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6.2.2 As the hint suggests, we use Proposition 6.2.1(c) and Example 6.1.1.

F(xχ[−1,1](x))(s) = (−2πi)−1[F(χ[−1,1](x))]′(s)

= (−2πi)−1[
sin 2πs

πs
]′ = (−2πi)−1 2π cos 2πs(πs) − π sin 2πs

π2s2

=
i

2

(2πs cos 2πs − sin 2πs)

π2s2
.

6.2.3 By Exercise 5.2.2,

f(x) = (2b − |x|)χ[−2b,2b](x) = χ[−b,b] ∗ χ[−b,b](s).

So
F(f)(s) = F(χ[−b,b] ∗ χ[−b,b])(s)

and by Proposition 6.2.1 (e) this is equal to:

F(χ[−b,b])(s) · F(χ[−b,b])(s) = (2bsinc(2πbs)) · (2bsinc(2πbs))

= 4b2(sinc(2πbs))2.

6.2.6 (For Math 5330 students only.) Recall Γ(p) =
∫ ∞
0

xp−1e−xdx, an integral which
converges for all p > 0. We are given that Γ(1/2) =

√
π, and we want to show that

∫ ∞

−∞
e−πx2

dx = 1.

We start with the given information and use the hint:

√
π = Γ(1/2) =

∫ ∞

0

x−1/2e−xdx =

∫ ∞

0

1√
x
e−xdx.

We now substitute u =
√

x/pi. Then πu2 = x, and du = 1
2
√

π
1√
x
dx, so that

1√
x
dx = 2

√
πdu.

It follows that ∫ ∞

0

1√
x
e−xdx =

∫ ∞

0

2
√

πe−πu2

du.



Thus
√

π =

∫ ∞

0

1√
x
e−xdx = 2

√
π

∫ ∞

0

e−πu2

du.

This gives
1

2
=

∫ ∞

0

e−πu2

du,

and since u → e−πu2
is even as a function of u, we get

1 =

∫ ∞

−∞
e−πu2

du.

But changing back to the variable x gives

1 =

∫ ∞

−∞
e−πx2

dx,

as we desired to show.

6.4.1 Here f(x) = 1
1+(ax+b)2

. Let Da(g)(x) = g(ax), and let Tb(h)(x) = h(x− b). By Prop

6.2.1 (b)(i), we know that

F(Da(g)(x))(s) =
1

|a|
F(g(x))(

s

a
) =

1

|a|
D1/aF(g)(s).

By Proposition 6.2.1 (a)(ii), we know that

F(T−b(h)(x))(s) = e2πisbF(h)(s).

One easily calculates that setting g(x) = 1
1+x2 ,

f(x) =
1

1 + (ax + b)2
= (T−bg)(ax) = DaT−bg(x).

It follows that

F(f)(x) = F(DaT−bg(x))(s) =
1

|a|
D1/aF(T−bg(x))(s)

=
1

|a|
D1/a[e

2πisbF(g)](s) =
1

|a|
D1/a[e

2πisbπe−2π|s|]

=
π

|a|
e

2πisb
a e−2π| s

a
|.

6.5.1 Let h(x) = (sinc πx)2. Thenh(x) = 1 for x = 0 and h(x) = [sin πx]2

π2x2 for x 6= 0. Then

ĥ(s) = F(h)(s) = F((sinc πx) · (sinc πx))(s)



= F((sinc πx)) ∗ F((sinc πx))(−s)

(by Proposition 6.2.1(e))

χ[− 1
2
,− 1

2
] ∗ χ[− 1

2
,− 1

2
](−s) = (1 − |(−s)|)χ[−1,1](−s)

= (1 − |s|)χ[−1,1](s).

6.5.5 We let f(x) = 1/(1 + x2) and g(x) = e−4πixsinc(6πx)) = e−2(2πix)sinc(2π3x)).
Recall that f̂(s) = πe−2π|s| and

F(e−2(2πix)sinc(2π3x)))(s) = F(sinc(2π3x)))(s + 2).

Now

F(sinc(2π3x)))(s) = FF(
1

6
χ[−3,3])(x))(s)

=
1

6
χ[−3,3](−s) =

1

6
χ[−3,3](s).

It follows that

F(sinc(2π3x)))(s + 2) =
1

6
χ[−3,3](s + 2) =

1

6
χ[−5,1](s).

Hence by the Plancherel Theorem,

〈f, g〉 = 〈f̂ , ĝ〉 = 〈πe−2π|s|,
1

6
χ[−5,1](s)〉

=

∫ ∞

−∞
πe−2π|s|1

6
χ[−5,1](s)ds

=
π

6

∫ ∞

−∞
e−2π|s|χ[−5,1](s)ds

=
π

6

∫ 0

−5

e2πsds +
π

6

∫ 1

0

e−2πsds = [
π

2π · 6
e2πs]0s=−5 + [

π

−2π · 6
e−2πs]1s=0

=
1

12
[1 − e−10π] − 1

12
[e−2π − 1] =

1

12
[2 − e−10π − e−2π].


