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2
Topological insulators are free fermion systems characterized
by topological invariants.

IN this talk

1. All the invariants can be constructed out of single particle
Green’s functions of these insulators

2. It is generally believed that at the boundaries of topological
insulators there must e zero energy “edge states”. The Green'’s
functions provide a very simple proof of this statement.

3. In the presence of interactions, edge states can disappear
and get replaced by the “zeroes” of the Green’s functions.
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Noninteracting topological
insulators




Topological insulators

Topological insulators are free fermion systems

l l fermionic creation
and annihilation
A 1%
H = ZH”O’ “ operators

which happen to be band insulators of a special type
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Band insulators

Yy A

Spectrum is essentially the same regardless of
whether the boundary conditions in the y-direction
periodic or hard wall.
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Integer quantum Hall effect as a topogical insulator ‘

Yy A

te 5| te 3| te 5 | te 5| te™" Periodic boundary conditions
T T in the y-direction
\\ VBt

Same tight binding
model but with
T magnete ux I- I
through each plaquette B --- - -
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Integer quantum Hall effect as a topogical insulator ‘

Yy A

Hard wall boundary

conditions In the y-direction

Same tight binding
model but with

211/3 magnetic flux
through each plaguette

\ B/t
L e N
TR A i
------------------------------------- ke
S
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Integer quantum Hall effect as a topogical insulator

Yy A

te 5 |te 5 |te s |te s |te s Hard wall boundary
A I T conditions in the y-direction

> A

model but with N L TITT

Same tight binding § T e R e

miochtivg i i bl
through each plaguette PSP, . .
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Laughlin’s argument

lincreasing flux though a point

outward current

>

OQutward current deposits charge somewhere.
There must be zero energy edge states to absorb the
charge
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TKNN Invariant

ou
27, 2
Try = 27Th/d /d (8k Ok,

NP4

This is a topological invariant (always integer times 2rri)

U(kz, Ky T)

ou* Ou
Ok, Ok,

Bloch waves
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TKNN Invariant

Sand structure topological invariant —
guantized Hall conductance —
Laughlin argument —

edge states
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Other topological insulators”?
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Other topological insulators”?

1. 2D px+ipy superconductor (“insulator” since its

Bogoliubov quasiparticles have a gap in the spectrum).
<opnin, Salomaa, 1991.
Read and Green, 2000.
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Other topological insulators”?

1. 2D px+ipy superconductor (“insulator” since its

Bogoliubov quasiparticles have a gap in the spectrum).
Kopnin, Salomaa, 1991.
Read and Green, 2000.

2. 4D quantum Hall effect.
/hang, Hu, 2001

3. Solitons in 1D chains.
Su, Schrieffer, Heeger (1978)
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Other topological insulators”?

1. 2D px+ipy superconductor (“insulator” since its

Bogoliubov quasipartic
<opnin, Salomaa, 1991.

Read and Green, 2000.

2. 4D quantum Hall effect.
/hang, Hu, 2001

3. Solitons in 1D chains.
Su, Schrieffer, Heeger (1978)

4. Modern 2

Kane and Me
Moore, Balen

D and 3

D topo

e (2005); Zha
s, (2007); Fu, Kane, Mele (2007)

Ng, Hughes,

es have a gap in the spectrum).

ogical insulators.

Bernevig, (20006);
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Altland-Zirnbauer’s tenfold way
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Altland-Zirbauer's tenfold way 4 _ ZHW&T&J
Symmetries:

1. Time-reversal U'H*Ur =H  UjUp = either +1 or — 1
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land-Zirnbauer's tenfold way 4 _ S,

1. Time-reversal U'H*Ur =H  UjUp = either +1 or — 1

2.

Particle-hole UL H*Uc = —H  ULUe = either

1l or—1
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Altland-Zirbauer's tenfold way 4 _ ZHU&‘L&;
Symmetries:

1. Time-reversal U'H*Ur =H  UjUp = either +1 or — 1

2. Particle-hole ULH*Uc = —H ULUc = either + 1 or — 1

3. Chiral (sublattice) STHY = —H
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Altland-Zirnbauer’s tenfold way
Symmetries:

H = Z HW&TaJ

1. Time-reversal U'H*Ur =H  UjUp = either +1 or — 1

2. Particle-hole U H*Uc = —H ULUq = either

3. Chiral (sublattice) xfHY = —p coranlabel

lor—1

T C S
A (unitary) 0 0 O
Al (orthogonal) +1 0 O
All (symplectic) —1 0 O
AIII (ch. unit.) 0 Vol J
BDI (ch. orth.) +1  +1 ]
CII (ch. sympl.) -1 —1 1
D (BdG) 0O +1 O
C (BdG) 0O —1 0
DIII (BdG) -1 +1 1
CI (BdG) +1 -1 1
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Altland-Zirnbauer’s tenfold way

Symmetries:

tJ

H = ija;faj

1. Time-reversal U'H*Ur =H  UjUp = either +1 or — 1

2. Particle-hole U H*Uc = —H ULUq = either

3. Chiral (sublattice) xfHY = —p coranlabel

IQHE —

spin-orbit coupling coupling: modern top. ins.

Su-Schrieffer-Heeger solitons

p-wave spin-polarized superconductors

SHe, phase B

lor—1
T C S
— A (unitary) 0 O O
Al (orthogonal) +1 0 O
—> All (symplectic) —1 0 O
AIII (ch. unit.) 0 Vol J
—> BDI (ch. orth.) +1  +1 ]
CII (ch. sympl.) -1 —1 1
> D (BdG) 0O +1 O
C (BdG) 0O —1 0
> DIII (BdG) -1 +1 1
- CI (BdG) +1 — 1

s-wave superconductors
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Classification table of topological
iNnsulators and superconductors

Table from Ryu, Schnyder, Furusaki, Ludwig, 2010

d space dimensionality

Cartan 0 1 2 3 4 5 6 7 8 0 10 11
Complex case:

A 7, 0 7, 0 7, 0 7, 0 7, 0 7, 0
AIIl 0 7, 0 7, 0 7, 0 7, 0 7, 0 7,
Real case:

Al 7, 0 0 0O 27 0 Zo Lo L 0 0 0
BDI Zn 7 0 0 0O 27 0 Vo ? V. B \J. 0 0
D o Lo L 0 0 0O 27 0 Zo Lo L 0
DIII 0 Lo Lo 7 0 0 () —. %0} Lo Lo 7

All 222 0 Zp, 4o, 4 O 0 0 22 0 Z, Zp

CII O 22 0 Z, Z, Z 0 0 O 22 0 Z
C 0 0O 22 0 Z, Z, Z 0 0 0O 272 0
CI 0 0 0O 22 0 Z, Z, Z 0 0 0 2Z
symmetry - .
e Kitaev, 2009;

Ludwig, Ryu, Schnyder, Furusaki, 2009.
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Classification table of topological
iNnsulators and superconductors

Table from Ryu, Schnyder, Furusaki, Ludwig, 2010

d space dimensionality
Cartan 0 1 2 3 4 5 6 7 8 9 10 11
Complex case:

IQHE -A Z—6—> 0 0 0 Z 0 Z 0
Alll 0) 2, 0) 2 0) 2, 0) 2, 0) 2, 0) 2,
Real case:

Al Z 0 0) 0O 22 0 Z, Z, Z 0 0 0
BDI Zn L 0) 0 0O 22 0 Z, 4, Z 0) 0)
D Zn Lo L 0 0 0O 22 0 Z, Z, Z 0
DIII 0 Z, Z, Z 0) 0 0O 22 0 Z, Zo, Z
All 24, 0  Zo Lo 7 0 0 0 22 0 Zo Zp
CII 0O 22 0 Z, Z, Z 0 0 0O 22 0 Z»
C 0) 0O 22 0 Zo, Z, Z 0) 0) 0O 22 0
CI 0) 0) 0O 22 0 Z, 4, Z 0) 0) 0 2%
Siggzgy Kitaev, 2009;
Ludwig, Ryu, Schnyder, Furusaki, 2009.
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Classification table of topological
iNnsulators and superconductors

Table from Ryu, Schnyder, Furusaki, Ludwig, 2010

d space dimensionality

Cartan 0 1 2 3 4 5 6 7 8 9 10 11
Complex case:

IQHE -A Z—6—> 0 0 0 Z 0 Z 0
AIII 0 o Z 0 Z 0 Z 0 Z 0 Z

Su, _—
Schrieffer, & :

Heeger { Z 0 0 0 22 0 Z, Z, Z 0 0 O
BDI ~Fr> 0 0 0 2Z 0 Z, Z, Z 0 0
D 7, Zo, Z 0 0 0 2Z 0 Zy, Z, Z O
DIII 0O Z, Z, Z 0 0 0 2Z 0 Z, Z, Z
All 22 0 Zy, Zo, Z 0 0 0 2Z 0 Z, 7,
CII 0o 22 0 Z, Z, Z 0 0 0 2Z 0 7,
C O 0 22 0 Z, Z, Z 0 0 0 2Z 0
CI o 0 0 2Z 0 Z, Z, Z 0 0 0 2Z

Siggzgy Kitaev, 2009:;
Ludwig, Ryu, Schnyder, Furusaki, 2009.
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Classification table of topological
iNnsulators and superconductors

Table from Ryu, Schnyder, Furusaki, Ludwig, 2010

d space dimensionality

Cartan 0 1 2 3 4 5 6 7 8 9 10 11

Complex case:
IQHE -A Z——6> 0 0 0O Z 0 Z 0
AIII 0 o Z 0 Z 0 Z 0 Z 0 Z

SU _—
Schrieffer, '
Heeger { Z 0 0 0 22 0 Z, Z, Z 0 0 0
BDI ~Fr> 0 0 0 2Z 0 Z, Z, Z 0 0
w 0 0 0 2Z 0 Z Z, Z O
D p-wave DIH/ Z, Z 0 0 0 2Z 0 Z, Z, Z
supercond ATy 27 0 7, Z, 7Z 0 0 0 22 0 Z, Z
uctor g 0 22 0 7, Z, Z 0 0 0 22 0 7,
C 0O 0 22 0 7, Z, Z 0 0 0 27 0
CI o 0 0 22 0 7, Z, Z 0 0 0 27
Sﬁggzgy Kitaev, 2000:

Ludwig, Ryu, Schnyder, Furusaki, 2009.
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Classification table of topological
iNnsulators and superconductors

Table from Ryu, Schnyder, Furusaki, Ludwig, 2010

d space dimensionality
Cartan 0 1 2 3 4 5 6 7 8 9 10 11

Complex case:

IQHE -A 0 0 Z 0 Z 0
ATII 77030 WIZ mml AT TS 7
Su,
Schrieffer, & :
Heeger { 0 Z, Z, Z 0 O
BDI 22 0 Zp, Z, Z O

0 22 0 Z, Z, Z
0 0 22 0 Z, Zo

e O & O

D
D p-wave pijp
supercond

All 0 0 0 22 0 Z, Zp

uctor g Z 0 0 0 2Z 0 Z

- Z, Z 0 0 0 2Z 0

Cl Lo 2o 4 0 0 0 24
S&égg;ggy 3He, phase B Kitaev, 2009;

Ludwig, Ryu, Schnyder, Furusaki, 2009.
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Classification table of topological

iNnsulators and superconductors

Table from Ryu, Schnyder, Furusaki, Ludwig, 2010

d space dimensionality

Cartan 0 3 4 5 6 7 8 9 10 11

Complex case:
IQHE -2 ~ 0 0 Z 0 Z O
ATl 0 L7000 WIZ /=R S 7

Su, _—

SChrieﬁer,K
Heeger L 0O Z, Z, Z 0 0 O
BDI T 272 0 Zo, Zo Z 0 0
D Zy 0 22 0 Z, Zo, Z O
D p-wave DIH/ 0 0 0 22 0 Z, 7, Z
supercond &7y 27 0o 0 0 2 0 7, 7,
Jetor e 0 Z 0 0 0 2Z 0 Z
C 0 Lo 1 0 0 0 272 0
CI 0 Lo Lo 4 0 0 0 27

symmetry New Kane-Mele topological insulators
classes °He, phase B Kitaev, 2009;

Ludwig, Ryu, Schnyder, Furusaki, 2009.
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Chiral symmetry
H=-XTHY

H =

2 M

/\T/\
a, d;
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Chiral symmetry

[/

H — —NiHR H =Y M;ala;
Often realized as hopping on a bipartite lattice Z]
N\
—0 @ @ @ @ @ @ o—

\/t* H=) [t Al e + t*&i;&wﬂ}

X
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Chiral symmetry
H — —NiHR H=> Hyala,
Often realized as hopping on a bipartite lattice Z]
/\f

—@ o o o o o o o—

\./t* H = Z [t (g 10z + t*&;r;&aﬂrl}
Properties of chiral systems
Hy = Ev — HYXyY = —EYy Alllevels come in pairs +E

Thursday, January 6, 2011



Chiral symmetry
H — —NiHR H=> Hyala,
Often realized as hopping on a bipartite lattice Z]
/\f

—@ o o o o o o o—

\./t* H = Z [t (g 10z + t*&;r;&:wrl}
Properties of chiral systems
Hy = Ev — HYXyY = —EYy Alllevels come in pairs +E

Yap = b right zero modes
Yp = — eft zero modes

It Hy) = 0 then {
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Chiral symmetry
H — —NiHR H=> Hyala,
Often realized as hopping on a bipartite lattice Z]
/\f

—@ o o o o o o o—

\./t* H = Z [t (g 10z + t*&;r;&:wrl}
Properties of chiral systems
Hy = Ev — HYXyY = —EYy Alllevels come in pairs +E

Yap = 1 right zero modes
Yp = —1p eft zero modes

It Hy = 0 then {

#r-#. 1S a topological invariant (index theorem)
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Chiral vs nonchiral systems

Non-chiral systems

can be characterized by
an integer topological
iInvariant
N even spacial
dimensions only

Can
al

Chiral systems

pe characterized by

dimensions only

iINnteger topological

INvariant
N odd spacia
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Chiral vs nonchiral systems

d

Cartan 0 1 2 3 4 5 6 7 8 9 10 11

Complex case:

A Z 0 Z 0 Z 0 Z 0 Z 0 Z 0 <«
— Al 0 Z 0 Z 0 Z 0 Z 0 Z 0 7,

Real case:

Al Z 0 0 0O 22 0 Z, Z, Z 0 0 0 .
—> BDI Lo 1 0 0 0O 22 0 Z, Z, Z 0 0 :

D Zo Lo 7 0 0) 0O 22 0 Z, Z, Z 0 <7
—> DIII 0 Z, Z, Z 0 0 0 SN2 07N ol ™ /. .
—> CII 0O 22 0 Z, Z, Z 0 0 0O 22 0 Zp

C 0 0O 22 0 Z, Z, Z 0 0) 0O 22 0 <«
—> CI 0 0 0O 22 0 Z, Z, Z 0 0 0 2Z

— Chiral Nonchiral —
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lopological invariants
via
single particle Green’s functions




Topological invariants for nonchiral insulators
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Topological invariants for nonchiral insulators
d even; D = c1+1 odd

space-time A space
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Topological invariants for nonchiral insulators
d even; D = a*l—kl odd

space-time A space

Gij(w) = [iw —Hij) ™
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Topological invariants for nonchiral insulators
d even; D = a*l—kl odd

space-time A space

Gij(w) = [iw —Hij) ™

Translational invariance Gii(w) — Gap(w, k)
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Topological invariants for nonchiral insulators
d even; D = a*l+1 odd

space-time A space

Gij(w) = [iw —Hij) ™

Translational invariance Gii(w) — Gap(w, k)

map w,k— G tp(GL(N,C)) =Z
D-dim space-time
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Topological invariants for nonchiral insulators ’
d even; D = 0*l+1 odd

space-time A space

Gij(w) = [iw —Hij) ™

Translational invariance Gii(w) — Gap(w, k)
map w,k— G tp(GL(N,C)) =Z

D-dim space-time

d
Np ~ Z €ay,a.....0p tr/ dwd™F [G_lakal G} [G_lc‘?k% G} « {G‘l(‘?k% G}
k() = (0

Notes:

1. d must be even. If d=2 this coincides with the TKNN invariant
Niu, Thouless, Wu (1985)

2. Subsequently used by Volovik in a variety of contexts (80’s and 90’s)
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The meaning of the invariant at d=0, D=1

Ny :tr/ %G_lawG :/ d—u,j@wlndetG

uy) S i)

— OO

(JletG:r[wi6

A €,
T~ /\
— /\ ) L~
>

_ Nme parameter

As long as the system remains gapful, N7 Is an invariant

18
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Topological invariants for chiral insulators
dodd; D =d+ 1 even H — S THY

space-time A A space

Gij(w) = [iw — Hyy]

VG, 2010

19
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Topological invariants for chiral insulators
d odd; D d+ 1 even H = S THY

space-time A Space

Gij(w) = [iw — Hyy]

Translational invariance Gii(w) — Gap(w, k)
Q(w,k) = G 1w, k) XG(Q, k) Q° =1
A%k
LD DI / = | 5737 @0, Q00, Q. 0%,

VG, 2010

19
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Topological invariants for chiral insulators

19

o
%
P—\\

oy
&
Q.
Ny
S|
<
Q

S|
X
<
D
S|

pic. by N. Cooper
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Topological invariants for chiral insulators
d odd; D d+ 1 even H = S THY

space-time A Space

Gij(w) = [iw — Hyy]

Translational invariance Gii(w) — Gap(w, k)

Q(w, k) = G 1 (w, k) G(Q, k) Q% =1

1,02 ,4..., oD
N
)
= R
NN\ V22258
I ~ / dxdymn - Van X Vgn S
- =1 Skyrmion number B ==
)
Q.
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The meaning of the invariant at D=0

20

lop=1trQ =trX =#pr — #L

Properties of chiral systems

Hy = Ev — HYXyY = —EYy Alllevels come in pairs +E

If He = 0 then { S

Yap = 1) 1

9

e

Nt zero modes

1 zero modes

#r-#. 1S a topological invariant (index theorem)
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21

Simplest d=1 chiral topological insulator
t1 to t1

/NN N

H= 3" |taly a, +ta] 50001 + he

I evell

Su, Schrieffer, Heeger (1978)
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21

Simplest d=1 chiral topological insulator
t1 to t1

/NN N

H= 3" |taly a, +ta] 50001 + he |
T even A U1+ tQGZk

IQ ~ / ﬁ Bk In (tl S Ifgeik)

) >

Su, Schrieffer, Heeger (1978)
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21

Simplest d=1 chiral topological insulator
t1 to t1

/NN N

t t5

H= 3" |taly a, +ta] 50001 + he |
T even A t1-+-t262k

™ dk |

Iy ~ —— O In (t1 + tae'®
Y- LICETy -

I =0
t1 > 1o

Su, Schrieffer, Heeger (1978)
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21

Simplest d=1 chiral topological insulator
t1 to t1

/NN N

H= 3" |taly a, +ta] 50001 + he

T even A t1.+.t2€ik
" dk .
Io ~ — (9 lﬂ L -+ { 621{:
° /_77 o " ( ! F ) O
Zero mode (edge state) satisty Io =0
t1 >1
t19z + t2thgyo =0 o

i1

2
ww — (——) If x>0, exist only if t1<to.
to Su, Schrieffer, Heeger (1978)
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lopological invariants
ano
the edge states




d=2; Classes A, D, C

d

Cartan 0 1 2 3 4 5 6 7 8 9 10 11

Complex case:

A |QHE 7 0 o Z 0O Z 0 Z 0 Z 0
—> Al 0) Z. 0) Z. 0) 7. 0 7. 0) Z. 0) Z.

Real case:

Al 7. 0 0) 0O 22 0 Zo Zo Z 0 0) 0
—> BDI Lo 7 0) 0 0 22 0 Zo, Z, Z 0) 0

D p-waves.c. Z, Z 0 0 0 2Z 0 Z, Z, Z O

All 24, 0  Zo 4o L 0 0) 0 22 0 Zo, 7o
—> CII 0 22 0 Zo Zo Z 0) 0 0O 22 0 Zp

C 0 0 0 Z, Z, Z 0 0 0 2Z 0
—> CI singletsc. 0O 0 0 22 0 %, Z, Z 0 0 0 2%

SRS

— Chiral

1

Nonchiral —

23
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d=2: Classes A, D, C G. Volovik, 1980s  °~
€ZT

NL NR
S

e

Domain wall
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d=2: Classes A, D, C G. Volovik, 1980s  °~
€ZT

Green’s function
G(w; pz; S1,S2)

Domain wall
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d=2; Classes A, D, C G. Volovik, 1980s
£z

Green’s function
G(wa Pxs S1, 82)

Inverse green’s function
/dSQ K(w; pe; 51, 52) G(w; pr; $2,83) = 0(s1 — 53)

Domain wall
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d=2: Classes A, D, C °

Green’s function
G(wa Pxs S1, 82)

Inverse green’s function
/dSQ K(w; pe; 51, 52) G(w; pr; $2,83) = 0(s1 — 53)

Domain wall
Construct the simplest topological invariant

dsidssdw ,
Ni(pg) :/ S—— K (w; pe; 81, 52) 0uG(W; Pys S2,51) = ZSlgﬂ €n|pm

1
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d=2: Classes A, D, C °

Green’s function
G(wa Pxs S1, 82)

Inverse green’s function
/dSQ K(w; pe; 51, 52) G(w; pr; $2,83) = 0(s1 — 53)

Domain wall
Construct the simplest topological invariant

dsidsodw
Nl(px) :/ 1 -2 K( 7p33751782)a G 7p33782751 ZSlgn €n|pm

1

— T/
1 zero mode
#(zero modes) = 5 N1(A) — Ni(—=A)] A/‘Y/AA) Pa
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d=2; Classes A, D, C  G. Volovik, 1980s

N,

24

Domain wall

#(zero modes) =

1

2

N1(A) = Ni(—A)]
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d=2; Classes A, D, C  G. \Volovik, 1980s , ’

Wigner transformed Green’s function Np
—iPsT S /o ™
G(W; Pz Ps, S) Z/dre P G(w,px,er 5 2) S

2P

Domain wall

14 (zer0 modes) = % (NL(A) — Ny (—A)]
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d=2; Classes A, D, C  G. \Volovik, 1980s , ’

Wigner transformed Green’s function Nr

G(W;Paz;psas) — /dre_iper (w§px§5 =+ gas . g)

1 #(zero modes) = % [N1(A) — N1(—A)]
G(w; pz; Ps) S)

2P

| Domain wall
K(w;pg;ps,s) = G711 + Q—Z,G—l (0,GG™10,.G— 0, GG 0,G)G™" + ...

G~ (w; P Ps, 8) =

Gradient (Moyal product) expansion
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d=2; Classes A, D, C x ’

Wigner transformed Green’s function Nr

G(W;px;psas) — /dre_iper (w§px35+ 273_ g)

1 #(zero modes) = % [N1(A) — N1(—A)]
G(w; pz; Ps) S)

2P

| Domain wall
K(w;pg;ps,s) = G711 + Q—iG—l (0,GG™10,.G— 0, GG 0,G)G™" + ...

dsidsodw /

Ni(pz) =/ — K(w;pa; s1,52) 0wG(w; py; S2, 1)

G~ (w; P Ps, 8) =

Gradient (Moyal product) expansion
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d=2; Classes A, D, C x ’

Wigner transformed Green’s function N 5
cm . _ —1psT R o
G(w,px,ps,s)—/dre G(w,px,s+ 278 2) S
1 1
—1/ o0 . — #(zero modes) = = [N1(A) — N1(—A)]
G (wapxap878) — G(w,px,pS,S) 2

2P

| Domain wall
K(w;pg;ps,s) = G711 + Q—iG—l (0,GG™10,.G— 0, GG 0,G)G™" + ...

dsidsodw /

Ni(pz) =/ — K(w;pa; s1,52) 0wG(w; py; S2, 1)

Gradient (Moyal product) expansion

4-dim vector,
space w, Px, Ps, S

Na = Y €apys G 103G G0,G G 05G
5,750

#(zero modes) = /dSa Na
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d=2; Classes A, D, C x ’

Wigner transformed Green’s function Np
G(w;pib;psvs):/dre_iper(w;paﬁ;S_I_g?S_g) S
1 1

#(zero modes) = - [N71(A) — N1(—A)]

2P

| Domain wall
K(w;pg;ps,s) = G711 + Q—iG—l (0,GG™10,.G— 0, GG 0,G)G™" + ...

dsidsodw /

Ni(pz) =/ — K(w;pa; s1,52) 0wG(w; py; S2, 1)

G (w;pe;ps, 8) = o prns)
) €I S

Gradient (Moyal product) expansion

4-dim vector,
space w, Px, Ps, S

Na = Y €apys G 103G G0,G G 05G
B,7,0
#(zero modes) = /dSa Ny #(zero modes) = Ngr — N,
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d=2; Classes A, D, C  G. Volovik, 1980s

NL NR

Domain wall

#(zero modes) = Ng — Ny,
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d=1, classes Alll, BDI, Cl|

IL IR
| > ¢

Q(w,ps,s) = G 1w, ps, 8) X G(w, ps, 9)

1
1071

I(L)—I(—L) = ! - lim tr /dwdk@ (0,Q0,.Q — 0, Q0,Q)

16w2 w—0

I(s) =

i /O ds /_ - dp.Q(0.Q0,.Q ~ 9,,Q0.Q)
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d=1, classes Alll, BDI, Cl|

IL IR
| > ¢

Q(w,ps,s) = G 1w, ps, 8) X G(w, ps, 9)

1 O O
I(s) = 167m'tr/0 dw /_OO dpsQ (0,Q0,.Q — 0, .Q0,Q)
HL) = 1(-L) = o im tr [ dodkQ (9,Q0,,Q ~ 9,,Q0,Q)

#(zero modes) = lim wtr¥ Ko,G

w—0
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d=1, classes Alll, BDI, Cl|

IL IR
| > ¢

Q(w,ps,s) = G 1w, ps, 8) X G(w, ps, 9)

1 O O
I(s) = 167m'tr/0 dw /_OO dpsQ (0,Q0,.Q — 0, .Q0,Q)
HL) = 1(-L) = o im tr [ dodkQ (9,Q0,,Q ~ 9,,Q0,Q)

#(zero modes) = lim wtr¥ Ko,G

w—0

gradient expansion

# (zero modes) = I(L) — I(—1L)
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Other classes of topological insulators

Relationship between the edge states and the Green'’s
function topological invariant

1. All nonchiral classes in even d higher than 2:
A.W.W. Ludwig, A. Essin, VG, 2010 (in preparation)

2. Chiral classes in odd d higher than 1.
A. Essin, VG, 2010 (in preparation)

3. Z2 topological invariants,
A. Essin, VG, 2010 (in preparation)
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lopological invariants
N the presence of iInteractions




28

The invariant at d=0, D=1 with interactions
VG, 2010

Ny :tr/ d—u,}G_lﬁwG :/ d—u,jﬁwdetG

oo T i/ 0

No Interactions
1
_ : det G =
Nl_ZSIgnen \ l;Iiw—en

n
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28

The invariant at d=0, D=1 with interactions
VG, 2010

Ny :tr/ d—u,jG_l&uG :/ EﬁwdetG

oo T i/ 0

No Interactions
1
det G =

In the presence of interactions
(0] d; [n) (n|al|0) (0] al n) (n] a; |0)

Gij(w): Z W — €, | Z W — €,

n,€n>0 n,€n<0
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28

The invariant at d=0, D=1 with interactions

VG, 2010
xA : <
G = Q| | Matrix elements o)
' < > 1 X
(D
D, W — €p g
(D
D
%

In the presence of interactions
(0] d; [n) (n|al|0) (0] al n) (n] a; |0)

Gij(w): Z W — €, | Z W — €,

nﬁn>0 nﬁn<0
Dy, —Dy ,. | |
det 3 Hni1 d (iw — 1, ) «——zeroes of the Green’s function
c p—

HDh (1w — €,) «—— poles of the Green’s function

n=1
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The invariant at d=0, D=1 with interactions

Ny :tr/ d—u,jG_l(?wG :/ d—u,jﬁwdetG

oo T i/ 0

No Interactions
1
det G =

In the presence of interactions
(0] d; [n) (n|al|0) (0] al n) (n] a; |0)

Gij(w) = Z W — €p, | Z W — €p,

n,€n>0 n,€n<0
D,—Dg¢ ,. , .
et O [0, 7 (iw —r,) «—zeroes of the Green’s function
c p—

17", (iw — €,) «— poles of the Green’s function

n=1
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The invariant at d=0, D=1 with interactions

g g
letr/ “ / & 0., det G
oo T

—,G_lawG e

— O

29

VG, 2010

1

detG:Hiwie

Switching on ™
interactions /

Dy —D .
det G .Y Hnil d (ZCU / Tn)

Hrr?il (iw — €n)
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The invariant at d=0, D=1 with interactions
VG, 2010

Ny :tr/ d—(",}G_lc’?wG :/ d—u,jﬁwdetG

oo T i/ 0

1
N1:Zsignen—§:signrn detG:Hiw_en

G. Volovik, 2006 Switching on ”/

iInteractions
D, —D;¢ ,.
det G .Y Hnil d (ZCU / Tn)

Hfrl?il (iw — €n)
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The invariant at d=0, D=1 with interactions
VG, 2010

Ny :tr/ EG_lﬁwG :/ d—u,jﬁwdetG

oo T i/ 0

1
N1:Zsignen—§:signrn detG:Hiw_en

G. Volovik, 2006 Switching on ”/

interactions
Poles and zeroes can emerge Dy —D;

and disappear in pairs o e LY anl (iw 7 Tn)

Hrr?il (iw — €n)
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The invariant at d=0, D=1 with interactions
VG, 2010

Ny :tr/ d—u,}G_l&dG :/ d—u,jﬁwdetG

oo T i/ 0

1
N1:Zsignen—§:signrn detG:Hiw_en

- Switching on ™
G. Volovik, 2006 interactions /
Poles and zeroes can emerge Dy—Dy¢ ..
and disappear in pairs o R anl (ZW 7 Tn)
e = N
A Energy Hn:1 (Zw \d en)
N
pole

>
parameter
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The invariant at d=0, D=1 with interactions
VG, 2010

Ny :tr/ EG_lﬁwG :/ d—u,jﬁwdetG

oo T i/ 0

1
N1:Zsignen—§:signrn detG:Hiw_en

- Switching on ™
G. Volovik, 2006 interactions /
Poles and zeroes can emerge Dy—Dy¢ ..
and disappear in pairs o R anl (ZW 7 Tn)
e = N
A Energy A Hn:1 (Zw \d en)
N
pole

>
parameter
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The invariant at d=0, D=1 with interactions
VG, 2010

Ny :tr/ d—(",}G_lc’?wG :/ d—u,jﬁwdetG

oo T i/ 0

1
N1:Zsignen—§:signrn detG:Hiw_en

- Switching on ™
G. Volovik, 2006 interactions /
Poles and zeroes can emerge Dyp—Dy .
and disappear in pairs o R anl (ZW 7 Tn)
Tz (w — en)
A Energy A " n=1 n
~— |
\ “ ¢
pole ’
> >
parameter -~ parameter
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The invariant at d=0, D=1 with interactions
VG, 2010

Ny :tr/ d—(",}G_lc’?wG :/ d—u,jﬁwdetG

oo T i/ 0

1
N1:Zsignen—§:signrn detG:Hiw_en

- Switching on ™
G. Volovik, 2006 interactions /
Poles and zeroes can emerge Dyp—Dy .
and disappear in pairs o R anl (ZW 7 Tn)
L2 (iw — €n)
A Energy A " n=1 / n
>~
N >
pole
> > \1‘ >
parameter ) ¢xparameter *s_parameter
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Fidkowski-Kitaev model (2010) i

1 to 1

/NN

—0 @ @ @ @ @ @ @o—

'\/* \/\/f{ guartic

t1 t5 interactions
4 v

r pu=l1

)
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Fidkowski-Kitaev model (2010) i

1 to 1

/NN

—0 @ @ @ @ @ @ @o—

'\/* \/\/ﬁ quartic

t1 t5 interactions
4 v

r pu=l1
g

t1 to

t1 =t = ! " Phase transition
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Fidkowski-Kitaev model (2010) i

1 to 1

/NN

—0 @ @ @ @ @ @ @o—

'\/* \/\/f{ quartic

t1 t5 interactions
4 v

r pu=l1
g

« No phase transition

t1 to

t1 =t = ! " Phase transition
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Fidkowski-Kitaev model (2010) i

1 to 1

/NN

—0 @ @ @ @ @ @ @o—

'\/* \/\/f{ quartic

t1 ts interactions
. J
— Z Z { aiUJrl,Max»N + 12 &L+2,u&ﬂ?+1,u} YL QW
r pu=l1
g
# g
Green’s function has - « No phase transition

a zero at zero energy

t1 to

t1 =t = ! " Phase transition
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Conclusions and open questions

1. Single particle Green’s functions - a powerful tool
to understand topological insulators without or even
with interactions.

2. /Zeroes of the Green’s functions. What are t

W
W

nen do t

ney appear,

Ny are tr

NOowW can they be detec

ey Importan

iNnsulators”?

- for Interacting topolog

ey,

‘ed,
ical
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