¢° in a broader range of N’s.

5. SUMMARY AND CONCLUSIONS

The estimation of higher order quantiles associated with the distribution of a random
variable Y is of great interest in many applied fields. It is also common for researchers in
these fields to specify location-scale models that relate Y to a set of covariates X. As such,
they are often interested in the estimation of high order conditional quantiles associated
with the conditional distribution of Y given X, ie., gy x=.(a) = m(x) + 0'*g(a). The
main difficulty in obtaining an estimator for gy x—, rests on the fact that the regression
errors which could be used to estimate g(a) are not observed. In this article we have
expanded the seminal work of Smith (1987), which considered the estimation of g(a)
when the associated random variable is observed, to the case where only standardized
regression residuals are available for the estimation of g(a). Our results are based on a
nonparametric estimation of the regression and a ML estimation of the distribution tail
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based on a GPD. We provide a full asymptotic characterization of the ML estimators
for the parameters of the GPD and for the estimator g(a) for g(a). It is encouraging
to see that the asymptotic normality results of Smith are preserved albeit with a loss of
estimation precision.

It should be emphasized that richer location-scale models than the one we considered
is an important extension of our work. For example, in empirical finance, the evolution
of returns of a financial asset is normally modeled by dynamic location-scale models
that require the estimation of both a regression and a conditional skedastic function.
Furthermore, in this context the independent and identically distributed assumption we
used throughout is normally inadequate. However, we are encouraged that our work has
provided a framework in which these richer stochastic specifications can be studied.

APPENDIX 1 - PROOFS

Throughout the proofs, C will represent an inconsequential and arbitrary constant that
may take different values in different locations. x4 denotes the indicator function for the
set A, and P(A) denotes the probability of event A from the probability space (), 7, P).

Proof of Lemma 1. Given the results described in Subsection 3.1 and Taylor’s Theorem,
for A1, 2, € (0,1), we have

1 0~ RN > oN

gaLrN(t,f) = N ; %ZOgg(Zi;UN’kO)g
1 N 02 ~ A . P

+ N ; ﬁlogg(zﬁ on(1 4+ 0nthy), ko + OnTAr) oyt

13 @ - 4 U
+ N ; 608k10gg(zi;aN(1 +0nth), ko +Onthr)onyt=1N+ Ly + Ly

and

A

~ 1 &0 ~ 1
L t, = — —1 Zza 9k <
w(t, 1) N ; PP 0gg(Zi;on 0)5N

D]~

1
o

1 &, 2 ~
+5 ; o108 8(Zison (14 dyiia). ko + dytin)ont

1 Ny 62 - ) . - - -
+ N ; ﬁlogg(z,-; on(1 + Ontd), ko + OnTAx)T = Ly + Isy + Lo

Note that 71'N is defined as I;y with Z; replaced by Ziforj=1,...,6.
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Let ay=1=% E ={U > q(a)}, E ={U > q,(a)}, Zi=U - qu(a,), and Z =
—q(a,) for i = 1 ,n. Then, from Subsection 3.1, we have
Iyv—Ly=—1(1- s _ k—l -1
1N v 5N ( N) + 5N( 0 )
1 n koii -1 koZ kOZi -1 koZi
“\~ = —{1- —XE ) XE
NS ON ON ON oy
1 n kOZi -1 k()Zi 1 1
— 1—— _— = 1 — (k7' — DI n I 2,
+N,-=1< 0N> s (xz, — &) 0p (1) 5= (k' = DU+ 1)

since N — Ny, = 0,(N'?) (see Lemma 2) and yN'? — oco. We first study I;;,, which can
be written as

It _ 1 " | koi,‘ ! koz,' 1 kOZi - kOZi
Hn = N P oy N (Y ON
1 ~
k Z koZ;
X XENE; + = Z ( . ) ;_XE'*EI'
N

= [llln + 1112,, where i € Ei — E,‘ lmplles that i € Ei and lf Ei.

By the mean value theorem, for some 4; € (0,1) and Z = Z; + ii(z — Z;), we have

~ —1 ~ 1
koZ; koZ; koZ; koZ; lkol/on  ~
ON (% aN ON 1— M
(1-%)
1 \Z: — Zi|
= XENE;»
2 iNE;>
z; q(a,)
(1 + q(cm))
where the last equality follows from oy = —¢q(a,)ky and ko < 0. Note that ‘Z(a )‘ <
172 172 _ 1/2 _1U; 1/2 (X)) =m(Xi)| gn(an) 1g(an)—=gn(an)| glan)—gn(an) __
0'210- 0= (a)+|0 I gt Tyt - From Lemma 2, SRR =

0,(N~172). Furthermore provided that N o n*37%, hy, o n='/°, and given that q,,(a,,) —
oo as n— oo and Eq. (4) we haV? q(a)supleclm(x) m(x)| —o,,(N 12y, Eq. (5)
and the fact that 0 > 0 imply that -2 — 072 = 0,(L,,) and 02 =0 ,(1), where

Zl Zl
qlan) —

12
L, = (”ﬂ> + hfn. Consequently, since g,(a,)/q(a,) =1+ 0,(1), we have

logn

q‘fi"') 0,(Ly,) + 0,(N~'?). Also, since U; = Z; + ¢,(a,) direct substitution gives

z:
q(an) q(a )
_ i (X)) —m(X0) gulan) _ glan) — qn(an)>
qn(an) q(ay) q(ay) ’

(1+ 402072 = 0712)) + 4, (91/2(@—1/2 1/2)%(%)
q(an)
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and since A; < 1 for all i, we have q(a 5 = s )(1 + 0,(1)) + 0,(1) uniformly and
1 ¢ 1 Z 1
1111n_ﬁ2 @ T 0 | Op(Lun) + Op (N ) 1z
T (14 5 0,(1) +0,(1) NI

Given that Z; > 0 whenever i € ygz and m < 1 for x > 0, we have I, < (O,(Ly,) +
Op(NTY) % Y tmnE, = Op(Lin) + Op(N72) since + Y0, ygnz, = Op(1). We now

g
consider /y,, which can be written as Iy, = ~ > i, (1 - M) k“z (xz, — 18) 17 —E:-

ON

For 6,,9, > 0, we define the events A = [w‘g(;all)‘ < 51} and B = {w W < 0 ]

and note that C° € A° U B¢, where C = {w : x5 — xr = 0}. Hence, ycc < yac + yp- and

n

~ ~ 71 ~
1 WZ\ " kZi kZ:\ " koZ:
Ly < — ] — — c 4+ — 1—— —— | YR YT
12n = N; < on ) XA XE~E; Z ( ox X8 XEi—E;
= hin + Tio2a.
Since for 8,9, > 0, we have 1%=UL = | on A¢ and Z@)=@)l - | on Be. Therefore,

d1gnay) O2qn(an)

1 & koZ,; U — Uil
L, < — 1 - d
1121n < N; ( o ) 51%(“ ) XE—E; an
n ~ -1, ~ | ~
1 kOZi kOZi |q(an) - Qn(an)|
Lin, < — 1— AE—E. -
120 < N; < on > o 52 () XE—E;

~ ~ ~\ —1 ~
Since kg < 0, ay > 0, and Z; > 0 whenever i € E; — E;, we have that (1 - ’%) %
C. From Lemma 2 we can immediately conclude that /;1, < - L 0,(N~ 1/2) > XE—E;»

and since + Y0, xz_g = O,(1), we have I, = 0,(N~/?). Now, ';J(aU)' < q’!i]a‘n)O (L)

+0,(N~'/?), and therefore, I 121, < 0,;(L1n)N(,1 p qn‘fjaln)J’E —E +0p(N 1/2)N61 Do AE—E-
The second term following the 1nequahty is 0,(N~'72) since Nb Yo AE g = O0,(1).

For the first term, note that ’

+ 1‘ and for i e E E;, U; < g,(a,) and

e qn(a )
consequently if U; > 0, we have |q f) < s+ 1<2. 1f Uy<0forie E; — E;, then
~ X; X 02 X” X; 012
U = % + 57U = > 0. Since, supr = 0,(1) and 5= 1+ 0,(1), it must

be that U; > 0 with probability approaching 1. Consequently, for N sufficiently large and
E is = 0,(Ly,) + 0,(N~"/?). Combining the orders
of 11121, and Iy12,, we have Iy15, = 0,(L1,) + O,(N~'?) and I, = O,(Ly, + O,(N~'7?).
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We now consider I,, and note that
| keZ 1 koZ,;
ON oN
| keZi ! koZ;
(N (Y

-1
By Lemma 2 and the fact that ’(1 — "(‘;—i) M’ < C, the second term following

\U; — Uil
XE;
gu(a,) F

|Z](an) - qn(an)| y
Qn(an) \‘Ei.

ON

the inequality is O,(N~'?) given that + Y7, xz = O,(1). Again, using 10Ul _

qn(an)

U] 50p(L1y) + 0,(N ~1/2) we have that the first term after the inequality is bounded by
qn(an) p

0] (Ll,,)N()1 > q‘zi s2E + 0p(N™ l/2)[\,5l >z Since + > xg, = O,(1), we need only

investigate the order of § Y77, fyy. Note that § Y0, Afsys < C3 YL, sy, +

0,(1) since "(””) = 0,(1), Z; > 0 whenever i € E; and + >"_, 7z, = O,(1). Furthermore,
E(q(a,,)xf,-)=E(q<a>y5,|x5,.: )P(xE,-n—(a_l+0<¢<q(a,,>>>) 0,(%) for x> 1.
Thus, Zl | qn“(j:«,,)'{E = 0,(1), and we conclude that I, = 0,,(L1n)+0p(N—1/2).
Combining the orders of Ij;, and Ij;, we have IlN—IlN_ (kgl—l)(Op(Lln)—i—
0,(N~'?)). Since dyN'?> — 0o and +/NL;, — 0 as n — oo whenever N o n**=° for

0<dand hy, xn '

,we have T,y — Iy = 0,(1).
We now turn to establishing that 741\/ — Ly = 0,(1). We write

(3 < e (1-12) -2 (-2) 22
oN ko ko oN oy
kZ 1 1 kZ kZ

(- 2) (-1
ko oNn ko ko oNn

| kZ:\ 1 1 koZ\ "~ koZ

— —1 1-— 1— — YE

NZ( og( >+k0< k0)< aN) GN))AE(;(E xE)

= — (41, + 12).
5N(41 + 11,)

First, note that

11 < koZ: koZ koZ;
1n=———§:1 1— =) —log (1 - §jz P i
4 K2 (N — (og( cm) 0g< ))yE“E N 8 < )XE’ E)

+1<1 1)1 1 >+1<1 1)1
k() k() 11n — ké 411n 412n k() k() 11n-
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Since we have already established that Iy, = O,(L1,) + O,(N~"?), it suffices to
investigate the order of Iy, and I5,. By the mean value theorem for some 4; € (0, 1)
and ZF =7, + J(Z: — Z), we have

koZ; koZ; Zt Z -z
log (1 - —) —log <1 - —> XENE = (1 + ) AENE;>
oN oN q(a,) q(ay)
where Z’(az)’ < q'(i")O (L1,) + O,(N~'7?) and q(ZT'*) o )(1 +0,(1)) + 0,(1) uniformly.
Consequently,
n -1
Ly, < < +0p(1))+0p(1))
1

i=

Zi _12
) ((LI(an) P ) Op(Lln) + OP(N )) XENE;>

Given that Z; > 0 whenever i € yznz and —=— (1+ 5 < 1 for x > 0, we have Iy, < (0,(L1,) +
Op(N"V) % Y 1m0 = Op(L1y) + O,(N7'72) since + 0| ygng = O,(1). Given that
1E—E, = 15 (5 — 1r) and x4 = x5, we have for 6;,, > 0

N\ (10— Ul lata,) — qn(an>|>
Loy < — log + (F.—E,
2 Z ( ><5lqn(an) 52qn(an) 7E g
koZ:\ |Uil IPRE koZ:
0,(Ly, ! o+ O,(N"VH— N ] 1— =) vz i
- [( : ) Z 0g< >QH( n)yE’ E/+ p( )NZ Og ON )CEI ki

i=1

< =X7. since
ON ON ON

~ o\ —1 ~
Note that by the mean value theorem, )log (1 - ’%)‘ = ‘(1 — koi) kot

Z > 0 whenever i € 1:",- —-E,Z; = /l,-Z» > 0 for some 0 < 4; < 1. Hence,

1 & —ko~ |Ui X —ko ~
Iion < O,(Ly,))— Y —7Z, 0,(N7'7? —7,
4120 < Op( 1)51N 2., 7(a n)/(E _g + Op( )= ; o iXEi—E;
Since 24 = | + 0,(1), L < VAL 4| and 2o < AL (] 4 0,(Ly,)) + 0,(N7'?), we

have for the first term following the inequality

1 & —kos U |Zi] . |Zi]
R N Z( (14 0,(L1,)) + O,(N 1/2)> <1+ )xa_a-

N i—1 oN QV!(Q) Qn(an) qn(dn)

Given that ‘(L;) <2 whenever i€ E;,—E; for N sufficiently large, we have that

Ly 1z T AE -5 < Y xE - = O,(1). The second term following the inequality can

i=1 qn(an
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be bounded using the similar arguments, and we obtain Iyj2, = O,(L1,) + O,(N~'?). We
now investigate the order of I,. Note that
1 koZ,; 1 1 koZ\ " koZ; | |U; — U
(- 2) 2
k() ON kO kO ON 51%(%)

Lo, < %Z

i=1

1 &1 koZ;\ | 1 1 koZ\ "' koZi| 13(a,) — gu(a,)|
— 3 = —og(1— 25+ —(1- =) (1- 15
N i=1 kO ON kO kO ON ON 52%(%)
= Ipin + Linon.
Since ';](aU)' < q’!fa'n)O,,(Lln) + 0,(N712), we write
- koZ; |Uil
I, < 0,(Ly,)——— l 1—
win < 0,( 1)k35]N; 0g< )‘qn(a)
1 _ koZi koZ;| Ui
0,(L1, — =) —
oL ( )‘ N > oy qn(an)XE‘
koZ;
N*1/2 _
+op( )k25 N ( )
1  J— koZ; koZ;
Ny =(1-=) — il SV
T o )ko( )‘ NZ( ) e
-1
Since kg < 0 and Z; > 0 for all i € E;, we have that (1 — kg—i) '% < C, and the

second and fourth terms following the inequality are O,(L;,) and o,(N~'/?) since
¥ it TesxE = O,(1) (see the order of 115,) and § Y1, x5 = O,(1).
Note that for all i€ E; and given that £%“. —140,(1) we have that

v o ‘log( kgf ) UL < + Ly log (1 kOZ )qn{aln)_ k‘ﬂ)—f"Op(l)) ye- In addition,
ifoa>1, E (log (1 - kgfr) (1 - M)) = 5 + 0(¢(q(a,))) = O(1) and, consequently,

qn(an)
oN

Ly log (1 - %) <1 — bz ) xe, = 0,(1), which establishes that the first term after the
inequality is O,(L,,). Similarly, for « > 1, E (log (1 — "Of )) =- + O(¢p(g(a,))) = O(1)

which establishes that + Zl 1log( - "“—Z’) 1e, = O,(1) and the order of the third term
to be 0,(N~172).

We now examine the order of Ly, Given %{1")(‘” = 0,(N"'?)

-1
(1-42) 82l<c we write L= LO,(N (L YL [log(1-42)]

aON ON

and

XE,+C|](—1()(1—$)|%Z;;] 7). Since we have already established that + >0,
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‘log( ’“’Z‘> 7e, = 0,(1) and + Y7 7, = O,(1), we conclude that I, = O,(N~'/?).
Combining all orders obtalned, we have that Iy, + Ip, = 0,(L1,) + O,(N~'/?) and,
consequently, Ly — Ly = 0,(1), since yN'/> — 0o as n — oo.

We now investigate the order of Ty — Iy. Consider arbitrary 6y = ay(1 4 dyt4;) and
k= ko + OnTAy, and write

-1 o~ .~ -2 .~ 2
- 1 1 1 & kZ;\ kZ; 1 kZ.; kZ .
Ty—Iy=— | (=)~ =1)= 122 2y (12 =
e (e >N21:< aN> éN+2< zm) (éN)

Jj=

. -1 . . -2 . 2

1 1 & kz,\ kz, 1 kz, kz;
20=-1) = 1-22) 22, (-2 4
2(-)5 2 ( aN) m*z( é—N> (;;N)

=1

Hence, it suffices to examine

.~ l . -1 . l .~ -1 .~ l
1 & Z; 7, 1 & Z, Z, 1 < 7 7
LS _kZ & i) () S i (1-4) (=
N ON Nj:l ON ON N 1 ON OoN
kZ; kZ; kZ;
- (1—.—) ( ) 1E | 1B+ — Z( ) ( ) 1e(E — xe) = Lt + L
(% JN

for [ =1,2. First, note that L = Ly + Lo, where

JURN RN . -1 4. I
I ¢ kZ; kZ; kZ; kZ;
Lin = — l—— — | —|1-— -— Xeng ~ and
N o1 ON (Y ON (Y
. SN N
1 kZ; kZ;
Lz = — - — — | 15—k
N 1 ON oN

By the mean value theorem, there exists Z; = Z- + i,-(Z — Z;) for J; € (0,1) such that

—I-1 . . -1
1 & kZ: k (kzZ* Z;
I, <l—§ 1— — = a0, (L, 1)+ 0,(N"') ) 1z, -
= N P ( O-N> &N <O-N> 4 (a ) ( P( ! )< n( n) * >+ ( )>yEmEI

(12)
Since g(a,) = —on/ko and % = 0,(1), we have
1 iz \"" & (iz\" =z i
K 5 o
sup ~ - — — [ (@) | Lei, < Op(1) sup |[——
Sr 1 N ON \ ON qn(ay,) St 00N

. -1 . —I-1
1< kZ; | kz Zi
X — AE. SU - — — .
N i—1 XEink Srp ON ON qn(an)
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oN

Now, given that 6y — 0 we have for N sufficiently large supy, :—O&N < C and

/’CZT -1 | — E -1
[ aN

the inequality, it suffices to obtain the order of v, = + Y% 7z SUps,
Note that

. —1 . . —1
1 & kz* kZ; k 1
v, < C— (eng sup || 1 — =— —— Vsup | ——
N ;yma P ( GN) ( GN) sTp< GN> gn(a,)
1< izZ\ ([ iz A
<C— (eng sup || 1 — — 220 since sup | —— <C
N ZyE/ﬂE/ Srp < O-N) ( GN) STp< aN) qn(an)

i=1

. -1 .
1 " k Z,‘ Zi _
< C D teck, sup (1 — goa(@) (q(an)(l +o,,<1>)+o,,<1>)) (‘E) = 0,(1)

< C. Hence, to establish the order of the left-hand side of

1 — kz; - Z;
oN qn(an)

supST

i=1

(1 gta) (50 + 0,1 +0,D))

q(an)

since 4 =( Z (1+0p(1))+0p(1)>’supS1'

q(an) q(an)

(—%)‘ < C, and + YL, xgnE = O,(1). Consequently, L1 = O,(L1,) + O,(N~'?) as
all remaining terms in (12) are O,(1). Now, we write

e~ =L e~
1 <& kZ:\ (kZ 1 [ (U 1 1 -1
Loy < — 1—=—=) (=) |yz_r 0O, (Li,)— —0,(N~'?
mEy 2 ( &N) (fm) & E( HEw (qn(a,,) +qn(a,,>>+52 P

i=1
0-%)'(2)

Wil % _r. Note that

and obtain the order of v, = + Y7 e

N i=1

e~ L e~
1 kZ;\ (kZ:\ | Ul I Ul
i< =) sup||{1—-— — ) | ——5-5 =< C—= ) ———up-5 = 0,(1)
N; s ( 6N> <GN> gulan) N; gula) T

from the study of the order of Ijj21,. Consequently, I, = O,(L1,) + O,(N~"/?) which
combined with the order of I, gives I, = O,(L1,) + O,(N~'?). Now, as argued
previously, we can write

. -1 4. 1
1 - kZ, kZ, 1 |[]1| 1 1 —1
Lp < — [l [ e 0,(L1,)— —0,(N") ) .
2= N Z ( O-N) (01\/) < p( : )61 <Qn(an) + qn(an)) * 52 17( )) A

i=1
(13)
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. -1 4. 1
Letting 7, = + Y1, ((1 - %) (%) ) qn‘i’afi)){g{, we note that

1< iz\" (iz\ iz ( F\ 1

N 1 ON ON ON ON qn(an)

& iz\ " (iz iz AN

S -=) () (-0 +1) 1. si —— )] —— =0,(),
N i=1 ( 6N> (61\’) ( oN i )I{El e < éN) qn(an) /)

and given that oy — 0, for N sufficiently large, we have k <0, ¢y >0 and
(1 — ’;—i")il (%)l < C. Thus, it suffices to establish the order of #Zle _%XE" <
C% Yo ﬁ%ﬂ» which is O,(1) from the study of Ij,,. Consequently, T, = O,(1)
uniformly on Sy and I, = O,(Ly,) + O,(N~'/?), since all other terms in inequality (13)
are 0,(1) given ‘(1 - @)71 ("—Z‘>I‘ < C and the fact that + >" | 5 = O,(1). Combining

ON ON

&3
IA

IA

the orders of I,;; and I,;5, we conclude that 721\/ — Ly = 0,(1) uniformly on Sy. Now, note
that 73/\/ - I3N - 75}\/ - 15N and

.~ -1 .~ -~ -2 .~ 2
~ 1 1S (1 kZ\ kZ; 11 kZ; kZ,;
Wb = N k( &N) 6N+k<k )( m) (c’w)

N

. -1 . . -2 4. 2
1 1 1 kZ; kZ; 1/1 kZ; kZ;
+—~—E v 1—.—j .—j—T<T—1) 1—.—1 —J >
1+0oytM N k oN on k \k oN ON

j=1
and using the same arguments as in the case of Ty — Ly, we have Ty — Iy = 0,(1) and

751\/ — Isy = 0,(1) uniformly on S7.
Lastly, we investigate the order of Tew — Iy, which can be written as

.~ .~ —1 .~ .~ -1 /e~
- 1S (2 kZ. 1 kZ. kZ. 1 kZ. kZ.
Ty — Iy = — Zlog 1= )+ 2 (1= 22 i e (122 i
" " Nj:l k30g< 6N>+k< &N) (O‘-N)-’_k}( é-N) <(‘7N)
.~ -2 .~ 2
1 (1 1) Lz kZ;
2 \k ON ON
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2(1 & 94 kz
=5 NZlog<1—a)——Zlog(l——N’) +0,(1) uniformly in Sy. (14)

j=1
The last equality follows form the arguments used above when investigating the order

of Toy — Ly. The first term in Eq. (14) can be written as (excluding the constant 2/k?)
161n + Iszn, where

1 & kZ; kZ:
Is1, = v ; (log (1 - E) —log <1 - E) )CE) 75, and

I = — Zlog ( ) 2 (LE, — 1E)-

kZ
log <1 )
On

and we consider 4 Y1, ‘log( chf)

ON

Now,

n

Iy, < %Z

i=1

Op(Lln) |l]l| 1/2 >
| — 1 —O,(N™
XE’ ( 51 (qn(an) + ) + 52 ( )

‘Ul
qn(an)
N — 00 8y — 0, k — ko and "N — 1. Consequently, given that "(“”) = 0,(1), we have

o 1 "Z)
log (1 — ?)‘ <1 — &0 (1))
N
( foZi )‘ <1 - "‘)—Zo (1>) 15+ 0,(1) = 0,(1),

where the last equality follows from the order of Is,. Hence, Ie, = O,(Ly,) + O,(N~'/?)
uniformly on Sy. We write oy = loiin + o120, Where Igyi, =y Y1, (log(l - %) -

log(l - ’;—?))XE,.QE., and Igp, = + Y1 log( ’%)xﬂ_gi. Then,

1. Note that Z; > 0 whenever i € E; and as

|Uil
qn(an)

IA
=z~
H‘M

. -1
1 ¢ kZ; k ~
I, = N Z (1 " o ) a(zi — Z)LEnE,

i=1
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k
—qn(a,)
oN

n . -1 A
<] (1—16.2") <0p(L1n)< = +1)+0p(N‘”2))xEma
i=1 oNn Qn(an)
. -1
kZ; Zi 12) .
Zsup - = <0p<L1n)< +1>+0 (N~ )) LEE,
oN n( n)
0,(1)— Zsup < - ) <0p(L1,,)( % )+1>+Op(N‘/2)> _—.
N qnay

= 0,(L1,) + O,(N~'/?) uniformly on S; given the order of v,.

2||
N

IA

sup
Sr

qn(an)

Since Z > 0 whenever i € E E; and since as N — 00 oy — 0, k— ko, and Z—x — 1, we
have I, = Z, | log (1 — M) A& - + 0p,(1). From the order of I415,, we have Ig2, =
0,(L1,) + 0p(N 1/2) "and, consequently, Is, = O,(L1,) + O,(N~'/?), which combined

with the order of Iy, gives Ton — Iey = 0,(1) uniformly on S7.

Lemma 2. Under Assumptions AI-A5 and conditions FRI’ and FR2, if o > 1, we have

\/N(é(an) —qn (an)) — 0]7(1)’ where a, = 1 — E
Q(an) n

Proof. We write

We first show that 75, converges in distribution, which implies 75, = O,(1). Note that

k k
P(Ty, <z)=P (3—_°<F<yn> —a,) < —Z—N"m(yn) - F(yn»)

with y, = g(a,) + ze, and o, = 4%

e By the mean value theorem, F(y,) =a,+
f(q*(a))o,z, where q*(a,) = q(a,)+ io,z = q(a,)(1 + izN~/?) for some A e (0,1).

Thus,

nko nko (1 = F(q*(a,)))n q(a,)f(q"(a,))

—(F n) — Un) = —/ * n nl)4 = k .

f( (Yn) — an) N flg* (an))g(a)z = ko N = F(q (@) z
Since g*(a,) = q(a,)(1 + o(1)), we have that lim,_, ., =E@ @D — 1 Tp addition, given
FR1’ and by Proposition 1.15 in Resnick (1987) we have lim,lﬁw%m = —k—o and

hence lim,,_, ., — "X UA(F(y,) — ay) = z. We now show that Z=(F,(y,) — F(y.)) L N, 1).
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First, we observe that ﬁ - %‘?:)) = o(1). Hence we show that
n(l = F(y,)) . d
s o0~ FO) = 320 = NO.D, (15)

i=1

where Z;, = % (Xwi=wm) — EQtu,=yn})- Tt is readily verified that E(Z;) =0 and
V(Zi,) = n"'F(y,). Hence, given that Y . E(|Z:|*) <2(n(1 — F(y,))""* = o(1), we
have by Liapounov’s CLT that 7= (F,(y,) — F(y.)) 4 N(0,1). Hence, T, - N(0, k}).

We now show that Tj, = O,(1) by establishing that T}, converges in distribution. As
above,

k ko ~
P(Tln = Z) (:l/_—o(F(yn) - n) = _n_\/NO(F(yn) - F(yn))) ) (16)

and we establish that #(F(y,,) —F(v)) 4 N(0,1). We start by noting that for some
ii (S (O, 1)

(1)
F(m—/ nh%; ( — ) /MMZ ( - >d(U v)

_/ nh, ZK(Z)( " )dy(U U)? = Qun — Qo + Qsn»

where Uy = 2,U;+ (1= AU, Therefore, Z-(F(y,) — F(y)) = F5((Q1n — F(3)) +
12
0o, + 03,). Letting Ly, = (m) + h},, we observe that under Assumptions Al-A5,

nhy

0—0=0,(L,), and consequently, given that 0 >0, 0~'2—0">=0,(L,,). Since
U — U, = 020712 — 0712 U; — 02 ((X;) — m(X;)), we have

U= Ul < (1+07U]) 0,(Li,) and (U= U)* < (14+201U| +0U}) 0, (L},).
(17)
We now examlne the orders of Q,,,, j _2 3. Given Al and (17), we have

03, < 0, ( )Z/ . Q3jns Where Q3j, = le Yo ‘K(l) (y”hz )’ |U;[’~!. Using Taylor’s
Theorem, we can write for some /; € (0,1) and U™ = A4,;U; + (1 — 4,) U that

@ (| g Sl () o

n

1
Q31 < o, Z

i=1




Downloaded by [Singapore Management University] at 17:37 19 December 2014

HIGH-ORDER CONDITIONAL QUANTILE ESTIMATION 939

Since |K(1)(x)|<C by (Al) and given that f(y,) >0 as n— oo, we have
o ng“ (222)] = 0,(1). Given (17)

A

K<2>( —U” )’( +O0PIU) 0y(Liy)

(2) Yn —

U —U,
( hzn >’| |_nh%n;
1 1 L,
—0,(L,) [1+67* = ull=o0,=2),
) ,,(1><+ ng | o\

where the last inequality follows from the fact that |K§2)| < C by (A1) and the last equality

follows from A4 by using Kolmogorov’s law of large numbers to obtain 3—12;;1 |U;| =
Lin

0 (1) Consequently, 031, = 0,(1) + O, (T) which is bounded in probability provided
2

2
nhzn pr

IA

1n = O(hy,) and nhy,h3, = O(log n). These orders are satisfied by taking &y, oc n~'/° and
hz,, o n~1/5%9 for § > 0. Using Taylor’s Theorem again, we can write for some Z; € (0, 1)
and U™ = 4,U; + (1 — 4,) U that
nth Z

o 912
Kﬁ”(y >‘| Ul + - K<2>< )‘wnu Ui
i=1 2n =1 h2n

= O3n1n + Q3200 (18)

01/2 n
Q32n

A

We note that Qx;, is 0,(1) since

E (Q31,) = 0'? / 1V — Ghaal K5 (D) f (3 — dhan)d

— 91/2(1 _F(y ))/ |yVl B ¢h2n|f(yﬂ - ¢h2n) 1 _F(yn - ¢h2n)

O] _
L= F(yn = $ho) = FG,) R (@lde=o(D)

by Lebesgue’s dominated convergence theorem, Proposition 1.15 in Resnick (1987), the
fact that 1 — F(y,) - 0 as n — oo and [ IKS"($)|dp < C. Given (17)
012

< (2) Yn — Ui U
O30 < nh%n ; h2n

1
= O0,(L1,) Ol/zm Z

2n =]

61/2|U |)01)(L1n)

n

@ [ IYn
K, (—th )‘|U|+0 2 Z

2n j—1

n_U'**
= (y hy [ )‘Uiz)

Ln 1 n 1 n )
<0, (h; ) c (91/2; Z |U;| + 9; ZUi2> since |K (¢)| < C
i=1 i=1
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where the last equality follows from A4 by using Kolmogorov’s law of large numbers
to obtain ! i Ul = 0,(1) and Zl ,U? = 0,(1). Consequently, Qs, =o0,(1)+
0, (L‘”) 0 (1) given hy, oc n~ and hy, o n=13% for § > 0. A similar use of Taylor’s

Theorém gives
e (o g Sl (55
hz” 2n j—1 2n

= Q31 + O3320- (19)

3n =
2 nth ;
i=1

We note that Qs31, is O,(1) since

0
E(Quin) = 5 / (O — Sl 21K (D)1 f (3 — bhian)deb

_0 1—-F
— E( - (yn))yn

x / |yn - d)h2n| |yn - ¢h2n|f(yn - ¢h2n) 1 F(yn - ¢h2n)

M _
T FO,— gl 1= FGn 2 (®ldé =0

by Lebesgue’s dominated convergence theorem, Proposition 1.15 in Resnick (1987), the
fact that y,(1 — F(y,)) > C asn — oo when o > 1 and [ |K§1)(q’>)|d¢ < C. Given (17)

O3, < = 2 "

(2) (y’l - i )‘ Ul-2(1 + 91/2“][')017(141;1)

2n =1
‘ o — U U2 93/2 1 (2) Yn

0,(L1) m( )‘ : o
1 ( hgn ; h2n 2n j—1
<o, (L) ¢ QliUer"_/z_Zn:M since |K3” ()| < C

h%n 2n i=1 2

Lln

h2n

where the last equality follows from A4 by using Kolmogorov’s law of large numbers

to obtain 1 Zl U = 0,(1) and ,172;;1 |U;|> = 0,(1). Consequently, Qs3, = 0,(1) +
0, <1L1]) = 0,(1) given hy, ox n=3 and hy, o« n=1/3*9 for § > 0. Hence,
2n

n n L?
——03, = —0, (22 ) =0,(1), provided N o n*>7°, (20)
A/ N A/ N ( h2n
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11 w— U\ =~
Q==Y Kz(y )(U,«—Ui)

n = hy, hay

N 1 < v — U
— 01/2 0—1/2 _ 0—1/2 - K n i ljz
( )nth ; ? th

1 1 . Yn — [Jl A~
—-——>"K ( - ) (i (X;) — m(X))
i=1

2n

= Os1p + Q24

Since M(x) — m(x) — m YLK (X;l;x) Y =0, (L},)* uniformly over the compact
set G, with Y7 = 1m®(x*)(X, — x)* 4+ 0'2U,, x* =X, — (1 —2)x for i€ (0,1), and

0-12 = 0,(1), we can write

l - w— 1 yo— U\ 1 X, — X\ 1
n:O 1 iy K —K (2 X* X_XiZ
Oz ”()(nzzzhznfx(xi) 2( o )hln ‘( i )2’” X=X

i=1 r=1

I e 1 v — U\ 1 X, - X;
07— K| 2—)—K Ly o, (L?
* n2 Z Z thfX(Xi) ? < h2n ) hln 1 < hln ! + b ( ln)

=1 t=1

= 0,(1)(Qn1s + 07 0m,) + 0, (L1,) -

We will obtain the order of each 0, for j = 1,2 separately. Let

1 yn - (]t 1 Xt - Xi
Zi,Zy) = K K U,
l// ( t) fX(Xi)th 2< h2n > hln 1 < hln ) !

fOr Zi = (Xi’ l]t)s and Write Q222n = # Z?:l Z?:l(lpn(zt’ Zt) + lpn(zii Zt)) =
s Y Yt $u(Zi, Z,), where ¢,(Z,,Z;) is a symmetric function. The partial sum for

. , K0 n 1 yn=Ui 3
the case where i = 7 is denoted by 05y, = 71 7- 20 77 K2 ( — ) U;, and given that

% — 1 as u — oo, FR1’, and I‘IF(_’F—(‘V’”)“) — 1 as n — oo, we have by Lebesgue’s

dominated convergence theorem that —=05,,, = 0,(1). For the case where i # 7, we write

the remaining partial sums as

1 < 1
O, = - > E($u(Z0n Z0)|Z)) — FE(@n(Zi, Z)) + O, (n™ (E(H(Z,,Z0)'")

t=1

*If m were estimated by a Nadaraya-Watson estimator then ¥; = m™D (x)(X, — x) + m® (x*)(X, — x)* +
0'2U,. The additional terms that involve m"(x)(X, — x) can be shown to be negligible in probability at the

M n
desired rate ik
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Given that E(U;|X;) = 0, we have E(¢,(Z;,Z;)) = 0 and

1 <& X, —X; 1 yu — Ui
- ;Ewn(z,,z,-nza =- Z ( 09 hanl ( " ) ke (—hh ) |X,> U
1
=— sz.
n
i=1

with E(Z,) = 0. As above, using A4, FR1’, and Lebesgue’s dominated convergence
theorem, we have that E (”y” Zz) — —k;'0. Using similar arguments, we have

n

n'E (¢i(Z[,Zi))l/2 =0 <n‘ <ny"h’\]’nh2n)l/2). Consequently,

1 1/2
%0 ( *1E(¢2(zt,2))1/2) 0, ((—) )=op ((nh1,h2) %) = 0,(1)

nhlnthyn

since y, > oo and nhy,hy, > co. Hence, we can write that f NATIVSE
”N y > Zin/n + 0, (1). Since E(Z,,/y,) = 0 and E (22Z%) — —k;'0, by Liapounov’s
CLT, we have —Z./y,0%, = N(O, —k,'0), and since ,/y, — 0o as n — 0o, we have that
\/LNQ,2/22n = 0p(1).
Using similar arguments and manipulations, we obtain \/Lﬁszm = o0, (hfn«/ﬁ> +
0, (1). Hence, combining the orders for Oz, and Qx,,, we have

%Qm =0, (h%nﬁ) +o,(1) + %0,, (L2) = o,(1), 1)

where the last equality holds provided that &, o< n='/° and h,, oc n='/>* for § > 0 and
N o n*°-9,
Since 0712 — 0'2 = 0,(L1,), Qann = Op(Lin) 5= Y0 Ko (y"hjff) U,. Note that

(e (7))
E K> U;
th th

— —F()’»z))/Kz(¢)(

h2n¢)f(yn - h2n¢) 1- F(yn - thd))
1— F(yn h2n¢) 1- F(yn)

d,

and by Lebesgue’s dominated convergence theorem, Proposition 1.15 in Resnick (1987),
and the fact that sz(d))qu =1, we have 0,1, = 0,(L,,)(1 — F(y,)). Consequently,

(1= F4)0,(Ly,)

Q21n - /—N
(1 1 (yn) N) \ N> Op(L]n)'

VN

(G
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1/2
Note that 2 (1= F(y,) = %) = 0(1) and v/NL, = (2£2) " + N1, = o(1) given
that hy, oc n™'3 and N o« n*°7 for 0 < § < 4/5. Hence, we have that 7= 021n = 0,(1) and

combined with (21) gives ﬁan = 0,(1).
We now show that T”N(Ql,, —F(y) 4 N(0,1). First, we put gq,=
S K (%) dy and write

(i~ F(y) = Z (qiin — E(quan))
\/N 1n n \/W qlm qlm
in) — F n = In +In
Zm( (quin) = Fu)) = Ly + I
—l R— . — —1 L— : =
Clearly, E(m(c]lm E(Qm))) 0 and V(m(qlln E(qlm)))
2
FE Tt where

1 Vo — U 1 Vo — U 2
2= b|=— ) Fuw)du — f K | =— ) F(uwd
n /h2n ( h2n ) (u) ! h2n ? h2n (u) !

and b(x) = 2K,(x) fx Kz(y)dy Define s> = F(y,)(1 — F(y,)), and write 5,

A=FGw)
+ F(y,). Since ; — 1. By

.S*S
1=F(yn) ’lF() lF(

Liapounov’s CLT, I, 4 N(0,1) provided that E(]Z,-n‘ ) — 0as n— oo, where

1 1 Yn _(]l 1 Yn _(]l
= gz U L Ca )0 (e L (50) )
}’l(l — F(yn)) hln —00 h2n h2n —00 th

The condition is verified by noting that

= o(hy,) and F(y,) — 1 as n — oo, we have

1 Yn y _ l]l 1 Yn l]l
‘(th w/—ooK2< th )dy_E(th/— KZ( th )dy)) 52
i A y=Ui ) -2
since ;- f_oo Kz( o )dy < 1. Consequently, |Z;,| < — and
3 2 5;21
E(1Zi]") < -0 asn— oo.
Jn(1 = F(y,)) n(1 = F(y,))
Integrating by parts, we have
|E (qlin) - F(yn)|
m—1 i
(_th‘//)JJrl i (_hZill/j)m+1
= _h n K n + = . . 1% “ n +— (m . d s
‘/( WD 00+ 3 S 10w + S F Gy
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where y¥ = A(y, — ha¥) + (1 — 1)y, for some 4 € (0, 1) Since K, is an mth-order kernel
and |f"™(u)| < C, we have that |E (g,) — F(y,)| < (mm, [ W K () |dy = O(hyH.
Hence, b, = 0( hg’;l“) = o(1) and

%(Ql,, — F(y,)) < N(0,1). (22)

Equations (20), (21), and (22) show that Jiﬁ(?(yn) —F()) 4 N(0,1), and by
consequence, T, = O,(1) which completes the proof.

Proof of Theorem 1. Let 7y = ; =1+ 6yt*, k = ko + Sx7* and note that
b{zv (ﬁtLTN([* ™) _ 1 ZJAI e logg(Z],rNaN,k) (0) (23)
7 ”LTN(I* ) OnN lel 1klogg(Zj,rN0N,k) 0/°

For some /;, 2, € [0, 1], let k* = Joko 4 (1 — Aok, 1l = Ay + (1 — A7,

N

Hort by = L i iglogsZirion k) gloggZirion kD)
N logg(Zj;rX/O-va*) pkcklogg(zjero-Nak*)

j=1 okory

¥ Lo wlog €(Zjs o ko) Sy(Tiy — Liy) + Sy1
1,ko) = N[N ]1PrN j>»ON> ﬁ(NNIN IN N1N>’
(ko) (ﬁ S Llogg(Zj;on.ko) On(lany — Ian) + Onlan

where 71 N i, 74,\;, Iy are as defined in Lemma 1. By a Taylor’s expansion of the first
order condition in (23) around (1, k), we have

Hy(rl, k)N (k B ) =y (1, ko). (24)

We start by investigating the asymptotic properties of vy(1, k). Let by = =22 by =

-z ;1:;“) + 3 ) and observe that from Lemma 2 and the fact that q"(“") —1=0,(1) we
have that

; (1 k ) . bl\/Nq(an)(‘In)(an) +5N\/_IIN+01J(1)
N 0) = b\/_q(au) q"(a”)+5N\/_I4N+0p(1)

qn(an)

by/N ((Le=gte) _ qn<an)—q<an>) + Sx/Nliy + 0,(1)

_ q(an) q(an)
by /N q(u';iaq;a") _ qn<a;(>;§<an>) + 0y /_NI4N+0,,(1)

By Lemma 3 and the fact that N, — N = O0,(N'/?)

<¢N5N11N> _ (AR gy PO ielog 8(Zjiow. ko)oy + oD
V/Noylay by/N@ltdltn) o o520 Llog g(Z); 0w, ko) + 0,(1)

q(an)
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where Z/ = U; — q(a,) for U; > gq(a,). Hence, letting b, = E (%logg(Z};aN,ko)aN) and
b = E (£10g g(Z; oy, ko)), we have

by /N len=tton) 4 L (Z, | Llog g(Z); on, ko)ow — )+ 0,(1)

q(an)

b
(L _m(ﬂ)= gt
v (1, ko) by b/ N ) =atan) 4 ﬁ(Z, 1ﬁklogg(zj,aN,kO)_bk)jtop(l)

q(an)

Note that we can write

N
% > a%logg(Z}; ansko)an — bg Z N2 ( log g(Z}; on, ko)aw — > XU atan)
= Zzn,
i=1
and
1[0 0
N X_: = log g(Z%;an,ko)on — by ZN 2 (ﬁlogg(zjaaN’ko)UN - bk) X{Ui=q(an)

= Zn.
i=1

Also, from Lemma 2 we have that /N % is distributed asymptotically

as 27:1( ko)(i’l(l - F(yn)))il/z(qlm - E(qlm)) + Op(l) = Z:l IZ'; + Op(l) where qQlin =
% [ K, (y U’) dy and y, = q(a,)(1 + N~"2z) for arbitrary z. It can be easily verified
that E(Z;) = E(Z») = E(Z;3) = 0. In addition,

/.
Jj°

N 2
V(Zi) = N_IE( ‘ ko)oy — bo‘) P({U; > q(a,)})
(3(71\]

3 2
= n_lE (,\—logg(Z;-;O'N,kO)o-N - ba’) = n_l < + 0(1)> >
00N

1 — 2k

where the last equality follows from Smith (1987). Using similar arguments, we obtain

V(Z2) 1( 2, (1)>

i =n PRV o ’

? (1+0)(2 4 a)

and from Lemma 2, we have that V(Z;3) = n"'k}F(y,) + o(hy,). We now define
the vector ¥, =Y " (Zu,Zn,Zs) and for arbitrary 0 # 1€ N> we consider Ay, =
Yor(MZiy + 2aZp+ 23Z3) =Y i Zi,. From above, we have that E(Z,) =0 and



Downloaded by [Singapore Management University] at 17:37 19 December 2014

946  C. MARTINS-FILHO ET AL.

V(Z,) = Zz VAZE(ZE) + 221<d<d,<3 riro E(ZiyZiy). First, we consider E(Z;;Z;;) which
can be written as

1 N
E(ZyZp) = —Tiw — —bsby,
n n

where Ty, = E ( logg(Z,,aN,ko)oNﬁklogg(zj,oN,ko)) Since b, = SQl@) 4

I4+a—p
o(¢(g(a,))) and b, = —% + o(¢(q(a,))), we have that

(N'2¢(q(an)))’?

1
E(ZyZyp) =-Ty, — < >
n n

1
) = _Tln - n_ZO(l)
n

since N'?¢(g(a,)) = O(1). Now, note that
1 /1 2 koZ\ " (koZ)\’
E(Tln)_—bk——(——l) E (1—L) <°—>
ko \ ko oN ON
1 /1 VA ZN\" [ koZ
el 2)0-22) ()
kO k() ON ON OoN

N2 N2
From Smith (1987), we have that E (1 — k"—Z) (""—Z) ) = m + O(¢(g(a,))) and

ON ON

by = O(¢(q(a,))). From Lemma 4, we have that

koZ| koZ\ "' [ koZ| 1
‘ ("’g (-2) (=%7) (—)) A E AR

which combined with the orders obtained for the other components of the expectation
and the fact that kg = —o~! give

1

— 1 -2
E(ZuZi) = = iy 5, #(a(@)0(h) = 0(n°2),

We now turn to E(Z;;Z;) which can be written as

0 , )
E(ZiIZiS) == T2n —F <N_1/2 <510gg(zja GN7k0)GN> XUi>q(au)) E(qlm)(n(l - F(yn))) 1/2’
N

where T, =E(N-l/2( 2 logg(ZJ,aN,ko)aN) Lo atan (1 = F(y,)))" 1/2q1,-,,). We note
that

d VN, VN
E (N‘/2 (KIOgg(Z}; aN,ko)aN> X{U,»>q<a,,)}> = ——bs = ——0($(q(an)),
N
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from Lemma 2 E(qi,) = F(y,) + Oty = 0(1) and since (n(1 —F(y,)))"? is
asymptotically equivalent to N~'/2, the second term in the covariance expression is of
order JTN0((;’)(51(51,,)))0(I)N’l/2 =n"'0(¢(q(a,))). We now turn to T»,, the first term in
the covariance expression. Since (n(1 — F(y,)))”"/? is asymptotically equivalent to N~'/2,
we have by the Cauchy-Schwartz inequality

J '
T, = —E (—logg(zj;GN,ko)O'NQIin)
aO'N

S|l= IS|=

IA

50[\/

| ; 2 1/2
<E ((EIOgg(Z;;O-N,kO)GN) ) E(q%n)> = n_IO(l).

Hence, E(Z;Z5) = o(n™"). In a similar manner we obtain E(Z,Z;3) = o(n~'). Hence,
nV(Zy,) = AVl + o(1), where

0 '
'E (—logg(Zj; ON, ko)UNCIun) ‘

IA
3|

1 1

1 — 2k, (ko — 1)(2ko — 1) 0
V= B 1 2
(ko —1)2ko—1) (ko —1)(2ko—1)
0 0 k2

By Liapounov’s CLT >}, Z,; 4 N(0,2'Vi2) provided that Y | E(|1Z;,|*) — 0. To verify
this condition, it suffices to show that

() Y E(Zal’) > 0; (D) Y E(Zol) - 0; (i) Y E(|Zs]) — 0.
i=1 i=1 i=1

(iii) was verified in Lemma 2, so we focus on (i) and (if).
For (i), note that 3, E(1Zy[*) < J-E (|(1/kO — 1)(1 — koZifon) " koZlfox — 1|3) N
0 provided E(—(1 — koZ}/on) > (koZ]/on)?) < C, which is easily verified by noting that

~(1 = kZiJon) " (koZifan)* < —(1 = koZifon) (1 = koZ/an)’ = 1.

Lastly,

- 1
Y E(Zyl) < ﬁE(i—(l/ké)log(l — koZ}/on)

i=1

+ (1/ko)(1 = 1/ko)(1 — koz;/aN)—lkoz;/aNF) =0
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provided E(log(1 — koZ]/on)*) < C give the bound we obtained in case (i). By FR2 and
integrating by parts we have

E (log(1 — koZ!/ay)) = — / log(1 — koz/on) dF 4, (2)
0

_ 1= F(g(a) +2/q(an)))

(log(1 +z/q(a,)))’I¥

= F(qan)
+ / L@@+ 2/a(@D) (1 4 214 a,))*3(l0g(1+2/q(a))
0 L(q(ay))

x (14+z/q(a,))""(1/q(a,))dz = Ty, + To,.

Three repeated applications of L’Hépital’s rule and FR1’ gives Ty, = 0. For T3,, we have
that given FR2 and again integrating by parts and letting t = 1 + z/g(a,)

o0 o0 C
Ty = / 3(log(n)2*dt + d(g(a,)) / 3(og(0) (¢ = Dt + o(lata)).
1 1

It is easy to verify that [~ 3(log(1))**'di =% and, consequently, T», = 5+

0O(¢(gq(a,))), which verifies (ii). By the Cramer—-Wold theorem, we have that , 4
N(0,V)). Consequently, for any vector y € %2, we have y (vN(aN,ko) —\/ﬁ(f)z) 4
N(0,9y'V,y) where

I — 4ko +2 1
Vi — (2ko — 1)? ko(ko — 1)
o 1 2k} — 2k3 + 2ko — 1

Ckolko — 1) K2(ko — 1)2(2ko — 1)

Again, by the Cramer—Wold theorem (vN(aN,ko) —JN (ZZ)) 4 N(0,V,). Hence, given
Eq. (24), provided that Hy (a7}, k*) 2 H, we have

VN <CN - 1) ~H'WN <b”> =H" (vN(JN,ko) — VN (b">> L N(O,H'VH).
k — k() bk bk

To see that Hy(ay, k) 2 H, first observe that whenever (z,1) € Sy, we have (?N,I;) € Si

and, consequently, (7, k*) € Sg. In addition, from Lemma 1 and the results from Smith

(1987), we have Hy(ry, k) L _H uniformly on Sk. By Theorem 21.6 in Davidson (1994),

we conclude that Hy (o3, k*) 2 oH.

Lemma3. Ler a,=1-— %, and for j=1,...,N define Z; =U; — q,(a,) whenever
U; > q,(a,), and for j=1,...,N; define Zf,. =U; —q(a,) whenever U; > g(a,).
If A= 1Y" Zlogg(Zonko)oy — = YN Llogg(Zison.k)oy  and Ay =

j=1 do j=1 do
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¥ Dl Slogg(Zsoy. ko) — & YL, £log g(Zison, ko), then N'PA, = by/N &l 4

q(an)
0p(1) and N'2Aq = byn/ NS940 1 o,(1), where by = —*422, by = (=452 4 22),
Proof. We first consider the case where N = N,. Then
N A 6
A, Z <—logg(Z],aN,k0)oN - a—logg(Z], aN,ko)aN)

al - 7N\ —1 /
:lz l_l 1_kOZj k()ZJ-_ l_koZ]. kOZj .
N 4 ko oy oy on on
By the mean value theorem, there exists /; € (0,1) and Z7 = Z) + 4;(q(a,) — q.(a,)) such
that
N

_ gu(a) — gqla,) (1 1 ko 7
AU——(k—O—1>NZ<1—az> . (25)

q(an) =

Again, using the mean value theorem, we have that for some 0; € (0,1) there is VANES
0,Z;+ (1 —=0)Z; = Z, + 2;(1 — 0;)(q(a,) — g.(a,)) such that

1 & k 21 k -2
— 1-2z) —= 1-22z
N — ON J N — ON I

— _()Q(an) - qn(an) 251(%) l i (1 _ ﬁz**>3
Q(an) Qn(an) N j=1 oN /

N

-3
0,1+ oy S (1- 202
N

Jj=1

where the last equality follows from the fact that "(“”) =1+o0,(1) and Lemma 2. In
addition,
o *k - 1 N 2 -
Z( z ) = N;( z + (0 — 0*)(gla,) — qn<an>>)
1 & -
== Z( — —Z +0,,(1)) = 0,(1),

Jj=1



Downloaded by [Singapore Management University] at 17:37 19 December 2014

950 C. MARTINS-FILHO ET AL.

using the same arguments as in the proof of Lemma 1. Hence,

. -2 s 1Y ko -2
_Z( _—z) = 0,(N HN;(l_EZ)
o 2C¢(g(ayn))

= - +o0 an))) + 0,(N'/?),
T T G0ty T OEE@) + 0N
where the last equality follows from Smith (1987). Consequently, since ¢(g(a,)) =
O(N~"?) and substituting back in Eq. (25) we have that N'/?A, = b1N1/2W +
0,(1).

We now turn to the case where Ny > N. In this case, we can write

1M 0 0 /
N'2A, = Nl/zﬁ 2 (a_alogg(z_f;("N’kO)aN B a_alogg(zj;aN’kO)aN>
=1
Ni—N
+N1/21 12: a_lggg(Z};GN,ko)O'N.
N & oo

The first term is by N'/?2@—4@) 4 4 (1) as in the case where N = N;. As in Smith

q(an)
(1987), we have that the expectation of the second term is f (C‘f’i’f“;)) + 0(¢>(q(a,,))))
which is o,(1) since ¢(g(a,)) = O(N~"?) and N‘ = 0,(1). In addition its variance is

M NO(l) = 0,(1). Hence, the last term is op(l) and we can write for the case where

Ni > N that N'2A, = b N‘/ZW + 0,(1). Similar arguments give us the same order

for N'2A, when N > Nj. The case for N'/2A; follows, mutatis mutandis, using exactly the
same arguments.

ON ON

Lemma 4. £ <log (1-82) (1 4z)" (’i)) = —lh 24 O(h(glan)).

Proof. We first observe that from the results in Smith (1987)
koZ, koZ\ " [ koZ,
E (log (1 - 0—) <1 _ 0—) <O—)> =~ + O(g(an))
ON OoN ON
koZ, VAN
E(10g<1_L> (1_L) )
ON ON

Using the notation for L(-) in FR2 and given that F,,,,(z) =1 — W (1 + m)_ ,

we can write E (log (1 — k‘f ) (1 - i’—f) ) e log( ’“") (1 - ’;‘—::)71 dFya,)(2).
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Integrating by parts, we have

’ 7\ —1 %)
. (log (1 - ko_Z) (1 ~ @) ) =/ L((A+2/q@) q(@) (| oy
0

oN oN L(q(an))

x( : (1+z/q(a,))
q(a,)

log (14 z/q(a,)) (1 + z/q(an))z) dz.
q(a,)

Setting t = 1 4+ z/¢q(a,), we have that

koZ; kZ\ '\ _ [ LUgta) .
E <log <1 - E) (1 - H) ) _/1 L(q(an) (t — log(t)1™""")dt,

and by FR2

koZ! koZ\ !
E<log<l_L) (1_L) )
(Y ON
=‘/' (772 — log(t)t > )dt
1

1 Chlg(an)) / (2 — log(t)r™2) / w dudt + o((g(an)))
1 1

1

= ari m + 0(¢P(q(an))),

which combines with the order of the first equation in the proof to give the desired result.

Proof of Theorem 2. Leta e (0,1)and a, =1 — % < a. We are interested in estimating
q(a) which we write as g(a) = g(a,) + yy..- Estimating g(a,) by g(a,) and based on the

. . . N N = NN
GPD approximation, we define an estimator yy, for yy, as yy., = TN 1-— (%) .

Note that, as defined, yy, satisfies

- 1/k
~ R N kYn.a
1= F(glan) +Iva) = — (1 - —”) : (26)
n ON
Let us pause and note that for a chosen N, Eq. (26) is satisfied with a distribution function

F that is not necessarily F. However, given the continuity of F, there exists N satisfying
the order relation a > 1 — N/n for which (26) is satisfied by F. Hence, to avoid additional
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notation, we proceed with F. We define the estimator for q(a) as g(a) = g(a,) + ynq. For
6, = q(a)(n(1 — a))~"2, arbitrary 0 < z and V, = —k¢/n/(1 — a)'/?, we note that

P(o,"(g(a) — q(@)) <z) = P(1 —a > 1 = F(q(a,) + Yva + 047)
= P(V,((1 —a) — (1 — F(q(a) + 0,2))
> V,((1 = F(q(an) + yna + 0,2))
— (1= F(q(a) + 0,2))).
In addition, from the proof of Lemma 2, we have that lim,_, ., V,((1 — a) — (1 — F(q(a) +

0,z) = z. Now, let W, =V, ((1 — T’(q(an) + yya +06,2)) — (1 — F(g(a) 4+ 0,z)) and note

n(1=F(q(a))) — 1-F(q(a)+0,2) _ 1
that WMW,, = l’l(l — F(q((l))) (m — 1) = _EWH(I + 0(1)) We first

establish that

1 —F(g@)+0,2) 1)

n(l = F(q(a))) (1 ~Flq@) +o.2)

is asymptotically normally distributed. Without loss of generality, consider yy =
q(a,)(Zy — 1) for 0 < Zy — z, < 0o. Note that if Zy = z,, then yy,=ynv=¢g(a,)(z, — 1).
Then, g(a) + 0,z = q(a,)z.(1 + z((1 = a)n)""?) = gq(a,)Zy. By FR2

(q(an)ZN)a 1 - F(q(an)ZN) — Z—l/ko 1 - F(Q(an)ZN)
q(a,)* 1—F(q(a,)) N 1= F(q(ay)
=1+ k(Zy)$(g(a,)) + o(p(g(a,))),

since o = —1/kg

where 0 < ¢(g(a,)) = 0 as g(a,) — oo, k(Zy) = @ Since we assume that
Wcj’f(;”””)) — u, we have that as Zy — z,, k(Zy)$(g(a,)) — k(za)N’W@ — 0 and,
consequently,

=1k 1 - F(q(a,)Zy)

T Fgay) RN

W@ +o(N"I. 7)

We observe that for the function h(c,k,y) = —1log (1 — '%) we can write

1 - F@Gla) +yw) _

1 _’F",(é(an)) exP(_h(O'N,k’yN)),

and using the notation in Theorem 1 and the mean value theorem gives

~ 7 0 % 0 * L% ry—1
h(Gy.k,yn) — h(an, ko, yn) = (on 2 h(ay, k*, yn)  3-h(ah, k¥, yn)) </}N_ ko)
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for oy = 416y + (1 — 4))oy and k} = Joky + (1 = J))ko and 4y, 4, € [0, 1]. It follows from
oy = —kog(a,) = —% that yy = “’f{% and from Theorem 1 we have

4 o
JN%h(O'Tv,k*,YN) 4 —ky'(z;' = 1) and ﬁh(gz*v»k*’yN) A ki2log(za) + k2 (=" — 1),

Hence, if ¢, = (k"= k2logGa+kg* ;' =D ) and g, = (MU MO ) we can write

’ iy —1 ’ e — ~ 7
VN (];N_ k0> 4 N(cytp, e, H'V2H™YY and V/N(h(Gy, k, yn) — h(an, ko, yn)) = Op(1).
(28)

; e 1=F(gan+yw) _ 1=Fglan+yw) _1=F(gan)) _71/ko 7=1/ko
Now,wecanconvenlentlyyvrlte TFa o = TIoFGad Traenom 2y Zy . Note that

~ -\ Uk ~ —1/kg
1-F(g(an)+yn) __ _ kv 1-F(q(an)) —1/ko __ _ koyw —
S = (1= ) (i) and 230 = (1= 82 ) T < explhon, ko).

Furthermore, from Eq. (27), Z}\,/k"% — 1= N2 (—k(z)) *E2) + o(N7'/2).

Hence,

1 - F(q(a,) +yy)

1 — F(q(a,) + yn)
ik 1=F(q(a)) 1—-F(q(a,))
Y (1= F(q(an)Zy) (1 — F(g(an)))

exp(—h(Gy, k, yx) + h(an, ko, yx)).

1-F(qlan)) _ 1 _ _ Flgan)—F(g(an)) :
T ey 1= Gy and from Eq. (15) in Lemma 2, we

have MU F@@) 1 Bgia)) — (1 — F(g(an))) > N(0,1) as g(a,) — oo. In particular,

1=F(g(an))
using the notation adopted in Lemma 2, we have that

Now, we note that

n(l — F(q(a,))
1 — F(q(a,))

==Y _V/n(l = F(q(a)(qin — E(qun)) + 0,(1)
i=1

(1 = F(g(ay)) — (1 = F(q(ay,)))

=" Zu+o,(1).
i=1
Hence,
1 —F(q(an)+yN) 1/k 1 _F(q(an)) 1 _Fv(q(an)) L
— 1=z r _h %
1 - F(q(a,) + yn) N (1= F(g(an)Zy)) (1 — F(Z](an)))ex‘p( (Gn. K, yn)

+ h(oy, ko, yn)) — 1,
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and by Eq. (28) and the mean value theorem, we have

exp(—h(Gn, k, yn) + h(an, ko, yn)) = 1 = (h(Gx, k, yv) — h(aw, ko, yx)) + 0,(N7'/2).

Therefore, we write

1 —F(ga,) + yv) e 1= F(q(a)
\/N< —1>=\/N<Z/“ —1)
1 — F(q(a,) + yw) N (1= F(q(a)Zy))

N m( L= F(gla)) _ 1)
(1 - F(q(an)))
— VN (h(Gn, k,yy) — h(an, ko, yn)) + 0,(1).

Since +/N (Zl/ ko% 1) > —MC(%”), we focus on the joint distribution of the

last two terms. By Eq. (28), we have that

.- ) iy — 1
VN (h(Gy.k.yw) = h(on. ko.yw) = VN (k . ) +0,(1), (29)
and by Theorem 1 (adopting its notation), we have

VN (Zv_—k(l)) - JN (;) = (H "+ 0,(1)) (vN(l,ko) - VN (ik)) :

where the last vector in this equality depends on +/N % which is
asymptotically distributed as Y | Zs + 0,(1), Y, Zn, and Y | Z;;. Hence, we define
VN ((}—:% - 1) =" Zu Let 0£d e N, & = (T2 X0y 20 X0 2o Y0 2u ), and
consider d's, = Y Y4 Zisds = Y1, Z,;. Note that Z,; forms an independent and
identically distributed (iid) sequence with E(Z,;) =0 and the asymptotic behavior of
Yo Zis 2wy Zpn and Y. | Z; was studied in Theorem 1. In addition the asymptotic
behavior of ) | Z4 was studied in Lemma 2. Recall that E(Z%) = n Y (F(y,) + o(ha,))

and from Theorem 1 E(Z;;Zy4) = o(n™") and E(Z»Z4) = o(n~'). Here we examine

- ) (o [k (25 )
a2 = == FOm (1 — Flglam) (q”"hzn/oo k)Y

1 q(an) y— []1
— E(qi1in)E K dy).
(ql ) <h2n /; ? ( h2n ) y)

By Lemma 2, E(q)—F(y,)=005"), and  similarly, we  have
E(% fq(a") K, (ﬂ)dy) — F(q(a,)) = O(hy:th). Since in Lemma 2, we have y, = g(a,) +
.z, then for r;(x) = hy, f Kz( )dy, we can write Egéhmh fq(an) 2(\ U,)dy)

E(K (q(an) + GnZ)K (q(an)))(y {g(an)=yn} + )f{q(a,,);t)” ) FOI’ z>U, we have that q(an) 7& Yn
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implies y, > g(a,) so that

E(Ki(q(an) + Unz)Ki(q(an))}f{q(a,,)<yn}) < CX{q(a,,)<_v,,} =C (F(q(an) + O’,,Z) - F(q(an))) .

By FR2, lim,HwW =0, and hence

(1 — F(q(a)) "E(ki(g(a,) + 6,2)k:(q(an) Kigtan=y}) = 0(1)
and E (qunhl; 1 g, (%) dy) = E (17 (q(a,))) + o(1 — F(q(a,))). Consequently,

_ _ ko 2
EZaZ) = =T Fom (@ = Faatany & i tat@n)

+ o(F(q(ay)))) — F*(q(a,)) + O(hy:th)

ko
= —;(F(q(an)) +o(1))

1 1
=2k, ~ kg—D(2kg—D) (U
_ 1 2
and V(Z;,) = 1d'Vad + o(n™") where V3= | “®oogn &oogn © % | From the
0 0 k2 —ko
0 0 —ko 1

verification of Liapounov’s condition in Theorem 1, we have that d’e, AN (0,d'V3d) and
from the Cramer—Wold theorem ¢, Y N(0, V3). Now, from Eq. (29)

VN(h(Gy,k, yn) — h(oy, ko, yy)) = c,H™! (UN(I,ko) - VN (Z)) + c,H'VN (ik) )

Hence by letting A ; represent the jth column of a matrix A, we write

1 =Fgla) +y)  \ _ kGou—=p) (N~ e
ﬁ(l—F(q(an)—i—yN) 1>_ e <chA1 ;Z:HL%H; ;z,z

+ (c,Hy by + c,HS'b2) Y Zia
i=1

e b, -
+ c,H lﬁ(b)) + ;ZM +0,(1)

_ kGoule—p) b,
LK) (1)

+ (-~ ' —cHy' —cH b~ c,Hy'by 1) &, +0,(1).

Let ' = (—¢,u7" 13" —cjH7'bi—c,H3'p 1), Then from the results above, we have 7'e, 4
N(0,17'V3n), where simple algebraic manipulations give #5'Vin=c,H'V:H '¢c; +
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2¢;, (12}0) + 1. Consequently, if { ~ N (—*24E=0 ¢ H-1V,H "¢, + 2¢}, (17 ) + 1), then

L=Fg@)+yw) (. (bs a
m(l—F(q(an)+yN) : (C”H <bk>>>_>c’

and for yy = g(a,)(Zy — 1) with Zy — z,, we immediately have

1-Fg@+a2) . [ (b)) «
ﬁ(l—F(q(a)+0nZ) : (C”H (bk>>>_)c'

Lastly, since —W, /ko + o(1) = /n(1 — F(q(a))) (M - 1) and if

1-F(q(a)+oyz)

Vn(l = F(q(a))) = v/n(1 —a)  N'7,

that is, n(1 — a) — oo at the same rate as N, then

w, % N<(—k0) (——k(z")“(a —P o p tim VN (Z))
k

C n— 00

ké (C;H1V2HICb + 26‘;7 <% : ig) + 1) )»

which immediately gives, «/n(1 — a) (M — l) 4 {1, where

q(a)
k a - — .
&1~ N (—ko) (—M —¢,H™ " lim VN b ,
C n—00 bk
K <c;,H_1V2H_lch + 2¢), (? B io> + l) )
— ko
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