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6.5.2 If h(z) = (sinc mx)?, then since h(x) = 1 for z = 0 and h(x) = [STQZZP for x # 0,
the quotient rule tells us that

[27 sin mx cos ] - [w2a?] — [2m2x] - [sin ma]?
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where k(x) is as in the statement of the problem, and A/(0) is some non-zero con-
stant.

It follows that

71.2

Ka) = SH (@)

so that
A~ 7T2 ~
k(s) = ?h’(s).
We have seen in Problem 6.5.1 assigned in HW 10 that

h(s) = (L= [s|)x-1,u(s)-
Since h is piecewise smooth, continuous, and in L'(R), Propositions 6.2.1 c(i) tells
us that )
F(W(x))(s) = 2mish(s),
as long as b’ is in L'(R). But simple estimates show that for large x, the function
h'(x) grows at a rate proportional to x—lz, so that /' € LY(R).
Thus R
F(W(x))(s) = 2mish(s) = 2mis(1 — [s])x-1,1(s)-
It follows that )
~ T~ 3
k(s) = ?h’(s) = 7%is(1 — |s])x[=1,11(5)-

6.5.3 (For Math 5330 students only.) We assume that f and g are in C(R) N L*(R) and
f(s) = g(s) a.e. Then f and § can be identified as elements in L?(R). It follows
from Theorem 6.5.2, on p. 326, that

fa) = [T Heman = [T foemds = o)



74.1

7.4.2

4

where, to quote this theorem, the integrals in the center are “ understood to denote
the mean square norm limit of the corresponding integrals over [—N, N]” and the
equalities of the integrals with functions “ mean that this limit is the element in
L?(R)” represented by f and g, respectively. Thus, what the equality above implies
is exactly that f = g as elements of L?(R). But this means that f(z) = g(z) for
almost all x € R. Let £ = {z € R : f(z) = g(x)}. We claim that E contains
a dense subset of R. If not, then there exists a non-empty interval I C E with
INE ={. But then for all z € I, we have f(z) # g(x), and this is a contradiction
to the fact that f(x) = g(z) a.e. in R, because a non-empty interval I is certainly
not a non-empty set. It follows that we can find a set D C E with D dense in
R. Now let zy be an arbitrary element of R. Since D is dense in R, there exists a
sequence {z, }neny C D with lim,, ., x, = x¢. Since D C F, we have f(z,) = g(x,)
for all n € N. Now we use the continuity of f and ¢ to deduce that:

f(zo) = lim f(z,) = lim g(z,) = g(xo).

n—oo n—oo

We thus obtain f(xg) = g(x¢), and since xy was arbitrarily chosen, we get f(z) =
g(x) for all z € R.

Let f(t) = sinc(273Qt), f € (0,1). By Example 6.5.1,
f(s) = F(FM)(s) = (267 x(-p0.00(5):

Since 0 < () < €, it follows that f is supported on [—£2, ], so that f is continuous
and €2-bandlimited. Thus, the Shannon sampling Theorem 7.4.1 applies and we can
write

=3 f(%)sinmr(m—%)t),

m=—0oQ

that is,

sinc(2m Q) = Z sinc(mfm)siner(m — 20).
Please note that the problem as written does not quite make sense because of the
m = 0 term in the summation. So we change the problem slightly. Let’s try to
calculate

(=1)"sinTmf
2 m(m — 3)

meZ,m#0

by using Exercise 7.4.1 above.

We choose t = % in the last equality in Exercise 7.4.1. We then obtain:

[e.e]

sinc(rf%) = Z sinc(mGm)siner(m — [3)

m=—0o0



= Z sinc(mBm)sinc(m(m — B3)) + sinc(—7/3)

meZ,m#0

(by taking out the term m = 0 and recalling that sinc(0) = 1)

sin (76m) sin (w(m — 0
3 (wfm) sin (m( )

~Bm o "y + sinc(73).

meZ,m#0

It follows that

sinc(8?) — sinc(wf) = Z sin (7fm) . sin (w(m — f3))

meZ,m#0 ﬂ—ﬁm W(m a 6)

sin (7Bm) - (=1)™*! . sin (7 3)
2 (mfm) - (w(m — B))
(—1)™sin (7Bm)
m(m — ()

meZ,m#0

_ (=Dsin(x9)
o 7r2ﬂ Z

meZ,m#0
We thus obtain

SinC(ﬂ'ﬁQ)—sinc(ﬂ-ﬂ) — M Z (_1)msm (ﬂ'ﬁm>

2 . 9
T ﬁ meZ,m#0 m (m ﬁ)

so that by using elementary algebra we get:

Z (—1)™sin (78m) _ B [sinc(73) — sinc(75%)].

mezmzg  m = p) sin (7/3)

7.4.3 (For Math 5330 students only.)
(a) As on p. 376, we define
om(t) = sinem(m — 204).

Since sinc is an even functions, we can write

om(t) = siner(2Qt —m) = sinc2rQ(t — %)

Now let o(t) = sinc(272t). By Example 6.5.1,

G(s) = F(o®)(s) = (29 x-aq(s)-



By Proposition 6.2.1 (a)(ii),
m

Flom)(s) = Flot = 55))(s)

_ 2mims _ 2mims

= T (0(t)(s) = (29) e F xan(s).

By Parseval’s Theorem, we see that

||Um\|L2(R) = H@HL%R)

00 ] Q
- \/ / (20)-1e 258 y L. (s)[2ds = (20)! / 1ds
oo —Q
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We now show that the {0, }mez are orthogonal. By the Plancherel Theorem,

<O-m70n> = <5T\n76;>
& _ _ 2mims _ 2mins
N / (20) e 5 X a0)(s)(2Q) " 1e E o .0(s)ds
—00

2mi(n—m)s

> i(n—m)s Q
:/ (2Q) % o )X[_Q7Q](S)d<9: (29)_2/ e 2@ ds

—o0 —-Q
which for n # m is equal to

=% = )T = 0

2Q 2mi(n—m)s
20

(20)7° le

2mi(n —m)

It follows that the family of functions {o,, }mez is an orthogonal family.
(b) We define the closed subspace L*(€;R) by

L*(;R) = {f € L*(R): f is Q — bandlimited}.

We note that {o,,}mez C L*(€;R) and we have shown that the {o,,}mez are
an orthogonal family. To show that the closed linear span of {0, }mez is equal
to L?(Q; R) we consider the image of this family of functions and this subspace
under the Fourier transform.

-1 — 2mims

{Flom)tmez = {Tmimez = {(2Q)" ™72 X(-0,0)(s) bmez,

and
F(L*(;R)) = {g € L*(R) : g is supported on [—Q,Q]}.

Since the Fourier transform gives an isomorphism of L?(Q;R) onto its range,
1 _ 2mims

if we can show that the linear span of {(2Q2)~'e™ 22 x[_q,0](5) }mez is dense




in {g € L*(R) : g is supported on [—, Q]} in the L?-norm, we will be done.
But this is the same as showing that the linear span of {(2Q) e 26" },.cz is
dense in L*[—, Q] in the L? norm, and this follows from the ordinary theory
of Fourier series for periodic functions defined on R with period P = 2); see
for example, Section 1.9 and later, Theorem 3.6.2 (b) in the Stade textbook
for the full statement of the needed result. Thus the closed linear span of
{(20) e ™55 x_0.0)(5) }mez in the L2mnorm is equal to L2[—, 0], so that
the closed linear span of {0, }mez is equal to L*(Q; R).




