HA USDORFF PROPER TIES OF TOPOLOGICAL ALGEBRAS

KEITH KEARNES AND LUTs SEQUEIRA

Abstra ct. Let P be a property of topological spaces. Let [P] be the class
of all varieties V having the property that any topological algebra in V has
underlying space satisfying property P. We show that if P is preserved by
“nite products, and if : P is preserved by ultrapro ducts, then [P] is a class of
varieties that is de nable by a Maltsev condition.

The property that all To top ological algebrasin V are j -step Hausdor® (H; )
is preserved by nite products, and its negation is preserved by ultrapro ducts.
We partially characterize the Maltsev condition asscciated to To ) Hj by
showing that this top ological implication holds in every (2j + 1)-permutable
variety, but not in every (2] + 2)-permutable variety.

Finally , we show that the top ological implication To ) T2 holds in every
k-permutable, congruence modular variety.

1. Intr oduction

A topological spaceX is Ty if whenewer a and b are distinct points of X there is
a closedsubsetof X cortaining one of the points that doesnot contain the other.
X is Ty if for each a 2 X the singleton set fag is closed. X is T,, or Hausdor®
{f for eath a 2 X the intersection of the closuresof the neighborhoods of a is

cl(N) = fag. The implications T, =) T; and Ty =) Ty follow immediately
from these (nonstandard) de nitions: if X is T, then ead singleton set f ag is the
intersection of closedsets, henceis closed(so T, =) Ty); if X is T, and a;b2 X
are distinct then f ag is a closedset containing one of the points and not containing
the other (so T; =) Tp). This paper is one of a seriesof papers concernedwith
determining when the converse implications (and related implications) hold for
topological algebras.

The signi cance of investigationsof this type residesin the following obsenation:
the classof all topological algebrasin any variety is determined by its To members.
That is, if A is a topological algebrain V, and

p=f(a;bh 2 A£ Aja2clb) & b2 cl(a)g;

then pis a congruenceon A, A=pendaved with the quotient topology is a T topo-
logical algebrain V, and the topology on A consistsof the setsof the form i 1(U)
where U is openin A=pand ° is the natural homomorphismfrom A to A= (See
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[5] for details.) Thus, the Ty topological algebrasin a variety are of fundamertal in-
terest, and it seemdamportant to understand when they satisfy stronger topological
properties.

It is a classicalresult that any Ty topological group is T,. W. Taylor extended
this result with the following theorem.

Theorem 1. [19] If V is congruenc permutable, then any topological algeba in V
satis es
To=) Ta

H. P. Gumm then generalizedTaylor's result with:

Theorem 2. [10]
(1) If V is k-permutable, then any topological algeba in V satis es

To=) Ti:
(2) If V is 3-permutable, then any topological algeba in V satis es
To=) Ta:

Gumm's results were sharpenedin J. P. Coleman's papers [4, 5]. Among other
things, Colemanprovedthe corverseof the “rst claim in Theorem 2 thereby showing
that the implication To =) T, for all topological algebrasin a variety is equivalent
to k-permutable for somek.

In this paper we shaw that if P is atopological property that is presened by "nite
products and whosenegation is presened by ultrapro ducts, then the satisfaction of
P by all topological algebrasin a variety is characterizable by a Maltsev condition.
This result appliesto either of the properties To =) Ti or Tp =) To.

In order to understand the topological consequence®f k-permutability for a
“xed k, Colemande ned new separation conditions called j -step Hausdor®nesgor
ea j , 1 (H; for short). The relative strengths of the T; conditions and the H;
conditions are indicated by

To(=Te(=¢¢(=Hs(=Hs(=Ha(=Hy () Ty
where none of the unidirectional arrows are reversible. Coleman showved

Theorem 3. [4, Theorem 3.2] If k , 3, then for every topological algeba in a
k-permutable variety,
To =) Hyg2

Coleman also shawed that, in a sense,Theorem 3 is sharp for k = 4. Speci cally,
he shawved that T, topological algebrasin 4-permutable varieties must be H, but
there exist Ty topological algebrasin 4-permutable varieties that are not H1. While
this does not characterize the Maltsev condition for To =) H; for any j, it does
completely determine the relationship between these Maltsev conditions and the
Maltsev condition for 4-permutabilit y. The question of whether Theorem 3 is sharp
in this sensefor larger valuesof k was left open.

We intro duce symmetrized versionsof Coleman'sH; conditions, which we label
sH;. Although ead sH;, j > 1, is strictly weaker than the corresponding H; for
topological spaces,we show that for topological algebrasin k-permutable varieties
H; () sH; for eadj and k (Theorem 19). We usethe symmetrized conditions to
provethat Ty =) Hb%c for topological algebrasin k-permutable varieties (Theorem
20). This result improves Coleman'stheorem and is the best possibleresult of this
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type, for we also construct, for eat k > 1, a topological algebrain a k-permutable
variety that satis es Hyx . but not Hy«, ; (Theorem 21).

Coleman made an interesting suggestionregarding the implication To =) To.
Certainly To =) T, is stronger than To =) T;, and the latter implication is
equivalent to k-permutabilit y for somek, soit is natural to wonder what condition
together with k-permutabilit y for somek characterizesTg =) T,. Coleman sug-
gestedthat \a reasonableconjecture is that congruencemodularity together with
n-permutabilit y is necessaryand/or suzcient for Tog =) T, to hold." Two par-
tial results regarding this suggestionappear in the paper [2] by W. Bentz. Bentz
proved that the implication To =) T, holdsin any k-permutable variety that has
a majority term. Then Bentz introduced, for eah k , 2, a k-permutable variety
Wy for which he could prove Top =) T, but could not prove modularity. Bentz
raisedthe question of whether his Wy 's were counterexamplesto the necessiy part
of Coleman'’s conjecture.

In this paper we prove that To =) T, holds in any modular, k-permutable
variety. Then we prove that Bentz's Wy's are indeed modular. We leave open the
question of whether modularity is necessaryfor the implication To =) T, although
we do point out that Polin's variety fails to satisfy To =) T, and this variety is
consideredby someto be \barely nonmodular"”.

2. Preliminaries

We assumethe readeris familiar with the basicsof universalalgebraand general
topology. A topological algeba is a structure A = hA;¢; Oi, where hA; Oi is an
algebraand ¢, is a topology on A, sud that ead fundamental operation F; 2 O is
continuous with regard to the product topology on eat power of A.

By de nition, a variety V is congruen® k-permutable if whenewer A 2 V and ®
and ~ are congruenceon A, then the k-fold alternating compositions ®+  +®z=¢¢¢
and +®z =+ ¢¢¢ are equal. This de nition will play absolutely no role in this
paper. Rather, we will work with the Hagemann-Mitschke terms characterizing this
property:

Theorem 4. [11] A variety V is k-permutable if and only if there exist ternary

V-terms po;:::;p«k suchthat the following are identities of V:
Po(X; Y;2) ¥aX
Pi(X;X;2) Yapi+1 (X;2;2) for 0+ i - ki 1

pc(X;y;2) Yaz

By de nition, avariety V is congruen@ modular if all algebrasin V have modular
congruencelattices. This de nition also plays no role in this paper. We will work
only with the Day terms and the Gumm terms, which ead characterize modularit y:

Theorem 5. [6] A variety V is modular if and only if there exist quaternary V-

Mo(X; Y; Z; W) ¥4 X

m; (X; X; W; W) Yami.g (X; x;w;w) O0- i< n; ieven
m;i (X; Y;Y; W) Yamig (X Y;y;w) O i< n; i odd
Mn (X y;Z, W) Yaw



Theorem 6. [9] A variety V is modular if and only if there exist ternary V-terms

(X Y;2) Yax
G (X y; X) Yax for all i
GOGXY) Yagar (X;XY) O- i<nj 1 ieven
G(XGY;y) Yag+ (Xy;y) O- i<nj 1 iodd
Ghi 1(X;Y5Y) Yap(X; y;y)
p(X; X;y) ¥ay
Our interest in the properties of k-permutabilit y and modularity is limited to

the fact that the existenceof contin uous operations satisfying the identities of any
of the last three theoremsrestricts the topology of a topological algebra.

Now we turn from algebraic preliminaries to topological preliminaries. Recall
from the Introduction that a spaceX is Hausdor®,or T, if for each a 2 X the
intersection of the closuresof the neighborhoods of a is fag. This de nition of T,
suggeststhe following generalization.

De nition 7. Supposethat A is a topological space. For each a2 A and n < !
de ne ¢ ,(a) recursively by

¢o(a) = A
¢ (@)= fbj8openU;V with a2 U;b2V; U\ V\ ¢,(a)6 ;g

This de nition implies that ¢ ;(a) is the intersection of the closuresof the neigh-
borhoods of a. Thus ¢ ;(a) is a closedsubspaceof A cortaining a. Each ¢ 41 () is
the intersection of the closuresof neighborhoods of a in the subspacet¢ ,, (a) under
the relative topology. In particular, ¢ ,(a) is closedin A for all a and n. We say
that a point a 2 A is j-step Hausdor® if ¢j(a) = fag. We say that a spaceis
j -step Hausdor® or H;, if ead of its points is j -step Hausdor®. Clearly, a spaceis
H; if and only if it is Hausdor®sinceboth properties say exactly that ¢ ;(a) = fag
for all a2 A. Sinceead ¢ ,(a) is closed,and sinceH; assertsthat ¢ ;(a) = fag for
all a2 A, it follows that H; =) T;. Coleman proved in [4] that all the conditions
H; are distinct and strictly stronger than T;.

Colemande ned the conceptof j -step Hausdor®nesdn terms of the complemert
in(@=Anct,(a). Wepreferto work with ¢ ,(a) instead of j ,(a) becauseof the
usefulnessof the following extension of the notation.

De nition 8. Foreach n, O, let the symbol ¢ , denotethe binary relation de ned
by
at,b:() a2¢,(b
The usefulnessof switching from j , to ¢ , is clear from the next result.

Lemma 9. Let A be a topological space. For eachk , 0, ¢ is a re°exive binary
relation on A that is compatible with every continuous mapf : A" ! A, forn, 0.

Proof. The re®exivity is clear. We will prove compatibility by induction on k, the
result being clear for k = 0 (¢ o is the universal relation on A). So, supposethe
result true of k, let f : A"! A,and,for1- i- n,leta;b 2 A with a ¢ «+1 b.
We have to show that
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Thus, let U, V be open setssudc that

By cortinuity, we can nd open setsA;, B; suc that a; 2 A;, i 2 B; for each i,
1-i- n,and

Sincea; ¢ «+1 by, we can pick
G 2A\ B\ ¢y(b)

so we have

as desired. o

Corollary 10. If A is atopological algebm, ¢ i is a re°exive and compatible binary
relation on A, for everyk , O.

The relation ¢ ¢ need not be symmetric, except of coursewhen k = 0 (since
¢ o= A£ A)andwhenk = 1 (since ¢ ; is the closureof the diagonal of A £ A).

We will henceforth adopt the following equivalent de nition of j -step Hausdor®-
ness.

De nition  11. Let A be a topological space. For eadj , 0, we will say that A
is j -step Hausdor® or H;, if the following condition holds for all a;b2 A:

atjb=) a=b (H;)
In other words, H; is the assertionthat ¢ ; is the equality relation.

We introduce a new family of separation conditions related to the H;'s.

De nition 12. Let A be a topological space.For every j , 0, we will say that A
is j -step Hausdor®up to symmetry, or sH;, if the following condition holds for all
a;b2 A:

a¢t;b ~ b¢tja=) a=b (sH;)
Thus sH; assertsthat ¢ ; is antisymmetric.

Remark. All sH; conditions are distinct: Coleman's examplesof spaceswhich are
H; but not H;; 1 ([4, Theorem2.4]) alsosatisfy sH; but not sH;; 1. Wewill preserily
give a construction, generalizing Coleman's, which yields many more examples.
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3. Topological  Pr oper ties Definable by Mal tsev Conditions

This section, which proves the result mentioned in the “rst paragraph of the
abstract, can be read independertly of the rest of the paper.

For the purposesof this section only, we considertopological algebrasto be 2-
sorted “rst-order structures A = bA;B;O;R;2i where A and B are the sorts, O
is a set of operations on A, R is a setf¢ ,gi_, of binary relations on A, and 2
is a binary relation from A to B. The sort A is intended to represen the set of
elemerns of the topological algebra, sort B is intended to represern a basisfor the
topology, the operations in O are intended to be the operations of the topological
algebra, the relations ¢ ,, 2 R are intended to be the onesde ned in the preceding
section, and 2 is intended to denote the relation of membership of elemerts of A in
elemers of B. (N.B.: actual set membershipin A or B will be indicated with 2.)

The classof all 2-sorted structures of the type that we are considering whose
symbols have their intended meaningsis a rst-order axiomatizable class. Indeed,
the following statemerts are rst-order, and they de ne the classof all topologi-
cal algebrasof a given signature, each with a speci ed basis B, with the correct
interpretation of the relation symbols.

(1) Forall U;v 2B,ifx2U () x2Vforallx2A,thenU=V.

(2) There existsa U 2 B sudc that x 2 U holds for no x 2 A.

(3) Forall U;V 2 B there existsa W 2 B suc that x 2 W if and only if x 2 U
andx 2V,

(4) For all x 2 A there existsa U 2 B such that x 2 U.

(5) Forall x3;:::;xp 2 Aandall U 2 B, if f(Xg;:::;%n) 2 U, then there exist

(6) Each symbol ¢ , interprets asthe relation from De nition 8.

Statement (1) assertsthat basiselemers U and V may be distinguished by their
\elements”; that is, by their 2-related elemens of A. Thusany U 2 B may be
identied with its subsetof 2-related elemens. Statemerts (2){(4) assertthat the
collection of subsetsof A that correspond to elemernts of B under this identi cation

conains ;, is closed under Tnite intersection, and has union equal to A. Thus
(1){(4) assertthat B is a basisfor a topology on A. Statemert (5) assertsthat
the operations of A are continuousin this topology. Statemert (6) assertsthat the
relation symbols ¢ ,, are namesfor the relations de ned in the precedingsection.

Lemma 13. Each of of the statements (1){(6) is equivalent to a rst-or der sen-
tence. Statements(2){(5) are equivalentto Horn sentenes. Statement(6) is equiv-
alentto asentene (8x;y 2 A)[y ¢ , x () ©n(X;y)] wher ©,(x;Yy) is a factorable
formula.

Proof. Recall thaf a Horn formula is a formula that in prenex form looks like
QX111 QrXk 2, where eath Qj is a quanti er and eact @ ; is a formula.
Moreover, each 2 ; has the form A; _ ¢¢¢_ A, with each A; atomic or negated
atomic and at most one A; atomic in any 2 ;. A Horn serntence is a Horn formula
that is a sertence. Q

A formula ©(x1;:::;Xm) is factorable if whenever A = ~,,, A; is a product of
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(In [13] such formulas are called multiplicative, in [14] they are called Ttering , and
in [20] they are called formulas evaluatel coordinatewise) The classof factorable
formulas hasthe following closure properties (see[20]):

(F1) Any atomic formula is factorable.

(F2) The classof factorable formulas is closedunder 8;9 and *.

(F3) If ®&X%;¥) and (X;¥) are factorable, then sois

()[&X: 9]~ (BR[&(%;¥) =) (%9

Now we write (1){(6) in “rst-order/Horn/factorable form.
[Sentence (1)] (First-order)

BU;V2B)[(8Bx2A)(x2U, x2V)]) U=V
[Sentence (2)] (Horn)
(U 2 B)(8x 2 A) [x8 U]:
[Sertence (3)] (Horn)
(BU;V 2 B)(OW 2 B)(8x 2 A) [((xBW) _ (x2U))

M(x8W) _ (x2V))
AM(x8U) _ (xBV) _ (x2W)):

[Sertence (4)] (Horn)
(Bx2 A)(9U 2 B)[(x2U)]:

[Senence (5)] (Horn) "R | 4

ALl
(8% 2 A")(8U 2 B)(9V 2 B")(8y 2 A™) a, AgE
i=1
where 2 ; is {he Horn clause[(f (X)8 U) _ (x; 2 V;)] and £ is the Horn clause
[(F 08 U) _ Ty (vi8 V) _ (F(¥) 2 L)
[Sertence (6)] ((8x;y 2 A)ly ¢, X, ©,(Xx;y)] with ©,(x;y) factorable)
We de ne ©, inductively. Let ©q(X;Yo) be [x = x]. This is factorable by (F1)
above. Now assumethat ©y(X; yx) is factorable, and let ©y+1 (X; yx+1 ) be

(U;V 2 B)[&(U; ViX; Yie1 )] M (BU;V 2 B)[®&(U; VX Yie1) =) (Ui VX, Yicer )]
where
&U; ViX; Yie1) = [(X2U) ™ (Yiea 2 V)]
and
(U Vix; vk ) = (Oyi)l(ykU) ™ (k) ™ (©k (X yk))I:
It follows from (F1), (F2) and induction that both ® and = are factorable. Since
©k+1 (X; Yk+1 ) hasthe form described in (F3) it is factorable.

To seethat ©y(x;y) de nesthe relation ¢ , from De nition 8 in any topological
algebra, note rst that the initial clause(9U;V 2 B)[®U; V;X; yn)] expandsto

(U;V 2 B)[(x 2 U) ™ (yk+1 2 V)]
which holds in every topological algebra. Thus, what needsto be veri ed induc-
tively is that (8U;V 2 B)[®U;V;X;yk+1) =)  (U;V;X; yk+1 )] is equivalert to
Vk+1 ¢ k+1 X. Expanding the formula we are considering,
(BU;V 2 B)[((x2U) " (Yiez 2V)) =) (Oy)l(Yk2U) ™ (Y2V) ™ (©w (X5 Y
we seeby inspection that this is a direct translation of De nitions 7 and 8. o
7



Sertence (1), which expresse®xterntionalit y, is not equivalert to a Horn sertence
sinceit is not presened by products. Speci cally, if A satis es Sertence (1), U;V
are distinct setsin B, and U is \empty" in the sensethat no x 2 A satisesx 2 U,
then in A£ A thesetsUE V;VE£ U 2 B £ B are di®erent becausethey are
di®erert coordinatewise. But they are both \empty". Henceextertionality is not
presened under products. Throughout this section we shall be concernedwith
topological properties that are presened by products and ultrapro ducts. Thus, we
now restrict our attention to 2-sorted structures A = bA;B; O;R;?i axiomatized
by Sentences(2){(6). Sud structures are precisely those derived from topological
algebrashA; ¢; Oi with all symbols having their intended meanings,exceptthat the
sort B denotesonly a set of namesfor the basis elemeris of the topology, and we
allow multiple namesfor any basiselemert.

Let Aj = MA;;B;;O;R;2i;i 2 I,Qbe a famil_;bof non%jnpty structureg, satisfy-
ing Sertences(2){(6). The product ~,, Ai = "5, Ai; ", Bi;O;R;2? satises
(2){(5), sincethese sertencesare Horn, hencethe product correspondsto a topo-
Bgical algebra. It is in@ediate from the well known denition that the topology on

i1 Ai generatedby ~,,, B is what is usually called the box topology. For nite
products the box topology is identical with the product topology. Sincethe topo-
logical relation ¢ , is de nable by a factorable formula, the symbol ¢ ,, interprets
asthe relation introducedin De nition 8 in a product if and only if it interprets as
that relation in ead factor.

Now Iet(b.l be an ultraTter on 1. The ultraproduct (over U) of the se&Ai 21,
is the set ™, Aj, de ned to be the quotient of the product setA = =, A; by
the equivalencerelation py = f(a;b) 2 A% j[a= b] 2 Ug wherefa = b] = fi 2
I ja = (Sig denot&sthe %St of coordinates where a and b are equal. The ultra-
product = ; A; = h™ , Aj; ~, Bi; O;R;2i satis es (2){(5), sincethesesertencesare
“rst-order and assumedto hold in eat Coordinate,(sencethe ultrapro du&t corre-
sponds to a topological algebra. The topology on ~ ; A; generatedby - B; is
called the ultraproduct topology. The ultrapro ducbtopology can be constructed in
adi®er%t way, asfollows: First give the proddct ~,,, A; the box topology (whose
basisis "5, Bi). Thencgive the quicts'ent sef A; the quotient topology induced
by the natural map® : ~;,, A;! 21 Ai SWraT! asp.

Lemma 14. Each of the following topological properties is expressibleby a rst-
order sentene that is preservel by products.

(1) TO! Tll T2-

(2) Hy, sH,j=12::.

R To=) Ti,i=12

(4) To=) Hj, To=) sH,j=12::.

Proof. We rst show that ead property T;; H;, or sH; is expressibleby a factorable
sertence. First, notice that the relation \x 2 cl(y)" is expressibleby the factorable
formula (9U 2 B)[®U;x; y)] ™ (8U 2 B)[®&U;x;y) ) ~(U;x;y)] (an instance of
(F3)) where®U; x;y) is (x 2U) and ~ (U;x;y) is (y 2 U) (instancesof (F1)).

To is expressedby the factorable sertence

(9% y 2 A)[@x; )1~ (8% y 2 A)[®(x;y) =) (X Y)]
where ®(x; y) is the factorable formula (x 2 cl(y)) * (y 2 cl(x)), and ~(x;y) is
(x = y). Ty is expressedby the factorable sertence that is the sameasthe one for
To except ®(x; y) is changedto (x 2 cl(y)).
8



SinceT, = H1, we may now turn to H; and sH;. H; is expressibleas

9%,y 2 A)®x; V)™ (Bxy 2 A)®(xy) =) (X Y)]
where ®(x; y) is ©; (x;y) and (x;y) is (x = y). The property sH; is expressibleas

(9% y 2 A)[®(x; V)1 ™ (Bx;y 2 A)[®(x;y) =) (X Y)]

where ®&(x;y) is ©;(x;y) * ©;(y;x) and ~(x;y) is (x = y). This completesthe
proof of parts (1) and (2) of the lemma sincefactorable sertencesare presened by
products.

If Q and R are factorable sertences,then Q =) Risa sertencethabis presened
by products. To seethis, supposethat ead A; satisesQ =) R, but ~,,, A; does
not satisfy it. Then the product satis es Q and does not satisfy R. Since these
sertencesare factorable, every factor satis es Q and somefactor fails to satisfy R.
But then the factor that fails R alsofails Q =) R, cortrary to assumption. Thus,
it follows from what we proved above that the properties in parts (3) and (4) are
expressibleby sertencesthat are presened by products. o

The previouslemmashawsthat if P denotesone of the implications To =) T; or
To =) H;j, then P is presened by products and (since P is rst-order expressible)
: P is presened by ultrapro ducts. This leadsusto the main theorem of this section.

Theorem 15. Let P be a property of topological spaces, and let [P] be the classof
all varieties V having the property that any topological algeba in V has underlying
space satisfying property P. If P is preservel by nite products, and if : P is
preservel by ultraproducts, then [P] is a class of varieties that is de nable by a
Maltsev condition.

Remark. Our assumptionthat P is presenedby nite products includesthe preser-
vation of P by the empty product. Henceour assumptionimplies that P is true for
a 1-elemen space. Moreover, since products are unique only up to isomorphism,
the assumptionthat P is presened by products of one factor is equivalert to the
assumptionthat P is an isomorphism invariant.

Proof. W. Taylor showed in [18] that a nonempty classK of varieties is de nable
by a Maltsev condition if and only if

(1) K is closedunder the formation of equivalent varieties;

(2) K is closedunder the formation of subvarieties;

(3) K is closedunder the formation of nite products of varieties;

(4) if V2 K and V is generatedby all reducts of members of W to the type of
V, then W 2 K; and

(5) if the equations§ de ne avariety in K of signature ¥ then there exist "nite
subsets8o 1 § and ¥ [ ¥awith 8¢ de ning a variety in K of signature %.

We apply this result to K = [P]. This classis nonempty, since our assumption
that P is presened by Tnite products implies that any variety of trivial algebrasis
in [P].

The underlying spaceof a topological algebrain a variety that is:

(1) equivalert to someV 2 [P],

(2) is a subvariety of someV 2 [P], or

(4) is someW whosereducts to the type of someV 2 [P] are V-algebras
9



is also the underlying spaceof a V-algebra. Thus Taylor's conditions (1), (2) and
(4) hold for [P].

If V;V°2 [P] and A is a topological algebrain V £ V° then accordingto Propo-
sition 5 of Chapter 1 of [8] there are topological algebrasB 2 V and B%2 V0 such
that A 2 B £ BCastopological algebas. In particular, the underlying spaceof A is
the product of the underlying spacesof B and B® Henceif P is a property that is
presened by nite products, then (1){(4) of Taylor's characterization hold for [P].

We now prove that if : P is presened by ultrapro ducts, then property (5) of
Taylor's characterization holds for [P]. Let V 2 [P] be a variety of signature ¥sthat
is axiomatized by the set of equations8. De ne | to be the setof all pairs (3%; 80)
of "nite subsets¥p U %89 1 8 Foreadi = (%;80) 2| dene

U = f(3%:80) 21 %1 %:8o 1 800
No U; is empty, sincei 2 U;. Since

Uoiso) \ Uegisg) = Unl %500 89):
the collection of all Uj;i 2 |, isa Tter onl. Let U be an ultralter extending
this "Tter. For each i = (%;80) 2 | let V; be the variety of signature % that is
axiomatized by §.

We are done if someV,; 2 [P], sosupposethat no V; 2 [P]. Then for eadh i we
can nd atopological algebraA; 2 V; whoseunderlying spacefails to satisfy P. If
i = (%:80), then we can expand A; to a topological algebra A; of signature %by
de ning ead operation in ¥; % to be an arbitrary constart operation on A; of the
right arity. Sinceconstart operations are cortinuous, the family A, i 2 |, consists
of topological algebrasof signature ¥%awhoseunderlying spacedail to have property
P. Sincethe property of being a topological algebrais rst-order (Sertences(2){(6)
from the beginning of the sec[S)n), and sincewe have assumedthat : P is presened
by ultrapro ducts, we get that K is atopologicalalgebraof signature %that fails
to have property P. Moreover, ~ A, 2 V, aswe now argue. Chooseany equation
" 2 8. Let ¥ be the set of operation symbols that occurin ", and let 8¢ = f"qg.
Then (%;8¢) = i for somei 2 | .Cs\ccording to our de nitions, ['] contains LbZ U,
so['] 2 U. By Bos's Th%)rem U A satises". Since" was arhitrary, U A
satis es §, and therefore ~ | A, 2 V. As the underlying spaceof U A fails to
satisfy P, we concludethat V 62[P], a corntradiction. The assumptionthat led to
this cortradiction is that no V; 2 [P]. Hence(5) is established. o

Corollary 16. Let P be one of the implications Tg =) T; or To =) H;. The class
[P] is de nable by a Maltsev condition.

Remarks. Although we have not de ned Tz%;Tg;T3% and T4 in this paper, the
reader can easily locate their de nitions. We leave it as an exercisefor the in-
terested reader to show that Ty =) TZ% and To =) T3 are properties that are
presened by products and whosenegationsare presened by ultrapro ducts, hence
thesetopological implications correspond to Maltsev conditions.

The implication Tg =) T4 is not preserved by nite products, nor is its negation
presened by ultrapro ducts. Yet for this property P the class[P] is de nable by
a Maltsev condition. This is becauseany nontrivial variety contains topological
algebrasthat are Ty but not T4! (Hence[P] is the Maltsev-de nable classof trivial
varieties.) The reasonthat this is true is that if A 2 V is any nontrivial algebra
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equipped with t@e discrete topology and A' 2 is given the product topology, then
the ultrapower ~ ; A'2 where U is a nonprincipal ultra’Tter on a courtable set is
a Tp topological algebrain V that is not T4. (Seethe corollary to Theorem 8.2 of
[1] for detalils.)

The property T =) Ts% is presened by "nite products, but its negation is not
presened by ultrapro ducts (see[1]). Therefore Theorem 15 doesnot apply to shov
that the class[P] for this P is de nable by a Maltsev condition. However, it is a
classicalresult due to Pontry agin that T =) T3% holds for the variety of groups
(see[12]). Thus, it may be interesting to determine whether or not this implication
correspndsto a Maltsev condition. We conjecture that it does.

4. k-Permut able Varieties Satisfy Tg =) Hbgc

Lemma 17. Let A be a Ty topological algeba in a k-permutable variety. Let
a;b2 A and supmsea 2 ¢ (b), for somej , 0. Then

p1+j (biaja) = b= py; 1; j (a;a;b)

Proof. First note that A is Ty, by Theorem 2. We prove the rst equality. A
symmetric argumert yields the secondone. The proof follows by induction onj.
The equality clearly holds for j = 0. Let j > 0, supposethe result holds for j j 1
andlet a2 ¢;(b). Suppose,by way of cortradiction, that pi+; (b;a;a) 6 b; thus

pj (b;b;a) = pi+j(b;a;a) 2 Anf bg
By Ti, A nf bg is open, so by cortinuity there exist opensetsV 3 b, U 3 a sud
that
p (b;V;U) 1 Anf bg
Sincea 2 ¢ (b), we cantake an elemert c2 U\ V\ ¢;; 1(b); thus
pj (b;c;c) 2 Anf bg
cortradicting the induction hypothesis. o

Remark. Since¢ ;(b) p ¢ (b) foreach | - j, we have, for a2 ¢ (b),
pi(b;a;a) = p2(b;a;a) = ¢¢¢= pi.j(bja;a) = b
From this lemma, Coleman's Theorem 3 follows easily:
New proof of Theorem 3. Supposek , 3 and A is a Ty topological algebrain a
k-permutable variety V. Choosea;b 2 A with a 2 ¢y; »(b). Sincekj 2, 1,

¢y 21 €4, s0a¢ bandthusalsob¢ ;a (since ¢ ; is symmetric, as noted after
Corollary 10). Using the rst equality in Lemma 17 we get

Pei 1(b;a;a) = pra; 2(bia;a) = b
and using the secondequality together with b2 ¢ 1(a) we get
Px; 2(b;bja) = py; 1; 1(bsbja) = a:
Thus
a= pg 2(b;b;a) = py; 1(b;a;a) = b:
This shavs that ¢ g; » is the equality relation, so A is Hy; 2. o
Lemma 18. Let A be an algeba in a k-permutable variety. If pis a re°exive,

antisymmetric and compatible relation on A, then p is the identity relation.
11



Proof. Choosea;b2 A with apb. Clearly, pi(b;a;a) = b. If pj(b;a;a) = b, then
b= pi(b;a;a) ppi(b;b;a) ppi(b;b;b) = b

so ho;pi(b;b;a)i 2 p\ pl, which is the equality relation. Henceb = p;(b:b;a) =

pi+1 (b;a;a). By induction, pij(b;a;a) = bholdsforalli , 1,andsoa= pk(b;a;a) =

b. o

Combining Lemma 18 and Corollary 10, we can now easily derive the following
Theorem 19. For topological algebas in a k-permutable variety, the conditions
H; and sH; coincide.

Proof. Just note that ¢; is a re°exive compatible relation, H; means¢; is the
identit y relation, and sH; means¢ ; is antisymmetric. a

We can now state and prove the main theorem of this section.
Theorem 20. Letk , 1. For topological algebas in a k-permutable variety,
To =) Hypye
Proof. Let A bea T, topological algebrain a k-permutable variety. By the previous

theorem, it is enoughto shav A is sH,.. Supposea;b 2 A with a¢ .. b and
b¢ .. a By Lemma 17, we have

b= pyxc(ba;a) = py, i (bia;a)
and
a= Py 1p kic(b;b;a-)
Thus, by the Hagemann-Mitschke identities,

a= Py 1 kc(bibid) = pp cc(bia;a) = pyee(bia;a) = b

since d§e is equal to either b&c or 1+ b&c (depending on whether k is even or
odd). o

We cannot improve the subscript in Theorem 20 sincewe have:

Theorem 21. For each k | 2, there exists a k-permutable variety containing a
topological algeba which satis es Hyx . but not Hy ¢, 5.

The proof of this theorem will occupy the next section.
5. Not Al k-Permut able Varieties Satisfy To =) Hyke g

De nition 22, For eath k , 2, P¢x denotesthe variety de ned with k + 1 ternary

From Theorem 4 we have that Py is k-permutable.

It is sometimescorveniert to allow for extra operations p; with j > k: we will
do so, with the assumptionthat sud operations always act asthe third projection;
we also allow for p; with j < 0, these always acting as the rst projection. Note
that with thesecorvertions the identities p; (x; X; z) = pj+1 (X; z; z) still hold for all
j and eath Py may be construed as the subvariety of Px+; de ned by the extra
identity py(x;y;z) Yaz.

We needa few relatively easysyntactic facts about P,. We do not o®erdetailed
proofs here, as these can be derived from knowledge about the word problem for
Py, which is easily solvable.

12



Lemma 23. Letk, 2, let X beasetandlet F be a Py-algebr, freely geneated
by X. Letx 2 X. Then

() pi(a;b;c) = x if and only if one of the following conditions holds:
a)i- Oanda= x;
b) i=1 b=canda= x;
c) 1<i<kj landa=b=c=x;
di=kj 1, a=bandc= x;
e)i, kandc= x.
(i) F nfxgis a subuniverseof F.

Sketchof proof. (i) canbe derived from the study of the word problem for Py (see,
for example, [3] or [16]). (i) followsimmediately from (i). e

We will need the following result of Taylor [19], which is an application of a
previous result of Bwierczlowski [17):

Lemma 24. Let (X;d) be a metric space and V be a nontrivial variety. There
exists a metric § on F = Fy(X), extendingd and such that the V-operations are
continuous with respect to & (This & is called the Swierczlowski metric on F).

To prove Theorem 21, we will make use of the following construction, which is
also presert in [4] (although our de nition is slightly di®erent | see[4, De nition
2.3 (1)b]).

De nition 25. Let A and B be topological spaces,and let b2 B, suc that f bg
is closedin B. We denoteby A A , B the spacewith underlying setA[ (B nf bg)
and sud that a subsetU p A A , B is openif and only if:

a) U\ A is A-open;

b) U\ B is B-open;

c) ifU\ A6 ;,then (U\ B)[ f bgis B-open.

The following lemma is implicit in [4], although it is proved there only for a
particular case.

Lemma 26. Letk , 1. SupmseA is a topological space which satis es Hy, but
not Hy; 1. SupwseB is Hausdor®,and b2 B is suchthat f bg is not open. Then
A A, B satis es Hy.1, but not He. The sameholdsif we replae each H; bysH,.

Proof. SupposeA and B satisfy the hypothesesof the Lemmaandlet X := A A , B.
For each j , O, let ¢J-A denote ¢ ; as calculated on the spaceA. Consider any
x 2 X. If x 2 Bnfbg, then we have ¢ 1(x) = fxg and thus, ask + 1, 1,
also ¢ 41 (X) = fxg. If x 2 A, then ¢ 1(x) = A = ¢ §(x), from which we easily
obtain €.y (x) = ¢J-A(x) for all j , 0. Thus, sinceA is Hy, ¢ «+1 (x) = fxg for
all x 2 A, soX is Hx+1 . Also, asA is not Hy; 1, there existsx 2 A p X sud that
¢ (x) = ¢, 1(x) 6 fxg, soX isnot Hy. a

This lemmawill be instrumental in our construction. We will useit to prove the
next lemma, from which Theorem 21 easily follows.

Lemma 27. Letj;k , 1, and suppse there exists a topological algeba in Py,
which satis es H;, but not Hj; 1. Then there exists a topological algebe in Py
which satis es H;+1 but not H;.

13



Proof. Let A be a topological Py-algebra which satis es H; but not Hj; ;. Let
B = Fp,., (R) be endoved with the topology induced by the 8wierczlowski metric,
andlet b= 02 B. It is easyto seethat the hypothesesof Lemma 26 are satis ed,
and thusthat X := A A ; B becomesa topological spacewhich satis'es H;.; but
not H;. To complete the proof of the lemma, we will preserily de ne operations

We will denote by p/, ij the operationsde ned in A andB. Wedene A: X | B
0 fx2A
x ifx2B

and let po(X;y;2) = X, kaéz (x;y;2) = z, and

A(x) =

2X if Xx;y;z2 A
PG Y;2) = X ifx2A y=2z2B
ép?(A(X):A(y);A(z)) otherwise
2z if X;y;22 A
P (X y:2) =z ifz2A, x=y2B

" PRy (AX); A(y); A(z))  otherwise
and, for 1< i< k+1,

(pﬁl(X;y;Z) if x;y;22 A

pi(XYy;2) = PB(A(X);A(y);A(z))  otherwise

Although 0 appearsin the de nition of theseoperations, the readercan ched, using
lemma 23, that the above de nitions never produce 0 asthe value of p;(x; y; z), and
thus that the above do indeed de ne operations on X . To complete the proof of
the lemma, we will establish the following two claims.

Claim 28. The operations pg;:::;pk+2 de ned on X satisfy the identities for Py, .
Claim 29. The operations po;:::;pk+2 de ned on X are continuous.

o
Proof of Claim 28. 2 p(x;z;2z) = x: if x 2 A, this follows from one of the

rst two clauses,depending on whether z 2 A or z 2 B; if x 2 B, then
x = A(x) and the equality follows from the third clauseby the identities of
B.

2 pe+1 (X; X;2) = z: this is ertirely analogousto the previous identit y.

2 pi(x;x;2) = pi+1 (X; z;2): again, this is clear in casex and z both belong
to A or to B; in the other two possiblecaseswe always have

P (X %; 2) = pP(AX); AX); A2)) = PP (AX); A(2); A(2)) = piva (X;Z;2)

o]

Proof of Claim 29. Wewill adhereto the following notations throughout this proof:
for an (X -)open set U, we will let Uy denote U\ A, Ug denote U\ B and UQ
denoteUg [ f Og.
2 pp and px+2 are cortinuous.
14



2 py is cortinuous: suppose rst that Xxi;X2;x3 2 A; let U be open suc that
X1 = p1(X1;X2;X3) 2 U. Choose A-open sets A; 3 x; and B-open sets
B?3 0 sud that

A1l Ua
PP (B1;B2:B3) M US
De ne B; := BPnf 0g; note that since0 is one of the free generatorsof the
free algebraB, it follows from Lemma 23 that
PP (B1;B2;B3) 1 Us
De ne U; := Aj [ Bj. Then py(U1;Uz; Us) p U. Thus p; is cortinuous on
A3,
Next, supposex; 2 A, X2 = X3 2 B and U is open such that
X1 = p1(X1;X2;X3) 2 U
Take A; := U and choose B-open sets B? such that 0 2 BY, x, =
x3 2 BY;BY and pf(BY;BY;BY) p UQ (we're just using the cortinuity
of p? at (0;x2;x3)). Letting B; := BPnfOg, it follows as above that
p?(Bl;Bz;Bg) u Ug. Letting U; = A]_[ B, U, := By, U3 := B3 we have
p1(U1; Uz; Us) u U. Finally, we prove cortinuity at thosetriples wherep; is
de ned by the third cIausg.Tastuch X1;X2; X3 2 X andanopensetU suc
that py(x1;X2;%3) = pP(A(X1); A(X2); A(xz)) 1 U. By cortinuity of p§, we
can chooseB -opensetsBP 3 A(x;) sud that p§(B;BS;B) 1 Ug. SinceB
is Hausdor®,we may as well require that B?\ B = ; when A(x;) 6 A(x;).
For eadh i, let B; := B®nf 0g and, in casex; 2 A, choosean A-open set

A; 3 X;; then let
U = A [ Bj if xi 2 A
e B;j if Xi 2B

From our assumptions,it is not hard to ched that in evaluating p1(U1; Uz; Us)
the third clauseof the de nition is always usedand that p;(U;; Uz; Us) p U,
asrequired. Thus p; is cortinuous.

2 py+1 is continuous: this follows from an ertirely analogousargumert.

2 p; is cortinuous for each 1< j < k+ 1: rst supposexi;Xz;X3 2 A, U is
openand pj (X1; X2; X3) = pﬁi 1(X1;X2;X3) 2 U. ChooseA-opensetsA; 3 X;
and B-open setsB? 3 0 such that

iji 1(A1;A2;Az) 1 Ua
pP(BLB2iB3) u Ug
Again, let B; := B®nf0g; let U; := A; [ Bj. Then pi (U1; Uz; Uz) p UL

Next, we consider those triples (X1;X2;x3) for which p; is de ned by the
secondclause. Let U be open and

B (X1:X2;%3) = pP(A(X1); A(x2); Axs)) 2 U
As before, choose open sets B 3 A(x;), let B; := B®nf 0g and, in case
Xj 2 A, alsochoosean A-opensetA; 3 x;. Let
Aj [ Bi if Xj 2 A
Bi if Xi 2B
15
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Then p; (Ug; Uz; Us) g U. Thus p; is cortinuous.

o]

Proof of Theorem 21. There certainly exist 1-step Hausdor®algebrasin P, and P3
whosebaseset has more than one point: take, for example the real numbers with
the usual topology and pi(X;y;z) = Xj y+ z, p2(X;y;2) = z. Such algebras
therefore satisfy H; but not Ho. The theorem now follows from Lemma 27 by
induction. o

6. Congr uence Modular, k-Permut able Varieties Satisfy To=) T,

Theorem 30. For topological algebasin a congruene modular, k-permutable va-
riety,
To =) T

Proof. We prove the theorem by cortradiction. Assumethat A 2 V is a T, topolog-
ical algebrathat is not T,. According to Theorem 20 there is somej > 1 sud that
A is H;j but not H;; 1. For this value of j we have that ¢ ; is the equality relation
on A, but ¢;, 1 is di®erert from equality. If p= ¢;; 1\ ¢J[] 1, then Lemma 18
ensuresthat pis not the equality relation. Choosedistinct a;b2 A sud that apb.
Then (a;b); (b;a) 2 ¢, 1.

of generality, we may assumen is even (otherwise we could add g, := ¢,; 1). Con-
siderthe sequencef elemens: qu(a;a;b), qi(a;b;b), (a;b;b), w(a;a;b), a(a;a;h),
g(a;b;b), ..., o 1(a;a;b), o 1(a;b;b), p(a;b;b), p(a;a;b). According to Theo-
rem 6, the rst elemen of this sequenceis a and the last elemert of the sequence
is b. Moreover, the last elemen of the form q(j ;i ;i ) equalsthe rst elemeri of
the form g1 (i ;i ;i ), and on; 1(a;b;b) = p(a;b;b). Thus, sincea & b, one of the
following casesmust occur:

(@) a= qg(a;a;b) 6 g(a;b;b) for someodd i;

(b a= g(a;b;b) 6 g(a;a;b) for someeveni; or

(0 a= p(a;b;b) & p(a;a;b) = b.
We will explain why ead of these casesleadsto a corntradiction.

Assumethat we are in Case(a): a= g(a;a;b) & g(a;b;b) = 0. Since¢;; 1 is

a compatible re°exive relation corntaining (b;a), it contains g ((a;a); (b;a); (b;b)) =
(ga), soq2 ¢, 1(a) u ¢ 1(a). Thereforeevery opensetcortaining g hasnonempty
intersection with every open set cortaining a. But becauseq 62¢ ; (a) = fag we can
nd opensetsU and V such that a2 U;gq2 V, and

U\ V\ ¢, ()= ;:

Sinceg (a;a;b) = a2 U and g (a;x; b) is cortin uousthere is an open set U° cortain-
ing a such that ¢ (a;U%b) p U. Similarly, sinceq(a;b;b) = g2 V and g (a;x; b) is
cortinuous, there is an open set V° cortaining b sud that g (a;V%hb) p V. Since
a ¢ 1 bthere must existc 2 UA VO For this cwe haveg (a;c;b) 2 U\ V. According
to the last displayed line this forcesq(a;c;b) 62¢;; 1(a). But this is impossible,
sinceg(a;c;b) ¢;; 1 g(a;c;a) = a. This cortradiction shows that Case(a) cannot
occur.

The argument for Case (b) is essetially the same as Case (a), since both
(a;b); (b;a) 2 ¢ 1.
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In Case(c) we have a = p(a;b;b) and p(a;a;b) = b. According to Theorem 6
the latter equation can be strengthenedto p(x; x;y) ¥ay. Now, sinceU = A nfhg
is open, the fact that p(a;b;b) = a 6 bimplies that we can nd opensetsU an V
cortaining a and b respectively such that p(U;V;V) 4 Anfbg. Sincea ¢ ; b there
existsc2 U\ V, and for this elemen we have b= p(c;c;b) 2 p(U;V;V) 1 A nfhbg,
which is the cortradiction we needfor Case(c). a

Corollary 31. [5, Theorem4.4]If V is a weakly regular variety, then the topological
algebms in V satisfy Tog =) T,.

Proof. Weakly regular varieties are congruencemodular and k-permutable for some
k. (Refer to [5] for the de nition of weakly regular and for Coleman's proof of this
result.) o

We now prove a result that may be viewed as a partial converseto Theorem 30.

Theorem 32. Let " be a lattice identity and let k , 2 be a "xed integer. If it
is true that all topological algebas in congruene-", k-permutable varieties satisfy
To =) T, then either

(1) everycongruene-' variety is congruene modular, or
(2) every k-permutable variety is congruen@ modular.

In other words, this theorem assertsthat if the implication To =) T, can be
characterized by congruenceidentities and k-permutabilit y for somek, then the
characterization is the one suggestedoy Theorem 30.

Proof. Assumethat the theorem statemert is false,and that its falsity is withessed
by some xed integerk and some xed lattice identity ". The falsity of the theorem
implies that there is somenonmodular, k-permutable, congruence* variety. Since
this nonmodular variety is k-permutable, it must be that k , 4. Now, sincePolin's
variety [15] is k-permutable for all k , 4, and satis es every congruenceidentit y
that fails to entail modularity (see([7]), the falsity of this theorem would force
topological algebrasin Polin's variety satisfy To =) T,. But they do not, aswe
now show.

First, recall from [7] that a typical algebra P(S;A) in Polin's variety may be
speci ed in terms of an\external" BooleanalgebraA, afamily of\in ternal" Boolean
algebrasS(a) (a2 A), and for ead pair of elemens a;b2 A with a, ba Boolean
algebrahomomorphism» : S(a) ! S(b) satisfying

0] »bi»g1 =»2ifa, b
(ll) »g = Ids(a)
The universeof P(S;A) = hP; ;%% 1i is

¢, and

B

P = [ fagf S(a)
a2A
and the operations are de ned by:

() (au)™ (biv) = (@™ bi»Gap(u) » »Bap(V)),
(i) (a;u)°= (a;u9),

(i) (a;u)* = (@%1),

(iv) 1p = (1a51s@,)),
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where the right hand sidesare computed using the operations of the internal and
external Boolean algebras.

In this proof we will work only with the algebraP = P(S;A) where A is an
arbitrary but "xed in nite Booleanalgebra, S(a) is the 1-elemen Boolean algebra
for all a < 1, S(1) is the 2-elemen Boolean algebra, and »{ is constart whenewer
a6 b P is subdirectly irreducible, the smallestnonzerocongruence! on P is the
equivalencerelation generatedby h(1; 0); (1; 1)i, and P=1 is de nitionally equivalert
to the Boolean algebra A.

P=! hasa natural Hausdor®topology, which makesit into a topological algebra.
We can describe this topology as follows: since P=! is de nitionally equivalent
to a Boolean algebra it can be embeddedin 2* where X is the Stone space of
P=1. We can give 2 the discrete topology, 2% the product topology, and P=! the
induced topology. We can now make P a topological algebra using the natural
homomorphism® : P | P=t, by letting ead °i *(U) be openin P if U is openin
P=t. (For an alternate description of the sametopology on P, take as a basis of
open setsall classesof congruencesof nite index on P.)

The topology we have de ned on P is not Ty, sincecl((1;0)) = S(1) = cl((1;1)).
Hencewe re ne the topology by adding two new subbasiselemens: U = P nf (1;0)g
andV = P nf(1;1)g. The open setsof the new topology, ¢, are the sameasthose
of the original topology, exceptthat deleting either (1;0) or (1;1) from an open set
leavesit open.

We leave the veri cation of the following facts to the reader.

(@) hP;¢i is To. (In fact, this spaceis naturally homeomorphicto f0;1g A ;
P=t wheref0; 1g is the 2-elemen discrete spaceand P= hasthe Hausdor®
topology described above. HencehP; ¢i is even Hy.)

(b) P is atopological algebra. (It sutcesto ched that if f is one of the basic
operations, and f (c;d) 2 U or f (c;d) 2 V, then there exist open C; D with
c2C;d2D andf(C;D)pn UorV.))

(©) (1;0) ¢4 (1;1).

Once the reader completesthese veri cations he will seethat Polin's variety fails

the implication Tp =) T,. (It even fails the weaker implication Hy, =) Ts.) e
De nition  33. [2] For each k , 2, let Wy be the variety with ternary operations
di; do;d;pa; it px; 1 satisfying the following equations:
X Yadi(X;y;y) X Yapa(X;y:y)
di(X; X;y) ¥Yada(X; X Y) P1(X; X, y) ¥ap2(X; y;Y)

da(X; y; X) Yax
da(X: y:y) Yad(X;y: '
2 v:y) %adG yiy) Pei 20% X Y) Y4 Pe; 10X Y;Y)
d(x; x;y) Yay
Pi 1(X; X y) Yay

Bentz [2] showved that all Wy satisfy To =) T,. Since W, and W3 are 2- and
3-permutable respectively, they are modular. The terms dj;d,;d \almost" sat-
isfy the conditions for congruencemodularity given by Theorem 6 (the identity
\di(x;y;x) Yax" is missing). Bentz asked whether or not there is a large value of
k sud that W\ provides an example of a nonmodular variety satisfying To =) To.
We answer this question in the negative; all Wy are modular. (Hence Theorem 30
provides a secondproof that thesevarieties satisfy To =) T,.)
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Theorem 34. For eachk , 2, Wy is congruene modular.

Proof. De ne the following terms in Wy:

Mo(X; ¥;Z; W) = X

ma(X;y; Z; W) := X

ma(X; y;Z; W) = di(X; da(X; Z;Y); d(X; Y; 2))
ms(X; y; z; w) = da(X; y; w)

M4 (X; y;Z; W) = da(X; Z; W)

mMs(X; y;z;w) = d(y; z;w)

me(X; y;Z; W) := w

These terms satisfy the identities of Theorem 5. We ched that m,(x; x; w;w) %a
m3s(X; x; w; w) holds. The other required identities can be just as easily veri ed.

m2(X; X; Wy w) = da(x; da(X; W; X); d(X; X; W)
= di(x; x; w)
da(X; x; w)

m3(X; X; W; W)

7. Concluding Remarks

The following diagram describes the relations among the separation conditions
discussedin this paper.

T, Hy ) Hx ) @) H )
m + +
sHy ) sH» ) i) sH ) i) Ti) To

The only implications that needto bejusti ed arethoseof the form sH; =) T;.
For theseimplications, note that

(i) (sH; =) To): If a6 beither ¢;(a) is a closedset cortaining a and not b
or ¢ (b) is a closedset cortaining b and not a.

(i) (To » :T1=) : sH): A To spaceX that fails to be T, has a subspace
f a;bg with induced topology f ; ;f ag;f a;bgg. For thesea and b we have
a¢;bandb¢; aforall j, thus X fails to satisfy sH; for any j.

For topological algebrasin somek-permutable variety, all vertical arrows may be
reversed(Theorem 19), ascanall but a nite number of horizontal arrows (Theorem
20). And for varieties that are k-permutable and modular, then all theseconditions
are equivalent, by Theorem 30.

For topological spacesin general, the situation is quite di®erer. In fact, none
of the unidirectional arrows in the above diagram can be reversed. In view of the
remarks after De nition 12, we need only shawv that sH; does not imply H; for
j, 2. Take X := R[ fpg, for somep 2 R. Topologize X in the following way:
the open subsetsnot corntaining p are just the usual open setsin R; the open sets
cortaining p are those which are co nite. Then it is not hard to ched that X
satis es sH; for each j , 2, but doesnot satisfy H;, for any j .

19



References

[1] Bankston, P., Ultr aproducts in topology, General Topology and its Applications 7 (1977),
283-308

[2] Bentz, W., Topological implic ations in varieties, Algebra Univ ersalis 42 (1999), 9-16

[3] Coleman, J. P., Topologies on Free Algebras, Ph.D. Thesis, Univ ersity of Colorado, 1992.

[4] Coleman, J. P., Separation in topological algebras, Algebra Univ ersalis 35 (1996), 72-84

[5] Coleman, J. P., Topological equivalents to n-permutability , Algebra Univ ersalis 38 (1997),
200-209

[6] Day, A., A characterization of modularity for congruence lattic es of algebras, Canad. Math.
Bull. 12 (1969), 167-173

[7] Day, A.; Freese, R., A characterization of identities implying congruence modularity, I,
Canad. J. Math. 32 (1980), 1140{1167

[8] Garcia, O. C.; Taylor, W., The Lattice of Interpretabilit y Typesof Varieties, Mem. Amer.
Math. Soc. 50 (1984), no. 350

[9] Gumm, H. P., Geometrical Metho ds in Congruence Modular Algebras, Mem. Amer. Math.
Soc. 45 (1983), no. 286

[10] Gumm, H. P., Topological implic ations in n-permutable varieties, Algebra Univ ersalis 19
(1984), 319-321

[11] Hagemann, J.; Mitsc hke, A., On n-permutable congruences, Algebra Univ ersalis 3 (1973),
8-12

[12] Kunen, K.; Vaughan, J. E., eds., Handb ook of Set-Theoretic Topology, North-Holland,
Amsterdam, 1984.

[13] Paljutin, E. A., Categorical positive Horn theories, (Russian) Algebra i Logika 18 (1979),

47{72, 122
[14] Paljutin, E. A., Categorical Horn classes.| (Russian) Algebra i Logika 19 (1980), 582{614,
617

[15] Polin, S.V., Identities in congruence lattic es of universal algebras, (Russian) Mat. Zametki
22 (1977), 443{451

[16] Sequeira, L., Maltsev Filters Ph.D. Thesis, Univ ersidade de Lisb oa

[17] 8wierczkowski, S., Topologies in free algebras, Proc. London Math. Soc. (3) 14 (1964),
566-576

[18] Taylor, W., Characterizing Mal'c ev conditions , Algebra Univ ersalis 3 (1973), 351-397

[19] Taylor, W., Varieties of topological algebras, J. Austral. Math. Soc. 23 (series A) (1977),
207-241

[20] Willard, R., Varieties having Boolean factor congruences, J. Algebra 132 (1990), 130{153

Depar tment of Mathema tics and Departamento de Matem 8tica
University of Colorado at Boulder Faculd ade de Ciéncias
Boulder CO 80309 Universid ade de Lisbo a

U. S. A 1749-016 Lisbo a, Por tugal

E-mail: Keith.Kearnes@colorado.edu
Centr o de Mgebra
Universid ade de Lisbo a
Av. Prof. Gama Pinto 2
1649-003 Lisbo a, Por tugal
E-mail: Isequeir@f c.ul.pt

20



