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Selected Solutions

# 1 p. 178 Choosing the principal branch of the logarithm, we have, for |2] < 1,
log(1+2) = (1)1
0 =) = — —
& n knk’

so that

Now for fixed p > 0, if we take |z| < p < n, we have by the summation variant
of the dominated convergence theorem, since » .-, |knzk—k,1| converges absolutely for
|z] < p<nand
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It follows that p )

nllrﬂlo(lJrﬁ)n _ nlggo e log(14+5)

= €7,

as desired.

#2, p. 178 We have shown in lectures that for any sq > 1, the Riemann zeta function defined
by
=1
(s) = Q2 —

ns
n=1

converges absolutely and uniformly on any half-plane of the form

Hy, = {s € C:Re(s)>sp}.



Since for each fixed n € N, # = e~ "7 s analytic in the entire plane, it follows
from the general theory that ( is infinitely differentiable in its region of convergence
which is

H = {s€C:Re(s) >1}.

Moreover, we may take the derivative in a term-by-term fashion, so that

C'(s) = _ilnn = — N hl—n, s € H.
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# 1 p. 184 Note that using partial fractions we can write
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solving for A and B we get A = % and B = _71 Hence

T2 (a0 2Az—a)~(i+a))
1 1 1 1
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This series converges for |z —a| < |a —i| = |a +i] = Va?+ a since a is real.

Simplifying, our series becomes:

Z[Q(a +i)H 2(a — i)n+1](2 —a)"

n=

L if(a — i)™ — (@ +4) (D) .
Z 2(a? + 1)(n+1) (z—a)
We now write a +1i = re? for r = a2+ 1 and 6 = arctan L Thena—i=re ¥ so
that
i- [(a . i)(n+1) . (a + i)(n+1)]; = . [rn+1€—i(n+1)9 o ,rn-i—lei(n—i-l)e]

= - (=2)ir" T sin(n 4+ 1)8 = 2r"lsin (n + 1)6.

It follows that the power series expansion is given by

> " sin n—l—l)@ "
Z (a2 + n+1) (z—a)".

n=0




#1, p. 190

In the case where a = 1 we have 1+i = /2e/"/%) 5o that the power series expansion
becomes

i sin (n + 1)(w/4) "

—~ (ﬂ)(n—i—l)
We now note that for integers k and j = 0, 1, 2, 3wehavesin (4dk+j+ 1) - (7/4) =
sin [km + (j + D) /4] = (=1)*¥L2, j =0, and sin [kr + (j + 1)7/4] = (-1)*, j =1,
and sin [k + (j + D)7 /4] = (—=1)**%2, j = 2, and finally sin [kr + (j + 1)7/4] =

27
0, 7 = 3. So in this case our power series becomes

; 1 w2z 7wz 21z 22" B, ;o1 2 <1
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One can obtain this formula by doing a “long division” of the power series expansion
for sin 7z into cosmz.

. 2 .

(i) We showed Y7, -5 = = in class.

(i) Let f(z) = - This function has a pole only at z = 0. From our discussion on
infinite series, we see that
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(iii) Let f(z) = . This function has a pole only at z = 0. From our discussion on
infinite series, we see that
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Since f is even we get

N 276
Iim 2 = —.
N nzzlf (n) 945
<1 B 6
né 945

n=1



