Disorder-driven quantum transition in
semiconductors and Dirac semimetals
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Motivation

Transport in lightly-doped (E: << W) conductors
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Results

study:

e(P)Y +V(r)y = Ey

at bottom of the band, E -> O
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results: ‘Phase diagram”

non-interacting &L " k% in random potential
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results: Critical density of states
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..ignoring rare regions of strong disorder Lifshitz tails



results: Critical conductivity

Weyl semimetal: z=d/2-3/2, v=1/(d-2)=1

o(v,T)
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results: NOonanalytic mobility edge

weakly-doped semiconductor
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Anderson localization

* noninteracting quantum motion 1n a random potential
2 V(r)
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e conventional wisdom (orthogonal)
o d<2: all states are localized

o d > 2:localization-delocalization Anderson transition

" lr—rol/€ A P(E) smooth through E,
~ €

5 ~ ‘E — EC‘VA localized delocalized
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Mobility edge E_

A bouss %’E «209:05

o Box %Q 163205

O Lorentz % =38:05
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Fig. 1. Mobility edge trajectories W (E) for the box (@ Wc(0)/V
=16.3+0.5), Gaussian (A W;(0)/V=209 £0.5), and the Lorentzian
(m W.(0)/V=3.8+0.5) distribution
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mobility edge E_(A) 1s a
smooth function of disorder
strength A ~ V2




Model

low-density electrons in a random potential, 4 -> O
OV =By — Z~ [l
S = / dtd®ri) [Nidy — e(p) — V(r)] ¢

C

e(p) =rp™  V(r)V(0) = Ad%(r)
]32
e(p) = , semiconductor

2m
= vo - p, Weyl semimetal

treat via scaling, perturbation theory, and RG
with e=(2x-d)-expansion



Related problems

* Feynmans polaron coupled tfo a slow boson:

o0 world-line = self-avoiding polymer (deGennes ‘72)

Hlr(t)] = %/dt (f;)z —|—g/dt/dt’5d(r(t) —r(t))

o singular corrections for d < 4 (=2a, a=2)

o R, =(<r2s)”2~1l", v=1/2+ 0(4-d)

 Interacting particles at low density (BCS-BEC):
dg

o exact T-matrix = — = (2 —d)g— g°

dl



The “Physics” via scaling

(distinct from interference effects near Fermi surface: e.g. weak localization)

Fermi liquids are “protected” by Fermi sea, with E,~ W,
qualitatively different for low doping, with E, << W

bound-state formation in random potential —Vy\/(¢/a)? on scale &



The “Physics” via scaling

E:/\ — —d/2
APy B~ s = Vo(§/a) S
V(r) averaged over wavelength 1/k ~ € EK Vv o
c

* d < 2. disorder dominates -> bound state for arbitrarily weak V,

&oc:a( B )ﬁ “conventional” mobility edge Isi
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* d > 20 weak disorder irrelevant below critical V. = k a™* = W

weak-to-strong disorder
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Perturbation theory
S = /C dtd®ri [Nidy — e(p) — V (r)] ¢

-----
- -
- S

e scattering rate 1/T(E):

1 ~ Ed/a—l ~ 1
(B —q*)g~ T(E)

]_ usually
E-dependence

~
) )— T — Ed/a_l ignored at E .

S(E) ~ / d’q

. G(E)

e Joffe-Regel criteriony < 1vsy > 1:

_ E(E) a—2 1 1
V(E) = 5 B2 ke(k) -~ ku(k)T(k)

d < 20 (typical) disorder dominates atlow E  [5y (20— d)y +
d > 20 (typical) disorder is irrelevant at low E 190 RS




Perturbation theory
S = /C dtd¥rip [Nidy — e(p) — V (r)] ¢

e Joffe-Regel criterion, y < 1lvsy > 1:

WB)= S~ Bt

E k(k) ~ ko(k)r(k)

What happens for stronger disorder ford > 2 ?
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RG S = /Cdtddra A0y —e(p) — V(r)| ¥

e “conventional” (Shankar) RG at Fermi surface

E




RG 5= /C dtd?rip [Xidy — e(p) — V()] ¢
® rescaling and tree-level RG flow: r=r'b, t =1t F?
Ab) = A, K(b) = Kk b5, A(b) = A b*

s f”vA(lg[;)? = yb™ 74 = e

e momentum-shell RG flow: integrate out Ky/b < k < K,

a) : > : b) : < : c) ! d) |
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Mobility threshold & transition

€ 1/2c
(D) i be A(b) = [@b_el sy Ve = S

T 1= 9/7+ (/) Y 200
lized Drude conductivit ) op(b) = —8
renormalized Drude conductivity (r <1): op(b) = 2 ()b
strong
PY d 200): —>—>—> > > > >
e > 0 ( < ) 0 v(b)
--> disorder dominates for kK < K, = Ko(1+ \10\)1/6
--> mobility threshold of Anderson transition
K strong
e <0 (d>20): se—<—e—e>—"T>—
( )og Ye v(b)

--> disorder-driven quantum ftransition 7-0, u->0




Mobility Edge

stron
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Conductivity

2

oij(w) = erw dE np(E) — np(E + w) ]/ddr’TrverA(E + w,r, 1" )0, GE(E, 1/, 1)

Weyl semimefal:

— O-CUCU
2

2 A

= —ezvzuT =
2

1
— 7'_1 :—ZImER:—ZA/ — :
e—v0-k+ 5=

2
= 1A\




Scaling theory of critical transport

weak strong

0€<O(d>20(); 6<<¢F;>ﬁ>a ’;(b)

E~ly =l =™ o~

— (7, T, 1) = |57 2D g(T|6v| ™, u/T)

0(7,0,0) ~ |y — 7“2 (v, T,0) ~ T42)/2

e comparing with RG calculation, find (for 3d Wsm):

—_— Z =32 Vv=-1/(2a-d) =1

see also: Goswami, Chakravarty, PRL 107, 2011 ( E ~ ka/ A( k) ~ kd/ 2)



Density of states
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Scaling theory of density of states

Er = el T, B gTe v ey
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...ignoring rare regions of strong disorder Lifshitz tails (Nandkishore, et al.)



Scaling theory of density of states
f ~ |"y — "YC|_V, F ~ g-z semiconductor:

z=0-€/4, v=-1/¢

Iz

€k

pUE, ) ~ =~ BV (Bl = e )

E )
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Lifshitz tails
e deeply lying states E <0: &(P)y + V(r)y = Ey

* probability of V, size &: V& E|
P(V) ~ e_% [ dirv? B v
gd o 2 — $1/§2
o= & (R/EH|E)) :
o 1 p(E)
* maximize over &;
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d<2q: &~EVa-->p(E)~e 'E'—/im > E
?p(E)
d>2a: &~y = p(B) ~ e —
\) >F

[ ]
“our” ftail |fY_rYC|zv



1d Chil’al mOdeI M. Garttner, et al. 2015

model: h = p|¥sgn(p) + V(x)
-> long-range hopping J,,

H=Y Jowiliy +» Vipala,

x,x’ x

high-d transition in 1d: a<a,=d/2 = 1/2
o z=1/2

o v=1/(1-2a)

O p(E)NEe

o 0=d/iz-1=1,fory=r,
o 0=d/a—-1,fory<vy,

AE(K)

/
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1d chiral model i Gartmer etal 2015

O0=dz-1=1,fory=1y,

. o
Density of states p(E) ~E 0=d/o—1, fory<vy,
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1d chiral model
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Summary and open questions

e studied transport in lightly-doped semiconductors, semimetals

® new weak-to-strong disorder-driven quantum phase transition
e RG and scaling theory --> conductivity, density of states
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Rare-regions effects

® numerics, experiments ?
e role of rare regions near critical point ?

e interplay with conventional Anderson localization ?
® Coulomb impurities ?
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Results: critical density of states

f ~ |fy — f)/c|_y7 W ~ f_z WSM: z=d/2=3/2

- v=1/(d-2)=1
p(w, ) = w1 f(w]dy| )
~ Wiy = e T2, for w < [oy]*
~ w, for w > |0v|*

*p(E) -

B2
] | > E
oy*Y

..ignoring rare regions of strong disorder Lifshitz tails (Nandkishore, et al.)



Results: critical conductivity of Weyl SM

f ™~ |fy - /YC|—V7 W f_z WSM: z=d/2=3/2
v=1/(d-2)=1

0 (87, T) ~ [87" =2 g [T7] >, puldy| "]







