1 Proof of p

In section 1, we prove - p, where

We have
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p=-3sVa(r €s ¢ x &a).

{Ve(z€esxgr),~sdsttVa(zr €s x &s),

By the contradiction metatheorem,

Also,

Ve(reso o gr) > (sEsesés),

SESSEs,
(s€s+rs¢gds)—>(s€Es—sds),
SES—>SEs,

-s ¢ s,

—s¢€s—>SEs

sEs

s & s.

{Vex(zese o dr)lFsés.

{Ve(zeseaxda),s¢gstHVae(x € s xda),

By the contradiction metatheorem,

Ve(zr€scaxgs)—(s€sersds),
SESSEs,
(sesersgs)—=(sgs—seEs),
sE€s—>SEs,

s €& s,

EASHCR

Ve(zx€soxga)ks€Es.

Applying the contradiction metatheorem to equations (1) and (2),

By the generalization metatheorem,

FVe(r €sex &)

FVs—Vz(x € s > ¢ & x),
Vs—Vz(x € s <> x & x) = Vs Va(z € s & = & 1),
Vs Vr(x € s <> x & ).

But

d) - _'_‘¢7 (AX]-)
(MP).

~WsVr(z €sradr)=-3sVe(z €s o x €x) =p.



2 Proof of o

For this proof, we work in a language with the constant symbol c.
o =-FVe(z € v)
We have

Vz(z € ¢) FVz(z € ¢),

Vz(z € ¢) = z € ¢, (Ax2)
z €c, (MP)
z€c—(2€ 22— 2z€c¢), ¢ — (v — ¢),(Ax1)
z€z—>z€Ec, (MP)
(2¢2—z2€c) > (2€2—(2€ch2¢€2)), (0 =) = (¢ — (YA 9)), (Ax1)
2€z—(2€cNz¢&2), (MP)
(z€chzdz)—> 242 (@A) = ¢, (Ax1)

(:€dz—(2€cNh2¢2))
< (((zechnzgz)»2¢2) = (€20 (2€chz¢2))), (¢ = v) = (¢ = ¢) = (¢ & ¥), (Ax1)

((z€chzdz)—z¢z)—>(2¢z4 (z€cNzE2)), (MP)
2z (z€cNz ¢ 2), (MP)
(zg€ze(z€cNzg2))
S(reyo (rechzgn) s (rey o g ), (66 4) = (7 & 9) > (7 & 9)), (Ax1)
(zeye(z€chzdz) > (ze€ye2¢ 2). (MP)
By the generalization metatheorem,
{Vz(ze€o)} HV2((z €y (z€chzgz) > (z€y ¢ 2 €& 2)),
Vz((zeyer (z€chzdz) > (z€y+2¢2))
= (Vz((zeye (z€chzd2)) 2 Vz(z €y 2 & 2)), (Ax3)
Vz(zeyer (z€chzgz) > Vz(z €y 2 & 2), (MP)
(Vz(zeyo (z€chzgz) o Vz(z €y 2 & 2))
= (Vz(zeyerz¢z) > Vz(zey e (z€chz € 2))), (¢ = ¥) = (- = ~9), (Ax1)
WVz(z ey zgz) > Ve(zey o (€N E2)), (MP)
By the generalization metatheorem,
{Vz(ze€o)} FVy(-Vz(z ey 2 ¢ 2) > Vz(z ey (2 €Echz & 2))),
Vy(=Vz(z ey 2 ¢ 2) = Vz(z €y (2 €Echz & 2)))
= VyVz(z €y z2¢2) = VyVz(z €y < (z €EcNz & 2)))), (Ax3)
Vy—Vz(z ey z2€2) = (Vy-Vz(z €y < (z €chz & 2))), (MP)
Vy=Vz(z ey 2 ¢ 2z) > Vy-Vz(z €y & (2 €Ec Nz € 2)))
= (VyVz(z ey (z€cNzg2) = VyVz(z €y ¢ 2 € 2)), (¢ =) = (-9 = —9¢), (Ax1)
WVy—Vz(z €y (z€chzgz)) = VyVz(z €y & 2 & 2), (MP)

=JYWVe(zeye (z€chzgz) - Wz(z €y 2 € 2)

We define C'mpr to be the collection of sentences in the comprehension schema in the restricted language without the variable
c. Then

Cmpr FVzIyVz(z €y <> (z €z A 2 € 2)),
VedyVz(z ey (z€xNz2¢2) > Wz(z €y 2€cAhz g 2), (Ax2)
WVz(z ey (z€chz &z)). (MP)



By metatheorem 3.11(i),

CmprU{Vz(z € o)} FayVz(z €y > (z €Ec Nz & 2)),

WWVz(z ey (z€chNzgz2) = Wz €y < 2 & 2),

WVz(z €y 2 € 2).

(MP)

Restricting our language to one that does not contain the constant c, the existential instantiation metatheorem shows

CmprU{JFaVz(z € z)} F IyVz(z €y < 2 € 2).

Let
pr=-3Wz(z €y 2 ¢ 2),

the result of replacing all bound occurrences of s and = in
p=-3sVa(z €s <z & x)

by y and z respectively. Then because - p, Corollary 3.13 shows that

Fp. (4)
By the deduction metatheorem,
Cmpr F3aVz(z € ) — FyVz(z € y > 2 & 2),
(FaVz(z € x) > WVz(z €y < 2 € 2))
= (mTaVz(z € x) > —TYNVz(z €y © 2 € 2)), (¢ = ¥) = (——¢p — ), (Ax1)

——IaVz(z € x) - ~—IYWz(z €y < 2 € 2)
=0 = IWVz(z €y & 2 € 2)
=-0— p.
It can be seen from MP that
Cmpr U {—c} F —p'.
But also, from metatheorem 3.11(i),
Cmpr U {—c} I p'.

Then by the contradiction metatheorem,
Cmpr F o.

(MP)



