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1. Let (X, ρ) be a metric space, let a ∈ X, and ε > 0. Prove that B(ε, a) = {x ∈ X :
ρ(x, a) < ε} is open in X.

2. Let (X, d) be a metric space. Define ρ : X ×X → [0,∞) by

ρ(x, y) =
d(x, y)

1 + d(x, y)
, x, y ∈ X.

Prove that ρ is a metric on X.

(a) Prove that for any x ∈ X and any r > 0,

Bd(r, x) = Bρ(
r

1 + r
, x).

(b) Use (a) to prove that if G is open in the metric space (X, d), then G is open in the
metric space (X, ρ).

3. Let X be an uncountable set. Let

A = {U ⊂ X : U is finite} ∪ {V ⊂ X : X\V is finite}.

(a) Prove that A is an algebra of sets of X.

(b) Is A a σ-algebra of subsets of X? If not, describe the smallest σ-algebra containing
A.

4. Do exercises 1, 2, 3 and 4 on p. 24 , and 7, 9 and 10 on p. 27 of the Folland textbook.


