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Abstract

This thesis comprises t w o main topics: understanding drop impact and splashing, and

studying the feeding and con tracting of the micro organism V ortic el la . In Chapter 1,

w e study the e�ect of substrate compliance on the splash threshold of a liquid drop

using an elastic mem brane under v ariable tension. W e �nd that splashing can b e

suppressed b y reducing this tension. Measuremen ts of the v elo cit y and acceleration

of the spreading drop after impact indicate that the splashing b eha vior is set at v ery

early times after, or p ossibly just b efore, impact, far b efore the actual splash o ccurs.

W e also pro vide a mo del for the tension dep endence of the splashing threshold. In

Chapter 2, w e study the ev olution of the ejected liquid sheet, or lamella, created after

impact of a liquid drop on to a solid surface using high-sp eed video. W e �nd that

the lamella rim thic kness is alw a ys m uc h larger than the b oundary la y er thic kness,

and that this thic kness decreases with increasing impact sp eed. W e also observ e an

un usual plateau b eha vior in thic kness v ersus time at higher impact sp eeds as w e ap-

proac h the splash threshold. In Chapter 3, w e sho w through calculations, sim ulations,

and exp erimen ts that the eddies often observ ed near sessile �lter feeders are due to

the presence of nearb y b oundaries. W e mo del the common �lter feeder V ortic el la ,

and also trac k particles around liv e feeding V ortic el la to determine the exp erimen tal

iii
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�o w �eld. Our mo dels are in go o d agreemen t b oth with eac h other and with the

exp erimen ts. W e also pro vide simple appro ximate equations to predict exp erimen tal

eddy sizes due to b oundaries. In Chapter 4, w e sho w through calculations that �lter

feeders suc h as V ortic el la can greatly enhance their n utrien t uptak e b y feeding at an

angle rather than p erp endicular to a substrate. W e also sho w exp erimen tal evidence

that living V ortic el la use this strategy . Finally , in Chapter 5, w e discuss p ossible

future directions for these pro jects, including p oten tial insigh ts from a close exami-

nation of lamella b eha vior at the splash threshold, and calculations to determine if

V ortic el la con tract rapidly to w ards the substrate to whic h they are attac hed in order

to mix the surrounding �uid.
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Chapter 1

Splashing on elastic mem branes

The ma jorit y of this c hapter is reprin ted with p ermission from P epp er et al. (2008),

whic h w as co-authored with Lauren t Courbin and Ho w ard A. Stone (cop yrigh t (2008)

b y the American Institute of Ph ysics).

1.1 In tro duction

The impact of a liquid droplet on a solid substrate and the subsequen t splash �

de�ned as the detac hmen t of small satellite droplets from the spreading drop � is a

common, ev eryda y phenomenon. Despite splashing's ubiquit y , b oth in our p ersonal

exp erience, and in suc h div erse applications as ink-jet prin ting (Zable 1977; v an Dam

& Le Clerc 2004), fuel com bustion (Ga v aises et al. 1996), industrial spra y coating

(Sampath & Jiang 2001), and p esticide deliv ery (Wirth et al. 1991; Bergeron et al.

2000), the mec hanism of suc h splashes is not y et fully understo o d. F or some ap-

plications, suc h as fuel com bustion, splashing is b ene�cial, while for others, suc h as

1



Chapter 1: Splashing on elastic membr anes 2

p esticide deliv ery , splashing should b e minimized. F or these reasons, it is imp ortan t

to understand the splash mec hanism, as w ell as whic h parameters can b e used to

e�ectiv ely con trol splashing b eha vior. F or a recen t review of splashing phenomena,

see (Y arin 2006).

There are three comp onen ts in suc h drop-surface impacts: the liquid droplet, the

surrounding gas, and the solid substrate. The relev an t parameters of the liquid can b e

c haracterized using t w o dimensionless groups, Re = 2�R 0U0=� and W e = 2�R 0U0
2=
 ,

where � , � , and 
 are resp ectiv ely , the densit y , viscosit y , and surface tension of

the liquid, and R0 and U0 are the radius and impact v elo cit y of the drop. These

dimensionless groups are com bined in an oft-cited empirical relation for the splashing

threshold, whic h in v olv es liquid drop parameters only and do es not include parameters

of the substrate or gas: W e
1
2 Re

1
4 = K ; based on data from sev eral sources, splashing

o ccurs for K � K d ' 50 (Mundo et al. 1995). A scaling argumen t for this correlation

is giv en b y (Roisman et al. 2006), who balance inertial and capillary e�ects for impacts

on dry , smo oth substrates. A rationalization of the functional form is also a v ailable

for splashing for a train of droplets (Y arin & W eiss 1995), and on a thin liquid �lm

(Josserand & Zaleski 2003).

Recen tly , it has b een sho wn b y Xu et al. that the gas surrounding the impact

pla ys an imp ortan t role in splashing: the splash can b e suppressed completely b y

reducing the pressure of the surrounding gas (Xu et al. 2005). W e note that the

surrounding gas pressure and comp osition ha v e also b een sho wn to b e imp ortan t in

binary droplet collisions, where the assumption w as made that the gas a�ected the

dynamics leading to con tact (Qian & La w 1997).
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The c haracteristics of the solid substrate, for example, roughness and surface

c hemistry , also a�ect splashing b eha vior. Based on the roughness of the substrate,

Sto w and Had�eld prop osed an empirical splashing threshold of the form W e
1
2 Re

1
4 =

� (Ra) , where Ra is the roughness of the substrate, de�ned as the mean absolute

deviation ab out the mean surface lev el (Sto w & Had�eld 1981). A dditional studies of

roughness are rep orted in (Cossali et al. 1997) and (Range & F euilleb ois 1998). More

recen tly , Courbin et al. indicated qualitativ ely the e�ect of rough and micro-textured

surfaces on the splashing threshold (Courbin et al. 2006 a ), whic h has subsequen tly

b een studied more systematically (Xu 2007).

A second feature of the surface that pla ys a role in the ph ysics of splashing is

w ettabilit y , whic h is determined b oth b y surface roughness and b y surface c hemistry .

F or example, Duez et al. in v estigated the impact of a solid sphere with a liquid-

gas in terface, and found that the critical v elo cit y for air en trainmen t w as dep enden t

on the equilibrium con tact angle, and that sup erh ydrophobic spheres create large

splashes for an y impact v elo cit y (Duez et al. 2007). A hin t that surface c hemistry is

also imp ortan t in impacts of liquid drops on solid substrates comes from data that

sho w di�eren t v alues for the splash threshold on substrates of the same roughness but

di�eren t con tact angles (Sto w & Had�eld 1981; Range & F euilleb ois 1998).

The role of the compliance of soft substrates on drop splashing is imp ortan t to

understand, since it is in v olv ed in man y common applications suc h as p esticide spra y

on lea v es and spra y co oling of �exible surfaces. Ho w ev er, to our kno wledge, the sole

rep ort of splashing on complian t substrates w as giv en b y Field et al. who fo cused

only on erosion damage for impacts at sp eeds far ab o v e the splashing threshold (>
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100 m/s) (Field et al. 1989).

In this c hapter, w e rep ort a comprehensiv e study of the e�ect of substrate compli-

ance on the splash threshold using an elastic mem brane under v ariable tension. W e

�nd that decreasing the tension in the elastic sheet increases the threshold v elo cit y

for splashing. This tuning with tension is �rst examined using energy balances. W e

then in v estigate the dynamics of the spreading lamella, whic h suggest that splash-

ing b eha vior is set at early times after impact. Finally , w e presen t a mo del for the

splashing threshold as a function of the tension in the mem brane whic h allo ws us to

rationalize the the exp erimen tal trends for splashing on elastic substrates.

1.2 Exp erimen tal Metho ds

1.2.1 Drop impact set-up

A sc hematic of the exp erimen tal set-up is sho wn in Fig. 1.1(a). An elastic mem-

brane w as clamp ed (taking care not to in tro duce an y initial pre-tension) b et w een t w o

plexiglass rings (inner diameter 19:05 � 0:01 cm, outer diameter 26:67 � 0:01 cm)

and placed on to a lubricated cylindrical frame (radius RF = 5:24� 0:01 cm). This

set-up allo ws for application of uniform tension to the mem brane without wrinkling

(see (Courbin et al. 2006 b ) for additional information on a similar set-up used in a

previous study). This tension can b e tuned b y placing additional brass rings on the

plexiglass clamping ring, whic h allo w ed us to apply tensions, T , b et w een 17� 2 N/m

and 55� 2 N/m.

The elastic mem brane used in these exp erimen ts w as Saran W rap (Johnson), whic h
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Figure 1.1: (a) Sc hematic of the exp erimen tal set-up. F or splash threshold measure-

men ts, a high-sp eed camera w as placed in p osition 1, and the laser w as o�. F or

mem brane de�ection measuremen ts, a high-sp eed camera w as used either in p osition

1 or p osition 2, but nev er in b oth sim ultaneously . The scale is compressed in the

v ertical direction; in actual exp erimen ts � ' 20�
. (b) T ypical images tak en from

high-sp eed mo vies b efore (upp er image) and after (lo w er image) impact for the same

millimeter-size drop (camera in p osition 1).
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is a stretc hable p olymer �lm of lo w Y oung's mo dulus with thic kness appro ximatly

10 � m and densit y appro ximately 1.7 g/cm

3
(Courbin et al. 2006 b ). T o create a

solid surface of e�ectiv ely in�nite tension, but with the same w etting and roughness

prop erties as Saran W rap, the mem brane w as placed o v er a smo oth solid surface, while

taking care that no bubbles w ere presen t b et w een the solid and the Saran W rap.

Millimeter-radius ethanol drops (viscosit y � = 1:2 � 10� 3
P a � s, densit y � = 789

kg/m

3
, and surface tension 
 = 0:02 N/m) w ere released from rest ab o v e the cen ter

of the mem brane, and the impacts w ere observ ed using a Phan tom high-sp eed video

camera recording at a rate b et w een 13,000 - 100,000 frames p er second (fps). Drops of

repro ducible size w ere generated using a syringe pump to slo wly create p endan t drops,

whic h subsequen tly fell under their o wn w eigh t. The drop radii w ere adjusted b et w een

1:01� 0:02 mm and 1:63� 0:02 mm using needles of di�eren t inner diameters. F or

larger drops, oscillations of the droplet shap e during free fall b ecome noticeable. Only

exp erimen ts for whic h the drops w ere appro ximately spherical on impact (eccen tricit y

< 0.3) w ere analyzed. By adjusting the heigh t of release, H , w e c hanged the impact

sp eed, U0 , in the range 1 - 3.5 m/s. W e used custom-written Matlab image-analysis

soft w are to determine the impact v elo cit y , initial droplet radius, and the ev olution

in time of the radius, RL , of the expanding liquid sheet, or lamella (see Fig. 1.1(b)).

When determining the splashing threshold, a splash w as de�ned as an y impact in

whic h secondary droplets w ere emitted from the p eriphery of the expanding lamella.

Ov er 600 individual exp erimen ts w ere analyzed to determine splashing thresholds.
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1
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5

6
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Figure 1.2: Example images tak en from high-sp eed mo vies during the impact of a 1.25

mm radius stainless steel sphere with U0 = 0:28� 0:01 m/s. The righ t side image is

of the screen indicated in Fig. 1.1(a) (camera in p osition 2); the dashed line indicates

the initial p osition of the laser line. T o the left are the corresp onding photos of the

stainless steel sphere at the same times (camera in p osition 1). The re�ection of the

sphere can b e seen on the substrate. Impact o ccurs in frame 2, and the frames are

tak en at 0.75 ms in terv als. The maxim um de�ection of the mem brane for this impact

(whic h o ccurs in frame 4) is 0:29� 0:02 mm. Screen images and sphere images w ere

matc hed from separate impacts with a matc hing error of 0.04 ms. T = 28 � 2 N/m.

1.2.2 Mem brane de�ection set-up

The de�ection of the cen ter p oin t of the mem brane up on impact w as measured

using re�ection of a laser sheet o� of the b ottom surface of the mem brane (see Fig.
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1.1(a) for a sc hematic). The b eam of an unp olarized helium-neon laser (17 m W, 633

nm) w as passed through t w o half cylindrical lenses to create a laser sheet of uniform

width ( ' 5 cm) whic h w as then re�ected on to the b ottom surface of the elastic

mem brane. The mem brane functioned as a semi-transparen t mirror: most of the laser

sheet passed through the mem brane, but some w as re�ected to a screen b elo w, where

the resulting laser line w as recorded using our high-sp eed imaging system. Since the

p osition of this laser line is highly dep enden t on the angle at whic h the laser meets

the mem brane, small c hanges in mem brane p osition, and th us angle, result in large

c hanges in the recorded p osition of the laser line (see Fig. 1.2).

The set-up for de�ection measuremen ts w as calibrated b y dropping stainless steel

spheres with radii b et w een 0.5 mm and 1.75 mm on to the mem brane using a custom-

made electromagnet (as describ ed in (Courbin et al. 2006 b )). In con trast to liquid

drops, stainless steel spheres do not deform up on impact, and the ev olution in time

of the de�ection of the cen ter of the mem brane, � (t) , can b e measured b y trac king

the p osition of the top of the sphere (see Fig. 1.2). W e constructed a calibration

curv e b y recording the maxim um laser line de�ection (with a camera in p osition

2) for sev eral sphere radius/heigh t of release pairs whose actual maximal de�ection,

� max , w e had already measured (with a camera in p osition 1). W e found a linear

relationship b et w een the maxim um laser line de�ection and the maxim um mem brane

de�ection (data not sho wn here). This calibration is clearly sensitiv e to the distance,

d, b et w een the laser sheet and the p oin t of impact (see Fig. 1.1(a)), whic h w as �xed

at d = 1 cm.
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1.3 Results and Discussion

1.3.1 The in�uence of mem brane tension

High-sp eed images illustrating the in�uence of mem brane tension on the splash

threshold are sho wn in Fig. 1.3(a). W e observ e that splashing b eha vior is strongly

a�ected b y the tension in the mem brane, and that splashing can b e suppressed b y

reducing this tension. W e rep ort the threshold impact v elo cit y , VT , ab o v e whic h

splashing o ccurs as a function of the tension in the mem brane for three di�eren t

drop radii in Fig. 1.3(b). The threshold v elo cit y is highest for the lo w est mem brane

tension; as the tension in the mem brane increases, the threshold v elo cit y decreases,

approac hing the threshold v elo cit y for impact on a solid substrate.

W e observ e a v ariet y of phenomena during the impact of a drop with the mem-

brane. These phenomena are organized in a time line of dynamical ev en ts during a

sample impact in Fig. 1.4. The time sequence obtained for particular impact parame-

ters (see the caption of Fig. 1.4) is represen tativ e, within the range of our exp erimen ts,

of the ordering of ev en ts and the order of magnitude of the times in v olv ed. A t impact,

the mem brane de�ects do wn w ard (the dashed line in Fig. 1.4 sho ws the in terv al o v er

whic h the mem brane is de�ected do wn w ard), with the maxim um de�ection o ccurring

at ' 0.4 ms after impact. Sim ultaneously , a lamella emerges from under the drop

(�rst visible at ' 0.05 ms), and b ecomes visibly ru�ed (at ' 0.3 ms). The lamella

con tin ues to spread, with the splash o ccurring at ' 0.8 ms. After droplets are emit-

ted, the lamella spreads further, reac hing its maxim um radius at ' 4 ms. Examining

the time line in Fig. 1.4, w e see a ric h v ariet y of b eha viors o ccur at early times ( < 1
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Figure 1.3: (a) High-sp eed images of drop impact ( R0 = 1:01� 0:02 mm, U0 = 2:5� 0:1
m/s) on mem branes of v arying tension. Eac h ro w sho ws the drop at three times: just

b efore impact, 1.2 ms, and 3.8 ms after impact. The top ro w is for impact on a solid

(plastic P etri dish). (b) Threshold v elo cit y for splashing v ersus mem brane tension for

drops with R0 = 1:01� 0:02 mm. Error bars sho w the transition regime - ab o v e the top

error bar, splashing alw a ys o ccurs; b elo w the b ottom error bar, splashing nev er o ccurs.

The midp oin t is de�ned as the threshold v elo cit y . The solid line at VT = 2:2 m/s is

the splashing threshold on a solid surface with the same roughness and w ettabilit y

as the mem brane; the dashed lines represen t the error on this measuremen t. Inset:

The threshold v elo cit y for splashing v ersus mem brane tension for three di�eren t drop

sizes: ( � ) R0 = 1:01� 0:02 mm, ( � ) R0 = 1:12� 0:02 mm, and ( � ) R0 = 1:63� 0:02
mm. Solid and dashed lines are for impact on a solid for droplets of R0 = 1:01 mm

and R0 = 1:12 mm resp ectiv ely . Error bars ha v e b een omitted for clarit y .
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Figure 1.4: Time line for a t ypical splash on a �exible mem brane. The dashed line

represen ts the in terv al o v er whic h the mem brane is de�ected do wn w ard after impact.

The impact parameters are R0 = 1:12� 0:02 mm, U0 = 2:3� 0:1 m/s, and T = 41 � 2
N/m.

ms), while later w e observ e only spreading of the liquid sheet.

With this di�erence in time scales in mind, w e next examine t w o di�eren t energy

balances, one at late times and one at early times. The late-time energy balance

compares energies at the time of drop impact and at the time of maxim um lamella

spread (the �rst and last p oin ts in the time line in Fig. 1.4), while the early-time

energy balance examines energies at the time of drop impact and at the time of

maxim um mem brane de�ection (the �rst and fourth p oin ts in the time line in Fig.

1.4). As sho wn b elo w, w e �nd that the c hange in splashing threshold with mem brane

tension cannot b e explained b y considering the late-time energy balance, but that the

early-time energy balance rev eals a p ossible energy threshold for splashing.

1.3.2 Late-time energy balance

In the literature, a late-time energy balance is often used to calculate the maxim um

lamella spread, Rmax =R0 , where Rmax is the maxim um radius of the lamella (Chandra

& A v edisian 1991; Mundo et al. 1995; P asandideh-F ard et al. 1996; Mao et al. 1997;
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Roisman et al. 2002; Ukiw e & K w ok 2005; A ttané et al. 2007). An o v erview of sev eral

approac hes is pro vided b y (Ukiw e & K w ok 2005). In general, the initial kinetic and

surface energies of the spherical drop at the momen t of impact are balanced with the

surface energy of the �attened drop at the momen t of maxim um lamella spread (when

kinetic energy is assumed negligible), and the energy dissipated while spreading:

Ek + Es = E 0
s + Ed; (1.1)

where Ek and Es are the kinetic and surface energies of the drop at impact, E 0
s is

the surface energy of the drop at the time of maxim um spread, and Ed is the energy

dissipated during the spread. The left-hand side of equation (1.1) can b e deriv ed

straigh tforw ardly (

2
3 �R 0

3�U 0
2 + 4�
R 0

2
, where � and 
 are the densit y and surface

tension of the liquid). T o estimate the righ t-hand side, w e use the result of Mao

et al. , as they �nd that their semiemp erical maxim um spread mo del �ts 90% of the

exp erimen tal data (b oth from their exp erimen ts and those of others) within 10%:

�
1
4

(1 � cos� ) + 0 :2
W e0:83

Re0:33

� �
Rmax

R0

� 3

�
�

W e
12

+ 1
� �

Rmax

R0

�
+

2
3

= 0; (1.2)

where � is the static con tact angle b et w een the substrate and the liquid (in our case

� = 40� � 5�
) (Mao et al. 1997). The prefactor and exp onen ts in the W e=Re term

are �tted parameters; w e use the same parameters as Mao et al. Fig. 1.5 sho ws the

comparison b et w een equation (1.2), and our exp erimen tal v alues for Rmax =R0 ; note

that equation (1.2) w as calculated for impacts on a solid substrate, and do es not

include an y energy lost to the mem brane. Nev ertheless, a strong correlation is found:

six di�eren t mem brane tensions and t w o droplet sizes all collapse on to a single curv e

whic h is within less than 10% of Mao et al. 's mo del.
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Figure 1.5: Comparison of the calculated maxim um spread using equation (1.2) with

the measured maxim um spread for data tak en for impact on mem branes of di�eren t

tensions. Gra y sym b ols, R0 = 1:01� 0:02 mm. Blac k sym b ols, R0 = 1:12� 0:02 mm.

The solid line with slop e 1 represen ts an exact matc h b et w een exp erimen ts (x-axis)

and theoretical predictions (y-axis); the dashed line represen ts a 5% v ariation from

the solid line, and the dotted line a 10% v ariation.

The collapse of the data from all of the mem brane tensions on to one curv e sho ws

that mem brane e�ects are negligible at late times, and th us a late-time energy balance

cannot explain the tuning of the splash with tension that w e observ e (Fig. 1.3). It is

reasonable that suc h a late-time approac h do es not pro vide insigh t on the splashing

threshold, since the splash o ccurs m uc h earlier than do es the maxim um lamella radius

(see Fig. 1.4).

1.3.3 Early-time energy balance

W e next consider an early-time energy balance. W e observ e that, at times shortly

after impact, the liquid v elo cit y is of the same order as the impact v elo cit y and

surface energy is negligible compared with kinetic energy . F or instance, at the splash
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T able 1.1: Maxim um de�ection of the mem brane measured at the threshold v elo cit y

for splashing. R0 = 1:12� 0:02 mm.

T ension (N/m) U0 (m/s) � max (mm)

28 � 2 2.8 � 0.1 0.59 � 0.05

1

35 � 2 2.4 � 0.1 0.33 � 0.05

41 � 2 2.3 � 0.1 0.22 � 0.02

45 � 1 2.3 � 0.1 0.17 � 0.03

50 � 3 2.3 � 0.1 0.13 � 0.02

55 � 2 2.2 � 0.1 0.06 � 0.03

1

Due to exp erimen tal restrictions, this

v alue w as extrap olated from maxim um

de�ection v alues for lo w er impact v elo c-

ities.

threshold for drops of radius R0 = 1:12� 0:02 mm on a mem brane with a tension T =

55� 2 N/m, the W eb er n um b er is W e = 420� 20, the kinetic energy is appro ximately

Ek � 11 � J and the surface energy is appro ximately Es � 0:3 � J. W e also neglect

energy lost through viscous dissipation in the �uid, and vibrational energy in the

mem brane. Therefore, w e compare the kinetic energy of the drop at impact, Ek , with

the elastic energy stored in the mem brane at the time of maxim um de�ection, E 0
m ,

and the kinetic energy remaining in the drop, E 0
k ,

2
3

�R 0
3�U 0

2 = E 0
m + E 0

k : (1.3)

The prime indicates v alues tak en at the time of maxim um mem brane de�ection. W e

examine this energy balance at the splashing threshold determined in Fig. 1.3, i.e.

U0 = VT .

In order to calculate E 0
m , the maxim um mem brane displacemen t, � max , w as mea-

sured for impacts at VT using our set-up for de�ection measuremen ts (see T able 1.1).

The elastic energy stored in an elastic sheet is Em = T
2

R
dS(r v)2

, where the in-
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tegration is o v er the surface of the mem brane, and v(r ) is the displacemen t of the

mem brane from its equilibrium p osition (Landau & Lifshitz 1986). Using the shap e

of a circular mem brane with displacemen t � max at the cen ter yields the estimate

E 0
m =

�

ln
�

`p
� max R0

� T `2

�
� max

`

� 2

; (1.4)

where ` is the t ypical length o v er whic h the mem brane is deformed, R0 is the radius of

the droplet, and T is the tension in the mem brane (Courbin et al. 2006 b ). The v alue

of ` w as calculated using transv erse mem brane sp eeds, ct , measured with our laser set-

up, and the measured time, t0
, of maxim um mem brane de�ection; ` = t0ct (Courbin

et al. 2006 b ). The relev an t energies, E 0
m , Ek , and E 0

k = Ek � E 0
m , are plotted in Fig.

1.6 for the de�ection data in T able 1.1. As depicted in this �gure, E 0
k , the estimate

of the kinetic energy that remains in the drop follo wing impact, is appro ximately

constan t at the splashing threshold. This exp erimen tal result indicates that there

ma y b e a critical (radius-dep enden t) kinetic energy after impact (later con v erted to

spreading and splashing) necessary for a splash. W e w ould exp ect the critical kinetic

energy after impact to ha v e the same v alue as the kinetic energy splash threshold

on a solid, while w e can see from Fig. 1.6 that the v alue for the threshold on a solid

(horizonal solid line) is sligh tly smaller. This di�erence could p oten tially b e corrected

b y accoun ting for the energy lost to viscous dissipation when calculating E 0
k . If suc h

a kinetic energy threshold exists, it is reasonable to assume that it dep ends on drop

and surface parameters not explored in the presen t study and further p oin ts to w ard

the imp ortance of initial condition data in understanding splashing.

It is in tuitiv e that an elastic mem brane increases the threshold for splashing b y

con v erting some of the kinetic energy at impact in to stored elastic energy . A more �ex-
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Figure 1.6: Comparison of energies. The kinetic energy at impact, Ek , w as calculated

from the threshold v elo cit y data used in Fig. 1.3. The solid line represen ts the kinetic

energy at the threshold for splashing on a solid substrate. The energy in the mem brane

at the time of maxim um mem brane de�ection, E 0
m , w as calculated from equation (1.4)

using the v alues in T able 1.1. Note that these de�ection v alues are tak en for impacts

at the threshold v elo cit y for splash. The kinetic energy in the liquid at the time

of maxim um mem brane de�ection, E 0
k , w as calculated from E 0

k = Ek � E 0
m . Some

error bars ha v e b een omitted for clarit y of viewing. The remaining error bars are of

appro ximately the same magnitude as those omitted. R0 = 1:12� 0:02 mm.
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ible mem brane stores more energy and suppresses splashing more e�ectiv ely . Ho w ev er,

part of this stored elastic energy is again con v erted to kinetic energy as the mem brane

returns to w ards the �at state, and some of this kinetic energy ma y b e returned to the

liquid. This lea v es the question of timing: at what time after impact is the kinetic

energy in the droplet a critical parameter? Our data do not ha v e the precision to an-

sw er this question, although the time of maxim um mem brane de�ection w as 0:4� 0:1

to 0:5� 0:1 ms, dep ending on the tension in the mem brane. It is also p ossible that the

mem brane a�ects the splash through a completely di�eren t mec hanism, and that the

apparen t kinetic energy threshold is a coincidence, or a consequence of this unseen

mec hanism. F or instance, it is p ossible that a �exible mem brane increases the splash

threshold b y reducing the pressure of the air in b et w een the drop and the surface

in the instan ts b efore impact. Unlik e a solid, the mem brane w ould resp ond to high

pressure under the drop b y �exing, limiting this maxim um pressure. Suc h a mec ha-

nism, whic h in v olv es a reduction of air pressure, migh t b e consisten t with the results

rep orted b y Xu et al. (Xu et al. 2005). The c hange in splash threshold could also b e

due to the c hange in relativ e impact v elo cities due to the motion of the mem brane.

W e discuss this p ossible mec hanism in Ÿ1.3.5 b y considering the impulse at impact.

1.3.4 Lamella dynamics

F urther insigh t in to the splashing mec hanism can b e gained b y examining the dy-

namics of the spreading lamella using high-sp eed imaging. When drops of the same

size and impact v elo cit y are compared, w e �nd that, at early times after impact,

the v elo cit y of the expanding liquid sheet,

dRL
dt , is larger for higher tensions (see Fig.
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Figure 1.7: (a) The main panel sho ws the v elo cit y of the lamella,

dRL
dt , as a function of

time after impact for t w o represen tativ e impacts at di�eren t tensions ( R0 = 1:01� 0:02
mm, U0 = 2:6 � 0:1 m/s). The inset plot sho ws the di�erence b et w een the lamella

v elo cit y for impacts on mem branes of T = 50 � 3 N/m and of T = 28 � 2 N/m

a v eraged o v er 15 pairs of impacts (eac h with iden tical parameters except T ) at 5

di�eren t impact sp eeds ( U0 = 2:0 � 2:8 � 0:1 m/s). In four of these pairs, splashing

w as observ ed for the impact on the mem brane of T = 50 � 3 N/m. Thinner lines

represen t error bars. (b) A cceleration of the lamella,

d2RL
dt2 , as a function of time. The

main panel and inset corresp ond to the plots in (a) with one further deriv ativ e of RL .

The RL v ersus time data w ere smo othed with a windo w size of three time p oin ts for

v elo cit y and sev en time p oin ts for acceleration in order to get smo oth v elo cit y and

acceleration plots. The videos used to generate RL v ersus time data w ere �lmed at

95,238 fps; therefore, one time p oin t is 10.5 � s.
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1.7(a)). Similarly , shortly after impact, the deceleration of the lamella,

d2RL
dt2 , is larger

for larger tensions (see Fig. 1.7(b)). While these are mostly within the range of error

for individual pairs of impacts (as in the main panels of Fig. 1.7), the di�erences

b ecome clear when a v eraged o v er m ultiple pairs of impacts (see inset plots of Fig.

1.7). It is lik ely that di�erences in lamella spreading v elo cit y and acceleration are re-

sp onsible for the di�eren t splash thresholds observ ed for di�eren t mem brane tensions.

The v elo cit y and acceleration di�erences among di�eren t tensions are signi�can t only

in the �rst 0:4 � 0:1 ms after impact. Comparing this time with the time line in Fig.

1.4, w e can see that this is far b efore the t ypical time of splashing (de�ned as the

pinc hing-o� of secondary droplets) whic h o ccurs at ' 0.8 ms, but near the time at

whic h the �rst instabilities are visible in the lamella ' 0.3 ms.

If w e assume that, for giv en liquid prop erties, splashing is con trolled b y the v e-

lo cit y and acceleration of the lamella, our results suggest that the splashing insta-

bilit y is formed at v ery early times after impact (or ev en immediately b efore impact

(Thoro ddsen & Sak akibara 1998)), far b efore the actual splash o ccurs. This argumen t

is consisten t with our results on the early-time energy balance, as a p ossible kinetic

energy threshold w as seen at ' 0:4 ms. It is also consisten t with the argumen t that

the splashing mec hanism deriv es from a Ra yleigh-T a ylor (R-T) t yp e instabilit y (Kim

et al. 2000). Allen, who �rst prop osed the R-T instabilit y as a mec hanism for splash-

ing (Allen 1975), noted that the necessary lamella deceleration w as surprisingly high,

of the order of 700g for impacts suc h as those in our exp erimen ts. Using the analysis

of impact in (Kim et al. 2000) giv es a similarly high acceleration: RL (t) �
p

2R0U0t ,

whic h is estimated from the base of a spherical drop, with v olume appro ximatly 2`2R0



Chapter 1: Splashing on elastic membr anes 20

where ` = U0t , b eing displaced in to a radial �lm of radius RL and thic kness com-

parable to ` . This time dep endance yields

d2RL
dt2 � �

p
R0U0=(2t)

3
2

. Using t ypical

v alues, U0 = 2 m/s and R0 = 1 mm, and ev aluating at our �rst acceleration time

p oin t, t = 0:115 ms, w e �nd that

d2RL
dt2 ' � 1; 300g, while our exp erimen tal results

giv e

d2RL
dt2 ' � 1; 000g (see Fig. 1.7(b)). Our exp erimen tally measured accelerations

are of the same order of magnitude as those predicted b y Allen. W e are not a w are of

an y previous direct measuremen t of lamella deceleration.

Xu et al. prop ose a di�eren t splashing mec hanism that is indep enden t of time (Xu

et al. 2005). It is di�cult to compare our results with their theory as our exp erimen ts,

p erformed at atmospheric pressure, are in a di�eren t pressure regime. It seems lik ely ,

ho w ev er, that the e�ects of air compression that are used in their calculations w ould

only b e presen t at v ery early times, in the instan ts just b efore and after impact (Xu

et al. 2005).

1.3.5 Mo del for the tension dep endence of the threshold v e-

lo cit y

As previously sho wn, our exp erimen tal �ndings rev eal the imp ortance of early-

time dynamics. W e therefore rationalize our data using an early-time mo del for

the threshold v elo cit y as a function of tension, deriv ed from the impulse at impact.

The follo wing mo del is appro ximate, is essen tially one-dimensional, and attempts to

c haracterize the in�uence of the elastic substrate on the initial motion of the liquid.

Motiv ation for this c haracterization w as inspired b y An tk o wiak et al. who used this

impulse pressure approac h to explain jetting after impact of a test tub e �lled with



Chapter 1: Splashing on elastic membr anes 21

a w etting liquid (An tk o wiak et al. 2007). F or times shortly after con tact with the

substrate, when the viscous b oundary la y er is small compared to the drop dimensions,

but longer than the compressibilit y time scale ( ' 10� 6
s for exp erimen ts suc h as ours),

the Na vier-Stok es equation reduces to

�
@u
@t

= �r p; (1.5)

where u is the �uid v elo cit y and p is the pressure in the �uid. F ollo wing (An tk o wiak

et al. 2007), w e in tegrate b oth sides with resp ect to time to obtain � (u(t) � u(0)) =

�r
Rt

0 pd� . F or the b ottom edge of the drop, at some time t shortly after impact,

u(t) = 0 , u(0) = � U0ŷ , giving �U 0 ' @p
@nt , where w e ha v e appro ximated the in tegral

and used the fact that the v elo cit y at the b ottom of the drop p oin ts in the out w ard

normal direction to the drop surface, n̂ ( ŷ is the v ertical direction). Using r as the

t ypical length scale along the �o w giv es an estimate for the pressure in the �uid

p ' �U 0r=t . As previously men tioned, for drop impacts, r = RL (t) �
p

2R0U0t (Kim

et al. 2000), whic h yields

p ' �U 0
3
2 R0

1
2 t � 1

2 : (1.6)

W e note that the same equation can b e found from scaling argumen ts: from equation

(1.5) w e exp ect p = O(�ur=t ) , whic h yields equation (1.6) when w e substitute r = RL

and u = U0 . In this equation, the time dep endence is simply indicativ e of the rate at

whic h pressure c hanges will o ccur; nev ertheless, w e realize the actual �o w resp onse is

lik ely more complicated.

F or an elemen tary mo del of the reduction in pressure in the liquid due to the

�exibilit y of the mem brane, w e estimate u(t) = � _� ŷ where � (t) is, as b efore, the

do wn w ard de�ection of the cen ter of the mem brane as a function of time after impact.
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This substitution giv es a mo di�cation of equation (1.6) p ' � (U0 � _� )RL =t. W e next

equate the pressure in the �uid, p, to the elastic stress due to the mem brane, � ,

in order to obtain an estimate for � (t) . An estimate for � due to the de�ection a

distance � of a mem brane under a tension T is � = ( T � )=(�R L
2) . Equating p = � ,

w e �nd � ' ��R L
3(U0 � _� )=(T t) ' ��R 0

3
2 U0

3
2 t

1
2 (U0 � _� )=T . Since, at time scales of

milliseconds w e exp ect

_� � U0 , w e �nally appro ximate

� ' ��R 0
3
2 U0

5
2 t

1
2 =T: (1.7)

W e will next use this result for the mem brane de�ection to estimate the splashing

threshold, VT , as a function of the tension, T . Previous scaling argumen ts for the

splashing threshold (Roisman et al. 2006) utilize the sp eed of liquid in the lamella

( � U0 ) at a time comparable to the spread of the lamella ( � 2R0=U0 ). Here, without

a detailed theory , w e tak e in to accoun t the c hange in sp eed of the liquid due to

the de�ection of the �exible mem brane b y estimating the lamella �uid v elo cit y as

U0 � _� . W e assume that the splashing threshold is go v erend b y VT � _� � = VT S , where

VT S is the splash threshold on a solid, i.e. when

_� = 0 , and

_� �
is a t ypical v elo cit y

of the mem brane at some critical early time, t �
, when w e b eliev e instabilities are

imp ortan t. This critical time, t �
, lik ely falls in the range b et w een the compressible

time scale ( 10� 6
s for our drops), and the c haracteristic time scale for spreading

( 2R0=U0 � 10� 3
s for our drops). All the drop parameters (suc h as surface tension

and viscosit y) en ter this equation through VT S . T aking the deriv ativ e of � (equation

(1.7)) at t �
and substituting in to VT � _� � = VT S yields

VT �
�R 0

3
2 VT

5
2

T t� 1
2

= VT S: (1.8)
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Figure 1.8: Threshold v elo cit y for splashing v ersus mem brane tension for drops with

R0 = 1:01 � 0:02 mm, as in Fig. 1.3. The lines are calculated from equation (1.8)

with R0 = 1:01 mm, VT S = 2:2 m/s, and t �
as listed in the �gure.

Equation (1.8) estimates the splash threshold, VT , giv en R0 , T , and the measured VT S ,

and its predictions are sho wn in Fig. 1.8, with a set of di�eren t v alues for t �
. Since

man y estimates ha v e b een made in our calculation of VT , the times c hosen in Fig. 1.8

represen t the appro ximate order of magnitude of the time relev an t for the splashing

instabilit y . The times sho wn ( t � = 0:25� 1 ms) are therefore in rough accord with

the time of maxim um mem brane de�ection ( ' 0:4 ms), at whic h w e �nd a p ossible

kinetic energy threshold, and with the time at whic h di�erence in lamella dynamics

b ecome insigni�can t ( ' 0:4 ms). W e �nd that equation (1.8) matc hes our data b oth

in trend and order of magnitude, whic h is suggestiv e that our mo del captures m uc h of

the ph ysics for the c hange in splashing threshold for liquid drop impact on a �exible

mem brane.
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1.4 Conclusion

W e ha v e examined an unexplored parameter to tune the splash of a liquid droplet

on a solid substrate, and ha v e studied its role in the splashing mec hanism. By c hang-

ing the compliance of the substrate, using v ariations in the tension in an elastic

mem brane, w e sho w that splashing can b e suppressed using a soft substrate. This

approac h is a no v el w a y to reduce splashing in man ufacturing pro cesses and could

also b e imp ortan t in p esticide deliv ery to lea v es and other �exible surfaces. While

the late-time energy balance is sho wn not to pla y a role in the splash, an early-time

energy balance suggests a p ossible threshold criterion: the drop m ust retain a certain

amoun t of kinetic energy after the mem brane has fully deformed in order to form a

splash at later times. W e also �nd indications that it is the v ery early times after

impact that are critical for determining whether a splash o ccurs or not, as it is only

at these times that the lamella dynamics are di�eren t for impacts on mem branes of

di�eren t tensions. Finally , w e pro vide a mo del for the tension dep endence of the

threshold v elo cit y for splashing using order-of-magnitude argumen ts for the impact

pressure based on incompressible p oten tial �o w.
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Thic kness of an expanding lamella

near the splash threshold

The ma jorit y of this c hapter is reprin ted from de Ruiter et al. (2009), whic h w as

co-authored with Jolet de Ruiter and Ho w ard A. Stone.

2.1 In tro duction

Liquid drop impacts on solid substrates and the resulting spread and splash are

imp ortan t in a range of industrial and agricultural applications including spra y coat-

ing and co oling (Sampath & Jiang 2001), ink-jet prin ting (Zable 1977; v an Dam &

Le Clerc 2004), fuel com bustion (Ga v aises et al. 1996), and p esticide deliv ery (Wirth

et al. 1991; Bergeron et al. 2000). Splashing has b een extensiv ely studied exp eri-

men tally , theoretically , and computationally (see (Y arin 2006) for a recen t review).

Ho w ev er, the mec hanism of splashing is not y et fully understo o d.

25
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An understanding of the time dep endence of the thic kness of the expanding liq-

uid sheet, or lamella, generated after droplet impact is of fundamen tal imp ortance

for quan titativ ely describing b oth the spreading and splashing after impact. F or ex-

ample, it is common in recen t theories of splashing to assume that this thic kness is

prop ortional to the thic kness,

p
�t , of a viscous b oundary la y er, where � is the kine-

matic viscosit y of the liquid and t is the time after impact (Josserand et al. 2005; Xu

et al. 2005; Roisman et al. 2006; Xu 2007; Bird et al. 2009). This same idea has also

b een used for �lm thic kness after impact on a thin liquid �lm (Josserand & Zaleski

2003). A functional form for the lamella thic kness is also essen tial for theories of

�lm spreading after droplet impact (Chandra & A v edisian 1991; Mundo et al. 1995;

P asandideh-F ard et al. 1996; Mao et al. 1997). Recen tly , n umerical studies of this

topic ha v e app eared (Roisman et al. 2009; Roisman 2009; Sc hroll et al. 2009). In

this c hapter w e rep ort detailed measuremen ts of the time-dep enden t thic kness of the

lamella, based on side-view pro�les of the lamella shap e.

A feature of the dev elopmen t of the expanding lamella that is frequen tly neglected

is the formation of a thic k ened rim around the edge, as in Fig. 2.1(b). F or example,

only o ccasionally in the literature is the thic kness of the inner lamella, hL , distin-

guished from the thic kness of the rim, hR (Roisman et al. 2002; A ttané et al. 2007).

In one suc h study , Roisman et al. consider an a v erage lamella thic kness at times

earlier than the c haracteristic time, D0=U0 , where D0 and U0 are, resp ectiv ely , the

diameter and impact v elo cit y of the drop (Roisman et al. 2002), while a second study

of A ttané et al. is not v alid in the regime relev an t to splashing since near the splash-

ing transition the thic k ened rim ma y mo v e at a di�eren t sp eed than the �uid in the
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inner lamella (A ttané et al. 2007). In theories of splashing, the thic kness of the out-

ermost p ortion of the lamella (furthest a w a y from the p oin t of impact in the radial

direction) is the most relev an t simply b ecause that is the site of instabilit y formation

and gro wth (Lo ehr & Lasek 1990; Thoro ddsen & Sak akibara 1998), from whic h sec-

ondary droplets ma y b e emitted, b oth in prompt splashing (Riob o o et al. 2001) and

for corona splashes at the splashing transition (see Fig. 1.3 and (Xu et al. 2005) Fig.

1). Indeed, the thic kness of this rim pla ys a critical role in b oth the splash thresh-

old and droplet size for prompt splashes (Xu et al. 2007). In some pap ers where a

b oundary-la y er time dep endence is injected in to a scaling argumen t (i.e. a thic kness

that gro ws prop ortional to

p
�t ), the authors clearly refer to the outermost p ortion

of the lamella whic h w e in terpret as the rim (Xu et al. 2005). In other pap ers, the

authors apparen tly refer in terc hangeably to the cen tral part of the lamella and the

curv ed end where surface tension acts (Josserand et al. 2005; Roisman et al. 2006; Xu

2007; Bird et al. 2009). F or all of these cases, detailed exp erimen tal measuremen ts

of the rim thic kness, whic h w e rep ort here, can b e view ed as constrain ts on p ossible

simpli�ed mo dels.

Despite the theoretical predictions and relev ance of the lamella thic kness to un-

derstanding b oth spreading and splashing phenomena, there ha v e b een relativ ely few

direct measuremen ts, particularly at the time scale relev an t for splashing. Imaging

the lamella exp erimen tally in order to measure thic kness is di�cult, and the use of

side views for imaging necessarily means that the thic k est part of the lamella, the rim,

is measured. F or example, Sto w and Had�eld rep ort rim thic kness v ersus time, but for

only one impact exp erimen t, and with four data p oin ts in the relev an t time windo w
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O(D0=U0) (Sto w & Had�eld 1981). Also, Roisman et al. rep ort sev eral measure-

men ts of the a v erage lamella thic kness at the time D0=U0 , ho w ev er these v alues are

calculated from measuremen ts of the lamella radius using v olume conserv ation rather

than measured directly (Roisman et al. 2006). In their comprehensiv e pap er ab out

w ater spreading on glass, Roux and Co op er-White rep ort the lamella rim thic kness

for sev eral impact v elo cities (Roux & Co op er-White 2004). They conclude that the

thic kness gro ws appro ximately linearly with time and that the maxim um thic kness

is a decreasing function of impact sp eed (Roux & Co op er-White 2004). Although

their relativ ely lo w spatial resolution mak es it di�cult to compare their results with

theoretical predictions at times relev an t for splashing, their data do es suggest that

the rim is to o thic k for a simple

p
�t thic kness ev olution to b e v alid.

Mongruel et al. used high-sp eed imaging metho ds to measure lamella thic kness

at times b efore a rim has dev elop ed (t ypically t � 0:3D0=U0 ) and �nd that the heigh t

of b oth the base and tip of the lamella gro w linearly in time (Mongruel et al. 2009).

W e ha v e b een unable to �nd an y previous detailed exp erimen tal observ ations of the

lamella rim thic kness with b oth high spatial and temp oral resolution. It is the purp ose

of this c hapter to pro vide, for sev eral di�eren t �uid systems, quan titativ e data on the

time ev olution of the lamella rim thic kness.

It has b een suggested that it is times v ery early after impact that determine

splashing b eha vior (Kim et al. 2000; P epp er et al. 2008). W e therefore measure for

di�eren t liquid viscosities and drop impact sp eeds the ev olution of the thic kness of the

rim of the lamella at times earlier than D0=U0 . W e c ho ose impact sp eeds that range up

to when instabilities form in the lamella. Our results are inconsisten t with the simple
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(a) (b)

Figure 2.1: (a) Sc hematic of the exp erimen tal set-up (not to scale). The impact of

a drop with diameter D0 , falling from a heigh t H , with a resulting impact v elo cit y

U0 , is recorded with a high-sp eed camera aligned to tak e a side-view video of the

impact. (b) Sc hematic of the distances measured: due to radial expansion of the rim,

the measured heigh t represen ts the heigh t of the rim (solid line), hR , instead of the

heigh t of the inner p ortion of the lamella, hL (dotted line).

idea that the rim thic kness ev olv es prop ortional to a b oundary la y er thic kness,

p
�t .

Instead, w e �nd t w o distinct b eha viors: for slo w er impact sp eeds w e �nd that the

thic kness increases monotonically with time, whic h is consisten t with a

p
t gro wth

but �nd the thic kness also strongly dep ends on impact sp eed, while for increased

impact sp eeds w e observ e a plateau b eha vior in the lamella thic kness v ersus time.

2.2 Exp erimen tal Metho ds

A sc hematic of the exp erimen tal set-up is sho wn in Fig. 2.1(a). Millimeter-radius

drops are released ab o v e a mirror, and their impacts are observ ed using a Phan tom

high-sp eed video camera recording at 57,971 frames p er second (fps). The spatial

distance b et w een a pair of pixels is ab out 27 � m. The drops impact on to a horizon tally

p ositioned mirror (Anc hor Optics exp erimen tal grade �rst surface mirror), and the
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T able 2.1: Ph ysical prop erties of the alcohols used.

Alcohol � ( � 10� 3
P a � s)

1 � (kg/m

3
)

1 
 ( � 10� 3
N/m)

2

methanol 0.55 786 23.2

ethanol 1.08 785 22.2

iso-propanol 2.05 781 21.7

1 � is the shear viscosit y at 25�
C (Nik am et al. 1996);

2 � is the densit y at 20�
C (Vázquez et al. 1996).

high-sp eed camera is carefully aligned with the mirror to obtain a side-view recording

of the impacting droplet. Drops of repro ducible diameter ( D0 = 2:02� 0:04 mm) are

generated using a syringe pump to create a p endan t drop hanging b elo w a needle of

�xed inner diameter. The drop falls under its o wn w eigh t. By adjusting the heigh t

of release, H , the impact v elo cit y , U0 , is v aried within the range 0.90 - 1.71 m/s,

hence a t ypical time D0=U0 � 1:2 � 2:2 ms. W e analyze only impacts for whic h

the lamella has a uniform rim heigh t. Therefore, the highest impact sp eeds that w e

assess are just b elo w the threshold for instabilities in the lamella, whic h, for ethanol,

is sligh tly b elo w the threshold for splashing of 1:91 � 0:08 m/s (when detac hmen t

of satellite droplets �rst o ccurs). The viscosit y of the drop is v aried b y using three

di�eren t alcohols: methanol, ethanol and iso-propanol (T able 2.1). The densities ( � )

and surface tensions ( 
 ) of these alcohols are essen tially the same, allo wing us to

isolate the e�ect of viscosit y , though w e only span a c hange of a factor of four.

The liquid parameters can b e com bined in to t w o dimensionless groups, Re =

�D 0U0=� and W e = �D 0U0
2=
 . The Reynolds n um b er ( Re) giv es the ratio of inertial

to viscous forces, while the W eb er n um b er ( W e) giv es the ratio of inertial to surface

tension forces. Our exp erimen ts fo cus on the regime Re � W e � 1 with 730 <

Re < 3810 and 59 < W e < 185. W e rep ort these dimensionless groups for ease of
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Figure 2.2: (a) Selection of frames from one t ypical high-sp eed video, tak en up to a

c haracteristic time D0=U0 (= 2.18 ms) after impact (with sp eed U0 = 0.93 m/s) of an

ethanol drop ( D0 = 2.02 mm) on to a mirror. The re�ection of the drop can b e seen

on the mirror. The time elapsed from impact is sho wn at the righ t of eac h frame.

The time b et w een sequen tial frames (not all are sho wn) is 0.017 ms. Thic k red lines

sho w heigh t pro�les determined b y our image-analysis soft w are. (b) Heigh t pro�les

of the impacting ethanol drop sho wn in (a). The heigh t of the observ ed side-view

pro�le is depicted as function of radial p osition for the righ t side of the recorded

impacting drop. F ourteen frames are selected for analysis up to a time D0=U0 after

impact, namely at 0.004, 0.04, 0.06, 0.10, 0.12, 0.16, 0.20, 0.25, 0.32, 0.40, 0.50, 0.63,

0.79, and 1.00 times D0=U0 . In time, the lamella expands radially . The crosses mark

the lo cation where the rim heigh t of eac h pro�le is measured. Rim heigh ts are only

measured for pro�les that sho w a plateau-shap ed lamella.

comparison with other exp erimen ts suc h as (Roux & Co op er-White 2004; Mongruel

et al. 2009).

An example of a selection of frames from a high-sp eed video recording is sho wn

in Fig. 2.2(a). The drop impact is analyzed up to a c haracteristic time D0=U0 after

impact, whic h is the time in whic h a drop tra v els a distance equal to its diameter.

W e use custom-written MA TLAB image-analysis soft w are to determine the impact

v elo cit y , initial drop diameter, drop pro�le, and rim heigh t, hR , from the high-sp eed

video recordings (see Fig. 2.1(b)). T o analyze the images, the pixels in eac h recorded

frame are divided �v e times in b oth the horizon tal and v ertical directions in to a total
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of 25 smaller pixels. In tensit y v alues are assigned to these smaller pixels according

to a bicubic in terp olation of the surrounding in tensit y v alues. The spreading drop

is iden ti�ed b y comparing the in tensit y of eac h (in terp olated) pixel with a threshold

in tensit y set b y the bac kground (non-drop) pixels. The heigh t of the drop is deter-

mined at eac h radial p osition, taking in to accoun t the p osition of the surface of the

mirror (determined from the drop and its re�ection).

The drop pro�le is determined for a selection of frames after the momen t of impact

(see Fig. 2.2(b)); the momen t of impact ( t = 0 ) is de�ned mid-w a y b et w een the frames

just b efore and after impact. The rim heigh ts are measured at the lo cation of the

plateau in the side-on view of the lamella (see x's in Fig. 2.2(b)). A t earlier times, the

exp elled sheet do es not ha v e a plateau, and an a v eraged thic kness m ust b e estimated

(see Fig. 2.2(b) at times 0.10 and 0.12 D0=U0 ). F or times < 0:25D0=U0 , it is lik ely

that the outermost p ortion of the lamella has not y et dev elop ed in to a rim, so our

measuremen ts are of the thic kness of the outermost p ortion of the lamella. W e note

that at these early instan ts, b efore the rim is formed, w e measure a di�eren t p ortion

of the lamella than do Mongrel et al. (Mongruel et al. 2009), so, while our results are

complemen tary , they are not directly comparable. F urther, it should b e emphasized

that once the rim dev elops w e measure the heigh t of the rim � instead of the heigh t

of the inner lamella � since the rim obscures the inner p ortion of the lamella as

sk etc hed in Fig. 2.1(b). F urther examples of drop pro�les after impact for di�eren t

liquid/impact v elo cit y com binations can b e found in Section 2.4.

The rim heigh ts extracted from �v e indep enden t exp erimen ts are a v eraged for

eac h non-dimensional time t=(D0=V0) . W e con�rmed that the error b et w een t w o series
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(with similar conditions but p erformed on di�eren t da ys) of �v e rep eated exp erimen ts

is within the 95% con�dence in terv al asso ciated with one series.

2.3 Results and Discussion

2.3.1 Drop impact observ ations

A t ypical series of high-sp eed images of the impact of an ethanol drop on a mirror

is sho wn in Fig. 2.2(a). This series is represen tativ e of the qualit y of the recordings

tak en and the o v erall drop b eha vior observ ed during our exp erimen ts with di�eren t

impact sp eeds and viscosities. Just after impact, a cylindrical fo ot is formed as the

surface of the mirror is w etted b y the ethanol drop (see Fig. 2.2(a) at 0.13 ms). Shortly

after, a liquid �lm, the lamella, is exp elled from the leading edge of the drop (see Fig.

2.2(a) at 0.27 ms). F or impact sp eeds ab o v e 1.24 m/s (ethanol drops) a v ery thin

lamella ma y b e formed instan taneously , without �rst dev eloping a fo ot. Ho w ev er due

to the extremely short time scale and small dimension of the sheet, the existence of

a distinct lamella at these times can not b e unam biguously established without more

data at greater magni�cation. In an y case, from our data, no in�uence of impact sp eed

or liquid viscosit y on the dimensionless time of the �rst app earance of the lamella

could b e iden ti�ed. The lamella app ears at a time of ab out (0:072� 0:04)D0=U0 (95%

con�dence in terv al) for all conditions within the range of our exp erimen ts.

The lamella gro ws in b oth the radial direction and in heigh t, see Fig. 2.2(a). The

instan t of the dev elopmen t of a thic k ened rim cannot b e observ ed in the recording

sho wn, as w e see only the thic k est part of the lamella in our side-on view. Recordings
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tak en from a sligh t angle lo oking do wn on the drop (data not presen ted) sho w that a

thic k ened rim app ears at a time of (0:25� 0:03)D0=U0 . T runcated spherical shap es and

stair-lik e capillary w a v es as rep orted b y Roux and Co op er-White (Roux & Co op er-

White 2004) ha v e not b een observ ed, since our impact sp eeds are in general outside

the range in whic h stair-lik e capillary w a v es can dev elop (Renardy et al. 2003).

2.3.2 Impacts with v arying impact sp eed and constan t drop

viscosit y

W e measured the ev olution of the rim thic kness with time for drops with v arying

impact sp eeds and constan t drop viscosit y . Our results are sho wn in Fig. 2.3 and

are rep orted in sev eral formats. Note that in Fig. 2.3(a) the rim thic kness decreases

with increasing sp eed of impact, and that at higher impact sp eeds the rim thic kness

displa ys an un usual plateau b eha vior at early times. It is p ossible that the plateau in

thic kness ma y b e related to the formation of the rim at higher impacts sp eeds. This

in terpretation ma y b e relev an t as the plateau in thic kness spans the time when the

outermost p ortion of the lamella (whic h w e measure) b egins to b e visibly thic k er than

the inner p ortion of the lamella. W e are not a w are of a previous rep ort of this plateau

in rim thic kness as the lamella dev elops. A dditionally , the rim thic kness is a function

of the impact sp eed, whic h clearly rev eals that the rim thic kness is not equiv alen t to

the b oundary la y er thic kness since, traditionally , the b oundary la y er thic kness (

p
�t )

is in v arian t with impact sp eed.

F or impacts at high sp eeds ( U0 � 1:42 m/s), Roux and Co op er-White �tted their

data with a linear increase of thic kness in time un til a maxim um v alue w as reac hed
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Figure 2.3: (a) Rim heigh t, hR , v ersus dimensionless time after impact, t=(D0=U0) , for

ethanol drops impacting at di�eren t impact sp eeds U0 . F or the data here (in parts (a)-

(d)) w e rep ort U0 and ( Re=W e): ( � ) 0.91 m/s (1340/59), ( � ) 1.06 m/s (1560/80), ( 4 )

1.24 m/s (1820/110), ( F ) 1.36 m/s (1990/132), ( � ) 1.47 m/s (2160/154), ( H) 1.61

m/s (2360/185). The error in the impact sp eed is � 0.03 m/s. Error bars indicate the

95% con�dence in terv al. Rim heigh ts are measured up to a time D0=U0 after impact.

Dotted lines are dra wn to guide the ey e. Gra y data p oin ts are less represen tativ e due

to the triangular shap e of the lamella at early times. (b) Log-log plot of rim thic kness,

hR , v ersus time after impact, t . The slop e of the displa y ed triangles indicates an

appro ximate square ro ot la w (scaling exp onen t of

1
2 ). In parts (b)-(d) error bars ha v e

b een omitted for clarit y but are of the same relativ e order as in (a). Inset: An example

of t w o impacts tak en from the main panel with other data remo v ed for clarit y . Note

the plateau for the impact of higher sp eed. (c) Rim heigh t, hR , scaled b y 
= (U2
0 � )

v ersus time after impact, t=(D0=U0) . (d) Rim heigh t, hR , scaled b y

p

= (�D 0=U2

0 )
v ersus time after impact, t=(D0=U0) .
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(Roux & Co op er-White 2004). Ho w ev er, their lac k of spatial resolution mak es it

di�cult to determine the exact form for thic kness v ersus time, particularly at times

b efore D0=U0 . A log-log plot of our data for rim thic kness v ersus time (Fig. 2.3(b))

and the obtained scaling exp onen ts (T able 2.2), ev aluated o v er the a v ailable time

in terv al, suggest that the relationship is not linear. A

p
t dep endence �ts our data

for U0 = 0:91 m/s from shortly after impact un til the rim thic kness lev els o� to its

maxim um v alue. F or higher impact sp eeds U0 � 1.24 m/s an appro ximate p o w er-

la w dep endence only applies to the time after the plateau b eha vior, with scaling

exp onen ts ranging from 0.4 - 0.7. All scaling exp onen ts rep orted here should b e

in terpreted cautiously as our measuremen ts only span a fraction of a decade in time.

Th us, an appro ximate

p
t dep endence only holds at lo w impact sp eeds. This result

is, p erhaps, not surprising as it seems more lik ely that the rim thic kness is set b y a

comp etition b et w een surface tension and inertia.

There are t w o lik ely length scales that arise from a comparison of surface tension

and inertia. The �rst, 
= (U2
0 � ) , comes from directly comparing inertial forces with

surface tension forces (i.e. �nding the length scale where W e = 1 ). The results of

scaling the lamella rim b y this length are sho wn in Fig. 2.3(c). This scaling success-

fully collapses the t w o sets of data for lo w-sp eed impacts where no plateau b eha vior

o ccurs. This observ ation could b e coinciden tal, but if not, it emphasizes that w e

study b eha vior that spans t w o di�eren t regimes of b eha vior - the lo w-sp eed impact

regime that do es not ha v e a plateau, and whose ev olution ma y to some exten t b e ra-

tionalized as a comp etition of inertial and surface forces, and the high-sp eed impact

regime where a plateau is formed.



Chapter 2: Thickness of an exp anding lamel la ne ar the splash thr eshold 37

The second p oten tial scaling is based on an analogy with the capillary length,

p

= (�g ); but rather than comparing surface tension forces to forces from the v ertical

acceleration of gra vit y , g, w e compare surface tension to forces generated b y the rapid

deceleration of the lamella in the horizon tal direction (Clanet et al. 2004). W e use

U2
0 =D0 as an appro ximation for the horizon tal deceleration of the lamella at time

D0=U0 , whic h yields the length scale

p

= (�D 0=U2

0 ) . This length scale w as previously

sho wn to pro vide a v ery go o d description for the maxim um diameter of spreading

for drops (mostly on h ydrophobic surfaces) with W eb er n um b er comparable to those

rep orted here (Clanet et al. 2004). The results of scaling the lamella rim b y this

length are sho wn in Fig. 2.3(d). W e can see that this collapses the data only at time

t = D0=U0 so it ma y b e a go o d estimate for the maxim um thic kness the lamella

reac hes during ev olution. This idea could b e tested b y measuring the lamella rim at

later times. Ho w ev er, this scaling do es not collapse data at earlier times.

Note that at v ery early times (i.e. in the plateau region) the highest impact sp eed

( U0 = 1:61 m/s) has a thic k er rim than some of the lo w er impact sp eeds. An impact

sp eed of 1.61 m/s is close to the splashing threshold of 1.91 m/s; instabilities ma y

start to form in the lamella, thic k ening the rim in some areas.

2.3.3 Impacts with v arying drop viscosit y

The ev olution of the rim thic kness with time is sho wn in Fig. 2.4 for impacting

drops of di�eren t viscosit y . The rim thic kness increases with viscosit y . F or di�eren t

impact sp eeds the same trends as in Fig. 2.3(a) are observ ed: for eac h viscosit y , a

con tin uously increasing rim thic kness is observ ed at lo w impact sp eed, whereas a
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T able 2.2: Scaling exp onen t of the p o w er-la w �t of hR v ersus t for data in Fig. 2.3.

The scaling exp onen t is ev aluated for a selected region, whic h encompasses only the

region after the plateau for impact sp eeds � 1.24 m/s. A t lo w impact sp eeds the

p o w er-la w function is �tted for the complete time span up to the c haracteristic time.

Impact sp eed Selected region Scaling exp onen t

(m/s) (ms) (95% conf. in terv al)

0.91 0.28 - 1.40 0.50 � 0.05

1.06 0.30 - 1.91 0.36 � 0.04

1.24 0.82 - 1.63 0.6 � 0.1

1.36 0.47 - 1.49 0.63 � 0.04

1.47 0.43 - 1.37 0.7 � 0.1

1.61 0.50 - 1.26 0.4 � 0.2

plateau b eha vior is observ ed at high impact sp eed. Plotting the rim thic kness v ersus

p
�t (Fig. 2.4(b)) sho ws that rim thic kness is alw a ys m uc h larger than the exp ected

b oundary la y er thic kness (dotted line). A t lo w impact sp eed, hR �
p

t un til the

rim thic kness lev els o� to its maxim um v alue (similar to Fig. 2.3). Ho w ev er, the

absence of collapse of the data series obtained at di�eren t viscosities sho ws that rim

thic kness cannot b e describ ed simply b y c
p

�t , where c is a constan t, as the functional

dep endence on � and U0 is more complicated.

T o further elucidate the role of viscosit y in determining the lamella rim thic kness,

w e sho w in Fig. 2.4(c) hr scaled b y the size of the viscous b oundary la y er at t = D0=U0 .

This data again sho w t w o distinct regimes for high-sp eed and lo w-sp eed impact. F or

the higher sp eed impacts, the ab o v e scaling collapses the data series for times greater

than 0:5D0=U0 , rev ealing that viscosit y pla ys a role in the ev olution of the lamella at

these later times. Ho w ev er, the data series do not collapse for high-sp eed impacts at

earlier times (whic h are lik ely the times relev an t for the splashing instabilit y (P epp er

et al. 2008)), nor do they collapse for the lo w-sp eed impacts.
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Figure 2.4: (a) Rim thic kness, hR , v ersus dimensionless time after impact, t=(D0=U0) ,

for drops with v arying viscosit y (shap e of sym b ols), impacting at t w o di�eren t sp eeds

(op en sym b ols � 0.96 m/s and closed sym b ols � 1.34 m/s). F or the data here (parts

(a)-(c)) w e rep ort � , U0 and ( Re=W e): ( � ) 2.05 mP a � s, 0.94 m/s (730/64), ( 4 ) 1.08

mP a � s, 0.98 m/s (1440/69), ( � ) 0.55 mP a � s, 0.95 m/s (2740/62), ( � ) 2.05 mP a � s,

1.36 m/s (1050/135), ( N) 1.08 mP a � s, 1.33 m/s (1960/126), ( � ) 0.55 mP a � s, 1.32

m/s (3810/119). Rim heigh ts are measured up to a time D0=U0 after impact. Error

bars indicate the 95% con�dence in terv al based on �v e rep eated exp erimen ts. Dotted

lines are dra wn to guide the ey e. (b) Rim thic kness, hR , v ersus time after impact,

scaled according to

p
�t . Error bars ha v e b een omitted in parts (b) and (c) for clarit y

but are of the same relativ e order as in (a). The dotted line represen ts the function

h =
p

�t . (c) Rim thic kness, hR , scaled b y

p
�D 0=U0 v ersus dimensionless time after

impact, t=(D0=U0)
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It is also clear from this data that the rim thic kness, hR , is dep enden t on impact

sp eed as, regardless of viscosit y , hR is greater for lo w er impact sp eeds. This clear

dep endence on U0 , b oth here and in Fig. 2.3, means that those theories of splashing

and spreading that scale thic kness of the lamella based on the thic kness of a b oundary

la y er (i.e. (Josserand et al. 2005; Xu et al. 2005; Roisman et al. 2006; Xu 2007)) m ust

b e in terpreted with caution. In b oth previous and future scaling argumen ts related

to the lamella it is imp ortan t to determine whic h p ortion of the lamella (inner, rim,

or a v erage) should b e considered. Some of these theories ma y use an a v erage lamella

thic kness or thic kness of the inner lamella, whic h w e cannot asses as w e do not

measure the inner p ortion of the lamella. F or those theories that refer to the rim

thic kness, it is p ossible that these theories could b e v alid for the lamella thic kness

at times earlier than w e can distinguish the existence of a lamella ( � 0:07D0=U0 ),

but as w e are uncertain that a lamella exists at these times, it ma y alternativ ely

b e that a b oundary la y er thic kness is imp ortan t to the �o w inside the drop either

righ t b efore or righ t after impact. F or instance, Mongruel et al. suggest that the

b oundary la y er thic kness determines the thic kness of the lamella when it is initially

ejected (Mongruel et al. 2009). In addition, they prop ose that the lamella ev olution

con tin ues to follo w a b oundary la y er thic kness up to time t = (1 =Re)(D0=U0) � 0.2

� s for our exp erimen ts (Mongruel et al. 2009). Ho w ev er, this time is earlier than the

observ ed time of lamella app earance in b oth our exp erimen ts and those of Mongruel

et al.
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2.4 Drop pro�les

Here w e giv e heigh t pro�les of one represen tativ e impact for eac h liquid/impact

v elo cit y com bination rep orted in Figs. 2.3 and 2.4. These results are sho wn in Figs.

2.5 and 2.6. W e b eliev e these detailed exp erimen tal measuremen ts ma y b e helpful

to researc hers dev eloping n umerical sim ulations of impact dynamics. Note that the

plateau b eha vior in rim heigh t v ersus time can b e seen in Fig. 2.5(c), (d), (e), and (f )

and Fig. 2.6(b), (d), and (f ).

2.5 Conclusion

W e ha v e measured the ev olution of the lamella rim thic kness at early times up to

D0=U0 , for impact sp eeds ranging up to the threshold for instabilities to dev elop in

the lamella. A t lo w impact sp eed, the rim thic kness increases appro ximately with the

square ro ot of time, but the dep endence on � is not a simple square ro ot b eha vior,

leading to a rim thic kness consisten t with hR � f (�; �; U 0; :::)
p

t . In addition to the

viscosit y and the impact sp eed, the rim thic kness will also lik ely dep end on other

parameters suc h as surface tension and the solid surface prop erties, whic h w ere k ept

constan t in our study . A t higher impact sp eeds w e observ e a no v el b eha vior: a plateau

in thic kness at early times. Since high impact sp eeds are relev an t for splashing, this

plateau b eha vior needs to b e further in v estigated. The rim thic kness is alw a ys m uc h

larger than the b oundary la y er thic kness and cannot b e adequately describ ed b y a

functional form prop ortional to

p
�t , since the latter do es not accoun t for di�erences

in lamella b eha vior with impact sp eed U0 . Scaling of the rim heigh t using the idea that
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Figure 2.5: Heigh t pro�les from impacts of ethanol drops with U0 = (a) 0.93 m/s, (b)

1.03 m/s, (c) 1.24 m/s, (d) 1.32 m/s, (e) 1.44 m/s, and (f ) 1.65 m/s as in Fig. 2.2(b).

F ourteen frames are selected for analysis up to a time D0=U0 after impact, namely

at 0.004, 0.04, 0.06, 0.10, 0.12, 0.16, 0.20, 0.25, 0.32, 0.40, 0.50, 0.63, 0.79, and 1.00

times D0=U0 .
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Figure 2.6: Heigh t pro�les for impacts of drops of (a) ethanol U0 = 0:97 m/s, (b)

ethanol U0 = 1:36 m/s, (c) methanol U0 = 0:93 m/s, (d) methanol U0 = 1:32 m/s,

(e) iso-propanol U0 = 0:92 m/s, (f ) iso-propanol U0 = 1:34 m/s as in Fig. 2.2(b).

F ourteen frames are selected for analysis up to a time D0=U0 after impact, namely

at 0.004, 0.04, 0.06, 0.10, 0.12, 0.16, 0.20, 0.25, 0.32, 0.40, 0.50, 0.63, 0.79, and 1.00

times D0=U0 .



Chapter 2: Thickness of an exp anding lamel la ne ar the splash thr eshold 44

inertial forces are balanced b y capillary pressure gradien ts pro vides some collapse of

the data at lo w er impact sp eeds. Ideally , a full lamella thic kness pro�le as a function

of b oth time after impact and radial distance from the cen ter of the lamella w ould b e

measured, but this exp erimen t w ould b e quite c hallenging.



Chapter 3

Eddies near microscopic �lter feeders

The ma jorit y of this c hapter is reprin ted from the man uscript P epp er et al.

(2009 a ), whic h w as co-authored with Marcus Rop er, Sang jin Ryu, P aul Matsudaira,

and Ho w ard A. Stone. I w ould lik e to thank A dam Abate for his help with the PTV

algorithm.

3.1 In tro duction

Microscopic sessile �lter feeders are an imp ortan t part of aquatic ecosystems and

form a vital link in the transfer of carb on in marine fo o d w ebs (F enc hel 1982; Sherr

& Sherr 1988; Christensen-Dalsgaard & F enc hel 2003; King 2005). The �lter feeders

consume bacteria and small detritus, and are in turn eaten b y larger organisms.

Sessile �lter feeders liv e in b o dies of w ater where they are anc hored to the stream

or o cean b ed, aquatic plan ts, or ev en aquatic animals (La yb ourn 1976; Kank aala &

Eloran ta 1987). They surviv e b y creating a feeding curren t that dra ws �uid to w ards

45
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them, and from whic h they �lter their fo o d of in terest. These organisms also pla y an

imp ortan t role in biological w aste w ater treatmen t (Reid 1969; Chen et al. 2004). An

understanding of the �o w generated b y �lter feeders is essen tial, not only to a b etter

understanding of marine ecology and carb on cycling, but also to impro v e the design

of w ater treatmen t plan ts.

Sessile �lter feeders t ypically ha v e a cell b o dy with a radius ranging from a few to

a few h undred microns, and are t ypically attac hed either directly or with a stalk to an

immobile surface (e.g. an aquatic plan t). Some common sessile �lter feeders are V or-

tic el la (Sleigh & Barlo w 1976), Stentor (Rapp ort et al. 1972), and c hoano�agellates

(King 2005). W e will fo cus on V ortic el la as a t ypical sessile �lter feeder. V ortic el la

are a stalk ed protozoan with a b ell-shap ed cell b o dy appro ximately 25 � m across

and appro ximately 50 � m long (Noland & Finley 1931). This b o dy is attac hed to a

surface via a thin stalk of length ab out 100 � m. V ortic el la create a feeding curren t

using a ring of b eating cilia at the top of their b o dy , and use t w o rings of cilia to

�lter debris from the surrounding �uid (Sleigh & Barlo w 1976). This debris can then

b e ingested in to the cell b o dy or rejected in to the surrounding �uid (Sleigh & Barlo w

1976). There are sev eral p ossible mec hanisms for suc h particle capture (Rub enstein

& K o ehl 1977; Labarb era 1984).

Exp erimen tal observ ations of sev eral di�eren t sessile �lter feeders ha v e sho wn that

they generate feeding curren ts in the form of a toroidal v ortex (Sleigh & Barlo w 1976;

Hartmann et al. 2007; Nagai et al. 2009; P ettitt et al. 2002; P etermeier et al. 2007).

Closed feeding streamlines limit the feeder's access to new material (Blak e & Otto

1996), so it is imp ortan t to determine what circumstances lead to closed eddies.
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The eddy structure is t ypically attributed to the substrate to whic h the organism

is attac hed. F or instance, Blak e and Otto mo del the feeding eddy structure as a

p oin t force, or stok eslet, orien ted p erp endicular to a plane w all (Blak e & Otto 1996),

and this mo del has b een used to estimate feeding �uxes in sev eral biological con texts

(P ettitt et al. 2002; Orme et al. 2003; Hartmann et al. 2007).

Ho w ev er, eddies ha v e b een also observ ed near �lter feeders ev en in the absence of a

tethering substrate, for instance for a V ortic el la attac hed to thin strand of duc kw eed

(Sleigh & Barlo w 1976) or anc hored b et w een t w o closely spaced parallel slides (Nagai

et al. 2009). It seems little recognized that the eddies in these situations, and in fact

in the ma jorit y of observ ations of micro organisms, are lik ely a result of con�nemen t

b et w een t w o w alls parallel to the �eld of view, e.g. the t w o microscop e slides that are

nearly univ ersally presen t when exp erimen tally examining micro organisms (Liron &

Blak e 1981; Blak e et al. 1982).

Liron and Blak e ha v e sho wn that closed eddies form only in the presence of b ound-

aries (Liron & Blak e 1981). They mo del p oin t-force generated feeding curren ts in sev-

eral geometries, including a stok eslet b et w een t w o in�nite parallel plane b oundaries

with the stok eslet orien ted parallel to the b oundaries (Liron & Blak e 1981). Ho w ev er,

it is di�cult to con�rm the existence or non-existence of suc h eddies exp erimen tally ,

since it is not p ossible to observ e �lter feeders under a microscop e without in tro ducing

at least one nearb y b oundary .

W e build on the calculations of Liron and Blak e, and extend them to more complex

mo dels of micro organisms to mak e exp erimen tally v eri�able predictions. W e �nd that

the size of the eddies increases appro ximately linearly with the distance b et w een the
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con�ning slides, and emphasize that the eddies disapp ear en tirely for the case of a

�lter feeder in free space. W e then presen t what w e b eliev e is the �rst exp erimen tal

con�rmation that eddies near �lter feeders are due to the b oundaries pro vided b y

the surrounding slides b y sho wing that the eddy size increases as predicted as the

distance b et w een the t w o con�ning slides is increased. The origin of these eddies

m ust b e tak en in to accoun t when explaining microscopic �lter feeding, as the �o w

around �lter feeders in nature will b e quite di�eren t than it app ears when examined

under a microscop e b et w een t w o slides. W e also an ticipate that the surroundings of

�lter feeders, suc h as whether they ha v e nearb y neigh b ors, will strongly a�ect the

�o w nearb y , and th us the �lter feeder's access to n utrien ts.

3.2 Stok eslet b et w een t w o w alls

It is common to mo del sessile �lter feeders as a p oin t force in Stok es �o w - the

stok eslet (Blak e & Otto 1996; Hartmann et al. 2007; Dresc her et al. 2009). Micro or-

ganisms that swim generally do not exert a net force on the surrounding �uid, as the

force generated b y cilia for swimming is balanced b y drag on the organism. Ho w ev er,

sessile organisms can apply a net force to the �uid since they are attac hed (often via

a stalk) to a substrate. It is therefore reasonable to appro ximate suc h sessile �lter

feeders using a stok eslet. Since the v elo cit y from the stok eslet in free space deca ys

as 1=r , where r is the distance from the stok eslet, the stok eslet appro ximation is

lik ely to b e v alid far a w a y from the organism. If eddies are presen t in the �o w, their

structure ma y b e sensitiv e to details of the �o w close to the organism. In particular,

w e consider the p osition of the cen ter of the eddy , whic h ma y b e quite close to the
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organism. F or this reason, it is not clear that a stok eslet mo del will b e v alid. Here w e

compute the p osition of the stagnation p oin t for a stok eslet b et w een parallel w alls a

distance h apart and in later sections compare it to a more realistic mo del of a �lter

feeder as w ell as to exp erimen tal results.

T o calculate the �o w �eld w e solv e the incompressible Stok es equation and the

con tin uit y equation:

� r 2u = r p and r � u = 0: (3.1)

W e follo w Muc ha et al. to calculate n umerically the v elo cit y �eld due to a stok eslet

b et w een and parallel to no-slip w alls with p erio dic b oundary conditions (see Fig.

3.1(a) for a sc hematic view) (Muc ha et al. 2004). W e use a width and length of the

p erio dic b oundaries (in the x and y directions) m uc h larger than the distance, h ,

b et w een the no-slip w alls, suc h that the eddy structure is determined b y the no-slip

w alls. The stok eslet is lo cated in the mid-plane at (0; 0; h=2) and p oin ts in the � ey

direction. Details of the calculation are found in App endix A. W e note that an

alternate calculation for a stok eslet b et w een in�nite parallel w alls can b e found in

(Liron & Mo c hon 1976).

Previous discussions of the eddies generated b y a stok eslet b et w een parallel plates

ha v e appro ximated the �o w as generated b y a p oten tial dip ole (Liron & Blak e 1981;

Blak e et al. 1982). In this limit, it is not p ossible to mak e an appro ximation for the

p osition of the eddy cen ters, as for a p oin t dip ole b oth eddy cen ters are lo cated at

the p osition of the dip ole. Instead of making suc h an appro ximation, w e calculate

the full solution to the Stok es equation in the near �eld. This approac h allo ws us to

�nd the p osition of the cen ter of the eddy . The �o w is symmetric around the axis
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Figure 3.1: (a) Stok eslet b et w een parallel w alls. The stok eslet is represen ted b y a

gra y arro w p oin ting in the � ey direction and the dotted lines represen t p erio dic

b oundaries. The upp er and lo w er b oundaries (parallel to the x - y plane) are no-slip.

(b) Hele-Sha w geometry . (c) Sim ulation geometry . The upp er and lo w er b oundaries

are no-slip. The righ t-hand and left-hand b oundaries are op en, and the fron t and

bac k b oundaries are slip. d) A sc hematic represen tation of the exp erimen tal set-up.

V ortic el la are gro wn on the narro w edge of a glass co v erslip (gra y b o x), whic h is

inserted midw a y b et w een t w o slides a distance h apart.
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Figure 3.2: Streamlines in the mid-plane for di�eren t �lter feeder mo dels. (a)

Stok eslet mo del from Section 3.2 scaled b y h . (b) Brinkman symmetric mo del from

Section 3.3 with h = 2:5a and k =
�

h
a

� 2
. (c) Brinkman asymmetric mo del from Sec-

tion 3.3 with h = 2:5a and k =
�

h
a

� 2
. (d) Sim ulation from Section 3.4 with h = 2:5a.

of the stok eslet (see Fig. 3.2(a)), suc h that the stagnation p oin t at the cen ter of the

eddy in the z = h=2 plane is lo cated on the x -axis. Since all length scales can b e

nondimensionalized b y h , the distance to the stagnation p oin t, r sp , at the cen ter of

the eddy increases linearly with the distance b et w een the no-slip plane b oundaries as

r sp=h = 0:44� 0:01.

3.3 Hele-Sha w appro ximation

The stok eslet appro ximation describ ed in the previous section do es not tak e in to

accoun t the �nite size of the feeding organism. Ho w ev er, the condition of no �o w

through the organism ma y signi�can tly a�ect the �o w �eld. In this section w e ap-
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Figure 3.3: The nondimensional v elo cit y , u� , at r = 1 , the surface of the cylinder, for

the symmetric (dashed line) and asymmetric (solid line) Brinkman mo dels.

pro ximate the feeding organism as a cylinder b et w een t w o closely spaced w alls as

sho wn in Fig. 3.1(b). W e suggest that the feeding curren t generated b y the organism

arises from a tangen tial v elo cit y u� prescrib ed on the surface of the cylinder with ra-

dius a. A similar mo del has b een used to mo del �o w in free space around swimming

V olvox (Short et al. 2006). W e use t w o v elo cit y distributions at r = a, to mo del

the feeding organism (see Fig. 3.3). The �rst, or symmetric, mo del has at r = a,

u� = u0 sin� , whic h w e assume mo dels a symmetric distribution of cilia on the sur-

face pushing �uid tangen tially with t ypical sp eed u0 . The second t yp e of b oundary

condition is in tended to capture the fact that the cilia are concen trated near the top

of the organism in a �cro wn,� as is true of man y �lter feeders, including V ortic el la .

F or this asymmetric mo del w e ha v e at r = a,

u� =

8
>>><

>>>:

u0e
� (cos( � ) � c) 4

d 0 < � � �

� u0e
� (cos( � ) � c) 4

d � < � � 2�;

(3.2)

where w e c ho ose c = 1=2 and d = 1=100 to pro vide a lo calized surface forcing and

where v ariables are dimensional for the momen t. The t w o cases accoun t for the c hange
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in direction of e� so that the �nal v elo cit y is symmetric across the y -axis. In b oth

mo dels ur = 0 at r = a suc h that there is no �o w through the cylinder surface.

T o calculate the �o w w e solv e equation (3.1) non-dimensionalized b y scaling all

lengths b y a, v elo cities b y u0 and stresses b y �u 0=a. W e also sp ecify u = e� u� on

r = 1 and no-slip conditions on all other rigid b oundaries ( z = 1
2

h
a ), with the �o w

v anishing at in�nit y . Finally , w e w ork under the Brinkman appro ximation (Brinkman

1947; T sa y & W ein baum 1991), whic h here amoun ts to

@2u
@z2 = � u

k , where k /
�

h
a

� 2

is the p ermeabilit y and the v elo cit y is restricted to planes parallel to the b oundaries,

i.e. u = ( ur ; u� ) and uz � 0. W e exp ect that the v elo cit y deca ys as r ! 1 . In

comp onen t form w e ha v e

@p
@r

=
@
@r

�
1
r

@
@r

(ru r )
�

+
1
r 2

@2ur

@�2
�

2
r 2

@u�
@�

�
ur

k
(3.3)

1
r
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@�

=
@
@r

�
1
r
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@r

(ru � )
�

+
1
r 2

@2u�

@�2
+

2
r 2

@ur
@�

�
u�

k
(3.4)

and the con tin uit y equation is

0 =
1
r

@
@r

(ru r ) +
1
r

@u�
@�

: (3.5)

F urther details of the solution can b e found in App endix B. Giv en the generic b ound-

ary condition u� = sin( n� ) on the surface of the cylinder w e �nd

ur (r; � ) =
�

c2

r n+1
+

c3

r
K n

�
r

p
k

��
cos(n� )

u� (r; � ) =
�

c2

r n+1
+

c3

r

�
K n

�
r

p
k

�
+

r

n
p

k
K n� 1

�
r

p
k

���
sin(n� )

p(r; � ) =
c2

knr n
cos(n� ): (3.6)

A t r = 1 , w e ha v e ur = 0 and u� = sin n� for all � and k . Hence w e �nd

c3 = �
c2

K n (1=
p

k)
and c2 = �

n
p

kK n (1=
p

k)

K n� 1(1=
p

k)
: (3.7)
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Setting n = 1 in equations (3.6) and (3.7) giv es a solution for the symmetric mo del

�lter feeders.

T o create the asymmetric b oundary condition, w e use a F ourier series

P 1
1 An sin(n� )

with An = (2 =� )
R�

0 e
� (cos( � ) � c) 4

d sin(n� )d� with c and d as de�ned earlier. W e �nd that

25 terms in this series are required to limit error in the b oundary condition to less

than 1% (the 25-term sum is plotted in Fig. 3.3). Streamlines for b oth cases are

sho wn in Fig. 3.2.

W e de�ne the size of the eddy , r sp , as the distance from the cen ter of the cylinder

to the stagnation p oin t at the cen ter of the eddy (scaled b y a). This distance is

calculated n umerically b y �nding the p oin t where u� = ur = 0 . In the symmetric

case this p oin t falls on the x -axis ( � = �= 2). In b oth cases the eddy size increases with

the spacing b et w een the con�ning w alls (see Fig. 3.4 where w e ha v e scaled r sp b y h

rather than a). F or large k , the eddy size asymptotically approac hes

r sp

h = 1:114
p

� +

1:14� � 1
2

�
1 � 2
 E � 2 ln a

2
p

�h

� �
a
h

� 2
, where 
 E is the Euler-Masc heroni constan t, as

can b e predicted b y asymptotic analysis (see App endix B), where w e no w explicitly

write the non-dimensionalization for clarit y and where w e de�ne k = �
�

h
a

� 2
, where �

is a prop ortionalit y constan t. W e plot in Fig. 3.4 the case � = 1=12, whic h is the v alue

for pressure-driv en �o w in a Hele-Sha w geometry without obstacles and also the case

� = 0:16, whic h giv es an exact matc h b et w een the v alue for r sp for the stok eslet and

the asymptotic v alue for r sp in the Hele-Sha w geometry at a=h = 0 . F or comparison,

in Fig. 3.4 w e also sho w r sp for a stok eslet b et w een parallel plates as a single p oin t

with a=h = 0 . W e also note that the �rst term in the asymptotic expansion giv es

r sp / h; the same scaling result as from the more simple stok eslet mo del in Section
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Figure 3.4: The radius to the stagnation p oin t at the cen ter of the eddy for sev eral

di�eren t mo dels of a �lter feeder. Large op en circle: stok eslet b et w een parallel plates.

Small *: Brinkman symmetric mo del. Small op en circles: Brinkman asymmetric

mo del. Line: Brinkman symmetric mo del expansion as detailed in the text for a=h !
0. F or Brinkman sym b ols gra y are � = 0:16 and blac k are � = 1=12. Closed circles:

3-D sim ulation. Op en rectangle: Exp erimen tal observ ations; error bars sho w 95%

con�dence in terv al.

3.2.

W e ha v e simpli�ed the three-dimensional �lter feeder to the ab o v e t w o-dimensional

problem. This approac h is a go o d �rst step in �nding an analytical solution to the

problem, and sho ws the features w e exp ect from the stok eslet solution - an eddy

size that increases with the separation b et w een the no-slip b oundaries. W e exp ect

the assumptions w e mak e ab o v e to b e accurate for dimensionless p ermeabilit y k > 5

(T sa y & W ein baum 1991), or equiv alen tly when the gap thic kness, h , exceeds 5:6a for

� = 0:16. W e exp ect this condition to b e ful�lled in most exp erimen tal situations.

Ho w ev er, the appro ximate nature of the b oundary conditions applied at the feeder

surface means that there ma y y et b e quan titativ e di�erences b et w een our Hele-Sha w

cylindrical mo del and the true three-dimensional �o w �eld. W e c hec k for this in

the next section using �nite-elemen t sim ulations to solv e the full three-dimensional



Chapter 3: Eddies ne ar micr osc opic �lter fe e ders 56

problem for a sphere b et w een t w o no-slip b oundaries.

3.4 Three-dimensional sim ulations

W e solv e the full three-dimensional incompressible Stok es equation using �nite-

elemen t analysis with Comsol Multiphysics soft w are. W e represen t the three com-

p onen ts of the v elo cit y �eld b y second-order elemen ts, and use linear elemen ts for

the pressure �eld, p. The geometry for the sim ulation is sho wn in Fig. 3.1(c). On

the sphere w e sp ecify u� = sin � and u� = 0 where � and � are spherical v ariables

measured from the y -axis as sho wn in Fig. 3.1(c). The glass slides are represen ted

b y upp er and lo w er no-slip b oundaries. The righ t-hand and left-hand b oundaries are

op en, and the fron t and bac k b oundaries are slip, whic h mak es p erio dic b oundary

conditions. W e adjust the width of the c ham b er, w , and its length, b, to ensure that

the e�ect of c ham b er size on the eddy radius is less than 1%.

The eddy cen ter is found n umerically b y �nding the lo cation in the z = h=2 plane

where u = 0 (v elo cities are in terp olated b et w een no des using cubic patc hes). T ypical

results are plotted in Fig. 3.4. Realistic b oundary conditions pro duce feeding lo ci that

agree v ery w ell b oth with the stok eslet appro ximation, and our new analytic results,

ev en when a � h=2, so that the feeder almost touc hes the top and b ottom plates.

3.5 Exp erimen tal results

T o con�rm the predictions of the eddy size made ab o v e with sev eral mo dels for

a �lter feeder, w e observ e exp erimen tally eddies around the �lter feeder V ortic el la
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c onval laria as it feeds. V. c onval laria are cultured as in (Ryu & Matsudaira 2009)

and transferred to a p etri dish for observ ation under the microscop e (Leica DMIRM,

10x magni�cation). T o trace the �o w, the �uid near the V. c onval laria of in terest

is seeded with 1 � m diameter p olyst yrene b eads. All exp erimen ts are �lmed at 100

frames/second. Three di�eren t exp erimen tal con�gurations are used.

First, w e observ e V. c onval laria anc hored to the edge of a co v erglass (Corning

Lab w are and Equipmen t no. 1) b et w een t w o slides, as illustrated sc hematically in

Fig. 3.1(d). The distance b et w een slides, h , is v aried from 140� 20� m to 566� 28� m.

In a second setup, w e observ e the V. c onval laria 1:03� 0:07 mm ab o v e the b ottom

surface of a p etri dish and � 2 mm b elo w the free surface of the �uid (there is no

top slide). In a third exp erimen tal set-up w e observ e V. c onval laria b et w een t w o

slides a distance h = 127 � 28 � m apart, with the V ortic el la midw a y b et w een the

t w o slides and without the presence of an anc horing co v erslip (the V ortic el la stalk is

anc hored to the b ottom slide). This situation is most analogous to our calculations

and sim ulations b ecause the only b oundaries presen t are the top and b ottom no-slip

slide surfaces.

W e use custom-written P article T rac king V elo cimetry (PTV) soft w are in MA T-

LAB to extract �o w �eld data from videos of feeding V. c onval laria . P articles are

trac k ed using P olyP articleT rac k er in MA TLAB using the metho d of (Rogers et al.

2007). V elo cities are then calculated from particle displacemen ts for eac h pair of par-

ticle p ositions in sequen tial frames for eac h particle trac k ed. These v elo cities are then

binned in the x and y directions, the v elo cities in eac h bin a v eraged, and this a v erage

v elo cit y assigned to the cen ter of the bin. While there are some areas where w e can-
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not compute the v elo cit y due to a lac k of particles trac k ed (often near the cen ter of

the eddy), w e �nd this metho d creates reliable �o w �elds for most of our data. W e

re-scale this data b y dividing lengths b y the radius of V. c onval laria (determined as

the maxim um width of the V. c onval laria b o dy in the �rst video frame) and rotate

trac ks so that the long axis of the V. c onval laria b o dy is aligned with the y axis for

ease of comparison with calculations and sim ulations. W e also cen ter the trac ks so

that the cen ter of the V. c onval laria is at (0,0) in the x - y plane.

The cen ters of the eddies are found based on an algorithm similar to that describ ed

in Section 3.4, where the v elo cit y data is in terp olated when necessary . An example

of the full data analysis pro cess is sho wn in Fig. 3.5.

In the exp erimen tal situation most analogous to our calculations and sim ulations,

with the V ortic el la midw a y b et w een t w o slides and with h = 127 � 28 � m, w e �nd

r sp=h = 0:48 � 0:06 (95% con�dence, N=10). This p oin t is plotted in Fig. 3.4 for

comparison with calculations and sim ulations. W e �nd that this exp erimen t agrees

with our sim ulations, con�rming that the eddies seen in these exp erimen ts are due to

the con�ning b oundaries of the t w o slides parallel to the plane of view.

F or our exp erimen ts where the V ortic el la is anc hored to the narro w side of a co v er

glass, as in Fig. 3.1(d), the presence of this anc horing b oundary m ust b e tak en in to

accoun t in addition to the b oundaries ab o v e and b elo w the V ortic el la . F or this reason,

w e rep eat the sim ulations in Section 3.4, with the geometry mo di�ed so that there is

a third no-slip b oundary at y = � `st , where the length `st represen ts the length of

the V ortic el la stalk. In our exp erimen ts this length ranges from `st=a � 3 � 5. The

geometry for the sim ulation is sho wn in Fig. 3.6.
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Figure 3.5: An example of the analysis of exp erimen tal data. (a) One frame from

a high-sp eed mo vie sho wing a V. c onval laria in the cen ter o v erla y ed with particle

trac ks. The V ortic el la b o dy is outlined in a y ello w solid line. Scale bar is 100 � m.

(b) The particle trac ks from (a) rotated and scaled b y the radius of the V ortic el la .

The circle sho w the p osition and radius of the V ortic el la . (c) The �o w �eld calculated

b y PTV. V elo cities are scaled suc h that they will not in tersect, and then lengthened

b y a further factor of four. The three largest v elo cit y v ectors ha v e b een remo v ed for

ease of viewing. Blue dots surrounded b y circles sho w the cen ter of the eddies with

the outer circle represen ting the p ositional error. F or this example h = 127 � 28 � m.
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Figure 3.6: Sim ulation geometry for comparison with exp erimen ts. The upp er and

lo w er b oundaries are no-slip. The righ t-hand and left-hand b oundaries are op en,

and the fron t b oundary is slip. The b ottom b oundary is no-slip, w e emphasize this

c hange from Fig. 3.1(c) b y shading this b oundary gra y . This diagram is not to scale.

In sim ulations and exp erimen ts a < ` st � w; b.

The exp erimen tal results matc h sim ulations in trend and order of magnitude as

sho wn in Fig. 3.7, whic h rev eals that eddies in our exp erimen ts are the result of nearb y

b oundaries. In Fig. 3.7 w e ha v e scaled lengths b y r l
sp whic h is the predicted distance

to the eddy cen ter for a sphere ab o v e a single plane b oundary at y = � `st with the

b oundary condition of Section 3.4 on the sphere but with no additional b oundaries

(see Fig. C.1). This calculation is describ ed in App endix C. In the limit `st=h < 1

w e can use the prediction from asymptotic analysis of the results in App endix C

r l
sp=`st = 1:085 + 4:705(a= s̀t)2

.

The large error bars on the data are due to errors inheren t in measuring and

cen tering the V. c onval laria in digital images as w ell as to the in terp olation necessary

to lo cate the cen ters of these eddies. There is also some error in determining the

distance b et w een slides, h , whic h arises mainly from v ariation in man ufacturing of

the spacers that w e use (either co v er glasses of v arying thic kness, or pap er spacers from

the Hybaid EasiSeal system). These exp erimen tal results do not tak e in to accoun t

drift of the V ortic el la b o dy out of the midplane, or an y angle made b et w een the

b o dy and the anc horing side of the co v er glass, although exp erimen ts w ere eliminated
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Figure 3.7: Plot of r sp=rl
sp v ersus h=r l

sp for sim ulations (colored shap es) and exp eri-

men ts (blac k circles), where r l
sp is predicted distance to the eddy cen ter for large h as

describ ed in the text. The solid line is the prediction r sp = 0:44h from the stok eslet

mo del. In exp erimen ts `st w as measured from the anc horing tip of the V ortic el la stalk

to the middle of the cro wn. In sim ulations b oth h , the distance b et w een top and b ot-

tom b oundaries, and `st , the distance to the third no-slip b oundary , w ere v aried. Red

squares: h=a = 2:5� 40, `st=a = 3 . Blue diamonds: h=a = 2:5� 40, `st=a= 10: Green

up w ard triangles: h=a = 10 , `st=a = 1:5 � 50: Gra y do wn w ard triangles: h=a = 10 ,

`st=a = 1:5 � 50:

if during �lter feeding the V ortic el la cro wn w as p oin ted in the � ez direction. W e

b eliev e e�ects from these v ariations accoun t for some of the quan titativ e discrepancy

b et w een sim ulation and theory in Fig. 3.7. Some of the di�erence ma y also b e due to

di�erences b et w een our mo del and the �uid forcing pro vided b y a living V ortic el la .

F rom Fig. 3.7 w e can see that, for h < r l
sp , the eddy size is w ell predicted b y the

stok eslet mo del ignoring the presence of the third no-slip b oundary . On the other

hand, for h � r l
sp , the eddy size is w ell predicted b y a mo del that accoun ts for the

new no-slip b oundary but neglects all other b oundaries. In general, it seems that the

b oundary that alone w ould giv e the smallest eddy size selects the size of the eddy in

the full problem (all b oundaries presen t).
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3.6 Conclusion

All of our mo dels for the �lter feeder V ortic el la b et w een t w o parallel w alls agree

with eac h other in order of magnitude. The three-dimensional �nite-elemen t sim u-

lations giv e the most complete result, but the Brinkman �o w mo del predicts b oth

the trend and order of magnitude correctly , and is also able to rev eal the di�erence

b et w een a symmetric and asymmetric mo del for the V ortic el la cilia placemen t. Our

exp erimen tal results for an individual V ortic el la b et w een t w o slides with no other

b oundaries matc h our calculations w ell rev ealing b oth that eddies seen in exp erimen t

are the result of nearb y b oundaries and that our mo dels for V ortic el la are reasonable.

In our exp erimen ts with V ortic el la anc hored to a co v er glass that pro vides a third

no-slip b oundary w e �nd that all three nearb y b oundaries m ust b e considered. F or this

situation, the eddy size is determined b y the minim um of the eddy sizes predicted

b y the t w o sets of b oundaries conditions separately as long as the length scales of

these t w o eddies are w ell separated. When the t w o sets of b oundary conditions

predict eddies of appro ximately the same size, the details of all b oundaries m ust b e

considered when predicting the eddy size.

F or exp erimen talists studying �o w around microscopic sessile �lter feeders, caution

should b e tak en when observing eddies near b oundaries. It is lik ely that these eddies

are caused b y the fact that the organism is applying a force to the �uid near a

b oundary and not b y an y particular motion of the organism under observ ation. F or a

sessile �lter feeder attac hed to a b oundary p erp endicular to the plane of view, eddies

caused b y b oundaries will ha v e size appro ximately 0:44h for h . `st (1 + 4:7(a= s̀t )2)

and size appro ximately `st (1 + 4:7(a= s̀t )2) for h & `st (1 + 4:7(a= s̀t )2) . Without
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the presence of a p erp endicular b oundary , eddies caused b y b oundaries will ha v e size

appro ximately 0:44h . Only eddies of di�eren t length scales than those predicted ab o v e

are lik ely to b e caused b y the sp eci�c actions of the organism under observ ations.

Although w e ha v e discussed the role of geometric con�nemen t as a confounding

factor in the comparison of exp erimen tally observ ed feeding �o ws to the �o ws struc-

tures created b y �lter feeding organisms in their natural en vironmen ts, b oundary

dominated �o ws ma y y et exist in nature. Filter feeders ma y �nd themselv es con�ned

either b y the substrate to whic h they are anc hored, or cro wded b y neigh b oring feeders.



Chapter 4

Sessile susp ension feeders at an angle

The ma jorit y of this c hapter is reprin ted from the man uscript (P epp er et al.

2009 b ), whic h w as co-authored with Marcus Rop er, Sang jin Ryu, P aul Matsudaira,

and Ho w ard A. Stone. I w ould again lik e to thank A dam Abate for his help with the

PTV algorithm.

4.1 In tro duction

An y p ebble, leaf, or ev en animal tak en from a p ond or o cean will host a m yriad

comm unit y of microscopic sessile susp ension feeders (La yb ourn 1976; Kank aala &

Eloran ta 1987). These microscopic organisms liv e attac hed to underw ater surfaces

and form an essen tial link in the aquatic carb on c hain b y consuming bacteria and small

detritus and then, in turn, b eing eaten themselv es b y larger organisms (F enc hel 1982;

Sherr & Sherr 1988; Christensen-Dalsgaard & F enc hel 2003; King 2005). They also

pla y a k ey role in w aste-w ater treatmen t plan ts, eliminating bacteria b y consuming

64
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them (Reid 1969; Chen et al. 2004).

Suc h microscopic susp ension feeders use the motion of cilia or �agella to dra w

�uid to w ards themselv es and often to select fo o d particles of in terest from the passing

�uid (Sleigh & Barlo w 1976); see Rub enstein & K o ehl (1977) and Labarb era (1984)

for further information on selection mec hanisms. Microscopic susp ension feeders are

generally ab out one micron to a few h undred microns in size and are comp osed of one

to a few cells. These microscopic organisms liv e in the regime of lo w Reynolds n um b er

�o w, whic h means that viscous forces dominate and inertia is negligible (V ogel 1996).

The Reynolds n um b er represen ts the ratio of inertial to viscous forces and is de�ned

as Re = �UL=� , where � is the densit y of the �uid, U and L are a t ypical v elo cit y and

length, resp ectiv ely , and � is the viscosit y of the �uid. F or a t ypical susp ension feeder,

V ortic el la , L � 50 � m is a t ypical diameter for the cell b o dy and U � 100 � m/s is a

t ypical sp eed of the feeding �o w (Sleigh & Barlo w 1976), yielding Re = 0:005 If suc h

a microscopic susp ension feeder stops activ ely mo ving �uid, the �o w surrounding it

will immediately stop.

These sessile organisms tak e adv an tage of the higher n utrien t concen trations near

surfaces in aquatic en vironmen ts (F enc hel 1980; V ogel 1996) b y anc horing themselv es

to these surfaces. Ho w ev er, this pro ximit y also means that the organisms liv e mostly

within the b oundary la y er of stagnan t �uid attac hed to the surface, and are exp osed

to v ery little am bien t �o w (V ogel 1996, p. 190). T o coun teract this restriction,

and also to reduce the energy cost of creating �uid �o w, sessile susp ension feeders

often elev ate themselv es sligh tly ab o v e the surface, suc h as the case of the stalk ed

sessile susp ension feeder V ortic el la seen in Fig. 4.1(a). In this c hapter, w e fo cus on
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(a) (b) (c) (d)

!

Figure 4.1: Sc hematic of di�eren t lev els of mo del simpli�cation. (a) Image of a

V ortic el la c onval laria ; scale bar is 25 � m. (b) Sk etc h of a V ortic el la sho wing stalk,

cell b o dy , and cilia. (c) Mo del of a V ortic el la as a sphere ab o v e a w all. Dotted

line represen ts an axis of symmetry . Arro ws sho w that the sphere pushes the �uid

tangen tially . (d) Stok eslet mo del for a V ortic el la . The stok eslet is a p oin t force at the

origin of the arro w. The arro w p oin ts in the direction in whic h the stok eslet forces

the �uid. Angle from v ertical, � , is exaggerated for clarit y .

V ortic el la as a mo del for man y similar organisms suc h as bry ozoans (Ok am ura 1987;

Humphries 2009), Stentor (Rapp ort et al. 1972), Op er cularia (Hartmann et al. 2007),

and c hoano�agellates (King 2005).

F eeding at a small distance ab o v e a b oundary in lo w Reynolds n um b er �o ws cre-

ates further c hallenges, as viscous eddies are created for driv en �o ws near b oundaries

(Liron & Blak e 1981; P epp er et al. 2009 a ). The eddies cause the �o w near the organ-

ism to recirculate, so that the susp ension feeder con tin ues to feed on �uid ev en after

the n utrien ts ha v e b een depleted (Blak e & Otto 1996; Blak e et al. 1998; Hartmann

et al. 2007). In some cases, most of the �uid passing near the susp ension feeder has

passed b y once already .

There are sev eral theoretical prop osals for ho w sessile susp ension feeders deal

with eddies. A mo del for Op er cularia asymmetric a sho ws that enhanced mixing
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can b e ac hiev ed b y neigh b oring organisms that tak e turns to activ ely dra w �uid

to w ards themselv es (Hartmann et al. 2007). It has also b een sho wn that the �blinking

stok eslet� mo del in whic h the organism p erio dically (and instan taneously) adjusts its

distance from the w all greatly increases mixing (Blak e & Otto 1996; Blak e et al. 1998).

In b oth these situations, the organism is mo deled as dra wing �uid p erp endicular to

a plane surface (ev en though in Hartmann et al. (2007) there are observ ations of the

organism p erio dically �nic king� or angling itself a w a y from p erp endicular). Other

mo dels for micro organisms also assume that the organism is p erp endicular to the

surface (P ettitt et al. 2002; Dresc her et al. 2009).

In these p oten tial solutions for increasing n utrien t uptak e it is unrecognized that

eddies disapp ear for a mo del of �lter feeders where the �lter feeder pushes �uid parallel

to the b oundary (Liron & Blak e 1981). With this in mind w e ha v e calculated the

�ux of new �uid as a function of time for mo del susp ension feeders near a b oundary

with orien tations to the b oundary that range from p erp endicular to parallel with

sev eral in termediate angles also considered. W e �nd that mo del susp ension feeders

can greatly increase their n utrien t uptak e b y feeding at an angle to the surface that

is not p erp endicular. W e also observ e exp erimen tally this no v el strategy in use b y

cultured V ortic el la .
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4.2 Materials and Metho ds

4.2.1 V ortic el la mo del

W e mo del the V ortic el la as a stok eslet, or p oin t force, in lo w Re �o w (see Fig.

4.1(d)). This appro ximation is common in mo deling small aquatic organisms (Blak e

& Otto 1996; P ettitt et al. 2002; Hartmann et al. 2007; Dresc her et al. 2009). Sessile

susp ension feeders are able to exert a net force on the �uid as they mo v e their cilia

or �agella b ecause they are anc hored to a stationary surface (often via a stalk). The

stok eslet mo dels the e�ect of this force, but not the details of the organism, and

ma y therefore not b e a go o d mo del for the �o w v ery close to the organism. W e

sho w in Chapter 3 that a stok eslet is a go o d mo del for predicting the size of the

eddies that form near susp ension feeders due to the e�ects of nearb y b oundaries. W e

sho w further in Section 4.4 that the stok eslet and sphere mo dels for a V ortic el la are

also v ery similar with regard to feeding �uxes. W e therefore mo del the V ortic el la as a

stok eslet for our feeding �ux calculations. The details of this calculation are discussed

in App endix D.

4.2.2 Flux calculations

T o calculate the �ux of n utrien ts that an individual feeding V ortic el la has access

to at a giv en time, w e de�ne a disk ab o v e the stok eslet whic h represen ts the region

that the V ortic el la can reac h with its cilia to feed. Since this disk represen ts the

V ortic el la cilia, when the mo del V ortic el la rotates, the disk do es as w ell, so that the

axis of the feeding V ortic el la and the plane of the disk are alw a ys p erp endicular (see
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Figure 4.2: Streamlines for a stok eslet ab o v e a plane w all at di�eren t angles. The

stok eslet is represen ted b y a red arro w with origin at the lo cation of the stok eslet and

p oin ting in the direction of the stok eslet. A cross-section of the feeding disk is sho wn

as a blue line whic h is not to scale (actual disk radius for calculations is 0.15 in this

diagram). The no-slip w all is at z = � 1 and is depicted as a thic k line.

Fig. 4.2). W e measure the �ux of n utrien ts through this disk. The �ux of n utrien ts

is de�ned as c
R

A u � dA , where c is the uniform concen tration of n utrien ts in the �uid

(including detritus and bacteria), u is the v elo cit y �eld of the �uid, and A is the

area of the disk. W e assume a uniform concen tration of n utrien ts in the �uid b efore

the V ortic el la starts feeding, and calculate the v elo cit y �eld induced b y the mo del

V ortic el la as describ ed in App endix D. W e also assume that when a parcel of �uid

passes through the feeding disk, the V ortic el la depletes it en tirely of useful n utrien ts

(this seems close to the natural situation in a dilute susp ension of n utrien ts (F enc hel

1980)).

T o determine the �ux of n utrien ts that a feeding V ortic el la sees as a function of

time, w e divide the feeding disk in to a grid with a p oin t at the cen ter of eac h square

as in Fig. 4.3. Eac h square of the grid con tributes to the �ux an amoun t c`2u(xc) � f ,

where ` is the square edge length, xc is the p osition of the p oin t at the cen ter of the

grid, and f is a unit v ector p oin ting in the direction of the stok eslet (i.e. orthogonal
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to the square). W e use the kno wn v elo cit y �eld to follo w these p oin ts in time as they

mo v e with the �uid surrounding the V ortic el la mo del as in Fig. 4.3. If at an y time

a p oin t returns to the feeding disk, the concen tration of n utrien ts is set to zero in

the square from whic h that p oin t originated. This decrease in concen tration o ccurs

b ecause, from that square, the V ortic el la is seeing �uid from whic h it has already

depleted all n utrien ts.

W e k eep trac k of the �ux through the disk as a function of time after the V ortic el la

b egins feeding, and p erform the same calculation for mo del organisms p oin ting at

v arious angles to the w all. W e c ho ose a stalk length ab out 10 times longer than the

V ortic el la b o dy radius as in Upadh y a y a et al. (2008). W e assume that the cilia can

reac h ab out 1.5 times the b o dy radius and therefore c ho ose a feeding disk of radius

rd = 0:15h . F or simplicit y , the disk is cen tered on the stok eslet. W e �nd our results

are general regardless of the sp eci�c disk size, as sho wn in Section 4.5.

T o ensure that w e end up with a regular grid of p oin ts returning and depleting

the concen tration in eac h grid square, in our actual algorithm, w e start with the grid

describ ed ab o v e, but run time bac kw ards (Stone & Stone 2005), and detect when

these particles return to the disk.

4.2.3 Scaling

Throughout this c hapter w e use dimensionless v ariables (as describ ed further in

App endices D and E). T o assist with easy con v ersion to more familiar quan tities, w e

list the scalings used. Lengths are scaled b y h , the distance from the stok eslet to the

w all. Times are scaled b y (h2� )=� , where � is the viscosit y of the �uid, and � is the
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Figure 4.3: Sc hematic of the metho d for �ux calculation. The stok eslet is not pictured

but is lo cated at the origin. A disk surrounding the stok eslet is brok en up in to a t w o-

dimensional grid, and at the cen ter of eac h grid square w e trac k a �uid particle

(start p osition represen ted b y a small op en circle). P article trac ks are sho wn as

thic k blue lines. F or clarit y , only trac ks for particles that b egin at x = 0 are sho wn.

W e ha v e stopp ed the sim ulation in the middle of ev olution to sho w an in termediate

step. Squares colored white ha v e a n utrien t �ux greater than zero while gra y squares

ha v e zero �ux since the �uid passing through has already b een depleted of n utrien ts.

Stok eslet are at angles of (a) 0, (b) 0.12 radians, (c) 0.3 radians. Disk size is not to

scale and is to illustrate the metho d only . Bo x b oundaries are a guide to the ey e; the

only surface presen t is the lo w er b oundary at z = � 1 and is not sho wn.
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force the stok eslet exerts on the �uid. T otal �uxes are scaled b y (ch� )=(8�� ) , where

c is the concen tration of n utrien ts in the �uid. By comparing measured �o w v elo cities

around V ortic el la with stok eslet calculations, w e appro ximate � � 7 � 10� 10
N. W e

can also appro ximate h � 100 � m, and for w ater � = 1 � 10� 3
P a � s. This giv es a

time scale of appro ximately 15 ms.

W e note that in Section 4.4 w e use a sligh tly di�eren t scaling. The ab o v e equations

are correct with the substitution h ! a where a is the radius of the sphere.

4.2.4 Exp erimen ts

W e observ e exp erimen tally sev eral V ortic el la c onval laria as they feed. V. c onva-

l laria are cultured as in Ryu & Matsudaira (2009) and transferred to a p etri dish

for observ ation under the microscop e (Leica DMIRM). They are orien ted suc h that

the substrate of attac hmen t (the edge of a co v er glass) is p erp endicular to the �eld

of view and can b e seen as a dark line (as in Fig. 4.4). Videos are recorded with a

Phan tom high-sp eed camera at 100 frames p er second.

T o trace the �o w, the �uid near the V. c onval laria of in terest is seeded with 1

� m diameter p olyst yrene b eads. P articles are trac k ed using P olyP articleT rac k er in

MA TLAB using the metho d of Rogers et al. (2007). W e then use custom-written

P article T rac king V elo cimetry (PTV) soft w are in MA TLAB to extract �o w �eld data

from videos of feeding V. c onval laria .
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Figure 4.4: Three examples of feeding V. c onval laria from our exp erimen ts. The

dark line near the b ottom is the edge of a co v er glass to whic h the V. c onval laria are

attac hed. The particles seen in the bac kground are 1 � m diameter p olyst yrene b eads.

Righ t-hand image sho ws sup erp osition of a V. c onval laria at t w o di�eren t times. The

organism is initially feeding p erp endicular to the w all and then mo v es so that it is

feeding at an angle. Orien tation of the V ortic el la b o dy is emphasized with a dashed

red line. The motion o ccurs o v er a time span of ab out one min ute. Scale bar is 50

� m and applies to all three images.

4.3 Results and Discussion

Our mo del V ortic el la describ ed in Section 4.2.1 feeds m uc h more e�cien tly when

at an angle than when p erp endicular to a w all. W e �nd that those mo del organisms

that feed at an angle b egin with a higher �ux of n utrien ts, that this �ux dies o� more

slo wly in time, and that the o v erall decrease in �ux is less. The cum ulativ e result is

that angled feeders ha v e access to a greater net amoun t of n utrien ts (see Fig. 4.5(b)).

The �ux of n utrien ts v ersus time drops o� rapidly for all angles less than 0:13� 0:01

radians, while for larger angles the �ux remains constan t in time as seen in Fig. 4.5(a)

(note the time-axis is logarithmic, so n utrien t �ux decreases v ery rapidly). F or a

p erp endicular feeder, the �ux decreases con tin ually in time. F or small angles, the

�ux initially decreases in time then seems to ac hiev e a steady state, at whic h p oin t

there is no further decrease in �ux. F or large angles, the �ux remains constan t in time
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Figure 4.5: (a) Flux of n utrien ts v ersus time after feeding b egins. Di�eren t colors

represen t mo del organisms feeding at di�eren t angles from the v ertical. Note the

logarithmic scale on b oth axes. (b) Cum ulativ e n utrien t uptak e v ersus time (in tegral

of (a)). Colors represen t the same angles as in (a). Note the logarithmic scale on

b oth axes.

and there is no recirculation. In all cases, the initial (maxim um) �ux is an increasing

function of angle, as is the �nal (steady-state) �ux (See Fig. 4.6(a)).

A ph ysical basis for this phenomenon can b e see in in Fig. 4.2 whic h sho ws stream-

lines for four represen tativ e stok eslet angles. As the angle increases, few er of the

streamlines that go through the feeding disk recirculate, so the �ux do es not decrease

in time as m uc h for the larger angles. A t some angle, whic h will dep end on feeding

disk size, none of the feeding streamlines that pass through the disk recirculate, and

the �ux do es not decrease with time.

It tak es a while b efore the mo del feeder starts to see �uid that it has seen b efore.

W e rep ort this time, t1 , whic h is the time that the �ux of n utrien ts �rst b egins to

decrease, in Fig. 4.6(b). W e also sho w in Fig. 4.6(b) the time t 1
2

, whic h is the time for
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Figure 4.6: (a) Initial (*) and �nal (o) n utrien t �ux v ersus angle of mo del organism.

Inset: Details of �nal �ux as a function of angle. Note logarithmic scale in � for b oth

plots. (b) Plot of c haracteristic times v erses angle. Main plot: t1 . Inset: t 1
2
: Note

logarithmic scale in time for b oth plots.

the �ux to decrease from the maxim um v alue to half of the �nal v alue, and whic h is a

represen tation of ho w quic kly the n utrien ts around the mo del V ortic el la are depleted.

The time, t1 , for the n utrien t �ux to start to decrease is an increasing function of

angle, giving further adv an tage to feeders tilted from the v ertical. The time t 1
2

is a

sligh tly decreasing function of angle for v ery small angles, but increases sharply for

� > 0:05. W e will sho w in Section 4.5 that these results are qualitativ ely the same

for organisms of di�eren t stalk length and radius.

Sev eral example images of cultured V ortic el la c onval laria in Fig. 4.4 sho w the

organism feeding at an angle to the substrate, so it app ears that this strategy is

used b y living V ortic el la . W e also observ e that the organisms are able to reorien t in

time, and seem to b e able to activ ely con trol their orien tation (for example, righ t-

hand panel in Fig. 4.4). Op er cularia asymmetric a ha v e also b een observ ed to activ ely
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con trol their angle relativ e to the substrate (Hartmann et al. 2007).

Throughout this discussion w e ha v e neglected the e�ect of di�usion, whic h could

increase n utrien t access in recirculating �o ws as n utrien ts di�use across streamlines.

T o assess whether di�usiv e transp ort is imp ortan t in the situation of V ortic el la , w e

calculate the P éclet n um b er, P e = LU=D , whic h relates the rate of adv ection in a

�o w to the rate of di�usion, and where L is a t ypical length scale of the �o w, U is a

t ypical v elo cit y , and D is the di�usion co e�cien t of the n utrien t of in terest. Large P e

indicates that e�ects from di�usion can b e neglected. F or V ortic el la w e will use the

t ypical radius and v elo cit y in a toroidal v ortex around a feeding V ortic el la as seen in

our exp erimen ts.

W e �nd in our exp erimen ts with V ortic el la ab o v e and p erp endicular to a plane

w all, that the v ortex generated has a diameter L � 600 � m with t ypical sp eeds of

U � 6 � m/s. W e will assume that the n utrien ts that the V ortic el la consumes ha v e

di�usion constan ts in the range b et w een that for a liv e, activ ely swimming bacteria,

D = 4 � 10� 10
m/s, and that for a bacteria that do es not swim, D = 2 � 10� 13

m/s,

(Berg 1993, p. 93). This giv es a range 9 < P e < 1:8 � 104
. Th us, for most n utrien ts,

e�ects of di�usion can b e neglected (though for some fast-swimming bacteria and lo w-

molecular w eigh t molecules the V ortic el la ma y ha v e access to more than our mo del

predicts).

In our calculations and exp erimen ts w e treat a single V ortic el la ab o v e a �at w all;

ho w ev er in nature the situation could b e quite di�eren t. The V ortic el la could ha v e

nearb y neigh b ors feeding in a similar manner, it could b e con�ned b y other nearb y

surfaces, or could b e on a surface that is not lo cally �at. All of these situations
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w ould e�ect the �ux of n utrien ts that the feeding organism can access, and pro vide

in teresting a v en ues for further study .

4.4 Comparison of sphere and stok eslet mo dels for a

V ortic el la

T o test our stok eslet mo del for the V ortic el la w e compare it to a more realistic

mo del where the V ortic el la is represen ted b y a sphere with a tangen tial v elo cit y on the

b oundary , rather than as a p oin t force. The geometry and calculation are describ ed

in App endix E. T o mak e sure that the t w o mo dels matc h w ell in general, w e compare

them for sev eral di�eren t v alues of rd , the radius of the collection disk, and sev eral

di�eren t v alues of h , the distance from the mo del organism to the w all. In all tests

w e place the collection disk at a distance 1.5 a ab o v e cen ter of the mo del, where a

is the radius of the sphere. W e �nd for all relev an t parameters describ ed in Section

4.3 that the b eha vior of the t w o mo dels matc hes w ell qualitativ ely for c hanging rd as

sho wn in Fig. 4.7 and for c hanging h as sho wn in Fig. 4.8.

4.5 E�ect of disk size

Here w e assess the e�ect of c hanging the size of the collection disk, rd , in appro x-

imately the biologically relev an t range 0:07 < r d=h < 0:7 where w e ha v e assumed

that in nature the ratio h=a v aries from appro ximately 3-15 (Noland & Finley 1931)

and that the ratio of rd=a v aries b et w een one and t w o, where h is the distance from

the organism to the w all, and a is the radius of the organism, and where w e ha v e
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Figure 4.7: (a) Plot of t 1
2

v ersus rd . Solid circles: sphere mo del. Op en circles:

stok eslet mo del. Inset: Same sym b ols for plot of t1 v ersus rd . (b) Circles: initial

(maxim um) �ux of n utrien ts. Diamonds: �nal (minim um) �ux of n utrien ts. Solid

sym b ols represen t the sphere mo del; op en sym b ols represen t the stok eslet mo del.

(d) T otal n utrien ts consumed v ersus time. Solid lines: sphere mo del. Dashed lines:

stok eslet mo del. Blac k lines are for rd=h = 0:07 and gra y lines are for rd=h = 0:7,

where w e write the scaling explicitly for clarit y . As usual, rd is scaled b y h . In all

plots h=a = 10 .
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Figure 4.8: (a) Plot of t 1
2

v ersus h . Solid circles: sphere mo del. Op en circles: stok eslet

mo del. Inset: Same sym b ols for plot of t1 v ersus h . (b) Circles: initial (maxim um) �ux

of n utrien ts. Diamonds: �nal (minim um) �ux of n utrien ts. Solid sym b ols represen t

the sphere mo del; op en sym b ols represen t the stok eslet mo del. (c) T otal n utrien ts

consumed v ersus time. Solid lines: sphere mo del. Dashed lines: stok eslet mo del.

Blac k lines are for h=a = 3 and gra y lines are for h=a = 15 . In this �gure only ,

lengths are scaled b y a rather than h . In all plots rd=a = 1:5, where w e write the

scaling explicitly for clarit y .
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explicitly written the scaling for clarit y . W e �nd for all relev an t parameters describ ed

in Section 4.3 that the b eha vior as a function of c hanging � is qualitativ ely the same

for three di�eren t v alues of rd as sho wn in Figs. 4.9 and 4.10. Indeed, for most of the

parameters a go o d collapse of the b eha viors for di�eren t v alues of rd can b e ac hiev ed

through simple p o w er-la w scalings as sho wn in Figs. 4.9 and 4.10. This p o w er la w

b eha vior is an in triguing a v en ue for further study .

While quan titativ e measures of n utrien t acquisition c hange with di�eren t collec-

tion disk sizes, angled feeding alw a ys increases n utrien t uptak e for all biologically

relev an t disk sizes.

4.6 Conclusion

W e �nd, b y mo deling a sessile susp ension feeder as a stok eslet, that the organism

greatly increases its access to n utrien ts b y feeding at an angle rather than p erp en-

dicular to a w all. The greater the angle, the larger the net in tak e of n utrien ts, so an

orien tation parallel to a b oundary is the most b ene�cial.

In exp erimen ts w e observ e that living V ortic el la often c hose to feed at an angle

to the substrate, and that they seem to activ ely c hange and con trol this angle while

feeding.

Complicated strategies for increasing n utrien t in tak e, suc h as heigh t adjustmen ts

or turning �o w on and o� are not necessary for a single susp ension feeder, as the

problem of recirculating �o w can b e simply solv ed b y turning at an angle to the

surface. F or the case of clusters of sessile susp ension feeders, or susp ension feeders in

con�ned en vironmen ts, more complicated actions ma y b ecome necessary .
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Figure 4.9: Comparison of relev an t parameters (as lab eled on plots) with c hanging

� and disk radius, rd . (+) rd=h = 0:075: (x) rd=h = 0:15. (o) rd=h = 0:3, where w e

write the scaling explicitly for clarit y . As usual, rd is scaled b y h . The left column

results are unscaled while the righ t column results are scaled to accoun t for c hanging

rd , with angles divided b y r 1=2
d and times divided b y r � 15=4

d .
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Figure 4.10: Comparison of relev an t parameters (as lab eled on plots) with c hanging �
and disk radius, rd . (+) rd=h = 0:075: (x) rd=h = 0:15. (o) rd=h = 0:3, where w e write

the scaling explicitly for clarit y . As usual, rd is scaled b y h . The left column results

are unscaled while the righ t column results are scaled to accoun t for c hanging rd , with

angles divided b y r 1=2
d and �uxes m ultiplied b y r 3=4

d . Plot (c) data are unscaled.



Chapter 5

Going forw ard

In this c hapter I discuss future directions for m y t w o main pro jects. Calculation in

sections 5.2 w ere done in collab oration with Marcus Rop er. Exp erimen ts in sections

5.2 w ere done in collab oration with Sang jin Ryu.

5.1 The transition to splashing

Despite a recen t renew ed in terest in splashing, summarized in Section 1.1, the

underlying mec hanism for the splash of a liquid drop on a solid surface is not un-

dersto o d. I b eliev e the b est w a y to understand this mec hanism is to closely observ e

the transition from spreading to splashing. One in triguing observ ation is that the

transition to splashing is qualitativ ely v ery di�eren t in prompt, corona, and liquid-

on-liquid splashes as can b e seen in Figs. 5.1-5.3. Prompt splashes usually o ccur on

rough substrates (Xu et al. 2007), and as can b e seen in Fig. 5.1 secondary droplets are

emitted directly from the lamella without the formation of a corona, ev en far ab o v e

83
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U  = 2.0 m/s0 U  = 2.8 m/s0 U  = 3.4 m/s0

Figure 5.1: Prompt splash. Drop impact on a roughened plastic p etri dish at di�eren t

impact v elo cities. Within eac h b o x, time increases going do wn w ard with an in terv al

of 200 � s b et w een the �rst four frames and 400 � s b et w een the last t w o frames. The

lo w est-sp eed impact is v ery near the splash threshold.

the splash threshold. The situation is v ery di�eren t for a corona splash. The corona

splash is t ypi�ed b y an uplifted sheet that is ejected from the drop after impact,

and whic h later breaks up in to secondary droplets (as in Fig. 5.2 ab o v e the splash

threshold). Ho w ev er, w e �nd that for a corona splash near the splash threshold the

picture is quite di�eren t. In this situation, a liquid sheet, or lamella, is ejected and

app ears to b e attac hed to the substrate. As the lamella gro ws, it dev elops a thic k ened

rim whic h forms undulations (or �ngers) from whic h secondary droplets are emitted.

This is similar to a prompt splash at the splash threshold, except that the drops are

ejected with near uniform size and angle in the corona case (Xu 2007). I b eliev e that

the transition b eha vior (lamella with drops ejected from the rim) rather than the

b eha vior of the fully dev elop ed corona will elucidate the fundamen tal mec hanism for

corona splashing. P erhaps the initial up w ard force m ust reac h a critical v alue b efore

drops are ejected, and increasing the impact increases this up w ard force, ev en tually

forming a corona.

W e also note that one p oten tially fundamen tal di�erence b et w een liquid-on-liquid
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U  = 2.4 m/s0 U  = 3.1 m/s0 U  = 4.0 m/s0

Figure 5.2: Corona splash. Drop impact on a solid (with the same surface prop erties

as Saran W rap) at di�eren t impact v elo cities. Within eac h b o x, time increases going

do wn w ard with an in terv al of 200 � s b et w een the �rst four frames and 400 � s b et w een

the last t w o frames. The lo w est-sp eed impact is v ery near the splash threshold.

U  = 1.7 m/s0 U  = 2.6 m/s0 U  = 3.1 m/s0

Figure 5.3: Drop impact on a thin la y er of liquid ( � 1 mm). Within eac h b o x, time

increases going do wn w ard with an in terv al of 2 ms b et w een the �rst t w o frames and

4 ms b et w een the last three frames. The middle-sp eed impact is v ery near the splash

threshold.
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splashing and liquid-on-solid splashing is that for liquid-on-liquid impacts a stable

corona is formed b elo w the splash threshold (Fig. 5.3). In liquid-on-solid impacts

all coronas observ ed after impact are ab o v e the splash threshold and fragmen t in to

secondary drops.

All exp erimen ts pictured ab o v e w ere p erformed as describ ed in Chapters 1 and 2

with ethanol droplets of diameter appro ximately 2 mm. Impact surfaces w ere Saran

W rap o v er a solid for corona splashes, plastic p etri dish roughened with sand pap er

for prompt splashes, and appro ximately 1 mm of ethanol on top of a plastic p etri dish

for liquid-on-liquid impacts. Impacts w ere �lmed with a high-sp eed camera b et w een

14,000 and 100,000 frames p er second.

5.1.1 F uture exp erimen ts

It is commonly held that part of the splashing mec hanism has to do with the

gro wth of �ngers on the lamella whic h are often attributed to a Ra yleigh-T a ylor-t yp e

instabilit y (Allen 1975; Kim et al. 2000). Ho w ev er, with our observ ations that lifting

ma y b e the critical ingredien t for impacts on smo oth surfaces, it is imp ortan t to

understand the role of �ngering. With the idea that the transition to splashing holds

the k ey to understanding the splash mec hanism, I prop ose examining the �ngering

b eha vior of the lamella at the splash threshold for sev eral di�eren t impact conditions.

T o reduce the imp ortance of liquid parameters, a single liquid (p erhaps ethanol)

will b e used and the splash threshold will b e v aried b y c hanging the w ettabilit y of a

smo oth substrate through c hemical alteration and b y using sev eral smo oth substrates

(glass, plastic, PDMS, ect.). Impacts at the splash threshold will b e �lmed with a
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high-sp eed camera in b oth side and b ottom views. F rom this video, the ev olution of

the amplitude of the �ngers and the ev olution of the rim thic kness can b e measured. If

the amplitude of the �ngers is consisten t at the di�eren t splash thresholds on di�eren t

substrates, then �ngering is a k ey elemen t of the splash mec hanism. If not, then

�ngering ma y b e a more minor comp onen t. Rim thic kness ma y b e more relev an t to

predicting the splash threshold, or p erhaps the critical parameter is some com bination

of �nger amplitude and rim thic kness. This exp erimen t is lik ely to con�rm or reject

t w o parameters as imp ortan t parts of the splash mec hanism.

5.2 Wh y do V ortic el la con tract?

While I ha v e discussed at length the feeding �o w generated b y the organism V or-

tic el la , I ha v e so far neglected to discuss what is, p erhaps, the most in teresting asp ect

of this organism: it is capable of extremely rapid motion for its size due to a v ery

rapid con traction of its stalk (Moriy ama et al. 1998; Upadh y a y a et al. 2008). Though

the cell b o dy of the V ortic el la is around 50 microns across, the stalk con traction can

accelerate it up to 8 cm/s, around 2500 b o dy lengths/s, with a maxim um Re of around

2 (Moriy ama et al. 1998; Upadh y a y a et al. 2008). This is one of the fastest biological

motions relativ e to size, and the V ortic el la has a sp ecialized set of proteins, whic h

are b eliev ed to act lik e an en tropic spring, in order to ac hiev e suc h rapid con traction

(W eis-F ogh & Amos 1972; Moriy ama et al. 1999). After con traction, the stalk slo wly

returns to its original length at a rate ab out 1000 times slo w er than its con traction

( Re � 2 � 10� 3
) (Moriy ama et al. 1998; Upadh y a y a et al. 2008). The organism do es

not feed during either con traction or re-extension of the stalk.
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V ortic el la con traction can b e triggered b y con tact (Kathoh & Naitoh 1992), but

also o ccurs sp on taneously ev ery few min utes (Ho dge & Aikins 1895). W e also observ e

V ortic el la con traction in resp onse to extended exp osure to brigh t ligh t and in resp onse

to the addition of c hemical dy es to the �uid near the V ortic el la . Con traction with a

similar mec hanism is also seen in the related organisms Zo othamnium and Car chesium

(V op el et al. 2001).

This stalk con traction m ust b e adv an tageous to the V ortic el la to accoun t for the

ev olution of sp ecialized proteins and to recomp ense for the cost in lost feeding time

during eac h con traction. Ho w ev er, the purp ose of this con traction is not y et kno wn.

It has b een prop osed that V ortic el la con tract in order to escap e predators (Ho dge

& Aikins 1895; Kathoh & Naitoh 1992; Mahadev an & Matsudaira 2000), but w e sho w

in Section 5.2.3 that the con traction is m uc h more rapid than necessary to escap e

from the kno wn predators of V ortic el la . A dditionally , sp on taneous con traction seems

w asteful if the only purp ose of con traction is to escap e predators. It has also b een

p ostulated that the purp ose of the con traction could b e to create shear stresses whic h

scrap e bacteria o� the sides of the V ortic el la for later consumption (V op el et al.

2002), but this seems unlik ely as a general reason for con traction, as most sp ecies of

V ortic el la do not ha v e sym biotic bacteria gro wing on their surface (Noland & Finley

1931).

Recen tly , it has b een prop osed that V ortic el la con tract in order to mix the �uid

around them and enhance their n utrien t uptak e (V op el et al. 2001; P epp er et al. Pre-

sen tation giv en at APS-DFD meeting No v. 2008.). W e sho w in Section 5.2.1 that the

V ortic el la con traction/re-extension cycle do es displace mo del feeding streamlines, and
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prop ose calculations in Section 5.2.2 that w ould determine if this mixing is b ene�cial

for the V ortic el la .

5.2.1 Preliminary results

In order to test the idea that V ortic el la con traction displaces recirculating stream-

lines, w e mo del a V ortic el la as a sphere of radius a ab o v e a w all (with all other b ound-

aries far a w a y) using Comsol Multiphysics soft w are. W e �nd the �o w as the sphere

mo v es rapidly to w ards the w all ( 0:1 < Re < 25) and then returns to its original

p osition with Re = 0:01. The sphere b egins at a distance 13:5a ab o v e the w all and

con tracts to a minim um distance of 1:5a from the w all.

T o test if recirculating feeding streamlines are displaced, w e c hose a mo del recir-

culating feeding streamline (blac k line in Fig. 5.4(a)) and trace the p osition of the

�uid particles in this streamline bac k in time through one con traction/re-extension

cycle in order to see where the �uid that the V ortic el la is curren tly feeding on w as

lo cated b efore the con traction. The further this streamline is displaced, the more

mixing o ccurs, and the more b ene�cial the con traction is to the V ortic el la . In Fig.

5.4(a) w e sho w the bac kw ards displacemen t of a mo del feeding streamline for sev eral

di�eren t con traction Re. In Fig. 5.4(b) w e sho w that the a v erage displacemen t of

the streamline is a function of Re with a p eak at in termediate Re. W e sho w the

appro ximate p osition of t w o sp ecies of V ortic el la on this curv e, and it seems p ossible

that they are attempting to maximize Re during con traction in order to enhance

the mixing around them. Of course, this result is far from conclusiv e. The feeding

streamline w e c hose is unlik ely to b e the shap e of the actual feeding streamline in the
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geometry examined. A dditionally , to get a full sense of the impact of con traction the

con traction �o w �eld m ust b e com bined sequen tially with the feeding �o w �eld.

W e also presen t preliminary exp erimen tal results that indicate V ortic el la con trac-

tion ma y help mix the nearb y �uid. In Fig. 5.5 w e sho w a time series of images

encompassing a V ortic el la con traction. The 1 � m p olyst yrene tracer b eads that w e

ha v e added are collected on a circular streamline that is folded b y the com bination

of a con traction with resumption of feeding �o w. Suc h streamline folding is a c har-

acteristic of mixing. V ortic el la w ere cultured and �lmed as describ ed in Section 3.5.

5.2.2 F uture calculations

W e in tend to rep eat the n utrien t �ux as a function of time calculations of Chapter

4 in geometries that V ortic el la ma y �nd in nature. F or instance, for an organism

living in a narro w crac k w e could appro ximate the �o w �eld as that of App endix A.

W e also in tend to calculate the �ux v ersus time for a V ortic el la ab o v e a b oundary

with nearb y neigh b ors b y using a stok eslet mo del with p erio dic b oundary conditions

to giv e an arra y of stok eslets. W e will examine the �ux for stok eslet arra ys with the

stok eslets p oin ting at v arious angles to the substrate. W e exp ect that in all of the

ab o v e conditions the V ortic el la will ha v e access to m uc h less n utrien ts than in the

cases examined in Chapter 4, and that some form of mixing �o w across recirculating

streamlines w ould b e b ene�cial for the organism.

W e will calculate the �o w �eld due to V ortic el la con traction in the v arious geome-

tries listed ab o v e and com bine these with the feeding �o w �elds in order to determine
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Figure 5.4: (a) Bac kw ard displacemen t (colors) of feeding streamline (blac k) o v er one

con traction/re-extension cycle. Di�eren t colors represen t di�eren t Re of con traction.

The blac k-�lled circle represen ts the V ortic el la b o dy . Lengths are scaled b y the b o dy

radius. (b) Mean displacemen t of feeding streamline (i.e. distance b et w een blac k and

colored lines in (a)) as a function of Re. T w o example V ortic el la sp ecies are o v erlaid:

V. c onval laria with appro ximate con traction Re of t w o (Upadh y a y a et al. 2008) and

V ortic el la sp. with appro ximate con traction Re of four (V op el et al. 2002).
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Figure 5.5: A time series of images tak en from high-sp eed video of a con tracting

V ortic el la . The blac k w a vy line is the edge of a co v er glass to whic h the V ortic el la

is attac hed. The tracer b eads highligh t a streamline. F rom left to righ t w e ha v e:

V ortic el la 0.03 s b efore con traction (note circular streamline to the left of the or-

ganism). V ortic el la con tracted. V ortic el la 4.1 s after con traction; the organism has

re-extended but has not started feeding (note that the streamline has b een deformed

b y the con traction). V ortic el la 5.6 s after con traction; feeding �o w has resumed and

the streamline is b eginning to sho w a fold. V ortic el la 6.4 s after con traction with a

clear fold in the formerly circular streamline. The scale bar is 50 � m

if con traction of the V ortic el la increases the net amoun t of n utrien ts to whic h the

V ortic el la has access. Our preliminary results in Section 5.2.1 indicate that V ortic el la

con traction do es displace the recirculating streamlines and enhances n utrien t uptak e.

5.2.3 Con traction to escap e predators?

In order to �gure out whether V ortic el la con tract in order to a v oid predators,

w e compute the sp eed at whic h V ortic el la w ould need to mo v e in order to escap e

sev eral common predators and compare this to the actual sp eed of con traction. W e

�nd that the V ortic el la con tract m uc h faster than necessary to escap e predators, and

conclude that con traction lik ely serv es another purp ose. W e mo del the V ortic el la and

its predator as t w o spheres that start a distance d = d0 apart, as sho wn in Fig. 5.6.

A t time t = 0 the V ortic el la instan tly starts to mo v e at sp eed Uv . Due to a suction
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Figure 5.6: Sc hematic of mo del for V ortic el la escap e calculations.

force, the predator is pulled along at sp eed Up . During this con tractile motion, w e

assume steady predator and V ortic el la v elo cities and note that the gap widens at rate

_d. In order to surviv e the attac k, the V ortic el la needs to ensure that

_d > Ua , where

Ua is natural attac k sp eed of the predator. Note the di�eren t de�nitions of Ua (the

natural attac k sp eed of the predator) and Up (the sp eed at whic h a passiv e predator

w ould b e pulled along b y the fast motion of the V ortic el la ).

T o determine

_d w e calculate a force balance on the predator sphere. W e assume

lo w Re �o w, so the drag on the sphere is Stok es drag:

Fd = 6��U prp; (5.1)

where � is the viscosit y of the liquid and rp is the radius of the predator sphere.

Balancing this drag force is the suction force that arises from the V ortic el la quic kly

mo ving a w a y from the predator. W e use the lubrication appro ximation to calculate

the force of suction:

Fs = 6�
�

� 2

(1 + � )2

�
r 2

v � _d
d

; (5.2)

where r v is the radius of the V ortic el la sphere, and � = rp=rv (Kim & Karrila 2005,
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p. 226). W e assume Fd = Fs and recall that Up = Uv � _d (see Fig. 5.6). W e th us �nd

_d =
Uv�

1 + f (� )r 2
v

r p d

� ; (5.3)

where f (� ) = � 2=(1+ � )2
. Since to escap e,

_d m ust b e greater than Ua , w e can sa y that

in order to escap e a predator with natural attac k sp eed Ua the V ortic el la con traction

sp eed m ust satisfy

Uv > U a

�
1 +

f (� )r 2
v

rpd

�
: (5.4)

W e collect information ab out sev eral natural predators of V ortic el la in T able 5.2.3

and calculate for eac h the necessary con traction sp eed, Uv , for escap e. T o simplify

these calculations w e set d = d0 in equation (5.4) whic h puts an upp er b ound on Uv .

W e also c ho ose a t ypical v alue r v = 25 � m. W e calculate d0 = 4 � 12 � m from video

of V ortic el la con traction after impact with a smaller swimming organism. This is a

rough estimate, as the trigger for V ortic el la con traction seems to dep end on sp eed of

approac h as w ell as distance. In the case of mosquito larv ae (whic h ha v e a large asp ect

ratio) w e use a high Re expression for the drag force on a cylinder Fd = cD �U 2
p rplp

where cD is a kno wn Re-dep enden t constan t, � is the densit y of w ater, rp is the

cross-sectional radius of the larv ae, and lp is its length (Batc helor 2000, p. 261).

The V ortic el la con traction reac hes a maxim um sp eed of ab out 10 cm/s (Upad-

h y a y a et al. 2008). W e see that for the ma jorit y of predators in T able 5.2.3 the

V ortic el la con tracts at least 100 times more rapidly than necessary . In the case of

the predator Chaeto gaster langi , con traction is certainly detrimen tal, as it brings the

V ortic el la in to the range of this predator (T a ylor 1980).

Though from our calculation, it app ears that the v ery rapid con traction of V orti-

c el la w ould help to escap e mosquito larv ae or other large, fast predators, this is not
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T able 5.1: Necessary escap e sp eed for natural predators

predator

name

rp ( � m)

Ua

(mm/s)

Re
necessary

Uv
reference

(mm/s)

rotifer 25-100 0.01 10� 3
- 10� 2

0.13-0.25

(Noland &

Finley 1931, p.

91)

A mphileptus 100 0.1 10� 1
1-2

(F enc hel 1987,

p. 133)

Lionotus

fasciola

50 0.1 10� 2
1.5-2.5

(F enc hel 1987,

p. 46)

Chaeto gaster

langi

F eeds on b ottom surface.
(T a ylor 1980)

mosquito

larv ae

1,000-

4,000

16-64 30-120 20-67

1

(Kneitel &

Chase 2004)

1

High Re drag of a cylinder used in calculation.

necessarily the case. Mosquito larv ae are 160 times larger than V ortic el la . Usually

in the case of a predator consuming prey 100 times smaller than itself, the predator

uses �lter feeding rather than the individual attac k w e presumed in our calculation

(Merritt et al. 1992). In this case, V ortic el la con traction w ould pro vide no b ene�t.

A dditionally , mosquito larv ae ma y consume organisms b y scraping them o� the sub-

strate b efore eating them (Merritt et al. 1992). Again, in this mo de of predation, the

rapid V ortic el la con traction pro vides no b ene�t.

Indeed rapid con traction w ould pro vide a b ene�t for the V ortic el la only in the

case of small, fast predators, mo ving on the order of 10 mm/s. Ho w ev er, w e ha v e

found no evidence in the literature that suc h predators exist but ha v e rather found

evidence that small organisms (whic h mo v e b y using cilia and �agella) are limited to

a maxim um sp eed of ab out 1 mm/s (F enc hel 1987, p. 20).



App endix A

Stok eslet b et w een parallel w alls with

p erio dic b oundary conditions

W e follo w Muc ha et al. to calculate n umerically the v elo cit y �eld due to a stok eslet

b et w een and parallel to no-slip w alls with p erio dic b oundary conditions (see Fig.

3.1(a) for a sc hematic view) (Muc ha et al. 2004). The w alls are separated b y a

distance, h , with a p erio dic length of w and b in the x and y directions, resp ectiv ely .

The stok eslet is lo cated at (0; 0; Z ) and p oin ts in the ey direction; w e will later sp ecify

Z = h=2 to analyze �o w due to a stok eslet in the mid-plane.

The v elo cit y , U = ( u; v; w) , is expanded in a F ourier series in the x and y direc-

tions, U (r ) =
P

� Û (z) exp (i`x + imy ) with the summation o v er � = ( `; m) . The
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expansion, in the Stok es equation yields:

i` p̂=� = ûzz � (`2 + m2)û; (A.1)

im p̂=� = v̂zz � (`2 + m2)v̂ + � (z � Z )=(A � ); (A.2)

p̂z=� = ŵzz � (`2 + m2)ŵ; (A.3)

where � is the viscosit y of the �uid and A is the p erio dic area, w � b. The con tin uit y

equation giv es :

i` û + im v̂ + ŵz = 0: (A.4)

W e also sp ecify Û = 0 at z = 0 and z = h . Summing the z-deriv ativ e of equation

(A.3) with equation (A.1) m ultiplied b y i` and equation (A.2) m ultiplied b y im and

com bining and eliminating the v elo cities using the con tin uit y equation giv es

p̂zz � (`2 + m2)p̂ = ( im=A)� (z � Z ): (A.5)

This equation can b e solv ed separately in the regions ab o v e and b elo w the stok eslet.

Belo w the stok eslet ( 0 < z < Z ), w e �nd:

ûB = A2 sinh(�z ) +
i`z
�

[CB cosh(�z ) + BB sinh(�z )];

v̂B = A3 sinh(�z ) +
imz
�

[CB cosh(�z ) + BB sinh(�z )];

ŵB = A1 sinh(�z ) + z[BB cosh(�z ) + CB sinh(�z )];

p̂B = 2� [BB cosh(�z ) + CB sinh(�z )]; (A.6)

where � =
p

`2 + m2
and where w e ha v e used the v elo cit y b oundary condition to

eliminate some terms. Com bining the ab o v e with the con tin uit y equation giv es BB =
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� �A 1; CB = � i`A 2 � imA 3 . Ab o v e the stok eslet ( Z < z < h ), w e �nd:

ûA = A5 sinh(�z 0) +
i`z 0

�
[CA cosh(�z 0) + BA sinh(�z 0)];

v̂A = A6 sinh(�z 0) +
imz 0

�
[CA cosh(�z 0) + BA sinh(�z 0)];

ŵA = A4 sinh(�z 0) � z0[BA cosh(�z 0) + CA sinh(�z 0)];

p̂A = 2� [BA cosh(�z 0) + CA sinh(�z 0)]; (A.7)

where z0 = h � z and w e ha v e used the v elo cit y b oundary condition at z = h:

Com bining the ab o v e with the con tin uit y equation, as b efore, giv es BA = �A 4; CA =

� i`A 5 � imA 6 . W e next �nd the A j co e�cien ts b y satisfying the conditions at z = Z :

û; v̂; ŵ; and p̂ are con tin uous. W e also �nd, b y in tegrating equations (A.1) - (A.3)

and (A.5) that ûz and ŵz are con tin uous while v̂Az (Z ) � v̂Bz (Z ) = � 1=(A � ) and

p̂Az (Z ) � p̂Bz (Z ) = im=A . W e can solv e for the A j for a giv en � and Z b y com bining

these jump conditions with equations (A.6) and (A.7). The algebraic equations for

the A j can b e found in App endix A of Muc ha et al. (Muc ha et al. 2004), with a

c hange of v ariables ( d ! h; X ! Z; � ! �; and k ! � ) to matc h the co ordinates

and con v en tions of our pap er. Note that w e b eliev e there is a t yp ographical error in

Muc ha et al. equation (A9) and that the equation for A6 should b e � 2 m ultiplied b y

the curren t equation.



App endix B

Details of Hele-Sha w calculations

T o calculate the �o w around a cylinder of radius a as in Fig. 3.1(b) w e solv e the

b oundary v alue problem

r 2u = r p and r � u = 0; (B.1)

where w e ha v e scaled all lengths b y a, v elo cities b y u0 and stresses b y �u 0=a. W e

also sp ecify the b oundary condition at r = 1 of u� = sin( n� ) and ur = 0 and

no-slip conditions on all other rigid b oundaries ( z = 1
2

h
a ) and at in�nit y . W e w ork

under the Brinkman appro ximation (Brinkman 1947; T sa y & W ein baum 1991), whic h

here amoun ts to

@2u
@z2 = � u

k , where k /
�

h
a

� 2
is the p ermeabilit y and the v elo cit y is

restricted to planes parallel to the b oundaries, i.e. u = ( ur ; u� ) and uz � 0. In

comp onen t form w e ha v e

@p
@r

=
@
@r

�
1
r

@
@r

(ru r )
�

+
1
r 2

@2ur

@�2
�

2
r 2

@u�
@�

�
ur

k

1
r

@p
@�

=
@
@r

�
1
r

@
@r

(ru � )
�

+
1
r 2

@2u�

@�2
+

2
r 2

@ur
@�

�
u�

k
(B.2)
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and the con tin uit y equation is

0 =
1
r

@
@r

(ru r ) +
1
r

@u�
@�

: (B.3)

Because of the form of the b oundary conditions w e then seek

ur (r; � ) = Ur (r ) cos(n� )

u� (r; � ) = U� (r ) sin(n� )

p(r; � ) = P(r ) cos(n� ); (B.4)

whic h reduce the go v erning equations to

dP
dr

=
d
dr

�
1
r

d
dr

(rUr )
�

�
n2

r 2
Ur �

2n
r 2

U� �
Ur

k

�
nP
r

=
d
dr

�
1
r

d
dr

(rU� )
�

�
n2

r 2
U� �

2n
r 2

Ur �
U�

k

nU� = �
@
@r

(rUr ) : (B.5)

With a little algebra w e can eliminate eliminate U� and P in order to arriv e at a

single fourth-order ODE for Ur ,

L nUr +
4
r 2

Ur �
1
n2

d
dr

�
r L n

d
dr

(rUr )
�

= 0; (B.6)

where the op erator L n is de�ned as L n = d
dr

�
1
r

d
dr (r �)

�
� n2

r 2 � 1
k . The solution of this

equation is

Ur (r ) = c1r n� 1 +
c2

r n+1
+

1
r

h
c3K n

�
r=

p
k
�

+ c4I n

�
r=

p
k
�i

; (B.7)

where I n and K n are mo di�ed Bessel functions of order n . In order for the solution

to b e b ounded as r ! 1 , w e tak e c1 = c4 = 0 .
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F rom the con tin uit y equation w e �nd U� (r ) and from equation (B.2) w e obtain

the pressure �eld. Putting the details together w e ha v e

ur (r; � ) =
�

c2

r n+1
+

c3

r
K n

�
r

p
k

��
cos(n� )

u� (r; � ) =
�

c2

r n+1
+

c3

r

�
K n

�
r

p
k

�
+

r

n
p

k
K n� 1

�
r

p
k

���
sin(n� )

p(r; � ) =
c2

knr n
cos(n� ): (B.8)

A t r = 1 , w e ha v e ur = 0 and u� = sin � for all � and k . Hence w e �nd

c3 = �
c2

K n (1=
p

k)
and c2 = �

n
p

kK n (1=
p

k)

K n� 1(1=
p

k)
: (B.9)

W e next ev aluate the stream function for the motion in the plane. F or cylindrical

co ordinates,

ur (r; � ) =
1
r

@ 
@�

; u� (r; � ) = �
@ 
@r

(B.10)

W e then in tegrate the equations ab o v e to obtain

 (r; � ) =

p
kK n (1=

p
k)

K n� 1(1=
p

k)

"

�
1
r n

+
K n (r=

p
k)

K n (1=
p

k)

#

sin(n� ) (B.11)

The streamlines for the n = 1 case are plotted in Figure 3.2(b).

W e also �nd the p osition of the eddy cen ter as k approac hes 1 . The limiting

b eha vior of the mo di�ed Bessel function, K n (x) , for x � 1 is (Jac kson 1998)

K n (x) !

8
>>><

>>>:

�
�
ln

�
x
2

�
+ :::

�
; n = 0;

�( n)
2

�
2
x

� n
; n 6= 0:

(B.12)

F rom equation (B.8) w e see that ur = 0 when � = �= 2 i.e. on the x -axis for all o dd

n . F or o dd n , the eddy cen ter lies on the x -axis at a radial p osition that satis�es

0 =
�

c2

r n+1
+

c3

r

�
K n

�
r

n
p

k

�
+

r
p

k
K n� 1

�
r

p
k

���
: (B.13)



App endix B: Details of Hele-Shaw c alculations 102

In the limit k � 1 w e �nd

c2
c3

= � K n

�
1p
k

�
= � �( n)

2 (2
p

k)n
and, de�ning s = r=

p
k ,

equation (B.13) reduces to

(n � 1)!2n� 1

sn
= K n (s) +

s
n

K n� 1(s); (B.14)

in the k � 1 limit, giving the p osition of the eddy cen ter at

r sp = s
p

k: (B.15)

W e �nd n umerically that for n = 1 , the symmetric b oundary condition case, s = 1:114

satis�es equation (B.14). F urther expansion of equation (B.13) for n = 1 giv es a t w o

term appro ximation for the p osition of the eddy cen ter of

r sp = 1:114
p

k + 1:14
�

1 � 2
 E � 2 ln
1

2
p

k

�
k

3
2 ; (B.16)

where 
 E is the Euler-Masc heroni constan t. Substituting k = � (h=a)2
where � is a

prop ortionalit y constan t, and using dimensional v ariables yields

r sp

h
= 1:114

p
� + 1:14� � 1

2

�
1 � 2
 E � 2 ln

a
2
p

�h

� � a
h

� 2
; (B.17)

whic h is plotted in Fig. 3.4 for t w o v alues of � .



App endix C

Sphere ab o v e a plane b oundary

T o calculate the �o w around a sphere with radius a ab o v e a plane b oundary as in

Fig. C.1 w e solv e the b oundary v alue problem

r 2u = r p and r � u = 0; (C.1)

where w e ha v e scaled all lengths b y a, v elo cities b y u0 and stresses b y �u 0=a. W e

w ork in spherical co ordinates with the sphere cen tered on the origin and the w all at

y = � `st . W e enforce on the surface of the sphere ( � = 1 ) u� = 0 and u� = sin � and

at the w all u = 0 . W e simplify the solution b y noting that in free space a sphere

with the ab o v e b oundary conditions consists of a sup erp osition of a stok eslet p oin ting

x

y y
x

!"

!

z
lst

a

Figure C.1: Sc hematic of geometry for sphere ab o v e a plane b oundary calculations.

Dotted line represen ts an axis of symmetry .
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in the � ey direction and a p oin t dip ole of equal strength p oin ting in the opp osite

direction, b oth lo cated at the cen ter of the sphere. Therefore, a sphere next to a plane

with these b oundary conditions can b e appro ximated b y sup erp osing a stok eslet and

its image system with a p oin t dip ole and its image system.

In this section w e will w ork a scaled stream function in spherical axially symmetric

co ordinates for simplicit y . In these co ordinates w e ha v e:

u� =
1

8�
1

� 2 sin�
@ 
@�

; u� = �
1

8�
1

� sin�
@ 
@�

(C.2)

and equation (C.1) reduces to r 4 = 0 where r 4 = r 2 � r 2
and

r 2 =
@2

@�2
+

1
� 2

sin�
@
@�

�
1

sin�
@
@�

�
: (C.3)

A stok eslet at the origin orien ted in � ey direction giv es

 S(�; � ) = � sin2 �: (C.4)

The p oten tial dip ole can b e deriv ed as  D = � 1=2r 2 S
(Ch w ang & W u 1975, p.

791) yielding

 D (�; � ) =
sin2 �

�
: (C.5)

F or a sphere with b oundary condition u� = sin � w e ha v e

 SP H (�; � ) =
1
2

 S(�; � ) �
1
2

 D (�; � ): (C.6)

Up to O(1=h) corrections, the �o w asso ciated with the sphere ab o v e a w all can b e

represen ted b y the stream functions in equation (C.6) with their image singularities.

The solution for a stok eslet ab o v e a no-slip b oundary is w ell kno w to b e the solution

for the original stok eslet in free space plus an image system consisting of a stok eslet, a
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source dip ole, and a stok eslet doublet (Blak e 1971; Blak e & Ch w ang 1974; P ozrikidis

1992):

 SW (�; �; ` st) =  S(�; � ) �  S(� im ; � im )

+2`2
st  

D (� im ; � im ) � 2`st  SD (� im ; � im );
(C.7)

where w e use � = cos� for con v enience and where � im =
p

� 2 (1 � � 2) + ( �� + 2`st )2

is the radial distance measured from the image p osition and � im = 2`st + ��p
(2`st + �� )2+ � 2 (1� � 2 )

is based on the angle measured from the image p osition. The images are lo cated on

the axis at y = � 2`st : Similarly , the stream function for a p oten tial dip ole ab o v e a

w all is

 DW (�; �; ` st ) =  D (�; � ) � 3 D (� im ; � im )

+2`st  Q(� im ; � im ) � 2 SQ(� im ; � im );
(C.8)

where  Q
and  SQ

are the stream functions for a p oten tial quadrup ole and stok es

quadrup ole, resp ectiv ely , and

 SD (�; � ) = � � � 3;

 SQ(�; � ) = �
(3� 4 � 4� 2 + 1)

�
;

 Q(�; � ) =
3� (� 2 � 1)

� 2
: (C.9)

The ab o v e equations can b e deriv ed from equations (C.4) and (C.5) b y noting that the

next m ultip ole/m ultiplet in the series can b e deriv ed b y taking (f � r ) where  is the

previous m ultip ole/m ultiplet and f is the unit direction of the new m ultip ole/m ultiplet

(Ch w ang & W u 1975). F or instance,  SD (�; � ) = ( f � r ) S(�; � ): In our case f =

� ey = � cos� e� + sin � e� and (f � r ) = � cos� @
@� +

sin �
�

@
@� = � � @

@� �
(1� � 2 )

�
@

@�:
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F or a sphere of radius � = 1 at heigh t `st ab o v e a no-slip w all with u� = sin � and

u� = 0 at the surface of the sphere w e ha v e an appro ximation of

 (�; �; ` st ) = C(`st )
�
 SW (�; � ) �  DW (�; � )

�
(C.10)

where

C(`st ) = �
4� (4`2

st + 1) 7=2

�
� 96̀ 6

st + 20`4
st � 23̀ 2

st + (4 `2
st + 1) 7=2 � 1

�
(C.11)

This appro ximation satis�es without error the no-slip b oundary condition at y = � `st ,

but has errors of order 1=`st and (1=`st)2
for u� and u� , resp ectiv ely , on the surface

of the sphere, whic h could b e corrected b y adding further image terms.

T o �nd the p osition of the eddy cen ter, r l
sp , w e solv e t w o sim ultaneous equations

u� = 0 and u� = 0 . The v elo cit y comp onen ts can b e calculated b y com bining equation

(C.2) with equation (C.10). While these equations are complex, they yield a simple

asymptotic expansion for 1=`st � 1 :

r l
sp

`st
= 1:085 + 4:705

�
1
`st

� 2

: (C.12)
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Stok eslet ab o v e a plane b oundary

W e solv e for the v elo cit y , u , for a stok eslet a distance h ab o v e a plane no-slip w all

exerting a force � on the surrounding �uid and p oin ting in direction f = ( f x ; f y; f z)

where f is a unit v ector (see Fig. D.1 for a sk etc h of this geometry). F or lo w Re �o w,

w e satisfy the Stok es equation and con tin uit y equation:

r 2u + f � (x � x0) = r p and r � u = 0; (D.1)

where x0 is the the p osition of the stok eslet, and where w e ha v e scaled all lengths

b y h , v elo cities b y �= (�h ) and stresses b y �=h 2
where � is the viscosit y of the �uid.

The solution for a stok eslet at an angle ab o v e a no-slip b oundary is w ell kno wn to

b e the solution for the original stok eslet in free space plus an image system con-

sisting of a stok eslet, a source dip ole, and a stok eslet doublet Blak e (1971); Blak e

& Ch w ang (1974); P ozrikidis (1992). The v elo cit y is giv en b y a Green's function

solution P ozrikidis (1992)

u(x) =
1

8�
GW (x; x0) (D.2)
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x

z z
y

!"

!

x
h

ax

z

h

Figure D.1: Sc hematic of geometry for v elo cit y calculations. Dotted line represen ts

an axis of symmetry . Left diagram is for the stok eslet calculations in App endix D

where the stok eslet is represen ted b y a gra y arro w. In the middle is a sc hematic of

the sphere mo del in App endix E, with the general spherical co ordinates to the far

righ t.

where x0 is the p osition of the stok eslet, with

GW (x; x0) = GS(xs) � GS(x im ) + 2 GD (x im ) � 2GSD (x im ); (D.3)

where w e de�ne p osition relativ e to the the stok eslet, xs = x � x0 ; with x0 = (0 ; 0; 1)

and p osition relativ e to the image, x im = x � x im
0 where x im

0 = (0 ; 0; � 1). The

comp onen ts of the ab o v e equation are the stok eslet term:

GS(x) =
f
r 3

+
(f � x)x

r 5
; (D.4)

where r = jxj ; the image stok eslet term, GS(x im ) ; the dip ole term:

GD (x) =
f im

r 3
�

3(f � x)x
r 5

; (D.5)

where f im = ( f x ; f y; � f z) ; and �nally the stok eslet doublet term:

GSD (x) = ( x � ẑ )GD (x) +
(f im � ẑ )x � (f im � x)ẑ

r 3
; (D.6)

where x = ( x; y; z) P ozrikidis (1992). W e note that while w e use the same notation as

P ozrikidis (1992), our Greens functions are v ectors rather than tensors, and w e ha v e

in tro duced the v ector f im to simplify sign con v en tions.
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Sphere ab o v e a plane b oundary I I: for

comparison with a stok eslet

T o calculate the �o w around a sphere with radius a ab o v e a plane b oundary

as in Fig. D.1 w e follo w App endix C, but for ease of comparison to the stok eslet

mo del in App endix D w e c hange v ariables and scaling sligh tly . F rom App endix C w e

substitute `st ! h and y ! z, and w e also scale v elo cities b y �= (�a ) rather than u0 .

Most equations remain iden tical other than the c hange of v ariables. Ho w ev er, the

new scaling c hanges the form of equation (C.10) to:

 (�; �; h ) =  SW (�; � ) �  DW (�; � ): (E.1)

As in App endix C, this appro ximation satis�es without error the no-slip b oundary

condition at z = � h , but has errors of order 1=h and (1=h)2
for u� and u� , resp ectiv ely .

Ho w ev er, b y sp ecifying the net force applied to the �uid b y the sphere, w e ha v e

determined (to �rst order in 1=h on the sphere) the v elo cit y b oundary condition on
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the sphere u� = u0 sin(� ) where:

u0(h) = �

�
� 96h6 + 20h4 � 23h2 + (4 h2 + 1) 7=2 � 1

�

4� (4h2 + 1) 7=2 : (E.2)

T o no w compare �ux v ersus time with calculations from App endix D, only the

length scales need to b e con v erted, as the scalings are otherwise the same.

T o calculate particle tra jectories, it is most simple to ha v e v elo cit y comp onen ts

in a cartesian reference frame u = ( u; v; w) . W e therefore pro vide the follo wing

transformations:

u = u� sin� cos� + u� cos� cos� (E.3)

v = u� sin� sin� + u� cos� sin� (E.4)

w = u� cos� � u� sin�: (E.5)



App endix F

Numerical recip e

Thanks to Marcus Rop er for sharing the essen tials of this custard recip e with me.

Ingredien ts

5 eggs 1 tsp. cornstarc h 5 Tbs. sugar

1 liter half and half 1 tsp. v anilla (to taste)

Instructions

� Place half and half in a medium-size sauce pan o v er medium heat and allo w to

w arm without stirring.

� While the half and half is heating, com bine eggs, sugar, and v anilla in a large

b o wl and b eat un til mixed.

� In a separate small b o wl mix cornstarc h with a bit (ab out 1 Tbs.) of the heating

half and half to mak e a thin paste.
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� W atc h the half and half un til it b egins to b oil o v er. A t this p oin t tak e it o� the

heat and add it to the egg mixture slo wly , while whisking vigorously .

� Return com bined mixture to a double b oiler with the w ater near b oiling. A dd

cornstarc h and stir un til the custard has thic k ened. Serv e w arm or c hill in the

refrigerator.
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