THE RESIDUAL CHARA CTER OF
VARIETIES GENERA TED BY
STRICTL Y SIMPLE TERM MINIMAL ALGEBRAS

KEITH A. KEARNES AND AGNES SZENDREI

Abstra ct. We prove that if A is a nonabelian strictly simple term minimal al-
gebra, then the variety V(A) is either residually large or has A asits unique sub-
directly irreducible member. We then show that it is possibleto algorithmically
decide the residual character of V(A) if A has nitely many fundamenal opera-
tions.

1. Intr oduction

An algebrais called strictly simple if it is nite, simple, and has no nontrivial
proper subalgebras.Strictly simple algebrasare important becauseof the role they
play in understandingthe structure of locally nite minimal varieties. Every locally
nite minimal variety cortains a uniquely determinedstrictly simplealgebra,and the
strictly simple algebrasthat generateminimal varietiesare characterizedin [6]. Thus
minimal locally nite varieties are parametrizedby a recognizablefamily of strictly
simple algebras.

Our purposein this paper is to investigate the residual character of locally nite
minimal varieties. If A is strictly simpleand V(A) is minimal, then it is known that
V(A) is residually small wheneer the tame congruencetheoretic type of A is 1 or
2. In fact, it is known that in thesetwo casesA is the only subdirectly irreducible
algebrain V(A). (This is proved in [2], [10], and [11].) If the tame congruence
theoretic type of A is 3 or 4, then it is shovn in [3] that V(A) is residually small
if and only if it is congruencedistributive. It is known that in the type 3 and 4
caseseither A is the only subdirectly irreducible in V(A) or there is a proper class
of subdirectly irreducibles.

The remainingcasewherethe typeof A is5 is much harder, andis still unresohed.
Examplesshow that V(A) can have one subdirectly irreducible, more than one but
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nitely many, or a proper classof them. We know of no exampleswhere V(A)
has an in nite set of subdirectly irreducible algebras,but the possibility that this
can happen has not beeneliminated. The fact that wild behavior occursin type 5
is reminiscert of R. McKenzie'sresult in [8] that it is algorithmically undecidable
whether a nite algebra of type 5 generatesa residually small variety. Howewer,
McKenzie's construction involves algebrasthat do not generateminimal varieties.
In fact, his method of construction always producesa variety with in nitely many
subvarieties when his Turing madine fails to halt.

Is the residualcharacter of alocally nite minimal variety decidable?This paper is
a partial a rmativ e answer to this question. As we have mertioned, only the type 5
caseremainsunresoled. In this paper we settle the term minimal subcasefor type 5
algebras. To explain how this result ts into the generalquestion,let A be a strictly
simpletype 5 algebra. Let e(x) be a nonconstarn unary term operation of minimal
range for which A F €*(x) = e(x). There is a natural way to restrict the structure
of A to e(A) which resultsin a “local approximation' e(A) of A. The algebrae(A) is
strictly simple and term minimal, and all strictly simpleterm minimal algebrasarise
in this manner. The construction A 7! e(A) determinesa functor V(A) ! V(e(A))
which presenes residual smallness. Deciding whether V(A) is residually small can
be reducedto:

() DecidingwhetherV(e(A)) isresiduallysmall. (If not, then we aredone: V(A)
cannot be residually small.)
(i) Decidingwhether VV(A) is residually small giventhe fact that V(e(A)) is.

We explain how to do (i) in this paper. We prove that V(e(A)) either has one
subdirectly irreducible or a proper classof subdirectly irreducibles, and we give an
algorithm for determining which is the case.

2. Term Minimal Strictl y Simple Algebras of Type 5

Let G bea nite group with at leasttwo elemens. We extend the multiplication
of G to the set A = G [ fOg sothat O acts as a zero elemen, and we de ne left
multiplication with an elemen g 2 G asa mappingg : A ! A;x 7! gx. Right
multiplication is de ned analogously We denoteby L ¢ the group of left multiplica-
tions by elemeitts of G. We useRg for the right multiplications. Clearly, Lg and Rg
are permutation groupson A which act regularly on the setA f0g= G. We also
de ne a binary operation ® on A by settinga” a= aanda” b= Oforall a;b2 A
with a 6 b. By this de nition (A;”) is a height 1 semilattice with least elemen O.
Moreover, it is straightforward to ched that ead right multiplication in Rg is an
automorphism of the algebra(A;”;Lg;0).

By a Gl-algebra we meanan algebraA with baseset A sud that

(1) ™ and the unary operationsin Lg [ fOg are term operations of A, moreover,
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(2) the only unary term operationsof A are the menbersof Lg [ f0g.

Using the fact that the transformations of A that comnute with the operationsin
Ls [ fOg arethosein Rg [ f0Og, and the fact that A is one-generatedpne can shov
that the endomorphismsof A are exactly the menbers of Rg [ f0g. From this it
follows that in the de nition of a G°-algebrawe can replace(2) with

(2°Rs  AutA.

In particular, for every G°-algebraA we have Aut A = Rg.

It is easyto chedk that ewvery GP-algebraA is strictly simple of type 3, 4 or 5.
Furthermore, A is term minimal , which meansthat ewery unary term operation
e satisfying € = e is either constant or the idertity. As the next theorem shaws,
the only rich classof strictly simple term minimal algebrasof type 5 is the classof
Gl-algebras.

Theorem 2.1. [9] The strictly simpleterm minimal algebas of type 5 are

(1) the algebasterm equivalentto (2;), (2;7;0), (2;7;1), or (2;";0;1); and
(2) the GP-algebas of type 5.

The precedingtheorem and the facts mertioned in the introduction shawv that the
collection of G°-algebrasof type 5 is the only classof strictly simple term minimal
algebrasfor which the residual character of the generated(minimal) variety is un-
known. Thereforethis paper will focus on thesealgebras. We will needa criterion
describing when a G°-algebrais of type 5. Sud conditions were given in [9]; in
Proposition 2.3 belov we will recall theseconditions, and will add a new one, which
will be more useful for the purposesof this paper.

First, howewer, we needto introduce someterminology and notation. It follows
from the de nition of a G%algebrathat an operation f is a term operation of some
Gl-algebraif and only if

(2.1) Re Aut (A;f):

Sud an operation f will be called a G°-op eration .

The natural order of the semilattice (A;”) will be denotedby , and the same
symbol will be usedto denotethe coordinatewiseorder on A" for each n > 0. We
will say that a GP-operation f is monotone if it is monotonewith respect to the
semilatticeorder . If f; g are G%-operationsof the samearity, thenf g will mean
that f (a) g(a) for every tuple a in A.

The unit elemen of the group G will be denotedby 1. As a consequenceof
property (2.1), every GP-operation f is uniquely determined by the set of tuples
whereit assumeghe value 1. This is becausef (a) = g for someg 2 G if and only
if f(ag 1) = 1,andf(a) = Oif andonly if f (ag !) 6 1for all g2 G. Thus, for any
GP-operationsf ; g of the samearity we have
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f = gif and only if f and g assumethe value 1 for exactly the sametuples
from A, and
f gif andonly if g assumeghe value 1 wheneer f does.

Now let us considerthe setof all tuples a in A sud that f (a) = 1, and let Min(f)
denotethe collection of all minimal elemens of this setwith respect to the order
The facts in the precedingparagraphimmediately imply the following.

Lemma 2.2. For arbitrary monotone G°-operations f ; g we have
(1) f(a)=1if andonlyif a ¢ for sometT 2 Min(f),
(2) f = gif and only if Min(f) = Min(g), and
(3 f gifandonlyif g(t) = 1for all T2 Min(f).

Let A be an arbitrary G°-algebra. By de nition, * and the unary operations in
Ls [ fOg areterm operationsof A. Thereforefor every integerk > 0, the meetsof
the form

m(x) = ¢,'xi, *  "~c¢.'x, with G,;::556,2G; 1 ip<:ii<is K

are k-ary term operations of A. We introduce the following short notation for this
operation:
o Vo R L T
m(x)= t© !X where t= (c;:::;6); 6= 0 othervx;ise.

Obsene that for a k-tuple a from A¥ we have m(a) = VC la = 1if and only if
a = ¢ wheneer ¢ 6 0O, that is, if andonly if a T. Thereforethe k-tuple T is the
unique elemen of Min(m). v
v For arbitrary k-tuples © and d from Ak we will call the k-ary meets ¢ {)—( and

d \1/7_disjoin t, if for every k-tuple a from AK, at most oneof the elemeits T 'a
and d 'a is nonzero.

Now we are in a position to state the characterizations of type 5 GP%-algebras,
which we promisedearlier.

Prop osition 2.3. For any GP®-algeba A the following conditions are equivalent:
(i) A isoftypeb5;
(i) no binary polynomial operation of A restricts as join to the setf0; 1g;
(i) the set
M =1(0;0,9,0);(0;0:0,0);(9:9:9:9): g 2 Ag
is a subuniverseof A4,
(iv) everyfundamentaloperation (hen@ eveyy term operation) f of A is mono-

tone, and hasthe property that the meets ~ ¢ X with ¢ 2 Min(f) are pairwise
disjoint.
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Proof. The equivalenceof (i){(iii) was proved in [9]. Sincethe conditionsin (i){(iii)
are invariant under term equivalence,it su ces to prove the equivalenceof (iii) with
the versionof (iv) which refersto fundamertal operationsonly.

Suppose rst that (iii) holds. By projecting M onto its rst two coordinateswe get
the relation , thereforeewery fundamenal operation of A is monotone. Assume,in
orderto get a cortradiction, that A hasa fundamenal operation f with two distinct
tuples ©; d 2 Min(f) s\t/Jch that the correspnding meetsare not disjoint; say

=~ 1= V—l_
cC 'a=g60 and d 'a=h6o0

for somea 2 AK. Usingthe automorphismswe seethat theseequalitiesare equivalert

toag! vcandah ! d. Butthenf(ag ) = 1= f(ah 1), whenceit follows
that g= f (a) = h. Thusfor the tuple b= ag * wehave b T;d, implying that T

and d agreewith b | and hencewith ead other, too| in every coordinate where
both are nonzero. This shavsthat the list X of variablesof f can be partitioned into

three blocks as (X1; X»; X3) in sud a way that for the correspnding partitions of T,

d, and b the following conditions hold: ©; = 0, T, hasno zerocoordinate, d, = 0,

d; hasno zerocoordinate, and T3 = bs = ds. Sincet and d are incomparable,none
of the rst two blocks of this partition are empty. The minimality of ¢ and d ensures
alsothat f (0; 0; bs) 6 1. Soby monotonicity we get the rst equality below:

f(0;0;by)=0
f(0;Cybg)=1
22 f(d)0 by = 1

f (al; Co, 53) =1

The secondand third equalities are true becausethe tuples © = (0;Ty; bs) and
d = (dy; 0; bs) belongto Min(f), and the last equality follows from the preceding
two by monotonicity. Taken together, thesefour equalities say that computing the
value of f in A4 for somequadruplesin M we get a quadruple which fails to belong
to M. Namely, the argumerns of f are quadruplesof the form (0; 0; d;d), (0; c;0; ¢),
or (b;b;b;b) with b;c;d 2 A in the rst, second,or third block, respectively, and the
resulting quadrupleis (0;1;1;1). This provesthe required cortradiction, and hence
shows that (iii) ) (iv).

Cornversely assumethat (iv) holds for A, and considerthe subuniverse M ° of
A*“ generatedby M. Notice that for every quadruple (us; uy;us;us) 2 M we have
Upr U usforl = 2;3, sothe samewill hold for all quadruplesin M° Thus the
elemens of the dierence M°® M must be of the form (0; g; g; g) for somenonzero
g 2 A. Our goalis to verify that M%°= M. We will prove this by assumingthat
M® M 6 ; and deriving a cortradiction.

If MO M 6 ; then A has a fundamertal operation f sud that substituting
appropriate quadruplesfrom M in the argumers of f the resulting quadruple is
of the form (0O;g;g;g) for somenonzerog 2 A. SinceM is invariant under the
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coordinatewiseaction of Rg, we may assumethat the argumens of f are chosenso
that the result is the quadruple (0; 1; 1; 1). Now let us partition the list X of variables
of f into three blocks as(X; X»; X3) sothat X, consistsof thosevariableswherethe
argumern of f is of the form (0; 0; d;d) for somenonzerod 2 A, X, consistsof those
variableswherethe argumen of f is of the form (O; c;0; ¢) for somenonzeroc 2 A,
and X3 consistsof the remaining variables where the argumen of f is of the form
(b;b;b;b) for someb 2 A. Writing out coordinatewisewhat it meansthat the result
of f for theseargumerts is (0; 1; 1; 1) we get four equalities of the form (2.2). The
rst three equalitiesimply that there exist elemeits T; d 2 Min(f ) sud that

(0;0;b3) <t (0;Tpbs)  and  (0;0;bs) < d  (dy; 0; bs):
Here ¢ and d must be distinct, because
c~rd  (0;Czbs) N (dy; 0;bs) = (0;0; bg) < ¢; d:
Now the fourth\gquality in (2.2),shaws that for @ = (di;Ty; bs) wehavea T and

a dy Thus ¢ ja = 1= d 'a, which cortradicts the assumptionthat the
meets T !x and d X aredisjoint. This completesthe proof of the implication

(v) ) (i)

\
If t!x@ i m)isa farr\i)y of pairwise disjoint k-ary meets,then for any
a 2 Ak at most one of the meets ' T, 'a is distinct from 0. Hencewe can de ne a
m

_V
k-ary operation ~ (T, 'X) on A asfollows: for any a 2 A let
i=1

(c'a=max cla:1 i mg
i=1
vV
Lemma 2.4. If ¢C °X
v
then the operation ~ (T, *X) is a monotone G-operation, and we have
i=1

(3 i m)is afamily of pairwise disjoint k-ary meets,

!
m

I VA .
Min (gx)y =fg:1 i mg
i=1
m Vv
Proof. Let h(X) = ~ ( ¢ !x). It is straightforward to chek that h is a G°-
i=1
operation. Furthermore, we have
h(a)=1 () a ¢ for somei:

Therefore h is monotone. The k-tuples T; must be pairwise incomparable, because
otherwisethe joinandsin h would not be disjoint. Thus the property of h displayed
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above implies also that Min(h) consistsexactly of the tuples ¢; (1 | m), as
stated.

Proposition 2.3, combined with this lemmayields the following corollary.

Corollary 2.5. Let A be a G%algebn of type 5. Every term operation f of A can
ke representel as a join of pairwise disjoint meets, and this representationis unique;
explicitly, this representationis

— \%
(2.3) f(X)= ('t !x):
Tt2Min ()

For ewvery term operation f of a G°-algebraof type 5 the join represemation of f
descriked in Corollary 2.5will be calledthe canonical form of f .

Note that a further consequencef Proposition 2.3 and Lemma 2.4 is that ewery
GP-algebra whose fundamenal operations can be represeted as joins of pairwise
disjoint meetsis of type 5.

3. Two Extremes
Our purposein this sectionis to prove the following theorem.

Theorem 3.1. For every GPl-algeba A of type 5 either V(A) is residualy large or
A is the only suldirectly irr educiblealgeba in V(A).

The argumert will begin by analyzing the structure of a typical nite subdirectly
irreducible algebraS 2 V(A). In particular, we will show that S hasa represetation
where a certain “condition (R)' holds. (SeeLemma 3.5.) Once we have acquired
enoughdata about S we will be able to show that if V(A) is residually small then
“condition (R)"' can be strengthenedto “condition (S)'. (SeeLemma 3.7.) From
condition (S) we will be ableto deducethat S= A.

We begin now with the rst step of the project, which is to collect data about a
typical subdirectly irreducible S 2 V(A).

Lemma 3.2. Let A be a G-algeba of type 5 and let S be a nite suldirectly ir-
reducible algeba in V(A). RepresentS as B= for somesulalgeba B of A" and
somecongruene of B. Let be the unique congruene of B which covers , and

for1 1 nlet ; denotethei-th projection kernelon B. Assumethat none of the
congruen@s—; = 1\ | PO \' (1 i n)iscontainedin . If u
is an elementof B suchthat (u;v) 2 and v < u hold for somev 2 B, and u is

minimal with respect to this property, then
(&) u hasno zerm coordinate, and
(b) B contains elementsc;;:::;c, suchthat ¢ < u and (¢;u) 2 —; for each
1 i n.
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Proof. The prooffollowsan argumert of R. McKenziein [7]with aslight modi cation.
Throughout the proof v will bea xed elemen in B with the propertiesthat (u;v) 2
andv < u.

Claim 3.3. For any elementb2 B with b< u we have(b;u) 2 .

Indeed, otherwiseb  u implies that
u b=Dbru bAVv utrv=wv:
Howewer, sinceb < u, the minimality property of u ensuresthat the pair (b;b” v),

which was shavn above to belongto , cannotlie in . Thusb b” v. Henceby

the displayed relations we concludethat u v, which cortradicts the choice of the
pair (u;Vv). This nishes the proof of the claim.

Claim 3.4. For anydistinct elementsb;i’2 B with (b;iP) 2 there exista polynomial
p 2 Pol,B and an elementc 2 B suchthat

fp(o); p()g = fu;cg and c< u:
We have _ CdP(b;) and (u;v) 2 , therefore(u;v) 2 _ Cg®(b;H). Hence

elemers are either -related or are of the form p(b); p(t?) or p(P); p(b) for someunary
polynomial operation p of B. Taking b ~ u instead of b throughout the sequenceve
may assumethat b u for all i. We may alsoassumethat b, 6 u. Then b, < u, so
by Claim 3.3 b, is not -related to u. Hencewe must have f p(b); p(t)g = fu; b.g for
somep 2 Pol;B. The proof of the claim is complete.

Now we arein a positionto provethe claims(a){(b). Letl i n. By assumption
B cortains elemens b;tP sud that (b;i) 2 = . Now we apply Claim 3.4. The
elemen ¢ = ¢ that we get has the properties ¢, < u and (c;u) 2 —;, because
(b;P) 2 — implies (p(b);p(kH) 2 —;. Thus g and u dier in their ith coordinates
only. As ¢ < u, we concludethat the ith coordinate of u is nonzero, while the
ith coordinate of ¢ is zero. This implies that all coordinates of u are distinct from
zero.

We investigate the relationship betweena GP-algebraA and a typical subdirectly
irreducible S 2 V(A) as mediated by an algebraB A" in the manner descriked
in the previouslemma. We will usethe following cornvertions in our investigation.

A" will be called diagonal if it is of the form b for somea 2 A; otherwiseit will
be called nondiagonal . Foreadh i (1 i n), g will stand for the n-tuple with
all coordinates 1 exceptthe ith onewhich is 0. A subalgebraB of A" will be called
diagonal ifB2 B foralla2 A, andrich if f0;ag" B foralla2 A. Clearly, every
rich subalgebraof A" is diagonal. Becauseof the unary term operationsin Lg, it
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follows that B is a diagonal subalgebraof A" if and only if R 2 B, and B is rich if
and only if f0;1g" B. Sinceany tuple in f0;1g" B which is distinct from R is a
meet of somea;-s, therefore B is rich if and only if ;0,;0,;:::;0, 2 B. If pis any
polynomial operation of A and B is a diagonal subalgebraof A", then p will stand
for the polynomial operation of B which is p acting coordinatewise. Throughout the
paper we will usethe synmbol e to denotethe polynomial operation e(x) = x ~ 1 of
A. Hence,accordingto the corvertion just descrited, b is the polynomial operation
B(x) = x* B in eath diagonal subalgebraB of A".

Lemma 3.5. Let A bea GP-algebmoftype5 andlet S 2 V(A) ke a nite sulmirectly
irr educible algeba. There existsa sulalgeba B of A" for somen > 0, and a meet
irr educiblecongruene@ 2 ConB with unique cover suchthat

(1) B is rich;

(2 =fbH2B2: b= () bpth =k forall p2 Pol,Bg.

(3) S=B=;

(4) (o) 2 ; and

(5) the following condition holds:

(R) bp)=0 & bpo)=o0 =) bBp® =0 forall p2 Pol,B.

Conversely,let B be any rich sulalgeba of A" for which (R) holds. If is de ned
asin (2), thenB= is a nite suldirectly irr educiblealgeba in V(A) with monolith
= whee is denedto be Cg®(0:;R) .

Proof. Let S be a nite subdirectly irreducible algebrain V(A). Some nite power
A" (n > 0) of A hasa subalgebraB which hasa meetirreducible congruence sudt
that (3) holds. Were one of the congruences’; = ;\ \' i1V i\ \ 5
(3 i n)cortainedin , we couldreducethe exponert n by projectingonton 1
factors. Therefore we will supposewithout loss of generality that n, B and are
selectedsothat =, 6 foralli (1 i n).

Let denotethe uniquecoverof . Considerall pairs(u;v) 2 sudh that u > v,
and x sud a pair sothat u is minimal. By Lemma 3.2 u hasno zero coordinates,

of A™:

AN AN (agiiian) 7! (agug b agu,t):
ReplacingB, , , andu;v by their imagesunder this automorphism, but retaining
the samenotation, we get that u = b and G is the n-tuple g with all coordinates 1
exceptthe ith onewhich is 0. Sinceany n-tuple in f0; 1g" which is distinct from B
is a meetof g-s, it followsthat f0;1g" B. Hencewe have establishedthat B is a
rich subalgebraof A", so (1) holds. Clearly (3) holds by construction.
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We now prove (4). We have (;v) = (u;v) 2 and v < B, thereforev has
at least one zero coordinate. Permuting the coordinates of B if necessarywe may
assumethat the rst coordinate of v is zero. Then for o, 2 B we have

o=0"® o~rv=v and o,=0,"0 o rv=v
It isimpossiblethat (o;;V) 2 becausehat togetherwith 0, < B would cortradict
the minimality property of the elemen u = B. Thus (o;;Vv) 2 , and hence(o;; ) 2
, asclaimedin (4).
To shav (2) notice rst that B= = fBg. In fact, if b B for someb 2 B then

brlk Bandbr B B Applying Claim 3.3for u= B we getthat br B =B, that is,
b= h

Now let b;lP be arbitrary elemerts from B. Sincefllg is a singleton -class,the
condition

(3.1) bpb=0 () b=k forall p2Pol,B

obviously holds wheneer b . Supposethat (b;i) 2 . Then by Claim 3.4
of Lemma 3.2 there exists a polynomial p 2 Pol;B sud that one of the elemens
p(b); p(P) is B and the other oneis smallerthan B. Clearly, in this casep(b) = bp(b)
and p(P) = bp(P). Sothis shows that condition (3.1) fails.

To prove (5), let p 2 Pol;B be sud that bp(?) = B and bp(o;) = 0,. For ewery i
(2 1 n)wehaveo > 0,0 ando = A o0 0" 0, sothe minimality property
of B impliesthat 6 0, ” 0. Thus

bp(o) bp(o " ) bpor) = o

We must have bp(o)) 6 B, sincell= = fhg implies that B is not -related to any
elemen  o;. But bp(o) ( R) diers from bp(f) = B in its ith coordinate only,
thereforebp(o,) = 0. By assumptionthis equality holds for i = 1, too. Sincebp(B)
hasthe sameith coordinate asbp(o;), namelyO, for everyi (1 i n), we conclude
that bp(B) = B, asrequired.

Finally, we prove that if B is a rich subalgebraof A", (R) holds,and is de ned
asin (2), then B= is a nite subdirectly irreducible algebrain V(A).

Claim 3.6. If w2 B andw< B, thenw o0, ~ w.

Supposethat p is an arbitrary unary polynomial operation of B sud that bp(w) =
b. Sincew < B, w hasa 0 coordinate. In that coordinate bp(w) and bp(B) have
the samevalue. Thus bpB) 6 B. We have bp®)  bp(w) = B, sobp®) = h.
Hence, using the assumption (R), we concludethat bp(o;) 6 0,. But R and o,
dier in their rst coordinates only and bp(o;) B, sowe must have bp(o;) = f.
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We claim that bp(o, » w) = B. Indeed, in the rst coordinate we get 1 becausein
that coordinate o, ® w agreeswith o,, while in the remaining coordinates we get 1
becausen those coordinateso, * w agreeswith w. This provesthe implication that
bpw) = B ) bpo, * w) = B. The reverseimplication is obvious sinceo; * w ~ w
and the polynomial operations of B are monotone. Thusw 0o, ® w, nishing the
proof of Claim 3.6.

Now we prove that B= is subdirectly irreducible with monolith = where
Cg®(0;B) . By the de nition of we have (0.;8) 2 , sinceb()) = B but b(0,)
o, 6 0. Thereforeit suces to verify that (o;;B) 2 CgP(b;l) for any pair
(b;iP) 2 B2 . Chooseany (b;t’) 2 B2 . By the de nition of there exists a
unary polynomial operation p of B suc that bp(b) = ® and bp(t) 6 B, or the same
with the roles of b;l switched. Assumethe former possibility is the case,and let
w = bp(). Clearly, (;w) 2 Cg? (b;l) andw 6 B. As B is an upper bound for the

elemerts in the rangeof b, we must have w < h. By Claim 3.6 0, w w, therefore
Cg® (b:tf)
w b:

Cg® (b;B)
oN Q

0 = oW

concludingthe proof.

Lemma 3.7. Let A be a G%-algeba of type 5 and let B be a rich sulalgeba of A"
for which (R) holds. If V(A) is residualy small, then B satis es

(S) bpb) =B & bnondiagonal =) bpB)=H8 for all b2 B andp 2 Pol,B.

Proof. Assumethat B is a rich subalgebraof A" which satis es (R), but which fails
to satisfy (S). Using a construction from [4] we can showv that these assumptions
imply that V(A) is residually large.

Let ; denotethe kernelof the rst projectiononB A",

Claim 3.8. Let p(x;y) be a polynomial of B and U, v be tuples of elementsof B
which are i-related coordinatewise. If

plu) plv) _ Bs |
p(oy; U) p(o1; V) r b
thenr = s=h.

Recall that —; denotesthe congruenceon B which is the kernel of the projection
onto all coordinatesbut the rst. Since(o;;!) 2 —;, we deducefrom the columnsof
the given matrix that (2 r);(s;B) 2 —,. SinceUu and v are ;-related coordinatewise,
we get from the rows of the matrix that (;s); (r;®) 2 ;. Thus@®;r);(®;s)2 A~ =
0.

Claim 3.9. If is de ned asin the statementof Lemma3.5 (2), thenin B we have
b= = fhg for everynonzepo elementa 2 A.
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Becausethe operations in Lg are term operations, it su ces to establish that
b= = fhg. If b2 B is an elemen suc that b B, then, sinceb(®) = B, we must
have b(b) = B, that is, b~ B = B. Sincel is maximal, we get b= . This completes
the proof of the claim.

Claim 3.10. There is a polynomial g(x; y) of B, a pair (a;b) 2 1, and tuplesc; d
which are ;-related coordinatewise,suchthat

q@c) qad) _ B ow

q(b;c) q(b;d) b

whee w < b

We shav how to construct the matrix from a failure of (S). Choosea nondiagonal
b2 B and a polynomial p of B for which bp(b) = B while bp®) 6 0. Let t be a

a matrix of the form:
bt(e™ b &;:::;d&) bt(B™ bib;:::;h)  _ b w
bt(b b dp;:::; &) bt(b” biby;:iiih) T )

Hereead pair (B;b) or (B; ) isin ;,andw B sincew isin the rangeofb. If w 6 B,

producesa suitable matrix if a (the rst coordinate of b) equalsO.

Now supposethat the matrix we produced above is not of the form required by
the claim; i.e., we have bt(a” b;b,;:::;b) = w= b. This forcesa 6 0. Furthermore,
for the elemen °= b~ bwe have < b and bp(t) = B. Recallalsothat bp(b) & 1.
Thereforewe can modify p(x) to p{x) = p(ax) and i’ to "= a 1iF, yielding:

(1) < b,
(2) b = B, and
(3) b(b) & b.

From item (1) above and Claim 3.6 of Lemma 3.5 we have b°° B o,. Thus

b 0,)  bAKY = B by item (2) above. Also from Claim 3.9we have B= = fhg.
Thus b(P* o,) = B 6 Bp¥D) by item (3). We must have 86 BP® o, < B, soP* o
is nondiagonal. Hencewe have the samestarting assumptionsfor B°® o, and p° that
we had for b and p. Howewer now we have in addition that the rst coordinate of
™ o, is 0. Therefore,aswe obsened in the precedingparagraph, the argumern we
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gavein the rst paragraphof the proof of this claim producesa matrix of the desired
type. The proof of Claim 3.10is complete.

Let be any innite cardinal. We explain now how to construct a subdirectly
irreducible algebrain V(A) whosecardinality is at least .

Let C bethe subalgebraof B that consistsof all tuples of the form (ky; by; by;:::)
wherefor eat i;j < wehave (b;h) 2 1. We name somespecial elemers of C

that play a role in the following argumert. For eath b2 B we let B denotethe tuple

(b:b:b:::2), which is an elemet of C. In particular, we will write B for (2:0::: ).
ForO<i<j< wedene W; to bethe tuple whosek-th coordinate is the value
w (from Claim 3.10)if ik < j, and which is R otherwise:

Wi = (@;Q;:::;w;w;:::;@;@;:::):
i j

Note that eadh W is a memnber of C since(w; bL) 2 1. Wede ne WijO to be W; " @:

Let bethe congruenceon C which is generatedby all pairs of the form (W;; ;Wijo).
Claim 3.11. (Q;E) 62 .

Let E(x) = x”* E SinceQ;E 2 E(C), to prove the claim it su ces to shav that
(Q;E) 62 je(c)- In fact, we will shav that E= Jec) = fBg. If this were not the case,
then there would be a polynomial P of C sud that EP(W) = 56 EP(W9, where
fW,Wh = fW;;WpPgforsomed<i<j< . Sincel is the largestelemen in E(C)
underthe semilatticeorder,andW; > W_, it must bethat EP (W; ) = B> EP(WP).
The polynomial EP may be expressedisEt(x; U) wheret is aterm andeah U; 2 C.
Since EP(W; ) > EP(WUQ), there is a coordinate k where these tuples disagree.
Randomly selecta coordinate ~ with i~ < j. Now we focuson the k-th and "-th
coordinates of EP (W) and EP(Wij0 . In the k-th coordinate we have

b= (EP(W;))k = B(W; )x; Ux) = Bt(W; )« * 1 Uy)
while for somer 6 B we have

r= (EP(W{)k = BI((Wp)k; Ux) = B((W; )k * da; Ui):
In the "-th coordinate we have

h=(EP(W;)) = Bt(w;U) = bt(w” B;U")
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while
(EP(WY)): = bt(w” o;U):

Sincew < Bwehavethat w  w” oy, accordingto Claim 3.6 of Lemma3.5. Moreover,
b= = fhg, so = bt(w;U-) bt(w” o,;U-) implies that bt(w” o,;U-) = B. We can
build a matrix from this data:

B(W; )" U bt(wART) _ b b

bt((Wij )k N Q;Uk) bt(WA Ol;U‘) r Q
The assumptionthat EP(W; ) > EP(W”.O) yielded r 6 B, sothe existenceof this
matrix cortradicts Claim 3.8. Thus we have E: Jec) = fBg, and the claim is proved.

Claim 3.12. If is a congruene@ on C for whichjC= j< , then (Q;E) 2

Recall from Claim 3.10that we have a polynomial g(x; y) of B, a pair (a;b) 2 1,

g@ac) gad) _ o w
oqbic) q(b;d) b
Foreahi< andl | Kk the algebraC cortains the elemets
a = (aja;a;:::;bb;b;:::) and q' = (GGG, i disd;disii):

Moreover, the polynomial &(x; y), which is q acting coordinatewise,is a polynomial
of C. If isacongruenceon C for which jC= j< ,thenthereexistO< i< ]| <

suhthat @ a. ThereforeB = Q@;c;c;id)  Q@;d;c;iig) = Wt This
proves that (E; W;)2 forsome0<i<j< wheneer hasindex< . But

when (E; W;) 2 , then we alsohave
(W) = B~ é;wy ~@)2
and consequetty E Wi Wij0 & : Thusif andjC= j< ,then (E; @) 2

To nish the proof, recall that by Claim 3.11 we have (Q;E) 62 . If we extend

to a congruence which is maximal for (Q;E) 62 , then the quotient C= will
be subdirectly irreducible by construction and it will have cardinality at least by
Claim 3.12. Thus V(A) hasa subdirectly irreducible algebraof cardinality for
every . This nishes the proof.

Lemma 3.13. Let A be a G%-algebn of type 5. The following conditions are equiv-
alent.
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() V(A) is residualy smal.
(i) Everyrich sulalgeba B of A" which satis es (R) also satis es (S).
(i) Up to isomorphism, A is the only suldirectly irr educiblealgeba in V(A).

Proof. The implication (iii))) (i) is trivial, and the implication (i)) (ii) is proved in
Lemma3.7. Thereforewe only have to prove that (ii)) (iii).

Assumethat (ii) holds. To provethat A is the only subdirectly irreducible algebra
in V(A) it suces to prove that there are no other nite subdirectly irreducible
algebrasin V(A). If Sis any nite subdirectly irreducible algebrain V(A), then
accordingto Lemma 3.5 we can represeih S as B= for somerich subalgebraB of
A" in suh a way that (R) holdsand is de ned asin Lemma3.5. By (ii) we have
that (S) holdsfor B.

By Claim 3.9 of Lemma 3.7, which holds for any diagonal subalgebraB of A", to
prove that B= = A it suces to shav that ewery nondiagonalb 2 B is -related
to B. Choosea nondiagonalb 2 B. By (S), for any unary polynomial p we have
bpb) = =) bpb) = . Conversely bpB) = =) bp(b) = © by the monotonicity of

the operations of B. Henceb B for any nondiagonalb, and we are done.

Theorem3.1is a direct corollary of Lemma 3.13.

The result that we have just proved, that the variety V(A) is residually small if
and only if A is the only subdirectly irreducible in V(A), dependsessetially on the
assumptionthat A is term minimal. To seethis, we descrile now an exampleof a
strictly simplealgebraA oftype5 which generatesa residually small minimal variety
with more than one subdirectly irreducible memnber.

Example 3.14. Our algebrawill be an expansionof the three-elemen linearly-
orderedmeet semilattice (f 0; 1; 2g; ) with 0< 1< 2. To this we add binary opera-
tion de ned by

x ifx;y2fl;2g

X =
y 0 otherwise

Finally we add unary operationss and t de ned by s(0) = 0;s(1) = s(2) = 2 and
t(0) = t(1) = Oand t(2) = 1. The algebrais A = (f0; 1;2g;"; ;s;t). The following
claims about A can be easilyveri ed by hand:

(1) A is strictly simple.

(2) The semilattice operation on A comnutes with all other operations.

(3) sisanidempotent unary term of A which hasminimal range,and A satis es

X=X S(x); x st(x)=s(x) st(x); s(x) s(x)= s(x):

Properties (1) and (2) imply that A isof type5. Property (2) impliesthat V(A) has
a nite bound on the sizesof its subdirectly irreducible menbers, by Theorem5.1 of
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[5]. Property (3) implies that V(A) is a minimal variety, accordingto Theorem 3.3
of [6].

What remainsto show is that V(A) corntains a subdirectly irreducible algebrathat
is not isomorphicto A. A four-elemen subdirectly irreducible can be constructed
in V(A) by thesesteps: Let B be the subalgebraof A2 that consistsof all (a;b)
with a bin the semilattice order. Let denotethe congruenceon B generatedby
h0; 0); (0; 2)i. Then partitions B into four blocks:

(0;0)(0; 1)(0; 2) = (1; 1) = (1;2) =(2; 2):
The quotient algebrais subdirectly irreducible with monolith h(1; 1)=;(1;2)=i.

4. Chara cteriza tion

The theoremin [4] which characterizesthose nite algebrasA for which thereis a
bound on the sizesof the subdirectly irreducible algebraswith nonakbelian monoliths
in V(A) involves all nite suldirectly irr educible algebas in V(A). In fact, as it
was shovn by R. McKenzie in [8], there is no algorithm which, for a nite algebra
A with nitely many fundamenal operations, decideswhether the variety V(A) is
residually small. Wewill nd in this sectionthat G°-algebrasoftype5 are much more
tractable: amongGP-algebrasoftype5 thosegeneratingresidually small varietiesare
characterizedby a condition on (k+ 1)-ary term operationsfor ead k-ary fundamertal
operation of A. Thusit will follow that for algebraswith nitely many fundamenal
operations, there is an algorithm which decideswhether the generatedvariety is
residually small.

If f (X) is a k-ary term operation of a G%-algebraof type 5 and the canonicalform
of f is

m
-V

(4.1) f(x)=" ( c 'x) forsomek-tuplesc; (1 i m),
i=1

then € will denotethe (k + m)-ary operation
&(X;z) = ®xq;: Xz zm) = (N T X)),

andforeadj (1 j m), ) will denotethe (k + 1)-ary operation
. . \Y mov
€0(x:2) = B (111 %¢;2) = (2™ T IX) (T x):
i=1
i6]
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Sincethe joinands in the canonicalform of f are pairwise disjoint, it is easyto see
that the joinands in the de nition of fand ) (1 j m) are alsosud. Thus
theseoperations are given in canonicalform.

Notice that the de nition of fand ) (1 j m) requirea xed indexing of
the joinands of the canonicalform of f . Thereforewheneer we will mertion any of
the operations € and ), we will assumethat this indexing is xed in advance. A
changein the indexing of the joinands of f resultsin a permutation of the variables
Z in €, and a changein the indexing of the family f©0): 1 j mg. None of these
will a ect the statemeris of the results.

Theorem 4.1. Let A be a G%-algeba of type 5. The following conditions are equiv-
alent:

(i) V(A) is residualy smal (or equivalently, A is the only suldirectly irr educible
algeba in V(A)).
(i) For everyfundamentaloperation f of A, f€is a term operation of A.
(iii) For everyfundamentaloperation f of A, all ) are term operations of A.

Obsene that condition (i) of the theorem is invariant under term equivalence,
so conditions (i) and (iii) could be replacedby the samerequiremerts for all term
operationsin placeof all fundamertal operations. The equivalenceof (ii) to its variant
for term operations, and the analogousstatemert for (iii), can also be proved in a
straightforward manner, using induction on the lengths of terms.

It is clearthat for eat operationf of a G%-algebraoftype5 the canonicalform of
f is e ectively computable,and hencesois the family of operations ). Thus there
is an algorithm which decideswhether condition (iii) holds, provided the algebrahas
only nitely many fundamenal operations. Thus Theorem 4.1 yields the following
corollary.

Corollary 4.2. Thereis an algorithm which, for every G°-algeba A of type 5 with
nitely many fundamentaloperations, decideswhetherthe variety V(A) is residualy
small.

This corollary can also be derived from our Lemma 3.13and Theorem 5.1 of [12].

The rest of this sectionis dewoted to the proof of Theorem4.1. The easyequivalence
of conditions (ii) and (iii) is veried in Lemma 4.3, while the implications (ii)) (i)
and (i)) (ii)) arethe cortent of Lemmas4.5and 4.7, respectively.

Lemma 4.3. Letf be aterm operation of a G%-algebr of type 5, and assumethat
f hascanonical form (4:1). Then the G®-algebas

(A% Lg;0;® and (A;%;Lg;0ff:1 | mg)

are term equivalent.
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Proof. It is straightforward to ched that

and Y
f(x;z) = x © %o §hXiz §AX i Ty
foreveryj (1 j m).

Now we start the proof that in Theorem4.1condition (ii) impliescondition (i). Our
approad will be basedon the result of Lemma 3.13: we will shav that if condition
(i) holdsand B is arich subalgebraof A" which fails to satisfy (S), then B fails to
satisfy (R). First we analyzewhat it meansfor B to fail (S).

A failure of condition (S) for B meansthat for somek > 0O there exist a k-ary term

Sincet is monotoneand for an elemen b2 B we have b(b) = R if and only if b= [,
the displayed properties are equivalert to requiring that

4.2) tb;by:iih) =B but t®by;::h)< B

(4.2) holds, then we will say that t witnesses the failure of condition (S).
The next lemma shows that if condition (S) fails for someB, then this failure is
witnessedby a term operation which is almost a fundamernal operation.

Lemma 4.4. Let A be a G%-algebr of type 5, and let B ke a rich sukalgebn of A".
If condition (S) fails for B, then this failure is witnessel by a term operation of the

be elemeits from B sud that b, is nondiagonaland (4.2) holds. It is not the case
that t is essehally unary, becausethen t hasto depend on its rst variable, and a
unary term operation cannot produce® from a nondiagonalelemet by. Thust is of
the form

for somea 2 G, somefundamertal operation f which is m-ary (m 2), and some
termst, (1 | m). Letg = ti(b;bp; b)) (1 | m). By permuting the
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Nowlets+1 | m. Thencg = & for somea 2 A, and the term g, t, hasthe

and

Sothe sequence

cortains two consecutiv menberssud that the rst oneis lessthan 2 and the second
oneis equalto ®. With the elemerts appearing there an operation arising from af
by permuting variableswitnessesthe failure of (S).

Lemma 4.5. If A is a G%-algeba of type 5 suchthat for everyfundamentaloperation
f of A, €is aterm operation of A, then V(A) is residualy small.

Proof. Assumethat A satis es the hypothesesof the lemma, and considera rich
subalgebraB of A" (n > 0) for which condition (S) fails. Lemma 3.13 says that we
are doneif we are able to show that condition (R) must fail for B.

By Lemma4.4 there exist a fundamertal operation f and an elemen a2 G sudt
that a term operation t arising from af by permuting its variables withnessesthe
failure of (S). By assumption,f€is a term operation of A. It is easyto show that €,
too, is a term operation of A. This follows by observingthat if g arisesfrom f by
permuting its variablesthen g arisesthe sameway from f€ furthermore, if g = af for
somea 2 G then

g(x; z) = af(x;a '2):
Using Lemma 4.3 we concludethat all €) aswell, are term operations of A.
Let t be k-ary and let t have canonicalform
m
t(x) =" ( T, 'X) for somek-tuplestc; (1 i m).

i=1
Further, let b = (by;:::50y) (1 ] k) be elementss from B sud that b, is
nondiagonaland (4.2) holds. Let us form the n  k matrix whosecolumnsare the
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n- tuples b;:::; b, and denotethe rows of this matrix by ;:::;T7,. The equality
t(b;:::b) = Q meansthat t(r;) = 1foreathi (1 i n). Hence,for ead i
(1 i n), there existsan indexs; (1 s; m) sud that r; Cs,. We may

assumewithout lossof generalily that the joinandsof t areindexedsothat r;  T;.
Let Ty = (Cra;:::;Cuk).

We claim that 7y 6 T, for at leastonel (1 | n). Supposeotherwise,that is,
i cyforalli (1 i n). Thenh; = c; wheneer c; 6 0. This meansthat
b = ¢; is diagonalwheneer c;; 6 0. Sinceb, is nondiagonal,we have ¢;; = 0, and
hence

k_n = Cllb/\ 012 N Clkle t(b oo by < Q;

which is impossible.
Let us x anindex| sud that 7, 6 €©;. Then

€V(r;0)=1 and €Y(r;0)=0
Furthermore, it is clear that
f—‘l)(ri;l): 1 foralli(@ i n).

Now considerthe unary polynomial operation p(z) = €9 (by; by;:::;h;z) of B. Com-
puting the values coordinatewise one can easily ched that bp(ba) =B, bpo,) = o,
but bp(B) > B asthe Ith coordinate of bp(B) is 1. Thus condition (R) fails for B.

Lemma 4.6. Let A be a G%algebr of type 5, and supmsethat the variety V(A) is
residualy smal. If f is a k-ary term operation of A with canonical form (4:1), then
A hasa (k + 1)-ary term operation t which satis es the following equalities:

t(Cl;l): 1
t(cy;0)=0
t(c;0)=1 fori=2:::;

Proof. Considera k-ary term operationf of A with canonicalform (4:1), andlet | be
any subsetof f2;:::;mg. We will shav by induction onjlj that A hasa (k + 1)-ary
term operation t satlsfylng the three equalities displayed in the lemmafori 2 I.
Clearly, the casel = f2;:::;mg yields the required term operation.

For | = ; the claimis obvlous we can take the term operation t(X;z) = z. Now
assumethat | is nonempty and that an appropriate term operation exists for all
proper subsetsof | . For simplicity of notation assumethat | = f2;:::;ng(n m),
and considerthe columnsly = (c;;:::;¢y) (1 jJ k) ofthen k matrix whose
rows arethe rst n tuplesT; = (G1;:::;¢ck) (1 1 n) from the canonicalform of
f . Recallthat o denotesthe n-tuple with all coordinates1 but the i-th onewhich is
0 i n), andlet B bethe subalgebraof A" generatedby the set
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In other words, B is the smallestrich subalgebraof A" which cortains the elemers

First we prove that f (more precisely an operation arising from f by permuting

in particular, b, 6 b. Let, s&/, G 6 0. Sincet; is a minimal elemen for which f
assumeshe value 1, by changing its nonzero rst coordinate to zeroyields a tuple

the left hand sideis O.

The precedingparagraph shows that condition (S) fails for B. Howewer, by as-
sumption, the variety V(A) is residually small. Henceby Lemma 3.13condition (R)
hasto fail for B. That is, there existsa unary polynomial operation p of B sud that

(4.3) bp®)= B bpo) = 0;; but bpb) > b:

We can write the polynomial operation bp as

increase,but have to remain within the setb(B) = f0;1g". Thus the value at B will
remain R, the value at B will cortinue to be greaterthan B, and the value at o, will be
01 Or b. Howeer, sincethe changewe made doesnot a ect the rst coordinate, we
getthat the value at o, will be 0,. We can apply the sametrick for o,, too, provided
that we are able to prove that the value at o, will remain 0;. Supposenot, that is,
changingthe parametero,; to b changesthe value at o; from o, to b. Then let's look
at the rst coordinates of all equalities we know, and compute somevalues of the
polynomial operation

pu(x;y) = tYT Lx Lo Ly)

of A. From the original equalities (where o, is unchanged), by putting z = ® and
Z = 0, respectively, we get that p;(0; 1) = 1 and p;(0; 0) = 0. From the assumption
that changingthe parametero, to f changesthe value at o, from o, to B, we get that
p:(1;0) = 1. By monotonicity theseequalitiesshow that p, restricts to the setf0; 1g
as join, which is impossible(cf. Proposition 2.3). This provesthat all parameters
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Theseargumeris showv that we can always selecta polynomial p satisfying (4.3)

for someterm t° Now the equations(4.3), viewed coordinatewise, meanthat

tQci;1)=1 foralli (1 i n);
t9c1;0)= 0;
tqc;;0)= 1 forsomel (2 | n):

Applying the induction hypothesisfor the proper subsetl flgofl = f2;:::;ngwe
know that A hasa (k + 1)-ary term operation t®sud that

to‘(Cl;l)= 1
to((él;O): 0
t%%c;0)=1 fori61(2 i n):

One can ched that the term operation
t(x;2) = t4x;t%tx; 2)

satis es the requiremerts for | . Indeed,

t(C1; 1) = tqcy; tey; 1)) = t9Ty; 1) = 1

t(T1;0)= t4T1;t{Ty;0)) = tYT1;0) = O;

t(ci;0)= t9ci;t%c;0) = tqTi; 1) =1 fori6 1 (2 i n);
and

t(c;;0) = tqc;t%c;0)  t4c;0) = 1

whencet(T;; 0) = 1. This completesthe proof.

Lemma 4.7. If A is a GP-algeba of type 5 suchthat the variety V(A) is residualy
small, then for everyterm operation f of A, all 1) are term operations of A .

Proof. Supposethat A is a G%-algebra of type 5 sud that the variety V(A) is
residually small, and let f be any k-ary term operation of A with canonical form
(4:1). By symmetry it suces to shaov that 1 is a term operation of A. We
will prove that if t is a (k + 1)-ary term operation whose existenceis ensuredby
Lemma4.6, then the term operationt of A de ned as

\/
t (X;2) = f(X)Mt(X;z"  ©T,'X)
equalsfed

In view of Lemma 2.2, it su ces to verify that Min(t ) = Min(f%). Looking at
the canonicalform of Y we canread o the elemens of Min(f®): they are the
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(k+ 1)-tuples(ty;1) and (ci;0) for 2 i m. Thus we have to prove the following
equality:
(4.4) Min(t ) = f(Ty;1);(T2;0);:::5(Tw; 0)g:

Let (T;a) 2 Min(t ). Then
1=t (c;a) f(0T);

sof(C) = 1,and hencec ¢C; forsomei (1 i m). This implies that (T;a)
(Ti;0). If i 8 1, then we have
(4.5) t (C;0)=f () t(c;0)=1"1= 1,

therefore by the minimality of the tuple (T;a) we must have that (c;a) = (T;j;0).
Now assumethat i = 1. Then

V
1=t (tcy;a) t(cy;a™ T, lcy) = t(cy;an 1);

sot(cTy; 1M a) = 1. In casea 6 1 this would imply that t(Ty; 0) = 1 which cortradicts
oneof the propertiesof t. Thusa= 1, whence(T;a) (Ci;1). Sincewe have

4.6) t(cul)=f(T) t(Tslr T lt) = 10 t(Tsl) = 140 1= 1;

thereforeagainby the minimality of the tuple (T; a) we concludethat (T;a) = (Ty; 1).
This provesthe inclusion in (4.4).

The equalities (4.6) and (4.5) show that t assumeshe value 1 for every (k + 1)-
tuple appearing on the right hand side of (4.4). Since these tuples are pairwise
incomparable, they must all belongto Min(t ). This completesthe proof of the
lemma.
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