
HA USDORFF PR OPER TIES OF TOPOLOGICAL ALGEBRAS

KEITH KEARNES AND LU¶IS SEQUEIRA

Abstra ct. Let P be a prop erty of top ological spaces. Let [P ] be the class
of all varieties V having the prop erty that any top ological algebra in V has
underlying space satisfying prop erty P . We show that if P is preserved by
¯nite products, and if : P is preserved by ultrapro ducts, then [P ] is a class of
varieties that is de¯nable by a Maltsev condition.

The prop erty that all T0 top ological algebras in V are j -step Hausdor® (H j )
is preserved by ¯nite products, and its negation is preserved by ultrapro ducts.
We partially characterize the Maltsev condition associated to T0 ) H j by
showing that this top ological implication holds in every (2j + 1)-permutable
variet y, but not in every (2j + 2)-permutable variet y.

Finally , we show that the top ological implication T0 ) T2 holds in every
k-permutable, congruence modular variet y.

1. Intr oduction

A topological spaceX is T0 if whenever a and b are distinct points of X there is
a closedsubsetof X containing one of the points that doesnot contain the other.
X is T1 if for each a 2 X the singleton set f ag is closed. X is T2, or Hausdor®,
if for each a 2 X the intersection of the closures of the neighborhoods of a is\

cl(N ) = f ag. The implications T2 =) T1 and T1 =) T0 follow immediately
from these(nonstandard) de¯nitions: if X is T2 then each singleton set f ag is the
intersection of closedsets, henceis closed(so T2 =) T1); if X is T1 and a;b 2 X
are distinct then f ag is a closedset containing oneof the points and not containing
the other (so T1 =) T0). This paper is one of a seriesof papers concernedwith
determining when the converse implications (and related implications) hold for
topological algebras.

The signi¯cance of investigationsof this type residesin the following observation:
the classof all topological algebrasin any variety is determined by its T0 members.
That is, if A is a topological algebra in V, and

µ = f (a;b) 2 A £ A j a 2 cl(b) & b 2 cl(a)g;

then µ is a congruenceon A, A=µ endowed with the quotient topology is a T0 topo-
logical algebra in V, and the topology on A consistsof the setsof the form º ¡ 1(U)
where U is open in A=µ and º is the natural homomorphism from A to A=µ. (See
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[5] for details.) Thus, the T0 topological algebrasin a variety are of fundamental in-
terest, and it seemsimportant to understand when they satisfy stronger topological
properties.

It is a classicalresult that any T0 topological group is T2. W. Taylor extended
this result with the following theorem.

Theorem 1. [19] If V is congruence permutable, then any topological algebra in V
satis¯es

T0 =) T2:

H. P. Gumm then generalizedTaylor's result with:

Theorem 2. [10]
(1) If V is k-permutable, then any topological algebra in V satis¯es

T0 =) T1:

(2) If V is 3-permutable, then any topological algebra in V satis¯es

T0 =) T2:

Gumm's results were sharpened in J. P. Coleman's papers [4, 5]. Among other
things, Colemanprovedthe converseof the ¯rst claim in Theorem2 thereby showing
that the implication T0 =) T1 for all topological algebrasin a variety is equivalent
to k-permutable for somek.

In this paper weshow that if P is a topologicalproperty that is preservedby ¯nite
products and whosenegation is preserved by ultrapro ducts, then the satisfaction of
P by all topological algebrasin a variety is characterizableby a Maltsev condition.
This result applies to either of the properties T0 =) T1 or T0 =) T2.

In order to understand the topological consequencesof k-permutabilit y for a
¯xed k, Coleman de¯ned new separation conditions called j -step Hausdor®nessfor
each j ¸ 1 (H j for short). The relative strengths of the Ti conditions and the Hj

conditions are indicated by

T0 ( = T1 ( = ¢¢¢( = H4 ( = H3 ( = H2 ( = H1 ( ) T2;

where none of the unidirectional arrows are reversible. Coleman showed

Theorem 3. [4, Theorem 3.2] If k ¸ 3, then for every topological algebra in a
k-permutable variety,

T0 =) Hk ¡ 2

Coleman also showed that, in a sense,Theorem 3 is sharp for k = 4. Speci¯cally,
he showed that T0 topological algebras in 4-permutable varieties must be H2 but
there exist T0 topological algebrasin 4-permutable varieties that are not H1. While
this does not characterize the Maltsev condition for T0 =) H j for any j , it does
completely determine the relationship between these Maltsev conditions and the
Maltsev condition for 4-permutabilit y. The questionof whether Theorem 3 is sharp
in this sensefor larger valuesof k was left open.

We intro duce symmetrized versionsof Coleman's H j conditions, which we label
sHj . Although each sHj , j > 1, is strictly weaker than the corresponding H j for
topological spaces,we show that for topological algebrasin k-permutable varieties
Hj ( ) sHj for each j and k (Theorem 19). We usethe symmetrized conditions to
prove that T0 =) Hb k

2 c for topological algebrasin k-permutable varieties (Theorem
20). This result improvesColeman's theorem and is the best possibleresult of this
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type, for we also construct, for each k > 1, a topological algebra in a k-permutable
variety that satis¯es Hb k

2 c but not Hb k
2 c¡ 1 (Theorem 21).

Coleman made an interesting suggestionregarding the implication T0 =) T2.
Certainly T0 =) T2 is stronger than T0 =) T1, and the latter implication is
equivalent to k-permutabilit y for somek, so it is natural to wonder what condition
together with k-permutabilit y for somek characterizesT0 =) T2. Coleman sug-
gestedthat \a reasonableconjecture is that congruencemodularit y together with
n-permutabilit y is necessaryand/or su±cient for T0 =) T2 to hold." Two par-
tial results regarding this suggestionappear in the paper [2] by W. Bentz. Bentz
proved that the implication T0 =) T2 holds in any k-permutable variety that has
a majorit y term. Then Bentz intro duced, for each k ¸ 2, a k-permutable variety
Wk for which he could prove T0 =) T2 but could not prove modularit y. Bentz
raised the question of whether his Wk 's werecounterexamplesto the necessity part
of Coleman's conjecture.

In this paper we prove that T0 =) T2 holds in any modular, k-permutable
variety. Then we prove that Bentz's Wk 's are indeed modular. We leave open the
questionof whether modularit y is necessaryfor the implication T0 =) T2, although
we do point out that Polin's variety fails to satisfy T0 =) T2 and this variety is
consideredby someto be \barely nonmodular".

2. Preliminaries

We assumethe reader is familiar with the basicsof universalalgebraand general
topology. A topological algebra is a structure A = hA; ¿; Oi , where hA; Oi is an
algebra and ¿ is a topology on A, such that each fundamental operation F i 2 O is
continuous with regard to the product topology on each power of A.

By de¯nition, a variety V is congruence k-permutable if whenever A 2 V and ®
and ¯ are congruenceson A, then the k-fold alternating compositions ®±¯ ±®±¢¢¢
and ¯ ± ® ± ¯ ± ¢¢¢ are equal. This de¯nition will play absolutely no role in this
paper. Rather, we will work with the Hagemann-Mitschke terms characterizing this
property:

Theorem 4. [11] A variety V is k-permutable if and only if there exist ternary
V-terms p0; : : : ; pk such that the following are identities of V:

p0(x; y; z) ¼ x

pi (x; x; z) ¼ pi +1 (x; z; z) for 0 · i · k ¡ 1

pk (x; y; z) ¼ z

By de¯nition, a variety V is congruence modular if all algebrasin V have modular
congruencelattices. This de¯nition also plays no role in this paper. We will work
only with the Day terms and the Gumm terms, which each characterizemodularit y:

Theorem 5. [6] A variety V is modular if and only if there exist quaternary V-
terms m0; : : : ; mn such that the following are identities of V:

m0(x; y; z; w) ¼ x

mi (x; x; w; w) ¼ m i +1 (x; x; w; w) 0 · i < n; i even

mi (x; y; y; w) ¼ m i +1 (x; y; y; w) 0 · i < n; i odd

mn (x; y; z; w) ¼ w
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Theorem 6. [9] A variety V is modular if and only if there exist ternary V-terms
q0; : : : ; qn ¡ 1; p such that the following are identities of V:

q0(x; y; z) ¼ x

qi (x; y; x) ¼ x for all i

qi (x; x; y) ¼ qi +1 (x; x; y) 0 · i < n ¡ 1; i even

qi (x; y; y) ¼ qi +1 (x; y; y) 0 · i < n ¡ 1; i odd

qn ¡ 1(x; y; y) ¼ p(x; y; y)

p(x; x; y) ¼ y

Our interest in the properties of k-permutabilit y and modularit y is limited to
the fact that the existenceof continuous operations satisfying the identities of any
of the last three theoremsrestricts the topology of a topological algebra.

Now we turn from algebraic preliminaries to topological preliminaries. Recall
from the Intro duction that a spaceX is Hausdor®,or T2, if for each a 2 X the
intersection of the closuresof the neighborhoods of a is f ag. This de¯nition of T2

suggeststhe following generalization.

De¯nition 7. Supposethat A is a topological space. For each a 2 A and n < !
de¯ne ¢ n (a) recursively by

¢ 0(a) = A

¢ n +1 (a) = f b j 8 open U; V with a 2 U; b 2 V; U \ V \ ¢ n (a) 6= ; g

This de¯nition implies that ¢ 1(a) is the intersection of the closuresof the neigh-
borhoods of a. Thus ¢ 1(a) is a closedsubspaceof A containing a. Each ¢ n +1 (a) is
the intersection of the closuresof neighborhoods of a in the subspace¢ n (a) under
the relative topology. In particular, ¢ n (a) is closedin A for all a and n. We say
that a point a 2 A is j -step Hausdor® if ¢ j (a) = f ag. We say that a spaceis
j -step Hausdor®, or Hj , if each of its points is j -step Hausdor®. Clearly, a spaceis
H1 if and only if it is Hausdor®sinceboth properties say exactly that ¢ 1(a) = f ag
for all a 2 A. Sinceeach ¢ n (a) is closed,and sinceHj assertsthat ¢ j (a) = f ag for
all a 2 A, it follows that Hj =) T1. Coleman proved in [4] that all the conditions
Hj are distinct and strictly stronger than T1.

Colemande¯ned the conceptof j -step Hausdor®nessin terms of the complement
¡ n (a) = A n ¢ n (a). We prefer to work with ¢ n (a) instead of ¡ n (a) becauseof the
usefulnessof the following extensionof the notation.

De¯nition 8. For each n ¸ 0, let the symbol ¢ n denotethe binary relation de¯ned
by

a¢ n b :( ) a 2 ¢ n (b)

The usefulnessof switching from ¡ n to ¢ n is clear from the next result.

Lemma 9. Let A be a topological space. For each k ¸ 0, ¢ k is a re°exive binary
relation on A that is compatible with every continuous map f : An ! A, for n ¸ 0.

Proof. The re°exivit y is clear. We will prove compatibilit y by induction on k, the
result being clear for k = 0 (¢ 0 is the universal relation on A). So, supposethe
result true of k, let f : An ! A, and, for 1 · i · n, let ai ; bi 2 A with ai ¢ k+1 bi .
We have to show that

f (a1; : : : ; an ) ¢ k+1 f (b1; : : : ; bn )
4



Thus, let U, V be open setssuch that

f (a1; : : : ; an ) 2 U; f (b1; : : : ; bn ) 2 V

By continuit y, we can ¯nd open sets A i , B i such that ai 2 A i , bi 2 B i for each i ,
1 · i · n, and

f (A1; : : : ; An ) µ U; f (B1; : : : ; Bn ) µ V

Sinceai ¢ k+1 bi , we can pick

ci 2 A i \ B i \ ¢ k (bi )

so we have

f (c1; : : : ; cn ) 2 U \ V

and, by the induction hypothesis,

f (c1; : : : ; cn ) ¢ k f (b1; : : : ; bn )

Thus

U \ V \ ¢ k (f (b1; : : : ; bn )) 6= ;

and, sinceU and V were arbitrary ,

f (a1; : : : ; an ) ¢ k+1 f (b1; : : : ; bn )

as desired. ¤

Corollary 10. If A is a topological algebra, ¢ k is a re°exive and compatible binary
relation on A, for every k ¸ 0.

The relation ¢ k need not be symmetric, except of course when k = 0 (since
¢ 0 = A £ A) and when k = 1 (since ¢ 1 is the closureof the diagonal of A £ A).

We will henceforth adopt the following equivalent de¯nition of j -step Hausdor®-
ness.

De¯nition 11. Let A be a topological space. For each j ¸ 0, we will say that A
is j -step Hausdor®, or Hj , if the following condition holds for all a; b 2 A:

a¢ j b =) a = b (H j )

In other words, Hj is the assertion that ¢ j is the equality relation.

We intro duce a new family of separation conditions related to the H j 's.

De¯nition 12. Let A be a topological space.For every j ¸ 0, we will say that A
is j -step Hausdor®up to symmetry, or sHj , if the following condition holds for all
a; b 2 A:

a¢ j b ^ b¢ j a =) a = b (sHj )

Thus sHj assertsthat ¢ j is antisymmetric.

Remark. All sHj conditions are distinct: Coleman's examplesof spaceswhich are
Hj but not Hj ¡ 1 ([4, Theorem2.4]) alsosatisfy sHj but not sHj ¡ 1. Wewill presently
give a construction, generalizingColeman's, which yields many more examples.
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3. Topological Pr oper ties Definable by Mal tsev Conditions

This section, which proves the result mentioned in the ¯rst paragraph of the
abstract, can be read independently of the rest of the paper.

For the purposesof this section only, we consider topological algebrasto be 2-
sorted ¯rst-order structures A = hA; B ; O; R; ²i where A and B are the sorts, O
is a set of operations on A, R is a set f ¢ n g1

n =0 of binary relations on A, and ²
is a binary relation from A to B . The sort A is intended to represent the set of
elements of the topological algebra, sort B is intended to represent a basis for the
topology, the operations in O are intended to be the operations of the topological
algebra, the relations ¢ n 2 R are intended to be the onesde¯ned in the preceding
section, and ² is intended to denote the relation of membership of elements of A in
elements of B . (N.B.: actual set membership in A or B will be indicated with 2.)

The class of all 2-sorted structures of the type that we are considering whose
symbols have their intended meaningsis a ¯rst-order axiomatizable class. Indeed,
the following statements are ¯rst-order, and they de¯ne the classof all topologi-
cal algebrasof a given signature, each with a speci¯ed basis B , with the correct
interpretation of the relation symbols.

(1) For all U; V 2 B , if x ² U ( ) x ² V for all x 2 A, then U = V .
(2) There exists a U 2 B such that x ² U holds for no x 2 A.
(3) For all U; V 2 B there exists a W 2 B such that x ² W if and only if x ² U

and x ² V .
(4) For all x 2 A there exists a U 2 B such that x ² U.
(5) For all x1; : : : ; xn 2 A and all U 2 B , if f (x1; : : : ; xn ) ² U, then there exist

V1; : : : ; Vn 2 B such that f (y1; : : : ; yn ) ² U whenever yi ² Vi .
(6) Each symbol ¢ n interprets as the relation from De¯nition 8.

Statement (1) assertsthat basis elements U and V may be distinguished by their
\elements"; that is, by their ²-related elements of A. Thus any U 2 B may be
identi¯ed with its subsetof ²-related elements. Statements (2){(4) assert that the
collection of subsetsof A that correspond to elements of B under this identi¯cation
contains ; , is closed under ¯nite intersection, and has union equal to A. Thus
(1){(4) assert that B is a basis for a topology on A. Statement (5) assertsthat
the operations of A are continuous in this topology. Statement (6) assertsthat the
relation symbols ¢ n are namesfor the relations de¯ned in the precedingsection.

Lemma 13. Each of of the statements (1){(6) is equivalent to a ¯rst-or der sen-
tence. Statements(2){(5) are equivalent to Horn sentences. Statement(6) is equiv-
alent to a sentence (8x; y 2 A)[y ¢ n x ( ) ©n (x; y)] where ©n (x; y) is a factorable
formula.

Proof. Recall that a Horn formula is a formula that in prenex form looks like
Q1x1; : : : ; Qk xk

³ ^
ª i

´
where each Qi is a quanti¯er and each ª i is a formula.

Moreover, each ª i has the form Ã1 _ ¢¢¢_ Ãk with each Ãj atomic or negated
atomic and at most one Ãj atomic in any ª i . A Horn sentence is a Horn formula
that is a sentence.

A formula ©(x1; : : : ; xm ) is factorable if whenever A =
Q

i 2 I A i is a product of
structures, and a1; : : : ; am 2 A, then

A j= ©(a1; : : : ; am ) ( ) A i j= ©(ai 1; : : : ; aim ) for all i 2 I :
6



(In [13] such formulas are called multiplicative, in [14] they are called ¯ltering , and
in [20] they are called formulas evaluated coordinatewise.) The classof factorable
formulas has the following closureproperties (see[20]):

(F1) Any atomic formula is factorable.
(F2) The classof factorable formulas is closedunder 8; 9 and ^ .
(F3) If ®( ¹x; ¹y) and ¯ ( ¹x; ¹y) are factorable, then so is

(9¹x)[®( ¹x; ¹y)] ^ (8¹x)[®( ¹x; ¹y) =) ¯ ( ¹x; ¹y)]:

Now we write (1){(6) in ¯rst-order/Horn/factorable form.
[Sentence (1)] (First-order)

(8U; V 2 B ) [[(8x 2 A)(x ² U , x ² V )] ) U = V ] :

[Sentence (2)] (Horn)

(9U 2 B )(8x 2 A) [x6² U] :

[Sentence (3)] (Horn)

(8U; V 2 B )(9W 2 B )(8x 2 A) [((x6² W ) _ (x ² U))
^ ((x6² W ) _ (x ² V ))
^ ((x6² U) _ (x6² V ) _ (x ² W ))] :

[Sentence (4)] (Horn)

(8x 2 A)(9U 2 B ) [(x ² U)] :

[Sentence (5)] (Horn)

(8¹x 2 An )(8U 2 B )(9 ¹V 2 B n )(8¹y 2 An )

" Ã
n̂

i =1

ª n

!

^ £

#

where ª i is the Horn clause [(f ( ¹x)6² U) _ (x i ² Vi )] and £ is the Horn clause
[(f ( ¹x)6² U) _

Wn
i =1 (yi 6² Vi ) _ (f ( ¹y) ² U)]:

[Sentence (6)] ((8x; y 2 A)[y ¢ n x , ©n (x; y)] with ©n (x; y) factorable)
We de¯ne ©n inductiv ely. Let ©0(x; y0) be [x = x]. This is factorable by (F1)

above. Now assumethat ©k (x; yk ) is factorable, and let ©k+1 (x; yk+1 ) be

(9U; V 2 B )[®(U; V; x; yk+1 )] ^ (8U; V 2 B )[®(U; V; x; yk+1 ) =) ¯ (U; V; x; yk+1 )]

where
®(U; V; x; yk+1 ) = [(x ² U) ^ (yk+1 ² V )]

and
¯ (U; V; x; yk+1 ) = (9yk )[(yk ²U ) ^ (yk ²V ) ^ (©k (x; yk ))] :

It follows from (F1), (F2) and induction that both ® and ¯ are factorable. Since
©k+1 (x; yk+1 ) has the form described in (F3) it is factorable.

To seethat ©n (x; y) de¯nes the relation ¢ n from De¯nition 8 in any topological
algebra, note ¯rst that the initial clause(9U; V 2 B )[®(U; V; x; yn )] expandsto

(9U; V 2 B )[(x ² U) ^ (yk+1 ² V )];

which holds in every topological algebra. Thus, what needsto be veri¯ed induc-
tiv ely is that (8U; V 2 B )[®(U; V; x; yk+1 ) =) ¯ (U; V; x; yk+1 )] is equivalent to
yk+1 ¢ k+1 x. Expanding the formula we are considering,

(8U; V 2 B )[(( x ² U) ^ (yk+1 ² V )) =) (9yk )[(yk ²U ) ^ (yk ²V ) ^ (©k (x; yk ))] ;

we seeby inspection that this is a direct translation of De¯nitions 7 and 8. ¤
7



Sentence(1), which expressesextentionalit y, is not equivalent to a Horn sentence
since it is not preserved by products. Speci¯cally, if A satis¯es Sentence (1), U; V
are distinct sets in B , and U is \empt y" in the sensethat no x 2 A satis¯es x ² U,
then in A £ A the sets U £ V; V £ U 2 B £ B are di®erent becausethey are
di®erent coordinatewise. But they are both \empt y". Henceextentionalit y is not
preserved under products. Throughout this section we shall be concernedwith
topological properties that are preserved by products and ultrapro ducts. Thus, we
now restrict our attention to 2-sorted structures A = hA; B ; O; R; ²i axiomatized
by Sentences(2){(6). Such structures are precisely those derived from topological
algebrashA; ¿; Oi with all symbols having their intended meanings,except that the
sort B denotesonly a set of namesfor the basis elements of the topology, and we
allow multiple namesfor any basiselement.

Let A i = hA i ; B i ; O; R; ²i ; i 2 I , be a family of nonempty structures satisfy-
ing Sentences(2){(6). The product

Q
i 2 I A i =

­ Q
i 2 I A i ;

Q
i 2 I B i ; O; R; ²

®
satis¯es

(2){(5), since these sentencesare Horn, hencethe product corresponds to a topo-
logical algebra. It is immediate from the well known de¯nition that the topology onQ

i 2 I A i generatedby
Q

i 2 I B i is what is usually called the box topology. For ¯nite
products the box topology is identical with the product topology. Since the topo-
logical relation ¢ n is de¯nable by a factorable formula, the symbol ¢ n interprets
as the relation intro duced in De¯nition 8 in a product if and only if it interprets as
that relation in each factor.

Now let U be an ultra¯lter on I . The ultraproduct (over U) of the setsA i ; i 2 I ,
is the set

Q
U A i , de¯ned to be the quotient of the product set A =

Q
i 2 I A i by

the equivalencerelation µU = f (a; b) 2 A2 j [[a = b]] 2 Ug where [[a = b]] = f i 2
I j ai = b i g denotes the set of coordinates where a and b are equal. The ultra-
product

Q
U A i = h

Q
U A i ;

Q
U B i ; O; R; ²i satis¯es (2){(5), sincethesesentencesare

¯rst-order and assumedto hold in each coordinate, hencethe ultrapro duct corre-
sponds to a topological algebra. The topology on

Q
U A i generatedby

Q
U B i is

called the ultraproduct topology. The ultrapro duct topology can be constructed in
a di®erent way, as follows: First give the product

Q
i 2 I A i the box topology (whose

basisis
Q

i 2 I B i ). Then give the quotient set
Q

U A i the quotient topology induced
by the natural map º :

Q
i 2 I A i !

¡Q
i 2 I A i

¢
=µU : a 7! a=µU .

Lemma 14. Each of the following topological properties is expressibleby a ¯rst-
order sentence that is preserved by products.

(1) T0, T1, T2.
(2) Hj , sHj , j = 1; 2; : : :.
(3) T0 =) Ti , i = 1; 2.
(4) T0 =) Hj , T0 =) sHj , j = 1; 2; : : :.

Proof. We ¯rst show that each property Ti ; Hj , or sHj is expressibleby a factorable
sentence. First, notice that the relation \ x 2 cl(y)" is expressibleby the factorable
formula (9U 2 B )[®(U; x; y)] ^ (8U 2 B )[®(U; x; y) ) ¯ (U; x; y)] (an instance of
(F3)) where ®(U; x; y) is (x ² U) and ¯ (U; x; y) is (y ² U) (instancesof (F1)).

T0 is expressedby the factorable sentence

(9x; y 2 A)[®(x; y)] ^ (8x; y 2 A)[®(x; y) =) ¯ (x; y)]

where ®(x; y) is the factorable formula (x 2 cl(y)) ^ (y 2 cl(x)), and ¯ (x; y) is
(x = y). T1 is expressedby the factorable sentence that is the sameas the one for
T0 except ®(x; y) is changedto (x 2 cl(y)).
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SinceT2 = H1, we may now turn to Hj and sHj . Hj is expressibleas

(9x; y 2 A)[®(x; y)] ^ (8x; y 2 A)[®(x; y) =) ¯ (x; y)]

where ®(x; y) is ©j (x; y) and ¯ (x; y) is (x = y). The property sHj is expressibleas

(9x; y 2 A)[®(x; y)] ^ (8x; y 2 A)[®(x; y) =) ¯ (x; y)]

where ®(x; y) is ©j (x; y) ^ ©j (y; x) and ¯ (x; y) is (x = y). This completes the
proof of parts (1) and (2) of the lemma sincefactorable sentencesare preserved by
products.

If Q and R are factorable sentences,then Q =) R is a sentencethat is preserved
by products. To seethis, supposethat each A i satis¯es Q =) R, but

Q
i 2 I A i does

not satisfy it. Then the product satis¯es Q and does not satisfy R. Since these
sentencesare factorable, every factor satis¯es Q and somefactor fails to satisfy R.
But then the factor that fails R also fails Q =) R, contrary to assumption. Thus,
it follows from what we proved above that the properties in parts (3) and (4) are
expressibleby sentencesthat are preserved by products. ¤

The previous lemma shows that if P denotesoneof the implications T0 =) Ti or
T0 =) Hj , then P is preserved by products and (since P is ¯rst-order expressible)
: P is preserved by ultrapro ducts. This leadsus to the main theorem of this section.

Theorem 15. Let P be a property of topological spaces, and let [P] be the classof
all varieties V having the property that any topological algebra in V has underlying
space satisfying property P. If P is preserved by ¯nite products, and if : P is
preserved by ultraproducts, then [P] is a class of varieties that is de¯nable by a
Maltsev condition.

Remark. Our assumptionthat P is preserved by ¯nite products includesthe preser-
vation of P by the empty product. Henceour assumption implies that P is true for
a 1-element space. Moreover, since products are unique only up to isomorphism,
the assumption that P is preserved by products of one factor is equivalent to the
assumption that P is an isomorphism invariant.

Proof. W. Taylor showed in [18] that a nonempty classK of varieties is de¯nable
by a Maltsev condition if and only if

(1) K is closedunder the formation of equivalent varieties;
(2) K is closedunder the formation of subvarieties;
(3) K is closedunder the formation of ¯nite products of varieties;
(4) if V 2 K and V is generatedby all reducts of members of W to the type of

V, then W 2 K; and
(5) if the equations§ de¯ne a variety in K of signature ¾, then there exist ¯nite

subsets§ 0 µ § and ¾0 µ ¾with § 0 de¯ning a variety in K of signature ¾0.

We apply this result to K = [P]. This classis nonempty, since our assumption
that P is preserved by ¯nite products implies that any variety of trivial algebrasis
in [P].

The underlying spaceof a topological algebra in a variety that is:

(1) equivalent to someV 2 [P],
(2) is a subvariety of someV 2 [P], or
(4) is someW whosereducts to the type of someV 2 [P] are V-algebras

9



is also the underlying spaceof a V-algebra. Thus Taylor's conditions (1), (2) and
(4) hold for [P].

If V; V0 2 [P] and A is a topological algebra in V £ V0, then according to Propo-
sition 5 of Chapter 1 of [8] there are topological algebrasB 2 V and B0 2 V0 such
that A »= B £ B0 as topological algebras. In particular, the underlying spaceof A is
the product of the underlying spacesof B and B0. Henceif P is a property that is
preserved by ¯nite products, then (1){(4) of Taylor's characterization hold for [P].

We now prove that if : P is preserved by ultrapro ducts, then property (5) of
Taylor's characterization holds for [P]. Let V 2 [P] be a variety of signature ¾that
is axiomatized by the set of equations§. De¯ne I to be the set of all pairs (¾0; § 0)
of ¯nite subsets¾0 µ ¾; § 0 µ §. For each i = (¾0; § 0) 2 I de¯ne

Ui = f (¾0
0; § 0

0) 2 I j ¾0 µ ¾0
0; § 0 µ § 0

0g:

No Ui is empty, since i 2 Ui . Since

U(¾0 ;§ 0 ) \ U(¾0
0 ;§ 0

0 ) = U(¾0 [ ¾0
0 ;§ 0 [ § 0

0 ) ;

the collection of all Ui ; i 2 I , is a ¯lter on I . Let U be an ultra¯lter extending
this ¯lter. For each i = (¾0; § 0) 2 I let Vi be the variety of signature ¾0 that is
axiomatized by § 0.

We are done if someVi 2 [P], so supposethat no Vi 2 [P]. Then for each i we
can ¯nd a topological algebra A i 2 Vi whoseunderlying spacefails to satisfy P. If
i = (¾0; § 0), then we can expand A i to a topological algebra Â i of signature ¾by
de¯ning each operation in ¾¡ ¾0 to be an arbitrary constant operation on A i of the
right arit y. Sinceconstant operations are continuous, the family Â i , i 2 I , consists
of topological algebrasof signature ¾whoseunderlying spacesfail to have property
P. Sincethe property of being a topological algebrais ¯rst-order (Sentences(2){(6)
from the beginning of the section), and sincewe have assumedthat : P is preserved
by ultrapro ducts, weget that

Q
U Â i is a topologicalalgebraof signature¾that fails

to have property P. Moreover,
Q

U Â i 2 V, as we now argue. Chooseany equation
" 2 §. Let ¾0 be the set of operation symbols that occur in " , and let § 0 = f "g.
Then (¾0; § 0) = i for somei 2 I . According to our de¯nitions, [[" ]] contains Ui 2 U,
so [[" ]] 2 U. By ÃLos's Theorem

Q
U Â i satis¯es " . Since " was arbitrary ,

Q
U Â i

satis¯es §, and therefore
Q

U Â i 2 V. As the underlying spaceof
Q

U Â i fails to
satisfy P, we conclude that V 62[P], a contradiction. The assumption that led to
this contradiction is that no Vi 2 [P]. Hence(5) is established. ¤

Corollary 16. Let P be one of the implications T0 =) Ti or T0 =) Hj . The class
[P] is de¯nable by a Maltsev condition.

Remarks. Although we have not de¯ned T2 1
2
; T3; T3 1

2
and T4 in this paper, the

reader can easily locate their de¯nitions. We leave it as an exercisefor the in-
terested reader to show that T0 =) T2 1

2
and T0 =) T3 are properties that are

preserved by products and whosenegationsare preserved by ultrapro ducts, hence
thesetopological implications correspond to Maltsev conditions.

The implication T0 =) T4 is not preserved by ¯nite products, nor is its negation
preserved by ultrapro ducts. Yet for this property P the class [P] is de¯nable by
a Maltsev condition. This is becauseany nontrivial variety contains topological
algebrasthat are T0 but not T4! (Hence[P] is the Maltsev-de¯nable classof trivial
varieties.) The reasonthat this is true is that if A 2 V is any nontrivial algebra

10



equipped with the discrete topology and A ! 2 is given the product topology, then
the ultrap ower

Q
U A ! 2 where U is a nonprincipal ultra¯lter on a countable set is

a T0 topological algebra in V that is not T4. (Seethe corollary to Theorem 8.2 of
[1] for details.)

The property T0 =) T3 1
2

is preserved by ¯nite products, but its negation is not
preserved by ultrapro ducts (see[1]). Therefore Theorem 15 doesnot apply to show
that the class[P] for this P is de¯nable by a Maltsev condition. However, it is a
classicalresult due to Pontry agin that T0 =) T3 1

2
holds for the variety of groups

(see[12]). Thus, it may be interesting to determine whether or not this implication
corresponds to a Maltsev condition. We conjecture that it does.

4. k-Permut able Varieties Satisfy T0 =) Hb k
2 c

Lemma 17. Let A be a T0 topological algebra in a k-permutable variety. Let
a;b 2 A and supposea 2 ¢ j (b), for somej ¸ 0. Then

p1+ j (b;a;a) = b = pk ¡ 1¡ j (a;a;b)

Proof. First note that A is T1, by Theorem 2. We prove the ¯rst equality. A
symmetric argument yields the secondone. The proof follows by induction on j .
The equality clearly holds for j = 0. Let j > 0, supposethe result holds for j ¡ 1
and let a 2 ¢ j (b). Suppose,by way of contradiction, that p1+ j (b;a;a) 6= b; thus

pj (b;b;a) = p1+ j (b;a;a) 2 A n f bg

By T1, A n f bg is open, so by continuit y there exist open sets V 3 b, U 3 a such
that

pj (b;V; U) µ A n f bg

Sincea 2 ¢ j (b), we can take an element c 2 U \ V \ ¢ j ¡ 1(b); thus

pj (b;c;c) 2 A n f bg

contradicting the induction hypothesis. ¤

Remark. Since¢ j (b) µ ¢ l (b) for each l · j , we have, for a 2 ¢ j (b),

p1(b;a;a) = p2(b;a;a) = ¢¢¢= p1+ j (b;a;a) = b

From this lemma, Coleman's Theorem 3 follows easily:

New proof of Theorem 3. Suppose k ¸ 3 and A is a T0 topological algebra in a
k-permutable variety V. Choose a;b 2 A with a 2 ¢ k ¡ 2(b). Since k ¡ 2 ¸ 1,
¢ k ¡ 2 µ ¢ 1, so a¢ 1 b and thus also b¢ 1 a (since ¢ 1 is symmetric, as noted after
Corollary 10). Using the ¯rst equality in Lemma 17 we get

pk ¡ 1(b;a;a) = p1+ k ¡ 2(b;a;a) = b

and using the secondequality together with b 2 ¢ 1(a) we get

pk ¡ 2(b;b;a) = pk ¡ 1¡ 1(b;b;a) = a:

Thus
a = pk ¡ 2(b;b;a) = pk ¡ 1(b;a;a) = b:

This shows that ¢ k ¡ 2 is the equality relation, so A is Hk ¡ 2. ¤

Lemma 18. Let A be an algebra in a k-permutable variety. If µ is a re°exive,
antisymmetric and compatible relation on A, then µ is the identity relation.

11



Proof. Choosea;b 2 A with a µ b. Clearly, p1(b;a;a) = b. If pi (b;a;a) = b, then

b = pi (b;a;a) µ pi (b;b;a) µ pi (b;b;b) = b

so hb;pi (b;b;a)i 2 µ \ µ[ , which is the equality relation. Hence b = pi (b;b;a) =
pi +1 (b;a;a). By induction, pi (b;a;a) = bholds for all i ¸ 1, and soa = pk (b;a;a) =
b. ¤

Combining Lemma 18 and Corollary 10, we can now easily derive the following

Theorem 19. For topological algebras in a k-permutable variety, the conditions
Hj and sHj coincide.

Proof. Just note that ¢ j is a re°exive compatible relation, Hj means ¢ j is the
identit y relation, and sHj means¢ j is antisymmetric. ¤

We can now state and prove the main theorem of this section.

Theorem 20. Let k ¸ 1. For topological algebras in a k-permutable variety,

T0 =) Hb k
2 c

Proof. Let A be a T0 topological algebrain a k-permutable variety. By the previous
theorem, it is enough to show A is sHb k

2 c. Suppose a;b 2 A with a¢ b k
2 c b and

b¢ b k
2 c a. By Lemma 17, we have

b = pb k
2 c(b;a;a) = p1+ b k

2 c(b;a;a)

and
a = pk ¡ 1¡b k

2 c(b;b;a)

Thus, by the Hagemann-Mitschke identities,

a = pk ¡ 1¡b k
2 c(b;b;a) = pk ¡b k

2 c(b;a;a) = pd k
2 e(b;a;a) = b

since dk
2 e is equal to either bk

2 c or 1 + bk
2 c (depending on whether k is even or

odd). ¤

We cannot improve the subscript in Theorem 20 sincewe have:

Theorem 21. For each k ¸ 2, there exists a k-permutable variety containing a
topological algebra which satis¯es Hb k

2 c but not Hb k
2 c¡ 1.

The proof of this theorem will occupy the next section.

5. Not All k-Permut able Varieties Satisfy T0 =) Hb k
2 c¡ 1

De¯nition 22. For each k ¸ 2, Pk denotesthe variety de¯ned with k + 1 ternary
fundamental operations p0; : : : ; pk obeying the identities of Theorem 4.

From Theorem 4 we have that Pk is k-permutable.
It is sometimesconvenient to allow for extra operations pj with j > k: we will

do so,with the assumption that such operations always act as the third projection;
we also allow for pj with j < 0, these always acting as the ¯rst projection. Note
that with theseconventions the identities pj (x; x; z) = pj +1 (x; z; z) still hold for all
j and each Pk may be construed as the subvariety of Pk+1 de¯ned by the extra
identit y pk (x; y; z) ¼ z.

We needa few relatively easysyntactic facts about Pk . We do not o®erdetailed
proofs here, as these can be derived from knowledge about the word problem for
Pk , which is easily solvable.

12



Lemma 23. Let k ¸ 2, let X be a set and let F be a Pk -algebra, freely generated
by X . Let x 2 X . Then

(i) pi (a;b;c) = x if and only if one of the following conditions holds:
a) i · 0 and a = x;
b) i = 1, b = c and a = x;
c) 1 < i < k ¡ 1 and a = b = c = x;
d) i = k ¡ 1, a = b and c = x;
e) i ¸ k and c = x.

(ii) F n f x g is a subuniverseof F .

Sketchof proof. (i) can be derived from the study of the word problem for Pk (see,
for example, [3] or [16]). (ii) follows immediately from (i). ¤

We will need the following result of Taylor [19], which is an application of a
previous result of ¶Swierczkowski [17]:

Lemma 24. Let (X ; d) be a metric space and V be a nontrivial variety. There
exists a metric d̂ on F = FV (X ), extending d and such that the V-operations are
continuous with respect to d̂ (This d̂ is called the ¶Swierczkowski metric on F ).

To prove Theorem 21, we will make use of the following construction, which is
also present in [4] (although our de¯nition is slightly di®erent | see[4, De¯nition
2.3 (1)b]).

De¯nition 25. Let A and B be topological spaces,and let b 2 B , such that f bg
is closedin B . We denote by A Ã b B the spacewith underlying set A

:
[ (B n f bg)

and such that a subsetU µ A Ã b B is open if and only if:

a) U \ A is A-open;
b) U \ B is B -open;
c) if U \ A 6= ; , then (U \ B ) [ f bg is B -open.

The following lemma is implicit in [4], although it is proved there only for a
particular case.

Lemma 26. Let k ¸ 1. Suppose A is a topological space which satis¯es Hk , but
not Hk ¡ 1. SupposeB is Hausdor®,and b 2 B is such that f bg is not open. Then
A Ã b B satis¯es Hk+1 , but not Hk . The sameholds if we replace each Hj by sHj .

Proof. SupposeA and B satisfy the hypothesesof the Lemmaand let X := A Ã b B .
For each j ¸ 0, let ¢ A

j denote ¢ j as calculated on the spaceA. Consider any
x 2 X . If x 2 B n f bg, then we have ¢ 1(x) = f x g and thus, as k + 1 ¸ 1,
also ¢ k+1 (x) = f x g. If x 2 A, then ¢ 1(x) = A = ¢ A

0 (x), from which we easily
obtain ¢ j +1 (x) = ¢ A

j (x) for all j ¸ 0. Thus, since A is Hk , ¢ k+1 (x) = f x g for
all x 2 A, so X is Hk+1 . Also, as A is not Hk ¡ 1, there exists x 2 A µ X such that
¢ k (x) = ¢ A

k¡ 1(x) 6= f x g, so X is not Hk . ¤

This lemma will be instrumental in our construction. We will useit to prove the
next lemma, from which Theorem 21 easily follows.

Lemma 27. Let j ; k ¸ 1, and suppose there exists a topological algebra in Pk ,
which satis¯es Hj , but not Hj ¡ 1. Then there exists a topological algebra in Pk+2

which satis¯es Hj +1 but not Hj .
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Proof. Let A be a topological Pk -algebra which satis¯es Hj but not Hj ¡ 1. Let
B = FP k +2 (R) be endowed with the topology induced by the ¶Swierczkowski metric,
and let b = 0 2 B . It is easyto seethat the hypothesesof Lemma 26 are satis¯ed,
and thus that X := A Ã 0 B becomesa topological spacewhich satis¯es H j +1 but
not Hj . To complete the proof of the lemma, we will presently de¯ne operations
p0; : : : ; pk+2 on X , and show them to be continuousand obey the identities of Pk+2 .
We will denoteby pA

i , pB
j the operations de¯ned in A and B. We de¯ne Á : X ! B

by

Á(x) =

(
0 if x 2 A
x if x 2 B

and let p0(x; y; z) = x, pk+2 (x; y; z) = z, and

p1(x; y; z) =

8
><

>:

x if x; y; z 2 A
x if x 2 A; y = z 2 B
pB

1 (Á(x); Á(y); Á(z)) otherwise

pk+1 (x; y; z) =

8
><

>:

z if x; y; z 2 A
z if z 2 A; x = y 2 B
pB

k+1 (Á(x); Á(y); Á(z)) otherwise

and, for 1 < i < k + 1,

pi (x; y; z) =

(
pA

i ¡ 1(x; y; z) if x; y; z 2 A
pB

i (Á(x); Á(y); Á(z)) otherwise

Although 0 appearsin the de¯nition of theseoperations, the readercan check, using
lemma 23, that the above de¯nitions never produce0 asthe value of pi (x; y; z), and
thus that the above do indeed de¯ne operations on X . To complete the proof of
the lemma, we will establish the following two claims.

Claim 28. The operations p0; : : : ; pk+2 de¯ned on X satisfy the identities for Pk+2 .

Claim 29. The operations p0; : : : ; pk+2 de¯ned on X are continuous.

¤

Proof of Claim 28. ² p1(x; z; z) = x: if x 2 A, this follows from one of the
¯rst two clauses,depending on whether z 2 A or z 2 B ; if x 2 B , then
x = Á(x) and the equality follows from the third clauseby the identities of
B.

² pk+1 (x; x; z) = z: this is entirely analogousto the previous identit y.
² pi (x; x; z) = pi +1 (x; z; z): again, this is clear in casex and z both belong

to A or to B ; in the other two possiblecases,we always have

pi (x; x; z) = pB
i (Á(x); Á(x); Á(z)) = pB

i +1 (Á(x); Á(z); Á(z)) = pi +1 (x; z; z)

¤

Proof of Claim 29. Wewill adhereto the following notations throughout this proof:
for an (X -)open set U, we will let UA denote U \ A, UB denote U \ B and U0

B
denote UB [ f 0g.

² p0 and pk+2 are continuous.
14



² p1 is continuous: suppose¯rst that x1; x2; x3 2 A; let U be open such that
x1 = p1(x1; x2; x3) 2 U. Choose A-open sets A i 3 x i and B -open sets
B 0

i 3 0 such that

A1 µ UA

pB
1 (B 0

1; B 0
2; B 0

3) µ U0
B

De¯ne B i := B 0
i nf 0g; note that since0 is oneof the free generatorsof the

free algebra B , it follows from Lemma 23 that

pB
1 (B1; B2; B3) µ UB

De¯ne Ui := A i [ B i . Then p1(U1; U2; U3) µ U. Thus p1 is continuous on
A3.
Next, supposex1 2 A, x2 = x3 2 B and U is open such that

x1 = p1(x1; x2; x3) 2 U

Take A1 := UA and choose B -open sets B 0
i such that 0 2 B 0

1, x2 =
x3 2 B 0

2; B 0
3 and pB

1 (B 0
1; B 0

2; B 0
3) µ U0

B (we're just using the continuit y
of pB

1 at (0; x2; x3)). Letting B i := B 0
i n f 0g, it follows as above that

pB
1 (B1; B2; B3) µ UB . Letting U1 := A1 [ B1, U2 := B2, U3 := B3 we have

p1(U1; U2; U3) µ U. Finally, we prove continuit y at thosetriples wherep1 is
de¯ned by the third clause.Takesuch x1; x2; x3 2 X and an opensetU such
that p1(x1; x2; x3) = pB

1 (Á(x1); Á(x2); Á(x3)) µ U. By continuit y of pB
1 , we

can chooseB -open setsB 0
i 3 Á(x i ) such that pB

1 (B 0
1; B 0

2; B 0
3) µ UB . SinceB

is Hausdor®,we may as well require that B 0
i \ B 0

j = ; when Á(x i ) 6= Á(x j ).
For each i , let B i := B 0

i n f 0g and, in casex i 2 A, choosean A-open set
A i 3 x i ; then let

Ui :=

(
A i [ B i if x i 2 A
B i if x i 2 B

From our assumptions,it is not hard to check that in evaluating p1(U1; U2; U3)
the third clauseof the de¯nition is always usedand that p1(U1; U2; U3) µ U,
as required. Thus p1 is continuous.

² pk+1 is continuous: this follows from an entirely analogousargument.
² pj is continuous for each 1 < j < k + 1: ¯rst supposex1; x2; x3 2 A, U is

open and pj (x1; x2; x3) = pA
j ¡ 1(x1; x2; x3) 2 U. ChooseA-open setsA i 3 x i

and B -open setsB 0
i 3 0 such that

pA
j ¡ 1(A1; A2; A3) µ UA

pB
j (B 0

1; B 0
2; B 0

3) µ U0
B

Again, let B i := B 0
i n f 0g; let Ui := A i [ B i . Then pj (U1; U2; U3) µ U.

Next, we consider those triples (x1; x2; x3) for which pj is de¯ned by the
secondclause. Let U be open and

pj (x1; x2; x3) = pB
j (Á(x1); Á(x2); Á(x3)) 2 U

As before, chooseopen sets B 0
i 3 Á(x i ), let B i := B 0

i n f 0g and, in case
x i 2 A, also choosean A-open set A i 3 x i . Let

Ui :=

(
A i [ B i if x i 2 A
B i if x i 2 B
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Then pj (U1; U2; U3) µ U. Thus pj is continuous.

¤

Proof of Theorem 21. There certainly exist 1-stepHausdor®algebrasin P2 and P3

whosebaseset has more than one point: take, for example the real numbers with
the usual topology and p1(x; y; z) := x ¡ y + z, p2(x; y; z) := z. Such algebras
therefore satisfy H1 but not H0. The theorem now follows from Lemma 27 by
induction. ¤

6. Congr uence Modular, k-Permut able Varieties Satisfy T0 =) T2

Theorem 30. For topological algebras in a congruence modular, k-permutable va-
riety,

T0 =) T2

Proof. We prove the theorem by contradiction. Assumethat A 2 V is a T0 topolog-
ical algebra that is not T2. According to Theorem 20 there is somej > 1 such that
A is Hj but not Hj ¡ 1. For this value of j we have that ¢ j is the equality relation
on A, but ¢ j ¡ 1 is di®erent from equality. If µ = ¢ j ¡ 1 \ ¢ [

j ¡ 1, then Lemma 18
ensuresthat µ is not the equality relation. Choosedistinct a;b 2 A such that a µ b.
Then (a;b); (b;a) 2 ¢ j ¡ 1.

Let q0; : : : ; qn ¡ 1; p be terms satisfying the conditions of Theorem 6. Without loss
of generality, we may assumen is even (otherwise we could add qn := qn ¡ 1). Con-
sider the sequenceof elements: q1(a;a;b), q1(a;b;b), q2(a;b;b), q2(a;a;b), q3(a;a;b),
q3(a;b;b), . . . , qn ¡ 1(a;a;b), qn ¡ 1(a;b;b), p(a;b;b), p(a;a;b). According to Theo-
rem 6, the ¯rst element of this sequenceis a and the last element of the sequence
is b. Moreover, the last element of the form qi (¡ ; ¡ ; ¡ ) equalsthe ¯rst element of
the form qi +1 (¡ ; ¡ ; ¡ ), and qn ¡ 1(a;b;b) = p(a;b;b). Thus, sincea 6= b, one of the
following casesmust occur:

(a) a = qi (a;a;b) 6= qi (a;b;b) for someodd i ;
(b) a = qi (a;b;b) 6= qi (a;a;b) for someeven i ; or
(c) a = p(a;b;b) 6= p(a;a;b) = b.

We will explain why each of thesecasesleadsto a contradiction.
Assumethat we are in Case(a): a = qi (a;a;b) 6= qi (a;b;b) = q. Since ¢ j ¡ 1 is

a compatible re°exive relation containing (b;a), it contains qi ((a;a); (b;a); (b;b)) =
(q; a), soq 2 ¢ j ¡ 1(a) µ ¢ 1(a). Thereforeevery opensetcontaining q hasnonempty
intersection with every open set containing a. But becauseq 62¢ j (a) = f ag we can
¯nd open setsU and V such that a 2 U; q 2 V , and

U \ V \ ¢ j ¡ 1(a) = ; :

Sinceqi (a;a;b) = a 2 U and qi (a; x; b) is continuousthere is an open set U0 contain-
ing a such that qi (a;U0; b) µ U. Similarly, sinceqi (a;b;b) = q 2 V and qi (a; x; b) is
continuous, there is an open set V 0 containing b such that qi (a;V 0; b) µ V . Since
a ¢ 1 b there must exist c 2 U0\ V 0. For this c we have qi (a; c;b) 2 U \ V . According
to the last displayed line this forces qi (a; c;b) 62¢ j ¡ 1(a). But this is impossible,
sinceqi (a; c;b) ¢ j ¡ 1 qi (a; c;a) = a. This contradiction shows that Case(a) cannot
occur.

The argument for Case (b) is essentially the same as Case (a), since both
(a;b); (b;a) 2 ¢ j ¡ 1.
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In Case(c) we have a = p(a;b;b) and p(a;a;b) = b. According to Theorem 6
the latter equation can be strengthened to p(x; x; y) ¼ y. Now, sinceU = A n f bg
is open, the fact that p(a;b;b) = a 6= b implies that we can ¯nd open setsU an V
containing a and b respectively such that p(U; V; V ) µ A n f bg. Sincea ¢ 1 b there
exists c 2 U \ V , and for this element we have b = p(c;c;b) 2 p(U; V; V ) µ A n f bg,
which is the contradiction we needfor Case(c). ¤

Corollary 31. [5, Theorem4.4] If V is a weakly regular variety, then the topological
algebras in V satisfy T0 =) T2.

Proof. Weakly regular varieties are congruencemodular and k-permutable for some
k. (Refer to [5] for the de¯nition of weakly regular and for Coleman'sproof of this
result.) ¤

We now prove a result that may be viewed as a partial converseto Theorem 30.

Theorem 32. Let " be a lattice identity and let k ¸ 2 be a ¯xed integer. If it
is true that all topological algebras in congruence-" , k-permutable varieties satisfy
T0 =) T2, then either

(1) every congruence-" variety is congruence modular, or
(2) every k-permutable variety is congruence modular.

In other words, this theorem assertsthat if the implication T0 =) T2 can be
characterized by congruenceidentities and k-permutabilit y for some k, then the
characterization is the one suggestedby Theorem 30.

Proof. Assumethat the theorem statement is false,and that its falsity is witnessed
by some¯xed integer k and some¯xed lattice identit y " . The falsity of the theorem
implies that there is somenonmodular, k-permutable, congruence-" variety. Since
this nonmodular variety is k-permutable, it must be that k ¸ 4. Now, sincePolin's
variety [15] is k-permutable for all k ¸ 4, and satis¯es every congruenceidentit y
that fails to entail modularit y (see [7]), the falsity of this theorem would force
topological algebrasin Polin's variety satisfy T0 =) T2. But they do not, as we
now show.

First, recall from [7] that a typical algebra P(S; A) in Polin's variety may be
speci¯ed in terms of an \external" BooleanalgebraA , a family of \in ternal" Boolean
algebrasS(a) (a 2 A), and for each pair of elements a;b 2 A with a ¸ b a Boolean
algebra homomorphism »a

b : S(a) ! S(b) satisfying

(i) »b
c ± »a

b = »a
c if a ¸ b ¸ c, and

(ii) »a
a = idS(a) .

The universeof P(S; A) = hP; ^ ; 0; + ; 1i is

P =
[

a2 A

f ag £ S(a)

and the operations are de¯ned by:

(i) (a;u) ^ (b;v) = (a ^ b;»a
a^ b(u) ^ »b

a^ b(v)),
(ii) (a; u)0 = (a;u0),
(iii) (a; u)+ = (a0; 1),
(iv) 1P = (1A ; 1S(1 A ) ),
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where the right hand sidesare computed using the operations of the internal and
external Boolean algebras.

In this proof we will work only with the algebra P = P(S; A) where A is an
arbitrary but ¯xed in¯nite Boolean algebra, S(a) is the 1-element Boolean algebra
for all a < 1, S(1) is the 2-element Boolean algebra, and »a

b is constant whenever
a 6= b. P is subdirectly irreducible, the smallest nonzerocongruence¹ on P is the
equivalencerelation generatedby h(1; 0); (1; 1)i , and P=¹ is de¯nitionally equivalent
to the Boolean algebra A .

P=¹ hasa natural Hausdor®topology, which makesit into a topological algebra.
We can describe this topology as follows: since P=¹ is de¯nitionally equivalent
to a Boolean algebra it can be embedded in 2X where X is the Stone spaceof
P=¹ . We can give 2 the discrete topology, 2X the product topology, and P=¹ the
induced topology. We can now make P a topological algebra using the natural
homomorphism º : P ! P=¹ , by letting each º ¡ 1(U) be open in P if U is open in
P=¹ . (For an alternate description of the sametopology on P, take as a basis of
open setsall classesof congruencesof ¯nite index on P.)

The topology we have de¯ned on P is not T0, sincecl((1; 0)) = S(1) = cl((1; 1)).
Hencewe re¯ne the topology by adding two new subbasiselements: U = P nf (1; 0)g
and V = P n f (1; 1)g. The open setsof the new topology, ¿, are the sameas those
of the original topology, except that deleting either (1; 0) or (1; 1) from an open set
leaves it open.

We leave the veri¯cation of the following facts to the reader.

(a) hP; ¿i is T0. (In fact, this spaceis naturally homeomorphic to f 0; 1g Ã 1

P=¹ wheref 0; 1g is the 2-element discretespaceand P=¹ hasthe Hausdor®
topology described above. HencehP; ¿i is even H2.)

(b) P is a topological algebra. (It su±ces to check that if f is one of the basic
operations, and f (c;d) 2 U or f (c;d) 2 V , then there exist open C; D with
c 2 C; d 2 D and f (C; D) µ U or V .)

(c) (1; 0) ¢ 1 (1; 1).

Once the reader completesthese veri¯cations he will seethat Polin's variety fails
the implication T0 =) T2. (It even fails the weaker implication H2 =) T2.) ¤

De¯nition 33. [2] For each k ¸ 2, let Wk be the variety with ternary operations
d1; d2; d;p1; : : : ; pk ¡ 1 satisfying the following equations:

x ¼ d1(x; y; y)

d1(x; x; y) ¼ d2(x; x; y)

d2(x; y; x) ¼ x

d2(x; y; y) ¼ d(x; y; y)

d(x; x; y) ¼ y

x ¼ p1(x; y; y)

p1(x; x; y) ¼ p2(x; y; y)

...

pk ¡ 2(x; x; y) ¼ pk ¡ 1(x; y; y)

pk ¡ 1(x; x; y) ¼ y

Bentz [2] showed that all Wk satisfy T0 =) T2. Since W2 and W3 are 2- and
3-permutable respectively, they are modular. The terms d1; d2; d \almost" sat-
isfy the conditions for congruencemodularit y given by Theorem 6 (the identit y
\ d1(x; y; x) ¼ x" is missing). Bentz asked whether or not there is a large value of
k such that Wk provides an exampleof a nonmodular variety satisfying T0 =) T2.
We answer this question in the negative; all Wk are modular. (Hence Theorem 30
provides a secondproof that thesevarieties satisfy T0 =) T2.)
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Theorem 34. For each k ¸ 2, Wk is congruence modular.

Proof. De¯ne the following terms in Wk :

m0(x; y; z; w) := x

m1(x; y; z; w) := x

m2(x; y; z; w) := d1(x; d2(x; z; y); d(x; y; z))

m3(x; y; z; w) := d2(x; y; w)

m4(x; y; z; w) := d2(x; z; w)

m5(x; y; z; w) := d(y; z; w)

m6(x; y; z; w) := w

These terms satisfy the identities of Theorem 5. We check that m2(x; x; w; w) ¼
m3(x; x; w; w) holds. The other required identities can be just as easily veri¯ed.

m2(x; x; w; w) = d1(x; d2(x; w; x); d(x; x; w))

= d1(x; x; w)

= d2(x; x; w)

= m3(x; x; w; w)

¤

7. Concluding Remarks

The following diagram describes the relations among the separation conditions
discussedin this paper.

T2 , H1 ) H2 ) : : : ) Hj ) : : :
m + +

sH1 ) sH2 ) : : : ) sHj ) : : : ) T1 ) T0

The only implications that needto be justi¯ed are thoseof the form sHj =) T1.
For theseimplications, note that

(i) (sHj =) T0): If a 6= b either ¢ j (a) is a closedset containing a and not b
or ¢ j (b) is a closedset containing b and not a.

(ii) (T0 ^ : T1 =) : sHj ): A T0 spaceX that fails to be T1 has a subspace
f a;bg with induced topology f ; ; f ag; f a;bgg. For thesea and b we have
a¢ j b and b¢ j a for all j , thus X fails to satisfy sHj for any j .

For topological algebrasin somek-permutable variety, all vertical arrows may be
reversed(Theorem 19), ascanall but a ¯nite number of horizontal arrows (Theorem
20). And for varieties that are k-permutable and modular, then all theseconditions
are equivalent, by Theorem 30.

For topological spacesin general, the situation is quite di®erent. In fact, none
of the unidirectional arrows in the above diagram can be reversed. In view of the
remarks after De¯nition 12, we need only show that sHj does not imply Hj for
j ¸ 2. Take X := R [ f pg, for somep =2 R. Topologize X in the following way:
the open subsetsnot containing p are just the usual open sets in R; the open sets
containing p are those which are co¯nite. Then it is not hard to check that X
satis¯es sHj for each j ¸ 2, but doesnot satisfy Hj , for any j .
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