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Disorder 1in non-interacting
fermionic systems

Diagonalization

H Zg{l’]a a] —— H = ZEHYHYH
. (1),
E, Z"’

E 2 Want to know:

Filled e statistics of £,
levels e localization properties of y(*




Symmetry Classes
of Random Hamiltonians

Wigner-Dyson : Superconductor
5 J Chiral classes P
Classes classes
Standard Schrodinger 0 QO h A
equations H = ( Q' U) H = ( AT _pT
or Schrodinger equations
of this type or Bogoliubov - de Gennes
equations
Q2 = Ey
Q1 = Evps

M

. Zirnbauer, J. Math. Phys. (1996)




Disorder 1n bosonic systems

Diagonalization

H:Z%Jajaj —* E:ZG‘)H’YE’YH
1] "

0, All the frequencies must be positive. The
statistics (and localization properties) of

low lying levels must depend on this
fact.

} Low lying states

Zero energy



Example: interacting BEC 1n a
random potential
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Example: interacting BEC 1n a
random potential

_ 1 % 4 4 2—
H=[dx |3 v vy+E y*+ U0 -
s m y\ -
Random potential

Split the condensate into the ground state and excitations W = Yo (x) + a(x, 1‘)

\
5~ Ao+ U (x)Wo + &[]  wo = 1 Vo

H [dix | VarVat & (vit @ wd @+ alwola'a) + (U ()~ ol

.da OH | SH |
_I,g:[H,ﬂ]:g . . (ﬂa‘:a*
Equations of motion v
_aa*_[H *]_.SE —{Uﬂ*—'a—H
“or T Tt T 6 | ~ 3a




Generic Bosonic Harmonic

Excitations
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Generic Bosonic Harmonic
Excitations

K . . 18 the matrix of
' ) ]  “spring constants”

i | M 1 isthe matnx of
“masses”
H o K‘Ej C‘I-j'
v C% M 1; 1 C . is the matrix of the
L] “Lorentz” forces

1 T 7 | T is the matrix of
HZQ'Z(ai af)ﬂﬁj (a hij = h;. 15 Chic MUt o,

kinetic energy

anomalous pairing

"7,.:[{: o (hu AU ) A — AT 1? the matrix ﬂf_@lﬂ )
=



Equations of motion

( a—PHf a Ma s .
; ot = ] ] 73 J
; Saj)_}[’:f( T) = ( T)_%j< ’r)
i ﬂj —U}az- ﬂj

Bottom line: must solve WXy = Hy ¥’ =1

.7'[ must be positive definite: it follows that the frequencies are real
and come In opposite pairs T
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Types of bosonic excitations

K 0
1. H= (0 I) ——>  ®° = eigenvalues (K)

H = (Ig 2,) H = (g h%) ——> = |eigenvalues (K)

h=~h"
2. H= (Ig M01> H — (Z ;) —> * = eigenvalues (KM )
h="h"
A=A"

3. Arbitrary H — > = eigenvalues (XH)



The classification of the low
frequency modes

Other low
Goldstone modes freq modes
K O
H = ( 0 I) “Phonons” _
Pinned charge

density waves, |

randoml
3 — K 0 Magnons 1n collinear 4
0 M~

pinned elastic
random magnets :
media

Magnons in
Arbitrary H arbitrary random

magnets

V@G, J. Chalker, PRB (2003)
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Phonons in 1D

WwWeuwuweuweuweuweuweuwweuweuw e

Random spring constants
/
_ IO) g P %y =
H—fdx [ 5 (Vu) +2p(x)] - OU= VIJ(x)V]u

-

Random masses

S. Alexander, J. Bernasconi, W Schneider, RMP (1981)
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Phonons in 1D

LN . W . W\ . QAW . W . W . W\ . W . LW\ .

Random spring constants

/

L P . T
H_fdx [—Z—(W) +2p(x)] - U = p(x)V[J(x)V]u
/
Random masses No disorder: ©* ~k* p(w)= Zﬁ{m— m;) ~ const

S. Alexander, J. Bernasconi, W Schneider, RMP (1981)



10

Phonons in 1D

WwWeuwuweuweuweuweuweuwweuweuw e

Random spring constants

J
_ J®) o2, P P
H_fdx [ 5 (Vu) +2p(x)] WU = p(x)V[J(x)V]u
/
Random masses No disorder: ®* ~k p(w) = Zﬁ{m— m;) ~ const

Presence of disorder: disorder gets progressively weaker as the wavelength 1/k goes to 0.
The low frequency density of states 1s unaffected.
\/ Jy i dx 2

J(x) =Jo+0J(x) fondih

~VEk—0

S. Alexander, J. Bernasconi, W Schneider, RMP (1981)
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Phonons in 1D

LWeULWeuweuwweuweuwuweuweuwweuwe

Random spring constants

x) ‘ 2. 1
H= /dx [— u)? Zp(x)J S ONTES p(x)V[J(x)V]u
/
Random masses No disorder: ®* ~k p(w) = Zﬁ{m— m;) ~ const

Presence of disorder: disorder gets progressively weaker as the wavelength 1/k goes to 0.
The low frequency density of states 1s unaffected.

\/ i i dx dJ2
J(x)=Jo+8J(x) frdeTh ~Vk—0
However, the low frequency modes develop finite lifetime 1! ~ w2 £ \/% T~@® > Mean free path
Thus the modes are localized with the localization length ‘ £(w) ~ ﬂ;

S. Alexander, J. Bernasconi, W Schneider, RMP (1981)
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Phonons 1n 2D and 3D

The DoS argument still applies:  p(®) ~ @

2D, 3D: S. John, H. Sompolinsky, M Stephen, PRB (1983).
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Phonons 1n 2D and 3D

The DoS argument still applies:  p(®) ~ @

Theory of Anderson localization in 2D: the

localization length is exponentially large in kr /.

Ry
Mean free path

krp ~ k

Lot 1/ £ ~exp (kpl) ~ exp (1/@°)

localization length

2D, 3D: S. John, H. Sompolinsky, M Stephen, PRB (1983).
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Phonons 1n 2D and 3D

The DoS argument still applies:  p(®) ~ @

Theory of Anderson localization in 2D: the

localization length is exponentially large in kr /.

"\
Mean free path

krp ~ k

Lot 1/ £ ~exp (kpl) ~ exp (1/@°)

localization length

Theory of Anderson transitions in 3D: phonons delocalize at
0 < ©,

2D, 3D: S. John, H. Sompolinsky, M Stephen, PRB (1983).
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“The Boson Peak™

Py = — b(II) V() V]
P\ .2 32
Low frequency phonons average <;> W =k

disorder over their wavelength

|

p(m)wfddkﬁ(m_<§>_fk) de.-1<§>aﬁ

High frequency phonons g
adjust to disorder at different %—Iimﬂ =k p(®) ~ ! < (%) >
regions of space

J. Chalker, unpublished (2003)
VG, A. Altland, PRL (2003)
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Magnons

J<0 J<0 J>0

J>0 | J>0 J{O[ |

H=-Y 788 Holstein-Primakoff ST ~ a'
i bosons T

Equations of motion are 7 (h ﬁ) I — 3

in the “magnon” class A h!

Equations of motion can be reduced to —Au = wJ(x) u

D. Sherrington, J. Phys. C (1979)
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Magnons 1in 1D

—Au=oJ(x)u

Averaging over the wavelength 1/k J(x) — \/ (J2(x)) — k?

1
K ~ k2o
3
() ~ kf
Density of states  p(w) ~ f dkd (m—k%) ~ —11--
Nk
o 11
Localization length U@) ~ = ~ —
k@3

R. B. Stinchcombe, I.R. Pimentel, PRB (1988)
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Magnons 1n 2D and 3D
—Au=oJ(x)u

2D: critical dimensionality p(®) ~ m[log ()|

/(@) ~ 0 167

3D: above the critical 2

_ S p(@) ~w
dimensionality

No localization for ® < ®..

R. Johnston, D. Sherrington, J. Phys. C (1982)
Vi, A. Altland, J. Phys. A (2004)
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What 1f there are no Goldstone
modes

Random field magnet: h \‘. P ‘ ! A\ -
Eaulibri » oscillations about the h h4 hj
qulibrium position cquiihrium 2 h;
-~ 1 /30>

¢ = ¢+ P HZ/dI [E(E) +h(¢<5)]-

—Adg + g =0  equilibrium equation —hicos(0: — i)
3¢j =g

52h ; . .
-A+ —— ¥ =w"Y  oscillation equation

09 @=gp

Despite superficial similarity, this is not a random Schrodinger equation.

H. Fukuyama, P. Lee, PRB (1978)



Mapping to a Chiral Random
Problem

Taking the “square root”

[—.&Jr W@:.ﬁﬂ]w_w 0 [£+V(m)} [—£—I—V(m)]w—m 0
(g1vie =707) (5) -+ ()
¢ . Localization length
blw) ~w
Density of states
4 [. Aleiner, I. Ruzin, PRL (1993)
p(td) ~ W ED VG, J. Chalker, PRL (2002)
w S we |
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Back to disordered BEC, in 1D

H=/ dz [%v@b*vw + & [y* + (U(z) — p) \W]

19

Y = pe Having found g = pg(z), look for fluctuations dop, 0¢
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Back to disordered BEC, in 1D

H=/ dz [%v@b*vw + & [y* + (U(z) — p) \W]

Y = pe'®

Having found g = pg(z), look for fluctuations dop, 0¢

This 1s the fluctuation equation

PO = const, [kQ

const} k2 = 2
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This 1s the fluctuation equation
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Back to disordered BEC, in 1D

H=/ dz [%w*w + & [y* + (U(z) — p) \W]

Y= ;(3"'531':’?5J Having found g = po(z), look for fluctuations dp, 0¢
This 1s the fluctuation equation
1 d? 1 d ,d
e 3 U(2)— u 4302 — |——p2—| 8¢ = w36
~ () —p+ Pn} pﬂ[ dmﬁndm} ¢ =wd¢
Formally, looks like T\.
“magnons”... This piece is phonons!
4
o {~w
Localization
length N. Bilas, N. Pavloff, Eur. Phys. J. D (2006)

V@G, unpublished (2007)
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Summa

Phonons: pw) ~ w®™! 1D : I(w) ~ 1/w?
2D : I(w) ~ exp (1/w?)
3D : delocalization

Magnons: 1D: p(w) ~ 1/ws 1D : £(w) ~ 1/w?

2D : p(w) ~wllogw| 2D: f(w) ~ 1/wﬁ
3D : p(w) ~ w? 3D : delocalization

Pinned elastic media: 1D : p(w) ~ w?*, £(w) ~ const

Open questions: a) Are “magnons” universal?
b) Other classes of behavior?
¢) Pinning at D>1?

d) Experiment?
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