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1. (13) For each of the following statements, either prove it is true, or provide a coun-
terexample to show that it is false.

(i) If (sn) is a sequence such that lim supsn = 0, then lim sup|sn| = 0.

False. Let sn = 0 for n even, and sn = −5 for n odd. Then |sn| = 0 for n even,
and |sn| = 5 for n odd. We see that lim supsn = 0, and lim sup|sn| = 0.

(ii) If a sequence (sn) in R is monotone, then every one of its subsequences is
monotone.
True. Suppose that (sn) is non-decreasing. Then sn ≤ sn+1 for all n so that
sn ≤ sm whenever n ≤ m. Let (snk

) be a subsequence of (sn). Then for k <

k + 1, nk < nk+1, and it follows that snk
≤ snk+1 for all k ∈ N. Thus (snk

) is
non-decreasing. The proof when (sn) is non-decreasing is similar.

(iii) If I is an interval, and f : I → R is continuous on I, then f is uniformly continuous
on I.

False. Let I = (0,∞) and define f on I by f(x) = 1
x . Then f is continuous on

I but it is not uniformly continuous. Note ( 1
n ) is a Cauchy sequence in I but

(f( 1
n ) = (n) is not a Cauchy sequence in R.
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2. (12) Let (sn) be the sequence defined by

s1 = 1,

and

sn+1 − sn =
1
3n

, n ≥ 1.

Prove that (sn) is a Cauchy sequence, and compute its imit.
Let ε > 0 be given. Find N such that n > N implies

1
3N−1

· 1
2

< ε.

We now show that if n > m > N, |sn − sm| < ε. This will show that (sn) is a Cauchy
sequence. For n > m > N,

|sn − sm| = |sn − sn−1 + sn−1 − sn−2 + sn−2 − · · · − sm+1 + sm+1 − sm|

≤ |sn − sn−1|+ |sn−1 − sn−2|+ · · ·+ |sm+1 − sm| =
n−1∑
k=m

1
3k

=
1

3m

n−1−m∑
k=0

1
3k

<
1

3m

∑
k=0

∞ 1
3k

=
1

3m

3
2

<
1

3N−1
· 1
2

< ε.

Thus (sn) is a Cauchy sequence.

We now prove by induction that sn =
∑n−1

k=0
1
3k for all n ∈ N. The statement is true

for n = 1, since s1 = 1 = 1
30 . Assume the statement is true for n; assuming this, we prove

the statement is true for n + 1. Then sn+1 − sn = 1
3n so that

sn+1 = sn +
1
3n

=
n−1∑
k=0

1
3k

+
1
3n

=
n+1−1∑

k=0

1
3k

.

We have proved the inductive step so that the statement is true for all n. Therefore the
sequence (sn) are the partial sums for the geometric series

∑∞
k=0

1
3k . This series sums to

1
1− 1

3
= 3

2 . Thus limn→∞ sn = 3
2 .
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3. (13)

(i) Suppose f : [a, b] → R and that f is continous at c ∈ (a, b), with f(c) > 0. Prove
that there exists δ > 0 such that f(x) > 0 for all x ∈ (c− δ, c + δ).

Use the definition of continuity, with ε = f(c)
2 > 0. Then there exists δ > 0 such

that if x ∈ (c− δ, c + δ) |f(x)− f(c)| < f(c)
2 . That is, if x ∈ (c− δ, c + δ),

−f(c)
2

< f(x)− f(c) <
f(c)
2

so that

f(c)
2

< f(x) <
3f(c)

2

whenever x ∈ (c − δ, c + δ). Since f(c) > 0, it follows that f(x) > 0 for all
x ∈ (c− δ, c + δ).

(ii) Prove that the equation 3x = ex has a solution in the interval [0, 1]. (You may
use the fact that the approximation of e valid to four digits is 2.71828.)
Let h : [0, 1] → R be defined by h(x) = 3x − ex. Then h is continuous since
the functions f(x) = 3x and g(x) = ex are continuous on [0, 1]. We note that
h(0) = 3 · 0− e0 = 0− 1 = −1 < 0. Also h(1) = 3− e1 = 3− e ∼ 3− 2.71828 > 0.

By the Intermediate Value Theorem, there exists x0 ∈ (0, 1) with h(x0) = 0. Thus
3x0 − ex0 = 0 so that

3x0 = ex0 .
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4. (12)

(i) Prove that the function f : [0, 1
π ] → R defined by f(x) = x sin 1

x , x 6= 0 and
f(0) = 0, is continuous on [0, 1

π ]. Be sure to justify your reasoning.
The function g(x) = 1

x is continuous on (0, 1
π ]. The function h(x) = sin x is con-

tinuous on [π,∞). Therefore, the composed function h ◦ g(x) = sin 1
x is continous

on (0, 1
π ]. The product of two continuous functions is continuous, so it follows

that the function x sin 1
x is continous on (0, 1

π ]. At the point x = 0, we note that

|x · sin 1
x
− f(0)| = |x · sin 1

x
− 0| = |x| · | sin 1

x
| ≤ |x| · 1 = |x|.

Thus

−|x| ≤ x · sin 1
x
− f(0) ≤ |x|, x ∈ (0,

1
π

].

It follows that for any sequence (xn) tending to 0 in (0, 1
π ],

−|xn| ≤ xn · sin
1
xn

− f(0) ≤ |xn|,

so that

lim xn · sin
1
xn

= 0 = f(0)

by the Squeeze Theorem. Thus f is continous at 0 also.

(ii) Is the function f is part (i) above uniformly continuous on [0, 1
π ]? Justify your

reasoning.
The function f is continuous on the closed and bounded interval [0, 1

π ]. By a fun-
damental theorem on uniform continuity, it follows that f is uniformly continuous
on [0, 1

π ].
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