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time
N. Read, 1991

(originally with G. Moore)

Matrices
 
generally 
do not commute;
hence
non-Abelian

(1,2) - permuting particles 1 and 2
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A. Kitaev, 1997

Quantum bit - qubit time

I told you so!

Decoherence - the enemy of quantum computing

random noise is 
powerless and 
decoherence is 

absent!



Who is interested in topological 
quantum computing?

6

One proponent is familiar to all of us...



Who is interested in topological 
quantum computing?

6

One proponent is familiar to all of us...

Bill Gates



Who is interested in topological 
quantum computing?

6

One proponent is familiar to all of us...

Bill Gates



Who is interested in topological 
quantum computing?

6

One proponent is familiar to all of us...

Bill Gates



Where can we find anyons?
7

They were actually found in the studies of fractional quantum Hall 
effect!



Where can we find anyons?
7

They were actually found in the studies of fractional quantum Hall 
effect!

Nobel Prize 1998

R. B. Laughlin H. L. Störmer D. C. Tsui



Where can we find anyons?
7

They were actually found in the studies of fractional quantum Hall 
effect!

“for their discovery of a new form of quantum fluid with 
fractionally charged excitations”

Nobel Prize 1998

R. B. Laughlin H. L. Störmer D. C. Tsui



Where can we find anyons?
7

They were actually found in the studies of fractional quantum Hall 
effect!

“for their discovery of a new form of quantum fluid with 
fractionally charged excitations”

Nobel Prize 1998

R. B. Laughlin H. L. Störmer D. C. Tsui

Dirty little secret: those “fractionally charged excitations” 
are actually anyons! 
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magnetic field B

current

Hall effect (19th century):

Quantum Hall effect (1980):

integers

Nobel Prize 1985: for the discovery of QHE
Klaus von Klitzing
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Higher excited state (two quasiholes)

The normalization integral is the partition function of a 2D plasma!

2D plasma: definitions

Two chargers interact logarithmically

The partition function is
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Conjecture: these are the 
correlation functions of a two 
dimensional scale invariant  
quantum field theory (in other 
words, of a statistical mechanical 
system at a point of a second order 
phase transition), and Laughlin’s 
guess is but a particular case of 
that, corresponding to a free field 
theory.

N. Read and G. Moore, 1991



Non-Abelions in fractional quantum Hall effect
11

Moore and Read: let’s take
the simplest two-dimensional
critical model: 2D Ising model!



Non-Abelions in fractional quantum Hall effect
11

Ising model leads to the 
Pfaffian (Moore-Read) state, 
accepted to be one of the 

observed
quantum Hall states. 



Non-Abelions in fractional quantum Hall effect
11

C. Nayak, 1996
(with F. Wilczek)

Ising model leads to the 
Pfaffian (Moore-Read) state, 
accepted to be one of the 

observed
quantum Hall states. 



Non-Abelions in fractional quantum Hall effect
11

C. Nayak, 1996
(with F. Wilczek)

Ising model leads to the 
Pfaffian (Moore-Read) state, 
accepted to be one of the 

observed
quantum Hall states. 

Polynomials



Non-Abelions in fractional quantum Hall effect
11

C. Nayak, 1996
(with F. Wilczek)

Ising model leads to the 
Pfaffian (Moore-Read) state, 
accepted to be one of the 

observed
quantum Hall states. 

Polynomials



Non-Abelions in fractional quantum Hall effect
11

C. Nayak, 1996
(with F. Wilczek)

Ising model leads to the 
Pfaffian (Moore-Read) state, 
accepted to be one of the 

observed
quantum Hall states. 

Polynomials



Why this construction works
12

Proved by VG, C. Nayak, 1997
by mapping these guys into a plasma



Why this construction works
12

} Conjectured 
degenerate 
wave 
functions

Proved by VG, C. Nayak, 1997
by mapping these guys into a plasma



Why this construction works
12

} Conjectured 
degenerate 
wave 
functions

where did these come from?

Proved by VG, C. Nayak, 1997
by mapping these guys into a plasma
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} Conjectured 
degenerate 
wave 
functions

where did these come from?

Proved by VG, C. Nayak, 1997
by mapping these guys into a plasma

Need to prove that

Proven by VG, C. Nayak, 1997 and 2009
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Status of the Non-Abelions in FQHE

ARTICLES

Observation of a quarter of an electron
charge at the n5 5/2 quantum Hall state
M. Dolev1, M. Heiblum1, V. Umansky1, Ady Stern1 & D. Mahalu1

The fractional quantum Hall effect, where plateaus in the Hall resistance at values of h/ne2 coexist with zeros in the
longitudinal resistance, results from electron correlations in two dimensions under a strong magnetic field. (Here h is
Planck’s constant, n the filling factor and e the electron charge.) Current flows along the sample edges and is carried by
charged excitations (quasiparticles) whose charge is a fraction of the electron charge. Although earlier research
concentrated on odd denominator fractional values of n, the observation of the even denominator n5 5/2 state sparked
much interest. This state is conjectured to be characterized by quasiparticles of charge e/4, whose statistics are
‘non-abelian’—in other words, interchanging two quasiparticles may modify the state of the system into a different one,
rather than just adding a phase as is the case for fermions or bosons. As such, these quasiparticles may be useful for the
construction of a topological quantum computer. Here we report data on shot noise generated by partitioning edge currents
in the n5 5/2 state, consistent with the charge of the quasiparticle being e/4, and inconsistent with other possible values,
such as e/2 and e. Although this finding does not prove the non-abelian nature of the n5 5/2 state, it is the first step towards
a full understanding of these new fractional charges.

Theoretical predictions regarding the nature of the even denom-
inator n5 5/2 quantum Hall state rekindled strong interest in the
fractional quantum Hall effect (FQHE)1–3. Primarily, this interest
emanates from the unique properties of quasiparticles in this state,
predicted byMoore andRead4,5: a fractional charge of a quarter of the
electron charge (e/4) and non-abelian quantum statistics. The
quantum statistics are reflected in the evolution of the ground state
wavefunction when two e/4 quasiparticles are adiabatically inter-
changed. For conventional FQHE states, where the statistics are abe-
lian, such an interchange merely multiplies the wavefunction by a
phase. For non-abelian states, the presence of quasiparticles makes
the ground state degenerate and an adiabatic interchange of two
quasiparticles leads to a topological unitary transformation—where
the topology of the path determines the transformation—that takes
the system from one ground state to another. Unitary transforma-
tions that correspond to different interchanges do not generally com-
mute with each other; hence the name non-abelian.

The topological nature of these transformations makes the n5 5/2
state a test ground of the basic ideas of topological quantum com-
putation, as it introduces remarkable immunity against decoherence
and errors due to local uncontrollable perturbations6–8. Ideas pro-
posed in these directions are based on interference experiments
where inter-edge tunnelling of e/4 quasiparticles takes place. For
these experiments to succeed, two requirements should be satisfied:
the first is that the n5 5/2 state must be of theMoore–Read type, and
the second is that the tunnelling quasiparticles must have charge e/4.
These characteristics are predicted but not yet experimentally con-
firmed. The Moore–Read theory is based on a trial wavefunction
inspired by considerations of conformal field theory4. It may be
rederived9 by considering weak Cooper pairing of composite fer-
mions, which, under a magnetic field corresponding to the n5 5/2
state, are fermions carrying an electron charge and two fictitious flux
quanta. It is also supported by numerical exact diagonalization10. As
for the second requirement, if electron or e/2 quasiparticle tunnelling
dominates over that of the e/4 quasiparticles, inter-edge tunnelling

would not be a useful tool for examining the non-abelian statistics of
the latter.

In this work we present shot noise measurements11,12, which result
from partitioning of a stream of quasiparticles that tunnel between
edge channels of a n5 5/2 state. Measurements were performed on a
patterned high-purity two-dimensional electron gas (2DEG) with a
built-in constriction that allowed controlled tunnelling from one
edge to another. From the dependence of the shot noise on the
current, we deduced the charge of the quasiparticles, which was
found to be consistent with charge e/4, and inconsistent with charge
e/2 or an electron charge e. In order to further validate the measure-
ments, the charge of quasiparticles in other FQHE states in the vicin-
ity of the n5 5/2 state, such as at n5 5/3, 2, 8/3 and 3, was also
measured by partitioning their current carrying states. Although
thesemeasurements do not directly probe non-abelian statistics, they
do pave the way for such a measurement, which is likely to be based
on interference effects13–16.

The 5/2 fractional quantum Hall state

The n5 5/2 state is characterized by a zero longitudinal conductance
and a Hall conductance plateau g5/25 5e2/2h. At n5 5/2, the highly
interacting electronic system can be mapped onto a system of weakly
interacting, spin polarized, composite fermions at zero average
magnetic field. The theory that predicts the n5 5/2 state to be non-
abelian starts with the Moore–Read wavefunction4. Within this
theory, the composite fermions form a superconductor of Cooper
pairs, with px1 ipy symmetry9, where the non-abelian quasiparticles
are vortices, carrying half of a quantum flux, w0/25 h/2e. Because
inserting these vortices costs a finite amount of energy (the Meissner
effect in the condensate), the system is in an incompressible quantum
Hall state with an energy gap for these excitations. With the flux
carried by a vortex being h/2e and the uppermost Landau level
half-filled, the charge that is associated with the quasiparticles was
theoretically predicted4 to be e*5 e/4. However, recent numerical

1Braun Center for Submicron Research, Department of Condensed Matter Physics, Weizmann Institute of Science, Rehovot 76100, Israel.

Vol 452 | 17 April 2008 |doi:10.1038/nature06855

829
Nature   Publishing Group©2008

• Overwhelming numerical evidence that the non-Abelian
quantum Hall states exist as well as firm experimental evidence 
that they have been observed (states were observed which, as 
is firmly believed, must have particles with non-Abelian 
statistics).

• However, nobody was able to probe the non-Abelian 
statistics experimentally.
They see the fractional
charge consistent with
statistics, but not the
statistics itself. 
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Question: can we look for the non-Abelian particles elsewhere?
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X.-G. Wen
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Examples realized or potentially realizable in nature:

1. Fractional Quantum Hall Effect. It’s observed and is surely 
topological. Attempts to observe its non-Abelian particles were so 
far not successful. More work is ongoing. 

2. 2D px + i py superconductors. Sr2RuO4 is the most promising 
candidate, but no unambiguous evidence. 

Proposal to realize such superconductor using cold atoms, 
VG, A. Andreev, and L. Radzihovsky (2004-05).

3. Chiral spin liquids. Long sought after topological state of 
quantum magnets. 
Proposal to realize it using cold atoms, 
M. Hermele, VG, Ana-Maria Rey (2009).
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Superconductors: 
conduct electricity without any resistance;
expel magnetic fields (Meissner effect), levitate in a mag field;
are Bose-condensates of pairs of electrons, “Cooper pairs”;
form when electrons experience attraction;

Kamerlingh Onnes
1911

Nobel Prize 1913
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Bogoliubov quasiparticles

electron’s annihilation and creation operator

Quasiparticle wavefunctions

Quasiparticle
annihilation

and 
creation 

operators

N N Bogoliubov

What if:                 ?
(for some n)

Not a creation operator of anything...
These are legitimate creation and annihilation operators

Each of these γ are half of the electron! (an anyon, isn’t it??)
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It’s been shown that they realize the fractionalization scenario!

Volovik, 1990s
Kopnin, Salomaa, 1991
N. Read, D. Green, 2000
D. Ivanov, 2001
A. Stern et al, 2002-
VG and L. Radzihovsky, 2007

This is a 2D superconductor
where Cooper pairs of electrons
spin about their center of mass
with angular momentum 1(p-wave)
and with              (px + i py).

Detailed studies showed
these are non-Abelions,
just as in Quantum Hall Effect

Where can we find such a superconductor?
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The promise of cold atoms:

• Take atoms with desired preselected interactions, mix them 
together and simulate any many-body state of nature

The drawbacks of cold atoms:

• Not all interactions can be modeled. Atoms are neutral, so 
magnetic fields are hard to emulate. Coulomb or other long 
range interactions are hard as well 

• Cold atom systems often tend to be unstable, especially 
those with interesting interactions
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Take a bunch of fermionic atoms (common examples 40K or 6Li), 
“turn on” attractive interactions between them, cool them down, 
and they form a superconductor!

D. Jin, M. Greiner, C. Regal, 
‘03-0440K, Fz=-9/2

40K, Fz=-7/2
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Take a bunch of fermionic atoms (common examples 40K or 6Li), 
“turn on” attractive interactions between them, cool them down, 
and they form a superconductor!

D. Jin, M. Greiner, C. Regal, 
‘03-04
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Observation 1: identical fermionic atoms form Cooper pairs with 
odd angular momentum. For example, L=1.  

Observation 2: it is energetically favorable for the Cooper pairs to 
have             (to verify this requires a many-body calculation) 

Observation 3: take identical fermionic atoms, cool them down, 
confine them to 2D, turn on attractive interactions, and you will get 
a 2D px + i py superconductor

VG, A. Andreev, L. Radzihovsky, 04-05

Atoms in the same state - identical
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p-Wave Feshbach Molecules

J. P. Gaebler,* J. T. Stewart, J. L. Bohn, and D. S. Jin
JILA, Quantum Physics Division, National Institute of Standards and Technology

and Department of Physics, University of Colorado, Boulder, Colorado 80309-0440, USA
(Received 2 March 2007; published 16 May 2007)

We have produced and detected molecules using a p-wave Feshbach resonance between 40K atoms. We
have measured the binding energy and lifetime for these molecules and we find that the binding energy
scales approximately linearly with the magnetic field near the resonance. The lifetime of bound p-wave
molecules is measured to be 1:0! 0:1 ms and 2:3! 0:2 ms for the ml " !1 and ml " 0 angular
momentum projections, respectively. At magnetic fields above the resonance, we detect quasibound
molecules whose lifetime is set by the tunneling rate through the centrifugal barrier.

DOI: 10.1103/PhysRevLett.98.200403 PACS numbers: 03.75.Ss, 05.30.Fk

Much recent work with atomic Fermi gases has taken
advantage of the ability to create strong atom-atom inter-
actions through the use of magnetic-field Feshbach reso-
nances. A Feshbach resonance occurs when the energy
difference between a diatomic molecule state and two
scattering atoms can be tuned to zero. This energy differ-
ence can be tuned with a magnetic field if there is a
difference between the magnetic moment of the molecule
and that of two free atoms. Experiments have taken advan-
tage of these tunable interactions to study atom pair con-
densates in the BCS superfluid to Bose-Einstein
condensate (BEC) crossover regime [1–4]. While this
work involved pairing with s-wave interactions, there are
several reasons that the study of possible atom condensates
with non-s-wave pairing is compelling. For a p-wave
paired state, the richness of the superfluid order parameter
leads to a complex phase diagram with a variety of phase
transitions as a function of temperature and interaction
strength [5–8]. Some of these phase transitions are of
topological nature [9], and have been predicted to be
accessible via detuning between the BCS and BEC limits
with a p-wave Feshbach resonance. Furthermore, because
p-wave resonances are intrinsically narrow at low ener-
gies, due to the centrifugal barrier, a quantitatively accurate
theoretical treatment is possible [5,10].

p-wave resonances have been observed in Fermi gases
of 40K atoms [11,12] and 6Li atoms [13,14] via measure-
ments of elastic scattering and inelastic loss rates. There
is also suggestive evidence for molecule creation in 6Li
using magnetic-field sweeps through the resonance [13].
However, it is still not known whether long-lived Feshbach
molecules with nonzero angular momentum can be created
from a gas of fermionic atoms.

In this Letter, we present evidence for the production
and direct detection of p-wave molecules created with a
p-wave Feshbach resonance. We measure the lifetimes
and binding energies of these molecules and perform
theoretical calculations to interpret our results. We are
able to extend our measurements to the p-wave quasi-
bound state.

Our experiments were carried out using a quantum de-
generate 40K gas near a p-wave resonance between atoms
in the jf;mfi " j9=2;#7=2i spin state, where f is the total
atomic spin and mf is the magnetic quantum number. We
cool a mixture of j9=2;#7=2i and j9=2;#9=2i atoms to
quantum degeneracy in a crossed-beam optical dipole trap
using procedures outlined in previous work [15]. The trap
consists of a horizontal laser beam along ẑ with a 1=e2

radius of 32 !m and a vertical beam along ŷ with a 1=e2

radius of 200 !m. A magnetic field points along the ẑ
direction and is held at B " 203:5 G during the final stage
of evaporation. The final conditions consist of 105 atoms
per spin state at a temperature of T $ 0:2TF, where TF "
EF=kb is the Fermi temperature and kb is Boltzmann’s
constant. The final trap frequencies are typically !r=2" "
180 Hz and !z=2" " 18 Hz, yielding EF=h $ 7 kHz. To
probe the atom cloud, we turn off the trapping potential,
wait for a variable expansion time of 1.9 to 10 ms, and then
send a 40 !s pulse of resonant laser light through the cloud
along ẑ onto a CCD camera. We expect that this resonant
absorption imaging should only be sensitive to atoms, and
not to p-wave molecules.

To measure the binding energies of the p-wave mole-
cules, we resonantly associate the atoms into molecules
using a sinusoidally modulated magnetic field. This
method has been previously used to both dissociate and
associate s-wave Feshbach molecules [16,17]. We ramp
the magnetic field to a value near the Feshbach resonance
and then apply a small sinusoidal oscillation at a frequency
#mod for a duration of 36 ms. The amplitude of the modu-
lation is a Haversine envelope to reduce the power in
frequencies other than #mod. As we vary #mod, we observe
a resonant decrease in the number of atoms, Natom, in the
j9=2;#7=2i state. Sample data sets are shown in Fig. 1. We
interpret the loss of atoms as resonant association to the
molecular state.

The line shapes we observe for association to bound
states are asymmetric and have widths that increase line-
arly with cloud energy EG, which we obtain from the width
of a Gaussian fit to an expanded cloud. These line shape
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Lifetime calculations
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Interatomic distance

atomic mass

van der Waals length

J. Levinsen, N. Cooper, VG, 07-08

Probably, their life is too short!

Optical lattices may provide a way to overcome short lifetimes...
P. Zoller et al, 09
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Néel state

Heisenberg antiferromagnet Chiral spin liquid (CSL)

Think of spin as 
attached to particles

spin-up spin-down

What if

“tight-binding Hamiltonian”

But what if tij correspond to a constant magnetic field? 
This is CSL (or a topological magnet), by analogy with QHE



topological magnets
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X.-G. Wen F. Wilczek A. Zee

1989

20 years and 552 citations later, 
nobody could still point out the 
Hamiltonian for which this scenario 
would work. 



A proposal to generalize spin from SU(2) to 
to SU(N)
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Generalize the usual spin to SU(N) spin by using alkaline-
earth atoms. Their nuclear spin does not interact and 
behaves like an electron spin, only larger. 

The spin I can be as large as 9/2 (for 87Sr). 
Then N=2I+1 is as large as 10. 

                A.-M. Rey (2009)

A. Gorshkov, M. Hermele, VG, C. Xu, P. Julienne, J. Ye, P. Zoller, E. Demler, M. Lukin and A.M. Rey 
(2009)



SU(N) antiferromagnets in optical lattices
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Interfering laser beams
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26

Atom exchange leads to 
antiferromagnetic interactions 
(for nuclear spin).

87Sr atoms

Such SU(N) spins have a hard time ordering: too many 
directions nearby spins can point to while still being 
“opposite” to each other (minimize           )

M. Hermele (2009)
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It turns out, for N!5, the ground state is a chiral spin 
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M. Hermele, VG, A.-M. Rey, (2009)



Topological SU(N) antiferromagnet
27

It turns out, for N!5, the ground state is a chiral spin 
liquid (that is, a topological magnet), exactly of the type 
proposed by Wen, Wilczek and Zee. 

M. Hermele, VG, A.-M. Rey, (2009)

To show that, we employed the large N techniques:

+ saddle point in t
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site localizes a fractional or 
non-Abelian particle at that 
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Experimental detection? Too soon to tell...



Conclusions and outlook

Non-Abelian particles: 

•  definitely exist, but have not yet been seen

• would be very exciting to find, both for 
fundamental and applied reasons

• have excellent prospects of being found

• are a wonderful playground for a theorist

29



The end.
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