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Please go over review sheets for both midterms, too.

Some solutions

1. For each of the following statements, either prove that it is true, or give a coun-
terexample to show that it is false.

(a)

Let 29 € (a,b). If f(x) < g(z) for all x € (a,b) and lim,_,, f(z) = Ly and
lim,_,, g(x) = Ly both exist and are finite, then L; < Ls.
FALSE - Let (a,b) = (—1,1), f(z) =0, g(x) = |z| for z # 0 and ¢(0) = 1.
Then

lim f(2) =0 = lim g(x).

If the sequence of functions (f,,) converges pointwise to a limit function f on
a subset S of R, then it converges uniformly on S to the limit function f.
FALSE — See counterexample in solution to 1 (f) below.

If the sequence of functions (f,,) converges uniformly to a limit function f on
a subset S of R, then it converges pointwise on S to the limit function f.
TRUE — check relevant definitions.

If a sequence of bounded functions (f,,) converges uniformly on a subset S of
R to the limit function f, then f is bounded on S.

TRUE — take € = 1 in the definition of uniform convergence, and find N € N
such that whenever n > N, [f(z) — fu.(z)| < 1, Vx € S. In particular, taking
n=N-+1,

[f(@)] = [fna(@)] < [f(2) = fyn(2)] < 1, Vo es.
It follows that
[f(@)] < 14 [fys(2)], Vo €S,
Let M > 0 be such that |fyii(z)] < M for all z € S. Then

|f(x)] < 1+ M, Vzes,
so that f is bounded on S.

If a sequence of bounded functions (f,,) converges pointwise on a subset S of
R to the limit function f, then f is bounded on S.
FALSE — Let S = (0,1), let fo(z) = n, = € (0,1/n), f.(z) = 1/z, = €
[1/n,1). Then each f, is bounded by n. Also the (f,) converge pointwise to
f(x) =1/z, x € (0,1). But f is unbounded.
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(f) If a sequence of functions (f,) are all differentiable on (a,b) and converge
pointwise to a limit function f on (a,b), then f is differentiable on (a,b).
FALSE - Let f,(x) = 2™ on [0, 1]. Each of the functions f,, is continuous and
differentiable on (0, 1) and continuous and differentiable from the right and left
at 0 and 1 respectively. However, the limit function is given by f(z) =0, z €
[0,1), f(1) = 1, and this function is not continuous (hence not differentiable
from the left) at 1.

(g) If a sequence of functions (f,,) are all continuous at z( in (a,b) and converge
pointwise to a limit function f on (a,b), then f is continuous at x.
FALSE — the counterexample in the proceeding question works for this one
too.

(h) If a sequence of functions (f,,) are all continuous at zy € (a,b) and converge
uniformly to a limit function f on (a,b), then f is continuous at x.
TRUE - see proof in Theorem 24.3 on p.180-181.

(i) If a sequence of functions (f,) are all continuous on [a, b] and converge point-
wise to the continuous function f on [a, b], then lim,, ., fab fulz)dx = f;’ f(z)dx.
FALSE — consider the sequence of hat functions f, defined for each n to be
linear going from 0 to n on [0, 1/(2n)], linear going from n to 0 on [1/(2n), 1/n],
constantly equal to 0 on [1/n, 1]. Then (f,) converges pointwise to the func-
tion f that is identically 0 on [0, 1]. But fol fo(z)dx = 1/2 for all n, while the
integral of the 0 function from 0 to 1 is 0.

(j) If f:[a,b] = R, and f is continuous at zg € (a,b), then f is differentiable at

xo.
FALSE — Consider f(x) = |x|, which is continuous at 0 but not differentiable
at 0.

(k) If f:[a,b] — R, and f is differentiable at xy € (a,b), then f is continuous at
Zo-

TRUE — See Theorem 28.2; p. 207.
2. Calculate
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3. If f(z) < g(x) < h(x) for all z € (a,b) and lim, . f(x) = lim, .4 h(z) = L for
some real number L, prove that lim, .4 g(z) = L.
Let € > 0 be given. Find §; > 0 such that whenever 0 < z —a < 4y, |f(x) — L| <€
so that
L—e< f(z) <L+e

Then, find d5 > 0 such that whenever 0 < x — a < s, |h(z) — L| < € so that
L—e< h(z) <L+e

Let § = min{dy,02}. Then whenever 0 < z —a < §, we have 0 < z —a < §; and
0 < x—a < dq, so that

L—e€ < f(zr) <g(x) <h(x)<L+e.
It follows that whenever 0 < x — a < 6,
lg(z) — L] <,
so that lim, .., g(x) = L.

4. Let (f,) be a sequence of functions defined on a non-empty set S C R. Let f be
a function defined on S. Give the definition of (f,) converging to f pointwise on
A. Give the definition of (f,) converging to f uniformly on S. Give an example
of a sequence of functions (f,) defined on S C R where (f,) converges to a limit
function f pointwise on A but not uniformly on A.

The relevant definitions are on p. 177, 178 of the textbook. See counterexample in
1(f) above.

5. Suppose that (f,) and (g,) are sequences of continuous functions on [a,b] that
converge uniformly to the limit functions f and g, respectively. Prove that the
sequence (f, + g,) converges uniformly on [a, b] to the limit function f + g.

Fix € > 0. Find N; > 0 such that whenever n > Ny,

€
fnlw) = J@) < 5, Vi € [a,8],
Then, find N5 > 0 such that whenever n > Ns,
€
90(2) — 9(@)] < 5, Vo € [a 1]

Let N = max{Ny, No}. Then if n > N, n > N; and n > N,. It follows that for
n > N,

(a4 gn(@)) = (F +9)@)] = |fule) = F(2) + galx) — 9(a)
< fal@) = @) + |ga(@) = g(@)] < 5+ 5. Vo € [a,b]
Thus for n > N,

[(fo + gn(@)) = (f + 9)(@)| < € Vo €la,b]
It follows that (f, + g,) converges uniformly to f + g on [a, b].
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6. Let (f,) be a sequence of continuous functions that converges to f uniformly on
the interval [a, b], and suppose that (x,,) C [a, b] converges to xy € [a,b]. Prove that

lim f,,(x,) = f(xo).
Fix € > 0. Since (f,,) converges uniformly to f on [a,b], there exists N; such that
whenever n > Ny,

|n@»—ﬂ@|<g,vxemﬁy

Also, since the f,, are all continuous and converge to f uniformly on [a, b], by The-
orem 24.3, the limit function f is continuous on [a, b]. In particular f is continuous
at xo. Therefore, there exists 0 > 0 such that whenever |z — 2| < § and = € [a, 1],

F(@) = flao)| < .

Finally, since lim z,, = x(, there exists Ny > 0 such that whenever n > Ny,
|z, — 0| < 6.

Let N = max{Ny, No}. Then if n > N, n > N; and n > N,. It follows that for
n > N,

|fo(@n) = f(@o)| = [fulzn) = f(2n) + f(20) — f(70)]

S\h@&—ﬂwﬂ+v@@—ﬂmﬂ<g+§:e

Thus whenever n > N,
|fn(xn) - f(l’o)‘ < 6
so that lim f,(z,) = f(z0)-
7. If f(z) = a?sin : for z # 0, and f(0) = 0, compute f’(z) for all real z, and show
that f" does not exist at 0.
f/(z) = 2zsinl/z+x*(cos 1/z)(—1/2%) = 2z sin1/x — cos 1/z for x # 0. For a = 0,
we calculate

lim(f(z) — f(0))/(x —0) = limxsin1/xz.

x—0 z—0

But
—|z| <zsinl/x <|z|, z #0,

so by the Squeeze Theorem we see

lim zsin1/x = 0.

z—0

Thus f is differentiable at 0 with f/(0) = 0.
To check whether or not f’ is differentiable at 0 we consider the quotient (f'(z) —
1(0))/(xz — 0) for x not equal to 0 and see if it has a limit as = goes to 0.

2xsinl/x — cosl/x

lim (f'(z) = f'(0))/(z — 0) = lim

z—0 x—0 €x
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10.

. Suppose f(z) =4

cosl/x

]-

But this last quotient has no limit as = goes to 0. Consider the two sequences
(x, =1/(2mn)) and (y, = 1/[2nn+7/2]). Both (z,) and (y,) tend to 0 as n goes to
infinity. Note 2sin(1/x,) — % = —2mn goes to 400, and 2sinl/y, — % =2
for all n. Hence no limit exists, and f’ is not differentiable at 0, i.e. f”(0) does not
exist.

= 916136[252711/30 -

0 x rational,

x® x irrational.

Show that f is continuous at one point only, differentiable at one point only, and
compute the derivative of f at that point.

If a # 0, find sequences of rational numbers (z,) and irrational numbers (y,) with
limz, = limy, = a (we can do this by density of rationals and irrationals in R.
Then lim f(x,) = lim0 = 0, and lim f(y,) = lim(y,)? = a* # 0. Thus f is not
continuous at a, since the definition on p. 116 of the text is not satisfied. By
Theorem 28.2, it follows that f is not differentiable at a for a # 0. Now at a = 0,
we have |%__0f(0| < |%| = |z| for  # 0. Hence

o< (MOS0 <y azo

We know lim, .o |z| = 0, so by the Squeeze Theorem lim,_. |%| = 0, so that

lim, o L9200 = 0. Thus f is differentiable at 0 with f/(0) = 0. By Theorem 28.2,
f is also continuous at 0.

. Let p(z) = 52° + 62° + C, where C is a fixed constant. Prove that there exists at

most one value r € (—oo, —1] such that p(r) = 0. [Hint: consider the sign of the
derivative of p on (—oo, —1].]

Consider p/(z) = 302° + 30z* = 302*(x + 1). Suppose by way of contradiction that
there exists ; < 79 < —1 such that p(r;) = p(re) = 0. By Rolle’s’” Theorem, there
exists y with r; < y < ry such that p/(y) = 0. Note y < —1 since ry is less than
or equal to —1 and y < —1. But for all y < —1 we can see by observation that
p'(y) = 30y*(y + 1) < 0, since the product of a positive and negative number is
negative. This gives us the desired contradiction.

(a) State, without proof, Rolle’s Theorem.
Let f be a continuous function on [a,b] that is differentiable on (a,b) and
satisfies f(a) = g(b). There exists [at least one] x € (a,b) such that f'(z) = 0.

(b) Let f be a function on R which at least 2 times differentiable, i.e. the deriva-
tives f'(z) and f”(z) exist for all x € R. Suppose that
f0)=f(1) = f(2) = 0.
Show that there exists 75 € R such that f"(zq) = 0.
By Rolle’s Theorem we can find z; € (0,1) such that f/(z;) = 0. By Rolle’s
>



Theorem applied to [1, 2] we can find 5 such that f/'(z) = 0. Note x1 < x5, and
f' is continuous on [z1, xo] and differentiable on (z1,x2). By Rolle’s Theorem,
we can find zg € (x1,x2) such that f”(zq) = (') (xo) = 0.

11. (a) State, without proof, the Mean Value Theorem.
See the statement of Theorem 29.3 p. 215 of the textbook.

(b) Prove that |sinz —siny| < |z — y| for all z,y € R.
Let f(z) = sinx and suppose z < y. Then f is continuous on [z,y] and
differentiable on (z,y) so there exists zg € (z,y) such that

sinz — siny = cos xo(z — ).
Hence
|sinz —siny = cosxg(z —y)| < 1|z —y| =z —1y|.
A similar argument works if y < x. If z = y, both sides of the desired inequality
are equal to 0.

12. (a) State, without proof, Taylors’s Theorem.
See Theorem 31.3 on p. 232 of the text.

(b) Find the Taylor series for sinh z = %, and prove that it converges to sinh
for all z € R.
Note f'(x) = (e +e77)/2, f"(z) = (e — e ") /2, etc., so that

FPD (@) = coshr = (7 +e77)/2, k€N,

and
f®*(z) =sinhz = (e —e7)/2, keN.

Note that for specific values of z € R, [f™(t)] < el —|z| < ¢t < |z|. By
Taylor’s Theorem, for each n € N,

k (n)
A ()
sinhx = g o + . x",
k odd k< n-—1

for some y between 0 and x. But

f™ (y)a"
n!

e\wl‘x,n

| | <

n!

goes to 0 as n goes to infinity for fixed x.
It follows that

sinhz = szn_l/(Qn - 1!

n=1



13.

14.

(p. 199, 27.4 (b)) Using the fact that e=*" = > (_nl!)nx%, express F(z) =
fox e~ dt as a power series. Be sure to justify your reasoning.

Note for any t € R, e~ can be expressed as the power series

- kz_% (_kl Z

k=0

thk

If z € R is fixed, this power series converges uniformly in the interval [—|z|, |z|].
By our theorems about uniform convergence and integration, it follows that for all

r € R,
z kt2k kt2k
feom = [ 2 S5e -2 [
0

( k 2k+1

( 1>kt2k+1
TeTEm =) Dh oy
12k +1) R 2k+1

I
M

(p. 252, 32.3) Define g : [O,b] — R by

r? x rational,

0 =z irrational
Calculate the upper and lower Darboux integrals for g on the interval [0,b], and
determine whether or not g is integrable on [0, b].
Recall g(x) = z* for x rational and g(z) = 0 for x irrational on [0,b]. We con-
sider the auxiliary function f(z) = z% on [0,b]. Let P = {tx = 0 < t; < t5 <

- < t, = b} be an arbitrary partition of [0,b]. Then by density of the irra-
tional numbers in [0,0], inf {g(z) : ty—1 < & <t} = 0. It follows that the lower
sum L(g,P) = > 510 (tx — tic1) = >_p_; 0 = 0. It follows that the lower in-
tegral L(g) = sup {L(g,P} = 0. On the other hand, by density of rationals in
0,0], sup {g(z) : ther < x <t} = (tp)* = sup {f(z) : tr_1 < x < t;}. Thus
U(g,P) = > p_ (te)*- (tx — tx—1) = U(f,P). Thus the upper integral of g is given
by

Ulg) = it {U(g,P} = it {U(f,P} = U()

But, since f is continuous on [0, 8], it is integrable on [0, b], and by the fundamental

theorem of calculus
b ) 333 b b3
Ui = [ ado= (5 = %
0

Thus for b > 0,
b3
L(g)=0 < 5 = Uf)=Uly).

It follows that g is not integrable on [0, b].
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15.

16.

(p. 253, 32.6) Let f be a bounded function on [a, b]. Suppose there exist sequences
(U,) and (L) of upper and lower Darboux sums for f such that lim(U, — L,) = 0.
Show that f is integrable on [a, b] and that fab f(z)dz =lim U, = lim L,,.
We are given families (L,) and (U,) of lower and upper Darboux sums for f over
la, b] such that

lim(U, — L,) = 0.

By the various theorems of Section 32, we know that for every n € N,
L, < L(f) < U(f) < Un.
It follows that
0 < (U(f)=L(f) < (Un— Ln).

Since lim(U,, — L,,) = 0, it follows by the Squeeze Theorem that U(f) — L(f) = 0.
But this forces L(f) = U(f), so that by definition, f is integrable on [a,b]. Thus

L(f)=U(f) = ff f, and the inequality above is replaced by

b
Lné/fSUn-

Thus for every n,
b
02 ([ L) < WL

Since lim(U,, — L,,) = 0, it follows by the Squeeze Theorem that lim(fab f—L, =0.

Thus lim L, = ff f. In a similar way, for every n,

o<W [ D= w-r)

Since lim(U,, — L,,) = 0, it follows by the Squeeze Theorem that lim(U,, — f: f)=0.
Thus lim U, = f: f.

(p. 260, 33.4) Give an example of a function f defined on [0, 1] that is not integrable
on [0, 1] but such that |f]| is integrable on [0, 1].
Define f on [0, 1] by

1 x rational,
-

—1 x irrational.

Let P={ty=0<t <ty <---<t, =1} be an arbitrary partition of [0, 1]. Then
for all k£ going from 1 to n, using the density of irrational numbers

inf {f(x) : tp 1 <z <t} =-1



17.

Similarly, using the density of rational numbers,

sup {f(x) :tpq <z <t} =1.

From this we deduce that for any partition P of [0,1], L(f,P) = —1land U(f,P) =
1. It follows that

U(f) = mf{U(f, P} =
and
L(f) = sup {L(f, P} = -

Since L(f) = —1 < 1 = U(f), f is not integrable on [0,1]. On the other hand
|f(z)] =1 for all = € [0,1]. Thus |f]| is a constant function, and constant functions
are always integrable over any bounded interval.

(p- 190, 25.3) Let f,(z) = 55" for all real numbers x, and for n € N. Show that

the sequence (f,) converges uniformly on R to a limit functlon f- Then calculate

7
lim fn(z)dx
2

n—oo

(Follow the hint in the book!)

We consider the sequence of functions f,(x) = % defined on R. We note
folz) = % for all n € N. We calculate

1 2+2(cosz)/n 2 + (sin’x)/n

@) = 5 = S e )] ~ 22+ (sin? )]

2(cos ) /n — (sin®x)/n

2[2 + (sin” x) /n] 2.2 4n
Let € > 0 be given. If n > N = %, then
1 3
’fn(x)_§’ < n < e Vr e R

We note that N depends only on € and not on z. It follows that (f,) converges
uniformly to the constant function f(z) = 3 on R. Hence (f,) converges uniformly
to 1 on the interval [2,7]. Each function f, is integrable on [2,7] since each is
continuous on [2,7]. By the theorem relating uniform convergence and integration,

we obtain:

7 7
lim 14 eosz)/n (cosgx)/n dr = / lim 1+ (osa)/n (cosz)/n dz
n—oo [y 24 (sin“x)/n 5



