REGULARITY AND STABILITY OF EQUILIBRIA IN AN
OVERLAPPING GENERATIONS MODEL WITH EXOGENOUS
GROWTH

JEAN-FRANCOIS MERTENST AND ANNA RUBINCHIK?

Abstract. In an exogenous-growth economy with overlapping generations
(OG) we analyse local stability of the balanced growth equilibria with respect
to perturbations of consumption endowments, thought of as the “monetised”
value of a government policy to individuals. We show that perturbed economies
have a unique equilibium in the neighbourhood, that the equilibrium allocation
expressed in terms of e Lcieht labour units is Fréchet di [erkntiable in L oo with
derivatives given by kernels, and that the equilibrium is stable in the sense that
if perturbations converge to 0 at *oo, the corresponding equilibria converge
back to the unperturbed equilibrium at +oco.

As a corollary this implies a proof of non-vacuity of the main result in
Mertens and Rubinchik (2006).
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1. Introduction

1.1. Motivation. Our main objective is to demonstrate the non-vacuity of the
main result in Mertens and Rubinchik (2006), namely, an example where the relative
utilitarian welfare function is dilerentiable at a (competitive) equilibrium of an



STABILITY OF EQUILIBRIA IN OLG 3

exogenously growing economy with overlapping generations (OG), when viewed as
a map from individual (consumption) endowments at birth. The non-vacuity result
holds for a generic set of parameters of the economy.

The example provides a template for extending Debreu’s regularity result to such
economies, and in addition, a stability result of the following form: if perturbations
have a bounded support, the corresponding equilibria converge exponentially back
to the unperturbed equilibrium at +co.

App. D contains a bird’s-eye view, suggestive of the generality of our approach.

1.2. Related Literature. Gale (1973), who analysed an exchange economy with
overlapping generations (OG), demonstrated it has two types of equilibria: bal-
anced ones, with zero net savings; and the golden rule, in which the economy as
a whole can hold a debt. Further, Diamond (1965) showed that a Pareto e [cieht
equilibrium in a production economy with overlapping generations should typically
involve some debt. Introducing an arbitrary life-time productivity of individuals
and exogenous growth we show that Gale’s insight is still true: in a golden rule
equilibrium net savings almost always di [erl from the value of accumulated capital,
while in any other balanced growth equilibrium the two are equal; see appendix B
for the explicit derivation of this dichotomy. The number of equilibria of the latter
sort is not necessarily odd as in Kehoe and Levine (1985); their parity varies with
the specification of individual life-cycle productivity.

It is well known that OG models are prone to indeterminacy (Kehoe and Levine,
1985; Geanakoplos and Polemarchakis, 1991), even in the presence of capital accu-
mulation (Muller and Woodford, 1988); the reason we avoid this might be that we
use for time the more natural real line.

Analysis of regularity of infinite economies with a finite number of consumers
(Chichilnisky and Zhou, 1998; Shannon and Zame, 2002)* is based on extensions
of Sard’s theorem, that are not applicable here. We use instead Wiener’s theorem
on the spectrum of convolution operators to assure the generic invertibility of the
the derivative of the equilibrium map required by the implicit function theorem.
Although we only demonstrate this approach with an example, it should help to
identify a way to verify regularity for a wide class of infinite economies.

1.3. The Roadmap. Section 2 contains the specification of the economy, whose
equilibria are characterised in section 3. Section 8 is devoted to the regularity result,
local uniqueness and dilerkntiability of the balanced growth equilibria (thm. 1),
which is followed by establishing stability of those equilibria (cor.4 and 11), and
the description of the properties of the derivative. Finally, section 9 contains the
non-vacuity result, diLerentiability of the relative utilitarian welfare function with
respect to perturbations of (normalised) endowments.

2. The setup

2.1. Individuals. NgevV*dx (No > 0) individuals get born in [x,x + dx], X1[1.
Individual preferences over consumption, a non-negative Lebesgue-measurable func-
tion of time ¢ = 0, are represented as a discounted sum of homogeneous instanta-

1
neous utility functions with intertemporal substitution o > 0: with u(x) = Xll_f
for 0 2 1 and u(x) = In(x) for 0 = 1 (extended by continuity to [0, +oo]),
-

Ue)= e Psu(c(s))ds
0

1The latter also contains a detailed overview of the literature
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We will ignore the case ¢ = 1 till section 8. Cardinal properties of U will play
no role till section 9; there we will assume as in Mertens and Rubinchik (2006) U
homogeneous of degree 1 — p, but with same ordinal preferences as here.

An individual can rent his time endowment (1 at each instant, =100%) out as
labour; its e [ciehcy varies according to some integrable function €5 = 0 with age
s []0,1]. Besides, labour productivity grows with time at rate y, as in classical
exogenous growth models. So, aggregate (productive) labour available equals:

Ly = Nge't Er—xVXdX = NgelV™t  ge7Vs(ds
t—1 0
His time sells for I%lwxﬂasds, where X is his birth-date and w; the per e [ciehcy-
unit wage rate at time t. In addition, his null conwption endowmﬁnt may be
perturbed by wx s at age s, so his lifetime wealth is J px+sWx,sdS + ) Wx+s€sS.

2.2. Endowments. Endowments are 0 on the baseline, but else are given by a
locally integrable aggregate endowment Q, distributed aqﬁss age-groups accord-
ing to some time-invariant (integrable) distribution 95,  9sds = 1, such that

Wx,s = s ﬁ:gvi (so “pure redistribution” is excluded, i.e., Q =0 ¥ 0).2

2.3. Production. All firms are finitely lived, so profits are well-defined.

2.3.1. Instantaneous production set is a subset of ° describing feasible transfor-
mations of e [edtive labour L capital K¢, investment I¢, consumption C; and an
intermediate good called “output” Y¢, produced using a Cobb-Douglas technology

Yt =AKZL ™Y, 0<a<1,A>0

The instantaneous production cone is any closed cone satisfying free-disposal, con-
taining the graph of the production function and the activities of transforming
output into consumption or investment, and contained in the closed convex cone
spanned by the production function, free-disposal, and 2-way transformations of
output into consumption and investment.

2.3.2. Capital K¢ accumulates as Kt‘jz I+ — 0K, with R d=efy+v+6 > 0; formally:

K =e %t WK, + e %S| ds, asa (wide) Denjoy integral,®
to

(e.g., Celidze and Dzvarsenvili, 1989, p. 27), with as initial condition:

Assumption 1 (Weak Initial Condition). %K, converges to 0 at —oo.*

25ee sect. 4.2 in Mertens and Rubinchik (2006) for the discussion.

3As argued in Mertens and Rubinchik (2008), this is the right interpretation of the capital-
accumulation equation; Denjoy rather than Lebesgue integration is needed in order not to exclude
classical solutions of this dierkntial equation a priori; on the other hand, the possibility to use
arbitrary integrable | ¢ rather than exact derivatives is important in this paper, allowing to use the
more natural L spaces. The interpretation of the equation is as direct as that of the di Lerkntial
equation: K¢ is what remains after depreciation from K, and the intervening investments.

4This is the initial condition of Mertens and Rubinchik (2008) in its weakest form, as in App. C
loc. cit. It would indeed have been unsatisfactory to require an exponentially fast convergence at
—oo when one of the purposes of the paper is to establish such a stability property. Nevertheless
the equilibria we find do satisfy the strongest forms of that initial condition (cf. fn.5), so in this
respect too there is no ambiguity as to what are equilibria.
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2.3.3. Production and Merchandising Firms. Production firms use the Cobb-Douglas
technology to manufacture undi[erentiated output Y. from labour L purchased
from individuals at a price of we, and capital K¢ rented from investment firms at
rate r¢. The output is sold to merchandising firms.

Merchandising firms transform Y¢ in a one-to-one way into either the consump-
tion good C; or the investment good I;. This transformation may or may not be
partially reversible depending on the instantaneous production set. C; is sold to
individuals and I; to investment firms.

2.3.4. Investment Firms buy some capital Ky, at time to, incur flows of outlays for
investment p¢l¢ and of rents r¢Ky, and sell K¢, at time t; > to.

Recall our “standing assumption” (Mertens and Rubinchik, 2008, sect.3.1.2),
that investment firms can disvest as well as invest: all restrictions on disvestment
are written in the production set of the manufacturing firm, i.e., if disvestment is not
possible for some capital good, any sale of that investment good by an investment
firm can only be to another investment firm, and can be interpreted as being the
transfer of the corresponding capital.

We allow for a measure space (F, F, i) of investment firms, with F¢ [CH denoting
the subset of firms alive at time t. Let [t], tT] with t§ < tf be the lifetime of firm
f, KT the capital holding of, and 1] the investment by flrm f at time t. All those
functions of ¥ are measurable. The measure space of firms allows a.o. to include
the case where the consumers would individually do all the investing. The need for
assumption 2.(v) is illustrated in app. A.1.

Assumption 2. () Tu{f|tf <t<tf}>0;

(i) 1f and K{ are locally in t jointly integrable in (t, f);®

(iii) @E[fg tf] Kf =150 Kf=0;

(iv) Ifp(df) =lcae,; K{u(df) = K £

) Kt >0 [CIH,,Fy CH:u(F,) >0,u(Ft) >0, E1>0: Kf =¢on

(Fe > [t —&,t]) (e, < ]t t+eg]).

2.3.5. Variants. The constrained model satisfies, in addition, irreversibility: nei-
ther consumption, nor investment can be transformed back into output. It is a
particular case of the model described in Mertens and Rubinchik (2008). So this is
the variant that will provide the “proof of non-vacuity” for that paper.

Another variant is where both of the above assumptions are dropped, so that
consumption and investment are freely transformable into each other, thus, e [ed-
tively defining a 1 good model; this variant will be referred to as the basic model,
which will be used to establish results for the constrained model.

3. Characterisation of Equilibria

We allow as price-systems all Lebesgue-measurable functions p¢ with values in
[0, +00], and similarly for individual consumption streams. Note individual utility
functions are well-defined over all Lebesgue-measurable consumption streams c¢
with values in [0, +oo]. Following the usual convention in measure theory, define
for any product of prices and quantities p-c as 0 in case of a product 0 % co or co <0

SThis assumption implies It is locally Lebesgue-integrable, apparently contradicting fn. 3.
Lemma 6 in Mertens and Rubinchik (2008), plus prop. 4 (ibidem) to deal with our weak form of the
initial condition, does not imply that Lebesgue integrability holds nevertheless, because those lem-
mas rely on irreversibility, which does not hold for the basic variant. But for our purposes here the
restriction to local Lebesgue integrability does not matter, since the onIy GQLEI—XIPI’I& that can appear
in our statements in sect. 8 and 9 must satisfy, with it = I'_—t [id supx ~ ||t|dt< oo, hence
local Lebesgue-integrability of |, and proper Lebesgue |ntegrab|l|ty in lemma 3, and, e.g. by the
inequality in fn. 8, exponential convergence to zero (at rate R) of e>K ¢ when t - —oo: thus also
the strongest form of Initial Condition (loc. cit.). So our results are not a[edted by this restriction.
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— thus allowing to think of either prices or quantities as measures. So the cost of
any consumption bundle is well defined.
The evaluation of profits of the investment firms is discussed in sect. A.

3.1. Individual Demand. Observe, that for any function ¢ in the demand corre-
spondence any equivalent function (coinciding with ¢ a.e.) has the same utility and
the same budget, therefore we can think of the demand correspondence as a set of
equivalence classes. Similar observation applies to prices.

Remark 1. Individual demand is derived using the Lagrange technique, thus allow-
ing, a.o. the optimal utility to attain any values including co. The latter solutions
(with marginal utility of income being undefined, and therefore, ‘Euler equations’
unapplicable) can be consistent, as is shown in lemma 2, with prices and income
being positive everywhere, so they are not a-priori ‘pathological’.

The budget set is left undefined when both income and prices are infinite, so this
is the only case in which the indirect utility is undefined and individual demand is
unrestricted. Such case is ruled out by equilibrium restrictions (cf. prop. 1), so the
conclusion that the budget set is well-defined in an equilibrium is ‘convention-free’.

Lemma 1. (i) @ 0, [P, MaXe=c=eo[au(c) — pc] = -1;a%p* =9, where
the left hand member is defined by continuity in ¢ at co.
(i) c= (%)0 is a maximiser, and the only one i Celither p < oo or 0 > 1.

Proof. Note that the bracket is concave and u.s.c. on 4 (lack of continuity if
p = oo and ¢ > 1). Therefore the extension by continuity at oo is well-defined, and
a maximum always exists in 4. For p=oo, ¢ = (%)cy = 0 is a maximum, and the
only one iCa > 1. So the maximal value equals au(0), i.e. 0 if 0 > 1 and —oo else,
as given by the right hand member. And the case p < oo is obvious. 1

Notation. A denotes Lebesgue measure on

Lemma 2. For any budget M [, and price-system ps (s []Q, 1)), let
_ Ps 1 (eP9zs)™°
)] Zs = — L

1—o
) y C
M ZS S go Xtdt
where % is defined as 0, a negative power of 0 as +oo, and = is left undefined = 0.

1
Letalso J = ,z°ds and U rgef 2 o Xsds .
Note those integrals may be well-defined even when zs is not a.e. well-defined,
e.g., if the integral over the set where zs is well-defined is already infinite.

Then:

(i) Indirect utility is unspecified, even as a sup (the budget set itself being
unspecified), iICIM = oo, A{ps = o0} >0, and (0 >1 [pck= oo a.e.).
This is also the case where U s not defined.
Else indirect utility equals U ~&nd is achieved.
(i) Demand is unique (as an equivalence class) i Choth (1) U s well defined
and (2) either U1 or (6 <1 and) zs = oo a.e.
Demand is also unique (= 0) for all s such that zg = co.
(iii) Whenever demand is unique, zs and ct-are well-defined a.e., and demand
is given by the equivalence class of ¢l
(iv) USis well defined i [ is so, and then U1 i[J < oo.

Xs = e Pos

Proof. The last point (iv) is obvious.

If M =0 and p; > 0 a.e., the result is obvious: ¢; =0, so if ¢ > 1, then U%=0,
if 0 <1, then UME —oo,

When M =0, 0 > 1, and A{p; = 0} > 0, many feasible bundles achieve U % oo,
so demand is not unique, hence the lemma is established in this case.
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When M =0, 0 < 1, and 0 < A{pt = 0} < 1, the agent’s instantaneous
optimal consumption is clearly ¢y = oo when py = 0, ¢y = 0 otherwise; but since
AMpt = 0} > 0 this gives him utility —oo, so any point in his budget set is optimal,
and the lemma is established in this case too. And if p = 0 a.e., ¢t = oo a.e., SO
z¢ =0 a.e.,, UEE0, and this case is covered too.

Thus the lemma is established when M = 0. So, henceforth M > 0.

Assume now M < oo, To calculate tlffﬂfﬂpirect utility, coqs_iper, after Lagrange,

. def — .
forp >0 thtﬁnaxmum of L(c) = , ue Btu(cy) — peCe dt. By lemma 1, it
equals ﬁp" e_B"tp%_“dt, and the set of maximisers is the equivalence class of

= (”ep—ft)“, which is unique i[the maximum of L is finite and either py < oo
a.e. or g > 1. Clearly the maximum is finite il’] < oo. Since foro <1, J < oo
implies p¢ < oo a.e., uniqueness E;lﬁ) holds i . Eﬂoo

For J < oo, the budget M = "picedt = p° e_B"tp%_“dt is finite.

In particular, if 0 < J < oo, by varying i we can obtain any 0 < M < oo; so for
any such M, and the corresponding p(M), we obtain §(u(M)) = c~nd U(cH'= U™
as in the statement.

And c"s thq agent’s unique optimal choice given his budget M: for any ¢-& ¢
s.t. [ cTE pcidt < M, the integrability of pcFimplies pU (¢ — @l cH3 L(cYH <
L(cH'= puU (cHEm@ ¢ pu ™M, where the strict inequality is by the uniqueness
property of the maximiser €. So [pl c¢H= M and c™8 c¢~mplies U(cH < U

Thus the statement is proved for 0 < J < oo and M < oo,

J =0 means, when 0 <M < oo, that, if 0> 1, py =0 =z; a.e.,s0c=0=c5}
and if 0 <1, py =0 = z¢ a.e., so ¢ = oo = c5Jand in both cases the utility U~%=0
is attained, thus the statement is established in that case too.

To summarize, the lemma is proved when M < oo and either M =0 or J < co.

If J = oo (and, recall, 0 < M < o0), then, II_%r 0 <1, L(c) = —oo [cl So,
whenever ptCt is integrable, the indirect utility is pe~Ptu(cy)dt = —oo. If py = oo
a.e. then the demand is unique, ¢ = 0; otherwise all points in the budget set are
utility maximisers. Thus this case is solved too.

So, in case 0 < M < oo it remains to prove the lemma for J = oo and ¢ > 1,
which then is assumed to hold for the next two paragraphs.

Consider the indirect utility function V (M) (for fixed price system p): by homo-
geneity, it must be of the form vu(M) for some v = 0. Assume now v < co. Then
by lemma 1 for any g > 0, maXp<pm<oo (LY (M) — M) = 1l%v)°. So for any c

CIT
such that pC; is integrable we get L(c) = ; pe Ptu(c) — pec dt < ;27 (Uv)°. As

was shown above, the unique maximiser of L is T(y). Let then ¢ = min(%,ﬁt(p)).

peclN being integrable, ¢ satisfies our bound above. If py = oo then T (1) = 0 and
S0 is % forany N. And p; 8 0 a.e., as J = oo. Since then c} increases to T;(l), the

corresponding integrands in L(c]) are non-negative and increase to that for Ce(l):
by the monotone conVﬁ?ence theorem, T:(l) still satisfies the same inequality, i.e.,
as seen above, z1;p° e PotpiT%dt < L (uv)® < oo, contradicting J = oo.
Thusv = oo, i.e., V(M) = +oo. We claim next that therefore, [M: 0 < M < oo,
there exist (many) c in the budget set with U(c) = oo. Indeed, note first that there
exists a partition of [0, 1] in 2 borel subsets of equal Lebesgue measure such that
J = oo on each (e.g., consider the distribution of the integrand of J, and on each
atom use non-atomicity of Lebesgue measure). Next re-use this on one of the sub-
sets, etc., to obtain a borel partition into a sequence B, with A(B,) = 27" s.t.
J = oo on each B,. Hence for each B, the supremum of utility derived on that
subset of time with a strictly positive finite budget should be infinite by the argu-
ment above. Therefore one can choose for each n a consumption plan on By, costing
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= 27"M and with “utility on B,” = 1: the resulting total consumption plan costs
< M and has infinite utility. Thus, U~% +co and demand is multivalued.
Remains thus only to establish the lemma when M = oco. Then, for ¢ > 1, if
p = oo a.e., demand is unspecified, and if A{p; < o0} > 0, U"% oo and demand
is multivalued. While for 0 < 1, if p < oo a.e., U= 0 and c= oo, and if
Mpt = oo} > 0, demand is unspecified. 1

3.2. Equilibrium restrictions. The price system p appearing above is the price
pS of consumption. The prices py, p! and p; of output, investment, and capital
resp., can a-priori be dilerknt. We want to prove all four are equal.

Let also w; be the wage rate and r¢ the rental rate of capital. p; prices a stock,
so is an — a priori arbitrary — function of t; but all others price flows, so are
naturally thought of as equivalence classes of Lebesgue-measurable functions.

In deriving equilibrium restrictions, we will use equilibrium conditions only when
completely non-anbiguous. E.g., for consumer maximisition, we will use only for
consumers for whom the integral defining defining their wealth is a well-defined Le-
besgue integral, and even then only when in addition their budget set is well-defined,
and their utility attains a maximum on it. Similar precautions concerning the prof-
its of investment firms are discussed in app. A.2. At the end, we will show in prop. 1,
that nevertheless the equilibria thus characterised are fully satisfactory (i.e., wealth
is always well-defined, utility always attains a maximum on the budget set, etc.)

Note that if pf = oo, profits of any production plan with positive output are ei-
ther infinite or, if also w; or ry are oo, undefined. This is incompatible with any equi-
librium concept, so we exclude it formally, as part of the definition of equilibrium:

Definition 1. In equilibrium, p{ < oo a.e.
Lemma 3. Ky =e™ % L_io 1se%ds as an improper Lebesgue integral.

Proof. Let to » —oo in the capital accumulation equation (initial condition). [1

[ Gl vy, il

Lemma 4. In equilibrium, re =0, wg =0, and £ —a

the left hand side is well-defined.

> Ap{ whenever

Proof. Profits equal py AKELI @ —reKy —e YtwiLt. Thus K¢ = Lt = 0 shows that
maximal profits are = 0. So we have to show that the condition is necessary and
su [cieht for profits to be < 0. The maximal profit is the maximum over the 2 cases
Lt =0 and L¢ > 0. The maximum with L = 0 being < 0 is equwalent tore = 0.
For Lt > 0, d|V|d|ng by Ly, it means that py Ak —reke—e Yiwe < 0 [Kd = def Kt =0.
Now, since p¥ < oo, ptYAk“—rtkt is well-defined [k = 0, so the condition is equwa—
lenttoe Vtwt = sup, ~o(py AkZ—rk¢), which equals 0ifpy =0, and else, by lemma
1(using 2 =1—a,a=aAp,p=ry), = O‘(O(Ap )1 arfia = 0; so wy = 0 anyway,
and (2= Wt)1 o > aApy ry @ needs to hold if p{ > 0. Multiplying by r¢ yields an
equivalent inequality, given the “whenever” part of the statement: the equivalence
is obvious if 0 < ry < oo; if ry = 0, it is because then both inequalities mean
wg = oo; and if ry = oo, it is because then both inequalities mean wy = 0. Hence

the statement, since the inequality there holds obviously also when p{ = 0. 1
Lemma 5. (i) pt <p! =p! =peae., and [@p; < co. Further,

L4
(1) c(t) £ e dp, —  rse %ds = 0 is decreasing, and constant wherever Ky > 0.

t
(ii) Wherever the constraint that consumption can not be transformed into
output is not binding p© = p¥ a.e. Wherever the constraint that invest-
ment can not be transformed into output is not binding, p' = p¥ a.e.
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Proof. The zero profit condition for the merchandising firm implies that p} < py
and pS < p{ a.e. If the constraint that consumption can not be transformed into
output is not binding, it also implies p© = p* a.e. If, in addition, the constraint that
investment can not be transformed into output is not binding, then p¥ = p' a.e.

To show p; < oo [f]assume else py, = oo. But then the firms alive just before
to can make infinite profits. Indeed, consider Fy,— and the corresponding €; since
pl = pf <ocoae., [M < oo: A{t [Tlh —¢&,to] | p} = M} > 0. So if those firms
invest at unit rate during this set they get a positive amount of capital at finite
cost, that can be re-sold for oo at tg; contradiction.

Next, r¢ is locally integrable: if it was not integrable on [ty — €, to], let the firms
in Fy,— buy some capital at to —¢€, cash its returns until to, and sell it then, yielding
infinite profit, since p; < co. Similarly with Fy, + if r¢ is not integrable on [to, to +€].

Consider a policy variation (satisfying the requirements sub A.2 above for com-
pletely arbitrary py) where each firm f s.t. Kf = ¢ for a < t < b buys, with
3K = g™ 1., 8K, additional capital at time a, and sells 8K, at time b,
while cashiﬁg the returns in between. Then dnf = &(g(b) — g(a)), with g(t) =
e %y + , rsesds. Since rs is locally integrable and p < oo, g(t) < oo.

Fix now t, and assume either K¢ > 0 or £ > 0. By assumption 2.v, the above
deviation is feasible (F1H,, , [E1]§] < ee®t, [@lb:t<a <b <t+e¢. So, since
H(Fe, ) > 0, absence of profitable deviations implies g is decreasing on [t, t + €] and
is constant there if K¢ > 0. Similarly on [t — g, t], thus, t being arbitrary, g is
decreasing, and is cgnstant wherever K¢ > 0. 3

So (= 0g(0) = , rse%ds, and g(0) < oo, hence e ®Sds < oo; subtract-
ing this quantity from g(t) we get that ¢(t) = e %tp, — ¢ rse~%ds is decreasing
and (letting t — o0) =0, and is constant wherever K¢ > 0.

Next we show, following A.2, that p{ = p; a.e.

Else, p being borel by the previous conclusion, there would be, by Lusin’s theo-
rem, a non-empty compact set K to which p!, p; and I have a continuous restric-
tion, with either (1) py > p} [EICHK or (2) pr < p{ [EICK and which equals the
support of the restriction of Lebesgue measure to itself. By the joint local-integra-
bility of 1] (assumption 2.ii), remove from F the set where 1 is not integrable over
f’s lifetime, this set is negligible by Fubini’s theorem. We now construct a policy
variation. Fix some T [K and let K, =K n[T —n™1, T +n™1], F, is the set of
firms alive during a non-negligible subset of K, (Fn = {f | A(Kn n [t§, tf]) > 0})
and let 7 = tf, = t{ (1B, and F1 CH,, 17, = min{K, n [tf, {1},
17, = max{Kn n [t§, tf]}. Further, p(F,) > 0 because T is in the support of
the Lebesgue measure on K, and by assumption 2.i. Let the firm buy/sell addi-
tional investment 31T = & Knnitf,tf1(1), where & def sign(pr — p}) and sell the
additional accumulated capital at time T,‘:’l, resp., buy additional capital at time
17 o such that it will be exactly o[sek by 31™T.

So, if & = 1, then KT = eot o=tsth, —oo %810 Tds (sold at t = tf ,).
And for § = —1, KM = e7%t T st=rf, e®[310f|ds (bought at t = T ).
Observe that SK{*T is clearly of bounded variation and = 0, and is jointly measu-
rable (by the same property of 51"), and vanishes outside [tf o, Tf ,].

We can finally compute the induced variation in profit, denoting the transaction

date (resp. 1f; and tf o) by tn(F)
’ ’ L o -
) ST = Ep KN+ rdKYT —piaI T dt
b i

Tn
The last term in the integrand is jointly in‘toegrable in (t, ), by the same property
of 81T and the continuity of p' on the compact set K, 81T being q_agptside of K.
And the first term of the integrand is red K™ = ree ™t v _ioor | ©_ e®310Tds,
where all terms are clearly non-negative and jointly measurable. This is majorised
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by I%fk; ree ot Trfllostsrg‘leésélg'fds, where the integrand is clearly jointly inte-
grable'in (s, t,f): ree ot of o=t=tr, = €% inky=t=max(k), Which is an inte-
grable function of t alone by the local integrability of ry and the compactness of
K, while e®$512T is jointly integrable in (s, f) by the joint integrability of 1™ and
the boundedness of €% on the compact set K. This joint integrability in (s, t, f)
ensures then in particular that the first term in our integrand, redKPT, is also
jointly integrable in (t, f).

Both terms in the integrand being jointly integrable, we can use linearity of
the integral and integrate them separately. And for the first term, since it comes
by integration from this jointly integrable expression in (s, t, f),—we can permute

the OIEEEL[ of integrﬁon there between s and t. We get thus ! redKFdt =

L
Tn,O

M re %t %5510 Fds, and hence, reelaci% also 3K™" by its value, and
n,0 A ) 3 ) _ £ ’ _
re-usmlg__Jslmearlty of the integral; én™f = Flprf e 0T + ¢ rse Osds —
r .
_ _ _ PRy _
pe® MBINTdt, = | e ey Prane” D + T rse™0%ds — pre™t et

dm™T must be a.e. non-positive (equivalently—Fubini again— ¢ dm™Tp(df) <
0 [S1[CH); since F, is non-negligible there exists thus f, [CH, s.t. dn™™ < 0.
Siace by definiti Fn, MK tf, tfdt for ¥ [Hp, K, s.t
frge by emnon&\;]n(frr,]) (Kn n [tg, t7])dt 50 for n, [S4 n s

€ Pt (f,)€ Otn(fn) + . rse~%ds — p! e™®n < 0. Since K, shrinks to {T},
tn(fn) pARd sn converge tq. So by the continuity of p' and p on K, we get in the
limit & pre™®T —ple™®T <0, contradiction. 1

Remark 2. As the “hot potato” example (app.A.1) shows, the assumption 2.v is
clearly needed to derive the lemma. Without the assumption, one cannot deduce
the constancy of ¢ in equation 1, even where K¢ > 0 (though one can obtain that
there ¢(t) is the sum of countably many jumps, i.e., its continuous part is 0). And
one gets then similarly in prop.1 the analog of (6) for such ¢. So the example
presents really the pure form of the di [culty.

Assumption 3. s is jointly locally Lebesgue-integrable.

Lemma 6. (i) Aggregate consumption C; is locally integrable, p; is locally
bounded, and A{t 4, x+1] | p€ > 0} > 0 for all but countably many x’s.

(ii) If either pl‘i_ﬂis locally bounded or w = 0, p¢ is locally bounded away from

0, M, & o (PasWx,s + Wx+sEs)ds and U,—are well-defined a.e., Lebesgue
measurable, and a.e. My < oo and Uy (100)' For 0 > 1, one has further

p¢ >0 a.e. and, for a.e. X, Mx >0 (pE)19dt < oo.

3

Proof. (i): Ct is bounded by the sum of No ; eV S sds, and of Yy; the first
is locally integrable by assumption 3 on w, the latter is locally bounded: L is so
by definition, the initial condition (assumption 1) implies that 1K < oo, local
Denjoy-integrability of I, implies then, by lemma 3, K; < oo [f]and K; is contin-
uous by lemma 3, so it is locally bounded. Thus C; is locally integrable. That p
is locally bounded follows from the two statemﬁs in lemma 5.(i).

(i)): Aswy =0bylemmadande =0, My = (p§+swxys+wx+sss)ds is a.e. well-
defined: if w = 0, by non-negativity of the integrand, and if p€ is locally bounded,
the negative part of the integrand is a.e. integrable, by the assumption above and
by Fubini’s theorem. My is Lebesgue measurable by the joint measurability of .

Since pS < oo by lemma 5.i and def. 1, z; is well-defined in lemma 2, and so are
U,Sand Jx (resp. by lemma 2.i and 2.iv).

If 0 < 1 assume, contrary to the statement, that, in the notation of lemma 2,
z¢ = 0 a.e. (so that p£ = 0 a.e. or My = o). Then by the same lemma, U~%= 0
and the unique optimal individual consumption is infinite a.e. (achieving U =% 0),
thus contradicting C¢ < oo a.e. that follows from the previous point (i).
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Ifo ﬁj let us show that the aggregate utility of individuals born between a and
b>a, _ Ux(cx)dx is bounded over all feasible reallocations CXE;H!;E“ or equiva-
lently, since e=Ps is bOLEined and bounded away from 0, that _ ! u(cx,¢)dtdx
is bounded given that _, cxeV*dx < C¢ [TI[[&,b + 1], or again equivalently,
since e¥* is bounded and bounded away from 0 on that interval, and since the
maximisation of Ux(cx)dmplearly implies distributing nothing to agents x not
born in [a,b], given that "% o dx = CJ where CO%E ____Ce

) _' ! T max{a,t—l} X, E_bl’l ingh t}t min{eva,ev(b]) }
By Fubini, our objective function equals thus ' u(c)Eltjdxdt, so by

. .. ) a o max{a,t—1}
conca:Ey of u the maximiser is cxt = t
_o_ b+l

min{b,t}—max{a,t—1}° hence a Ux(ex)dx =
s&r . (CH s [mingb, t} — max{a, t — 1}]sdt < oo, since the bracket is bounded
and g > 1. Thus UXQ oo a.e., i.e., Jx < oo (by lemma 2.iv?:;|1ence z¢ >0a.e., so
My < oo and pE >0 a.e. Then Jx < oo and My >0 imply " (p€)" °dt < oo.

As to AM{t C[R, x+1] | pS > 0} > 0, we just proved, under the assumptions of (ii),
that it was > 0 a.e. So this holds anyway: else there would exist a < b s.t., for x [
[a,b], p& = 0 a.e. on [x, x+1] — so bounded! Thus the proof of (ii) applies to those
X, contradiction. It is then clear that for x By in the exceptional set, |[x —y| > 1.

If p¢ is not locally bounded away from 0, there exists by lemma 5(i) some t s.t.
pt. = 0, ¢ being decreasing. The same equation implies then ¢¢ = rg = 0 a.e. on
It, oo[. Note that, by (i), XIAM{t > x | p¢ > 0} > 0. By lemma 4, rs = 0 implies
ws = oo wherever pS > 0, since p© < p" a.e. Since My is a.e. well-defined, ws = oo
on a set of positive measure implies the same for My, contradiction again. —1

Remark 3. In the following, we also select w.l.0.g. canonical representatives within
equivalence classes, so as to make maximisation hold everywhere instead of just a.e.

Lemma 7. In any equilibrium where p¥ = p' there is full-employment, i.e., we
can assume L. is given by our formula in sect.2.1, and no free-disposal, i.e.,
¥ = AKELL®. Also 0 < p§ < p; [E1s0 p€ is locally bounded, and :
(1) Ke=0 a.EE L]
(2) gt=aA = ~%is locally integrable, and ry = g¢pt
@) we=(Q1Q- g)eytz—ipt
@) pe=ery 0(®=9)ds  \with r real-valued, increasing, and constant on K¢ > 0.
) ME
0
Proof. 0 < p¢ < p¢ [Eby lemma 5.i; so p is locally bounded and lemma 6.ii applies.
Next, note first that any increase iﬂ:@udget increaﬁ the utility for a.e. agent.
For 0 <M < oo, let V(M) = u(M) e_Bc’sp)l(:‘S‘ds °. It is the indirect utility
of consumer born at x with income M by lemma 2.i. For 0 < 1, the integral is
positive (lemma 6.i), and finite, p¢ being locally bounded, so Vy is well-defined
even on [0, o] and is strictly increasing in M. For ¢ > 1, (p£)1~° > 0, p© being
finite, so the integral is positive, and assume first it is finite. Then Vy is strictly
increasing in M as above. While if the integral is infinite, lemma 6.ii implies that
My = 0. Since pS > 0 a.e. (lemma 6), this implies in lemma 2 that z; = oo a.e., SO
Jx = 0 and hence U s well-defined and = 0. On the other hand for M > 0, the

[PS, sWx.s + WxasEslds = 0 a.e., and is locally integrable.

8Condition 4 is equivalent to the dilerkntial equation Ht‘:]: Ot, with H¢ ¢ —n pt, where
the equality holds everywhere, and H Hmay have ~ values (but must be well-defined, so Hy —H x
must be well-defined for y su Lciehtly close to x, so that H must be -valued to be di [erkntiable).
Indeed, ¢ is increasing only where Kt = 0, i.e., gt = oo, so for those t the equation HtE': Ot is
unaledted and p¢ is a solution of the initial dilerential equation. Conversely, any solution H of
that di [erkntial equation implies ztﬁt as specified, using that a monotone function H on [0; 1] is
a.e. dilerentiable and H1 —Ho = HHt. This is in turn closely related to Perron’s approach to
the Denjoy integral, and to our argument at the end of the proof, and in fn.7.
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integral being infinite implies that V(M) is so. Thus in this case too any increase
in budget increases utility — from 0 to +oo.

Now, since My < oo a.e. (lemma 6.ii), any additional amount of money earned
increases the budget, and hence the utility.

Thus, if Y¢ = 0, we must have wy = 0. Indeed, else there would be positive labour
supply, since agents have no disutility for labour and gain additional utility from
any increase in budget. However this positive amount of labour, at positive cost,
would imply that the production firm makes negative profits, Y¢ being 0, which
contradicts optimality of the production plan. Now, wy = 0 and p; > 0 implies by
lemma 4 that ry = oo; by (1) in lemma 5 this can happen only on a negligible set
of t, since p<oo. So Y¢ >0 a.e.

Yt > 0 implies both K¢ > 0 and L{ > 0; then profit maximisation by the produc-
tion firm implies (2) (in the form ry = a%pt) and (3). Since this is on a set of full
measure, and ry and wg play a role only as equivalence classes, we can assume the
equations hold everywhere the right hand member is well-defined. In particular,
we > 0 a.e., and hence, by the above argument, all agents work full-time, so L. is
indeed given by the formula in sect.2.1. Similarly, pr = 0 implies no free-disposal,
i.e. Yi = AKZ L%_O‘, and thus the equation for ry becomes ry = g¢pt. Here the right-
hand member is always well defined, since L{ > 0, so we assume those equations for
L¢, Y¢, re and we to hold everywhere. In particular, wherever K¢ > 0, p¢ is continu-
ous by (1) in lemma 5, so wy is continuous real-valued and a.e. > 0, and r¢ is > 0, and
continuous and locally integrable as an  -valued function. Because of this, equation
(1) in lemma 5 can be dilerentiated term by term on any interval where K¢ > 0.
Doing this with z; = e™%p, and substjfuting rs by its value (2) we get z7= —0izt,
where z¢ > 0 since py > 0, S0 2y = zpe™ 0 sds (we can integrate from 0 on because lo-
cal (Lebesgue-)integrability of g follows from that of r, p being locally bounded away
from 0 by lemma 6.ii). (4) always holds for an appropriate choice of m¢, since pt > 0
and g is locally inlﬁgrable; the above argument shows T is constant wherever K¢ >
0. Let H¢ def Me+ ) gsds: since z¢ = e~ Mt is decreasing by (1) in lemma 5, Hy is in-
creasing. But ¢ equals H¢ minus an absolutely continuous function, and since T is
constant on K¢ > 0, the whole variation of ¢ happens on a negligible set, by (1), so
the variation of the absolutely continuous part is null. Thus m itself is increasing.’

(5) is an obvious feasibility condition, M being well-defined (lemma 6.ii). Local
integrability follows from that of w and €, p© and w being locally bounded. —1

Corollary 1. If p¥ =p', wx. =0 M} > 0.

Proof. wy >0 a.e., by lemma 7. —1

3.3. Aggregate Demand. Following-up on the conventions at the start of this sec-
tion, note that for aggregate consumption the classic integration of correspondences
(Aumann, 1965; Debreu, 1967) doesn’t apply, consumption bundles being (equiva-
lence classes of) arbitrary .-valued Lebesgue-measurable functions, so do not lie
in any vector space. Use the following very close analog: let M (or M to denote
the domain) be the set of all such equivalence classes with the topology of conver-
gence in measure on all compact sets, for any fixed distance on 4. The topology is
independent of the distance, and is Polish, so the usual measurable selection theo-
rems hold. Define thus the integral of a measurable M -valued correspondence with
a.e. well-defined and non-empty values as the set of integrals of all its measurable
selections, and the integral of a measurable function x B Fx with values t B F(t)

"The argument can be reversed, to show that for any ¢ as in (4), the corresponding pt will
also satisfy (1) in lemma 5 for an appropriate &.
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in M as the unique point G in M s.t. [p1[CM, I:pl)(t)G(t)dt = III:;:I)(t)FX(t)dtdx, with
the usual measure-theoretic convention that 0 x co = 0.

To prove the above is well-defined (and to show how it is used), observe that by
Doob’s (1953) classical martingale argument, there exists for any such F a jointly
measurable function f(x,t) s.t. f(x,-) CEL xJ(use first a homeomorphism of .
with [0, 1] e, reduce to the case where sup, [Ek [d < 1). Fubini’s theorem implies
then that f(x, t)dx satisfies the requirements for G. Uniqueness is obvious.

Conversely, given any jointly measurable -valued function f(x,t), F: x 3
f(X,) is a measurable M-valued map. Indeed, assume first f is bounded; then
F is measurable to L., with the weak*-topology, since bounded subsets there are
compact metric. But those bounded subsets are Polish for the topology of conver-
gence in measure on compact sets, so the borel structure is the same. For general
T, approximate it by the sequence ¥ [nl

Note finally that, G being well-defined, it su [ced to check the definition with
indicator functions of compact sets for p (intervals do not su [cel).

Lemma 8. Assume an equilibrium with p© locally bounded, and let

]
1) Ct= No%]’tpf = eV +Box — = M dx
t—1 O(px+s)1_0e_[305ds

The integrand is a.e. well-defined, and the integral is finite, thus continuous in t.
A.e., the integrand is null i CMy is so; thus C¢ > 0 except if Mx =0 a.e. on [t—1,1].

If the right hand side is undefined, involving thus co % 0, let Cy = ..

Then aggregate demand (the integral of individual demand) is the set of equiv-
alence classes of all measurable selections from C;.

Proof. Neglect all negligible sets of birthdates x of lemmas 6 and 7.(5), and take as
domain D the remaining part of . In particular, My is everywhere well-defined
on D and [+, so lemma 2 is applicable, with My for M and s B p$, < for p, and
demand is everywhere well-defined and non-empty, by lemma 2.i.

The demand correspondence from D to ME, x O [(x), has a measurable
graph, as the intersection of the following 3 measurable grqﬂs: 1) {(x,c) 1
DxMR | ¢ =0 ae. for t L%, x+1]}, (2) {(x,c) COxME | =° pFcdt < My}
(3) {(x,c) CDxME | U(sB cx+s) = ULF Indeed, (1) is closed, measurabil-
ity Of[éf) follows from that of My (lemma 6.ii) and the lower semi-continuity of
c3 = pCcdt (Fatou), and of (3) from that of U ~{lemma 6.ii), of U on M-
(being by Fatou lower semi-continuous if 0 > 1 and else upper semi-continuous),
and from the continuity of (x,c) B (SB cx+s): >xME _ MI®1 which follows
from the continuity of (4, f) B p CFl sub 'Notation’ in sect. 4.3, using point masses
at —x for p and h e ¢ for ¥, with h a homeomorphism from  to [0, 1], and of the
projection from ME to M0-1,

Thus, its integral is well-defined — recall we allow for correspondences to be
defined only a.e., so equivalently, define, for x ¥ 1O where "'(x) is not defined (M
being not defined, or 1), I'(x) LM —, and is the set of integrals over x [
of all jointly measurable functions c(x,t) s.t. s @ c(x,x +s) [TIx) Xl

Observe that requirement (1) was not part of our assumptions, nor did we prove
that in equilibrium no agent would buy any goods dated outside his life-span. But
the same proof obviously shows that without this the demand-correspondence is
also measurable; we claim the integrals are the same, so our result is independent
of any such assumption. Indeed, take a selection c(x, t) as apqve from the larger cor-
respondence, and define €(X,t) = t(—1=x<tC(X, 1) + ﬁ Y I eV O=Oc(y, t)dy.

_V)

Then clearly T is measurable, has the same intergral as ¢, and Is a selection from the
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smaller correspondence: indeed agents would have bought something at times t out-
side their life-span only if p; = 0, since as seen in the proof of lemma 7 any increase
in budget would increase their utility, so nobody’s budget is a [edted by the change.
Lemma 2.ii and 2.iii imply then that the selection c(x,t) must equal cL(t — x)
given there when either U1 or p¢ > 0 and My = 0 (indeed, this is a measurable
region, and cL(t—x) is jointly measurable on this region, so we can assume equality
up to a (joint) null set, which does not aledt the equivalence class of the integral).
Further U1 = (0>1 [M>0) since by lemma 6.ii U =% oo and since p¢ is locally
bounded. Thus equality holds whenever o > 1 or My > 0 or p¢ > 0, i.e., since the
latter holds a.e. when ¢ > 1 (lemma 6.ii), equivalently whenever My > 0 or p€ > 0.
Note that (1) follows at all t s.t. p& > 0, by integration. And the integrand is
a.e. well-defined, since My < oo a.e. (lemma 7.(5)) and since the denominator is
a.e. > 0, by lemma 6.i if 0 < 1 and by local boundedness of p© if 0 > 1. Ae,, it
is null iC My = 0: if My = 0, the denominator being positive (cf. supra); and if
M, > 0, the denominator being finite, by local boundedness of p© if ¢ < 1, and by
lemma 6.ii if 0 > 1. Thus the integral is always well-defined; so, again since p® is
locally bounded, the right hand side is well-defined except where both the integral
and pS are 0, i.e., iCMy = 0 a.e. on [t—1,t] and pS = 0, where it equals oo x 0.
Thus we show now equality in (1) when py = 0 and My is not negligible on
[t—1,t]. As seen above, the right hand side is oo then, and, if My > 0, c(x,t) =
cLt—x) = oo (finiteness of the denominator, and lemma 2). Hence a non-negligible
set of agents has infinite demand: aggregate demand is infinite too, thus equality.
As to the demand correspondence in the “oo < 0" case, note o < 1 then, since
else p& > 0 a.e. (lemma 6.ii). So if My = 0 a.e. on [t—1, t], (almost) all living agents
have a null lifetime wealth; since they (almost) all face some non-negligible period
in their lifetime where p€ > 0 by lemma 6.i, U= —oo, so any consumption at
times where py = 0 is both feasible and optimal for them. Recall the integral in the
denominator is > 0 a..e., so the integrand is well-defined and null a.e. where My = 0:
the right hand integral is 0 a.e., i.e., the right hand side is undefined, just as demand.
Since by lemma 6.i aggregate demand is locally integrable, it is a.e. finite, and
thus so is the right hand side integral. Hence the integrand is locally integrable
everywhere, and so the integral is everywhere finite, and is continuous in t. 1

3.4. The equilibrium equations. We need for the moment the following assump-
tion just for the end of next proof; €5 non-null ‘should’ su [Ccel. .

Assumption 4. For some 0 > 0, €5 > d a.e. on some non-empty open set.

def I—_l-l

Proposition 1. Let Q¢ = No 4 eV(tS)y_s sds be the aggregate endowment at
date t. The equilibria where 0 < I < Y¢ a.e. are the solutions (satisfying this
condition) of the following:

(1) It :Qt+Yt—Ct
@) Y= AKEE%—“
() Kg=e™% 1.e%5ds
_ocljtl (v+Bo)x g
@ o= p 0 Nye M i, My 22 (DrerstinsHWacrsta)ds = 0 ae.
0 o pi oe~Bosds 0
(5) ge=0A = ¢
rKt

(6) pe=poe 0 @9 \ith 0 < py < oo [E] (s g is locally integrable)
M) we=(01- G)eytl—ipt

The same holds for all equilibria of the unperturbed economy (w = 0) where con-
straints on disvestment are not binding, and for all its balanced-growth equilibria.
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The same holds for all equilibria of the basic model, replacing (6) by (4) of lemma 7.

Proof. (3) comes from lemma 3, and (1) is market clearing.

0 < I a.e. implies that constraints on disvestment are not binding, so our previ-
ous results are applicable. It also implies K¢ > 0 by (3), hence (6) by (4) in lemma
7. Since l¢ < Y¢ a.e., equilibrium requires pS = p; (for the merchandising activity
transforming output into consumption not to imply a loss). So p¢ = p by lemma
5.ii (using equality everywhere as explained in remark 3). Finally, equation (1) of
lemma 8 holds everywhere because pr > 0 (lemma 7.4).

As to the unperturbed economy, cor. 1 implies that equation (1) of lemma 8 holds
everywhere, and with the integral and C¢ > 0 since My > 0 a.e. So the integral
is locally bounded away from 0. Since p© < p is locally bounded (lemma 6.i), we
conclude that C; itself is locally bounded away from 0. Thus K¢ = 0 is impossible:
immediately after such a time, it is impossible to have C¢ bounded away from 0.
The rest of the proof is as in the previous case.

Finally, in the basic model, by no-arbitrage, p© = p, so the positivity of p (lemma
6.(ii)) implies that the condition p{ > 0 for (1) in lemma 8 is satisfied everywhere.

Remains thus only to deal with the BGE of the unperturbed constrained model.
By definition of balanced growth, Ky = Koe®*V)t and Ky = 0, so Iy = RKge(Y*V)t,
with R > 0 by 2.3.2. Thus, if Ko > 0, Iy > 0 [E]so constraints on disvestment
are not binding, and the result is established. Else, K = 0 [f1and hence also
It = Y+ = C¢ = 0 [E1 Then there is no loss to increase p? such as to achieve
equality with py in lemma 5.i: a fortiori demand will still be 0.

For demand to be identically 0, we need according to lemma 2, since p¢ < oo
a.e. by def. 1, that for a.e. x either ¢ > 1 and % =oae for0<s<l,oro<l1
and Jy = oco. Thus, if 0 > 1, ptC >0 a.e. and MXX =0 a.e., and-if 0 < 1, for a.e. X,
My < oo, pf is not a.e. 0 on [x, X + 1], and either My =0 or Y(p€)1-odt = co.

By lemma 5, changing prices except p on a null set we can assume p < p€ =
p¥ < oo everywhere, and p is locally bounded and locally bounded away from 0
(the latter by lemma 6.ii).

Lemma 4 implies now, since r¢ is locally integrable, and hence a.e. finite, and
since pf > 0 a.e., that wy > 0 a.e. Thus every agent can achieve My > 0, by
putting in some labour. If g > 1, such positive My would, by lemma 2, guarantee
him U 0, since p© < oo a.e.: he is not optimising.

Remains thLEio deal with the case o0 < 1, where for a.e. X, either My = 0, or
My < oo and l(ptc)l_c‘dt = oo. But by the argument in last paragraph, the
agent can achieve M > 0, even if My = 0, and hence could achieve Ul %> —co by
lemma 4 if Jx < oo, which Wﬁiﬂ contradict his optimising behaviour. Thus our
case reduces to My < eco and [ " (pf)'™% = oo ae.

Consider now one such P—ihf fortiori pcdt = oo, so Holder’s inequality
applied to lemma 4 yields . “wdt = oo, r being locally integrable. By the as-
sumption, this implies for a non-empty open set of x that those agents can achieve
My = oo, hence U&= 0 > —oo, contradiction again.

Finally, to prove those equations really define equilibria, su [ced to observe that
(6) implies p¢ is locally bounded and locally bounded away from 0; this implies first
that My is well-defined and finite a.e., next, given My = 0, that all those agents
have, by lemma 2, ii and iii, c)':—s' as unique maximiser in their budget set, and that
those indeed aggregate to C;. The rest is obvious (cf. e.g. fn.20incaseof | =0). [

Remark 4. The “intellectual reason” why the “0-equilibrium” (where K¢ = 0 [©)
doesn’t exist is individual rationality: a single Robinson Crusoe with no starting
capital can produce output and capital and consumption goods in his lifetime—cf.
the diLerkntial equation where he works full-time and all output is converted into



16 J.-F. MERTENS AND A. RUBINCHIK

investment. The problem with this “argument” is that if € is identically 0 in some
initial part of his lifetime, capital (and hence consumption possibilities) will start
to build up only after that initial segment, i.e., if 0 < 1, his lifetime utility is still
—oo: that’s why trading is needed with other Robinson’s born at dilerent dates,
and hence the whole apparatus of equilibrium analysis. . .

Notation. Express key variables in e [cieht Il_a.Pourdmits: ke = 'If—tt Vi = I—i
ir=1{t Ec=f, cc=andletn=(y+v) 1—-0 +Bo.

Remark 5. No Bubbles: To get rid of the solutions of (1) in lemma 5 with (even con-
stant) ¢ > 0 (“bubbles”, or: indeterminacy) one might expect to need a transversal-
ity condition, e.g., limy_. o, €%t = 0, or infinitely-lived investment firms making ar-
bitrage operations like buying some capital now and renting it out forever after. But
(6) does imply ¢ = 0: (3) and feasit@:‘fy (plus the initial condition and R > 0) imply
ke is bounded,® so inf g¢ > 0, thus |~ gedt = oo, and hence ¢ = lim; . oo €7%*py = 0.
Proposition 2. gifvenvsanlendowment perturbation E¢, a distribution of endow-
der e, €slo s 1

ments Js, and ¢s = R define Y: (i, E) B T as the composition of:

0
() iB k:ke=e"Rt __eRsicds>0a.e.
(i) kB y:y = Ak .
(i) kB f: ft=R —O(AkglR(z R— “—?,z y+v+ %) is Iocagly integrable
(iv) (y,f,E) B N: E'J = jex R G Exrs + (1= @) Psyxas 05 = 0
(V) fB D:Dyx= e nst=0) 7 fudtyg
(vi) (N,D)B B:Bx=p5*
(vii) (F,B)B cice= e U0« ufedSB_ du
(viii) (V,E,0)BT: Tt =yt +E¢t— ¢t
The equilibrium i¢’s with 0 < iy < y; a.e. are the zeros (s.t. 0 < it < y a.e.) of
FG,E) ¥ Y(@i,E)—1i, i.e., the fixed points of Y.
The same holds for all equilibria of the unperturbed economy (E = 0) where
it > 0 a.e., and for all its balanced-growth equilibria.
The same holds also for all equilibria of the basic model where K¢ > 0 [1]

Proof. K¢ > 0 for the basic model ensures that (6) of prop.1 holds. Rewrite the
conditions of prop. 1 in the new notation:
* Y& = Akg
o kt = e_Rt I__t_l
L] F_)t = pOe 0t
cit=yt+Et—¢Ct
Next eliminate the price equation; only aggregate cor@imption depends on it. First,
using px+s = PxP(X, s) with P(x,s) = exp(ds — oA | S ko~ dv),

~. eRsisds >0

(3-agz)ds 5 ¢

- Lyl
C = Ie%lt_l_lt e e(v+Bo)x _0 (pﬁ‘*)x,s + Wy +sE€s) dsdx
eyt Teemvsds -1 o Pxi2e—Bosds

. ]
3 L eyt ?w(x,s) Wx,s + (1 — a) &Yy, g5 ds
= =g 1 r— dx
-1 o &€& 770 W, t=x))" 5 (W(x,s))e"Bosds

Use NOW Wy,s = IsEx+s8Y*+9*Vs T e7Vidu, from the definitions at the begin-
ning of this section to re-write the numerator of the second ratio:

Wx,s +(1— O()f‘:sey(>(+s))’x+s

8Cf. Mertens and Rubinchik (2006, lemma 3) for! =0. Forany E s.t. EIr¥ SUPy X+1|Et|dt
< oo one gets similarly sup; kt < B g [EILWith Bx the root of ABY —RBx + x =0.
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[ 1
= gY(x+s)+vs 9<Exss gue vYdu + (1 — a)e VSesyxas

° oo -
= gY(x+s)+vs gue Mdu  9sEx+s + (1 = )dsyx+s ; so:

0
Re o 1 N
d — def
= eh99 ¢ uks TdsmvryroB+NuR.  quy, where By = D—X and:

X
def Rx+s a 1 I:I
Nx = gRs—Ad Tk Tdv FsEx+s + (1 — ) Psyx+s ds
D def s(a—o(ﬁ+5))—Aa(1—a)RX*Sk“ tdv
x = e x N ds
0
Using the definition of n we obtain now the equilibrium conditions stated. —1

Remark 6. We will assume E is bounded. There is a specific advantage to L: if E
is small in Lo, we know (or: prove) that all quantities remain positive, in particular
investment. So everything is independent of the presence or not of non-negativity
constraints on some types of investment (Mertens and Rubinchik, 2008, sect. 3.1.2).

3.5. Balanced growth equilibria.

Definition 2. A balanced growth equilibrium (BGE) is an equilibrium with E¢ = 0
and k¢ constant (and hence i, y,...). Itis a golden rule equilibrium (GRE) if )l/ =aq.

Corollary 2. The BGE are the same for all variants; they are characterized by:
i) k= %i
(i) y = Ak®
(iii) f =R —aAk®
(iv) N = Az eSchis .
(V) D=® f(1—-0)—n , where d(x) = &—=.

(vi) B = % ] —
(i) Rois = [(F) et ds, where [(E) =t O]
R-T oS : ® f(1-0)—n

Proof. Condition viii in prop. 2 becomes i =y —B ®(—n—fo). Dividing that equa-
tion by y and re-arranging we get (vii), since L = R% = %. Given any solution of
this equation in T the rest of the BGE can be re-computed from the above formulae
and py = poe®~ %, re = a¥pg, we = (1 — a)ye¥ip;. 1
Remark 7. » [(¥) decreases from oo to (1—0~1)*; [(0)=1.

. E]any BGE R — f > 0 by condition iii, so, since =10, R(1 —a) > f.
* 5 ¢sesTds increases in f, and =1 at 0.
« Equation vii has f = 0, the GRE, as solution; cf. App. B for explanation.

Remark 8. We plot (cf. also App. B) BGE making in (vii) 125 explicit as a function
F of x =1—f/R (= aY¢/Il¢ by i-iii).>*° Figures 1-4 show the BGE of economies
with ¢(s) = ﬁ [a,b](8) and reasonable parameters (time unit being 1 lifetime).

Corollary 3. At Eﬁgolden rule equilibrium :
() k= R T
.. Rl a9 T o
(i) yr2 AT e T T @
Swith those coordinates, 1) the relevant region becomes the positive orthant, 2) the units are
dimensionless, thus easier to interpret, and 3) the function is analytic, so the graph, more reliable.
10with a the “minimal working age” (minimum of the support of the distribution ' (s)ds), since
the curve passes through the origin: 1) if a = min(; 1), the function converges to m < 0,
so the number of equilibria on the curve is even for generic ; 2) Else the function converges to
+ oo, s0 the number is odd; (contrast with Gale (1973); Kehoe and Levine (1984)). Figures 3 and
4 are right at the edge. Anyway, the number is finite (analyticity).
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Figure 1: R=11,0=.5,n=2,a=.2, b =.75. Two equilibria [al
(<3}
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Figure 2: R =11, 6 = .25, n =2, a=.135, b =.5. Two to four equilibria.
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Figure 3: R =10, 0 = .25, n=2.5, a =.25, b =.75. 1 equilibrium [al
2l &
g Z|2
0.5 1 |2
=
S|'5
0
\ 19

Figure 4: R =15, 0 =.24,n=1.9, a= .24, h = .55. 1 or 3 equilibria.
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Gy 172 e aw
(iv) p = poer V¢

(v) wi= pgQl —a)y et
(vi) and fF= 0, i%2 Rk™2 ay SN2 (1 — a)y 5D =2 o(—n)

4. Tools
4.1. Banach Pairs and the Implicit Function Theorem.

Notation. For Banach spaces X and Y, (X, Y) is the Banach space of continuous
linear maps from X to Y; so (X, X) is the Banach algebra of operators on X.

Definition 3. A Banach pair is a pair (B,BY of Banach spaces with B [CH
and s.t. CIP IC1By definition, for any Banach space B, XIgl % oo if x B;
hence also, for any map ¢, define its operator norm in (B,BY as oo if B is not
in the domain of ¢ (i.e., interpret “d(x) undefined” as implying ¢(x) ¥ BY (as a
notational convention; we won’t involve the set of all sets...).
For Banach pairs (X, X5 and (Y,Y 9,
@ O XEY,YH is the Banach space {& C1(X,Y) | ¢7 CI(XEYH},
where ¢"= ¢;xo, and [QILZ max{ [@llix vy, [pHeixovoy}.
(ii) For O openin X, amap F: O - Y is Fréchet dilerentiable at x [Q if
[l CI(X, XY, Y 5 s.t. both for p(:) = [@nd p(-) = CIPbne has that
[ 0@ 0: p[F (X +3x) — F(X) — ¢(dx)] < ep(dx) when p(6x) < 3.
It is STif it is Fréchet di [erkntiable at each x [CQl, with di [erential ¢y,
and x B ¢y is continuous on O.

Remark 9. For XP= {0}, (X,XYY,Y§= (X,Y) and the definitions reduce to
the usual ones for ‘non-pairs’.

Lemma 9. Equivalently, F: O - Y is Stil[]

(i) F is CL Let ¢.'be the restriction to X of its derivative ¢x at x.
(i) [XTO) [E$0, [330: [E(X + 8x) — F (X) — by (3%) [Fh £ [ [Cfor (3% [Fk 3.
(iii) ¢ x B ¢ is continuous from O to  (X5YH.

Proposition 3. For Banach pairs (X, X5 and (Y,Y9, and F: O - Y Stwith O
openin X,F: 0O - Y is CL For x O denote by V the connected component of 0
in (O —x) n X5 with the X topology. Then V and its complement in (O —x) n X"
have disjoint closures in (O — x, CI)Jand dx B F (x + 8x) — F(x) is C* from V to
Y Bwith ¢L, 5, as derivative at dx.

Proof. F being by (i) Fréchet di[erkntiable for [-I[dt each x [Q, (ii) ensures that
F (x + 0x) — F(x) [YI%for &x su Lciehtly small in X5 since by (iii) ¢x(0x) Y15
and is Fréchet dilerentiable at 0 with ¢’ as derivative. Those 2 together imply
there is an open neighbourhood Vy of 0 in Xs.t. 5x B F(x +8x) — F (x) is Fréchet
di [erentiable from Vy to Y 5 with ¢, 5, as derivative at 3x. This being continuous
by (iii), the map is C*on V.

V= {z | m, 3 with i = 1...2m + 1: X3 = X, Xom+1 = X + Z, Xoj+1 —
X2i [W,, for i = 1...m} is trivially open and closed in V, so VP= V. Since
F (X2ix1) —F (X2i) [YITF(x+2z)—F(x) CYIP[ZI[V] s0 6z B F(x+z+8z)—F(X)
is Clon Vy+, [ZI[CVL hence the second statement. For the first, let else z belong
to both closures: an [IEBall around z is contained in O — x and intersects V and
its complement, say in z; and z,. Then the segment from z; to z, lies in the ball,
hence in O —x, and also in X™ z, is connected to V, hence [Vl contradiction. [

Corollary 4. If F: O - Y is Stand O is convex, then z @ F(x +z) —F(X) is,
x1CQ, Ctfrom (O —x) n XP[XIPto YT
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Lemma 10. A composition of S* maps is S*

Proof. Use the same result for C! (Schwartz, 1957-59, vol. 1, thm 11) for points i
and ii (cf. prop. 3), and the continuity of composition for point iii. 1

Proposition 4 (IFT). For Banach pairs (X, X5 and (Y,Y 9, let F: X xY - X
be St in a neighbourhood of (Xo,Yo), with F(Xo,Yo) = 0. If ‘f;—f( is invertible in

(X, XHX, XY at (X0, Yo), then &8> 0 and an S*map Cfram {y | G-y, [ 8}
to X s.t. x = [(y) is the unique solution of F(x,y) = 0 with XI— xq = &~

Proof. The theorem without pairs (i.e., with XY= Y5 = 0) is classical (e.g.
Schwartz, 1957-59, theorems 25, 26, vol.1). Use it first for that case, to obtain
just the C* aspect of [ ik., (i). Next use (iii) for F to conclude that ‘3'):( is still
invertible at all ( C(y),y) with Oyl yo [ 3, reducing d if needed, invertible maps
forming an open set. Re-using thus the theorem, and prop. 3 for F, at each such
(x,y) for the spaces X and Y [ translating (x,y) back to @: |eIds now (ii) for

[—As to (iii) for [l follows now straight from = - 5 By’ from (iii) for
F, and from the continuity of the composition and the inverse. —1
4.2. Kernels.

Notation. M is the space of bounded measures on , and Cy( ) the space of
bounded continuous functions on , with the uniform topology.

Definition 4. A kernel operator is a continuous linear map A from Lo, to Cy( ),
s.t. A(fn) converges pointwise to 0 whenever f, — 0 a.e. and is uniformly bounded.

Proposition 5. Let A be a kernghqperator. Then [Kljointly borel from 2 to
s.t. Lo B IC 1, [A(P)I(s) =  k(s, f (dt.

Also supg  |k(s, t)|dt = [AIC oo, and A is continuous under the Mackey topolo-
gies T(Loo, L1) and T(Cp( ), M).

Proof. Let ks: Loo — : T 3 [A(F)](s): ks 105! and the pointwise convergence
condition ensures then ks [}. Doob’s classical martingale argument yields then a
jointly borel version k(s, t). The first point in the "alge; clause is obvious; it allows to
use Fubini’s theqrem to obtain  [A(F)](s)c(ds) =  k(¢, )f (t)dt F1 [, ¢ M,
where k(¢,t) = Kk(s,t)¢(ds). This implies that At: ¢ B k(c,-) is a(M, Cp( ))-
o0(L1, L) continuous, and thus A, by duality, Mackey continuous. —1

4.3. The spaces L{,‘ and Wiener’s theorem.

Notation. L, is identifiedwjith a subspace of M. The convolution p [l of ¥ [ L},
(p=1withp (M ist3  f(t—s)u(ds), and [, k= uITFIL land similarly for
p vl This way, M is a commutative Banach subalgebra (of convolution operators)
of (Lp,Lp) =1 Forl=p<oo, (i, T) B pis (weak*, CIp)- Ll lcontinuous
when restricted to bounded subsets of M.** The Banach algebra (Wiener algebra)
W is the subspace of M spanned by L, and &, tRe unit mass at 0.

For p M1, its Fourier transform (FT) JI{ad)= e'“tu(dt) (¢far g (). y V=[N
so the FT is an injective algebra homomorphism of norm 1 from M to Cy( ).

For A [, let @ be the multiplication operator by e on the space of functions
of a real variable into a vector space; i.e., (pé(ff) [t B erMF(t)] — so Ao Qpisa

group isomorphism. For 1 <p < oo, let L) = @_x(Lp), with EEL‘Q:I (@A (F) p)

11Exercise! Consider first f fixed, and continuous with compact support.
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Lemma 11. Let h IR, and denote by h™the convolution with h. Then we have
the commutative diagram — so, L) is a Banach algebra of operators on all L),

extended by 3, to a Wiener algebra W*, and ¢, an algebra-isomorphism on W:
hl:l

B B
oa(h)™
L, —= Lp

In particular, from the formula for A = 0 we get (1< [AIZTFI}] and hence
W is (isometrically) a subalgebra of the operator algebra on L,’)‘ (l<p=o0).

Proposition 6. Let f: -  be Lebesgue-measurable and J = {A IF 11}
Then J is connected; denote its interior by J°. Let, for [(z) LIl h(z) = e?'f(t)dt,
so h is analytic for [(zZ) [, and let D = {[(z) [CJ | h(z) = 1}. D is closed
in J, and D n J~ discrete. Fprany conregted component A of J\D f—1hasa

convolution inverse g — 1 in W" and e?lg(t)dt = h(z) def —1— for (Z) CAL

Remark 10. There can be several distinct sets /A with di Cerent convolutlon inverses
g — 1 in each (cor. 6), as illustrated in app. C (and by Figs. 13-20).

of. J is conpngeted: for any A [[h, Az] e < eM + e, so with A; [,
eMNIF()|dt = (eMt+eMY)|F(t)|dt < oo, so F L.

Observe that h(z) is analytic on [{z) [IT, since the integral under [e?*f (t)|dt of
the power series of €3t converges absolutely for su Lciehtly small |a].

Next we show that h(A + iw) converges when w - =oco uniformly to 0 for A
in compact subsets of J. Indeed, this compact subset can be taken as an interval
[A1, A2]; with ¢(t) = eMt+e?2t approximate now ¢F up to € in Ly by ¢y, where
is a linear combination of indicator functions of intervals: so it su [ced to prove the
claim when f is such an indicator function, where it results e.g. by direct calculation.

The same proves also continuity of h, so h is bounded on compact subsets of J.

By continuity, R ={z | () [LJ] h(z) =1} is closed in {z | [{z) I}, and, by
the above uniform convergence on compact subsets, the projection to J is proper
(compact sets have compact inverse images), so D is closed in J. The analyticity of
h implies that {z [CRI| [{z) I} is discrete, thus so is D nJ~, again by properness.

By lemma 11, to compute the inverse of f — 1 in W*, map everything to W
(= W9), and use there Wiener’s theorem (J6rgens, 1982, thm. 32 p.340),%? that,
for A(f) = r Lk, 1 —ris invertible in W i Cfldbes not take the value 1 (i.e., 1 ¥ 1
the closure of {i{d)}, since 1ICh). Then the inverse must be of the form 1 — rf
with FT’s ifahd 3atisfying £53 —1; the inverse of f — 1 in W? is then g — 1
with g = @A (r').

By definition, h(A + iw) = ¢ X)) =a). So, 1 — r is invertible i CH(z) & 1
for [(Z) = A, with as inverse 1 — rPwhere f{d) = h(A + iw). Now, since
gn = qﬂ(rg, Parsevats formula (Gel'fandand Shilgy;71959, 11.2) yields, for
¢ K, ¢ga(t)dt = ¢(t)e_"tr¥t)dt =L h(\+iw) cl)(t)e O+io)tdt dw. The

2mn
bracket is integrable i  and h bound Let now rF(t) = e —QFio)th(\ +
iw)dw; then we get G(t)r(t)dt = L _Th()\+ i0) ¢(t)e” ("+"*’)tdt dw; by the

integrability of the mtegrand this converges for T — oo to our previous formula for
d(Maa(t)dt: sord - gy in K

For A1, A\, CAINJ°, the mte&nd in rD e Zth(z) is aqg;@/tlc for Ay = (@) = Ay,

so rf at A and A, dilers by e~ 'T)th(x iT)dx — CHDth(x+iT)dx. h

12The theorem also states that W is inverse-closed in (Lp;Lp).
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converges, as h, uniformly for A [JA;, A1] to 0 when w — oo, so each of those 2 in-
tegrals is bounded in norm by |[A;—A,|e™> M tlIA2to(T), By the dominated conver-
gence theorem, this bound for the di Lerence of the r-F remains valid [A], A\> It
tendgte in K'as T — co. So gy, the limit in K'is independent of A [/ call it g:
g CI,L}, and rB= @a(9), IXd) = h(A+iw) C_ellg(t)dt =h(z) for (@) A [

Corollary 5. For A [LINA, g [T},

Proof. Else let A be the smallest interval containing A and A: g [Cal, L{‘, and f
too; so (1 — f) C(L —g) = 1 yields (1 — h)(1 — h) = 1, which is impossible when
h(z) = 1, h being finite. Thus Ag n D = [_tontradiction. —1

Corollary 6. The inverses g in 2 dilerknt connected components A di el

Definition 5. The Banach space L{,‘ N Loo has max{II[lf;:l [1Jd} as norm.
A Sg-map is an S map of pairs where the pairs are of the form (Lo, L,’)‘ N Loo)™.

Proposition 7. (i) The operator norm of a measurable function k as a con-
volution operator on L2, n Lo equals max{ [KI3] [KI}.
(i) The operator norm on (L, LA, n Loo) of any operator is convex in A.

Proof. (ii): Let ¢ be the operator. Let [I™Ibe the operator norm of P on LA, nL ..
Since the norm equals max{ [QU®] [}, su [ced to prove convexity of [MIPon
(hence dually on  _), and we can assume [I®I< oco. Thus { is an operator on
Leo, and since (FI 3, = [max(1,eM)F(t) [J, we get, with h*(t) = min(1,e™*"),
[IPI= SUP rgri1<1 €SS SUps max(1, e*)|ws(h*g)|.

So M= SUP rgr;1<1 SUP, €SS sups max(1, min(n, e*))|ys(h*g)|, hence, using a
strong (i.e., that is the identity on bounded continuous functions, for the max term
to factor out) lifting % we can replace the esssup by a sup: U= SUP rgr1<1 SUPn
SUps mc’i\X(l, min(n, e**))(5 = W)(h*9)| = sups max(L, €*°) sup gr=1 (5 = W)(h*9).

Now, = ° U 0L (ie., is a “finitely additive measure”), say ps, and h* = 0.

Thus supgri=i (2, © W)(MA) = supgroes Ms(h*g) = vs(h?), where vs = |us| is
the absolute value of ps, i.e., ve CALS)+.

Hence = sup, max(1, e*)vs(h?). Now, since we consider A 1., vs(h*) =
Vs( t=0) + Vs( =08 ), 50 eMvg(h?) = vs( 1=0)e™ + vs( =0e™"), and both
are clearly convex in A, as positive linear combinations of exponentials. Thus so is
U] as a sup of convex functions.

(i): By the same argument (without liftings) as above for @Ii,“l we get for
the operator norm [KI ¥ sups max(1, e*)(|k| [hx)s, = sups [K(t)| max(l,ers)
min(1, e 2AD)dt = sup, [k(t)|e*s]” ~AG—OI" dt. Now, the exponent is increas-
ing to At when As =0,s — oo, angHto 0 whenAf < 0,s - oo, so by the monotone
convergence theorem [KI = max{ [k(t)|e*tdt, [k(t)|dt}. 1

5. FisSifor A<Randp=1,0c0

~ n o~ [ n
Lemma 12. For Opegep-in ", define O openin L&, as O = g [0 | [l
0:d(ge, M) =¢cae. = g CLE | @icgt {Gi, t L1} is relatively compactin O .
Then for f: O3  continuous, f: O - Le: g B g is continuous.

Proof. For g A and g Cgllet K [CQOlbe compact such that §; (K 1K has a
compact neighbourhood K; [CQOl By Stone-Weierstrass, approximate f uniformly
on Kj by polynomials: this reduces the proof of the continuity at g to the case
where f is a polynomial. That follows in turn since L., is a Banach algebra. —1

Lemma 1 g f €] in lemma 12. Then f is S§ on O, with Aq: LE" -

Lo: 8B 5 §t6§{ L @ derivative at g.
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Proof. Define K; [COlas in the proof of lemma 12. We deal first with point (i).

|
Ag(37) [Tle since, for all i, 3§} [Tl., and by lemma 12 %, 5. [ho.
Ag(d9) depends only on the equwalence classes 8g and g, so Ag: LR"

Loo-
e Ay is linear by construction.
= Ay is continuous since [Ay (% Izigjf EtEl and 2% is bounded on K.
So Ay [I(LE", Lo,), and to show it is the Fréchet di [erential f it su [ced to
prove that (e3> 0 [&3> 0 such that, forany t C1and z 1", ;[z'|<dé [
it 1
*) @(gt +2)—fgy - o5 Z'Cxe |2

ox! gt

For that, following the continuous path h(s) indexed by s {8, 1] fr@w gt to gy +z

where only the i-th coordinate is varied during the interval ';1, =

@D Q.@D qlflzl%lh

Fe+2) —F(g0) —

axi gt . 6x' h(s) ox' noy  °

E e I ] sl

: +7) — _ bl i HZ" - i
So (9 +2z) —T(9v) i I gtZ o Dox e X no)

i [

<  supd '

s Wh(s)_ X1 h(o)

Recall that is continuous on the compact set Kj. Hencgﬁr gAYy t? qﬁ 0
such that whenever h,ho [Kiy, and [l ho (= 85 then IHZL f
Thus choqse_é_—,s d5such that the 8-neighbourhood of K is mcIuded in K1 Therefore
if ZI'F ;|z'| =9, then [h{s) — h(0) = % and hence h(s), h(0) K for all s.

Thus Ay is indeed the Fréchet derivative of f. Remains to prove that g O A
is continu éi]nce the sum of continuous maps is continuous, it su [ced to prove
thatg B ax- g 1S continuous for all i when the right-hand member is viewed as the
corresponding (multiplication) operator from Lo, t0 L. But t; n rilparly, the op-
erator norm coincides with the L., norm; so we need that g3 a 7 ge IS continuous
from LE" to L. This follows from lemma 12; so point (i) is established.

(iii) follows too, the norm of the operator on Lﬁ N Lo being also its Leo-norm.

For point (ii), it su [ceq, all norms on " being equivalent, to replace in (*) z
by dg¢, and take the L{,‘-norm on both sides, assuming [3g [ < 3. 1

Corollary 7. Sums, products, etc. of Sy maps are S¥.

Proof. Apply lemma 13 with f the sum function, and lemma 10. 1

Lemma 14. For a [ anqj mliegmble betwegr;0 and a, the map (g,E) B

Tileo XLoo - Loo:Tx = exXp < gI-_(ﬁQdu Ex+s9sds |s|:§i\ and Sy°, Wlt
derivative at (g, E) Agey: (89, 6E) 1o I__xﬁEthl(X , Ddt+ 7 dgeha (X, t)dt
where hi(x,t) = exp{ , 9sds}9t—x, h2(X, t) = hy(X, s)ESds

Proof. We first prove a couple of inequalities. Assume h(x, t) Lebesgue-measurable
from 2 to , well-defined for t — x between 0 and a. Let then

(hi= g [h(x, t)| dt

(hIF @g |h(x t)|dxg



24 J.-F. MERTENS AND A. RUBINCHIK

Then: (i.e., if right-hand term is finite, left-hand term is well-defined and)

1) =l f(t)h(x t) dt§< elal (F12) (AT ]
la
) 0 f()h(x, t)dt - el FAL

So the operator norm of h on Lo, is < [AL, bn L) n Leo, < e max{ (I, ThI
and on LA n <ela

Let B+ ) '|9s|ds-and Eﬂ;tsupXBX a|1"t|thS la] L

3) ) (= e[, (so hy is well-defined)

(4) [hi [ks e"9™='[BT,]

and [} (% [EILJsup, ?*a'g*aml(x s)|ds dt, so, by Fubini:

(5) [h} [ |a| (EILJ A} [

and [h} [ sup, ?a?*aml(x s)||Esldsdx = sup, ?*ﬁEsE_aml(x, s)|dxds, so:
(6) [h} (= [EI 1] [ (alternatively: [h [ |a| [EILJ[h] D)

Thus [ LIhj s oo, and to show that Agg [ I(Leo % Lo, Loo), su [ced to
do this for each of the two terms, so, linearity being obvious, this follows from
[} [ oo. Similarly for L2, n Lo, and, by [hj (s oo, for L} n Leo

Since Tx = ha(X, X), DIFF« &ef T«(g + 09, E +0E) — Tx(g,E) — AX(Bg o0B)| =

+a +a +a

hg+5g(x )(Ec+3E)dt — hI(x, )Eedt —  hd(x, )3Edt — hg E(x, t)3gedt

|hg+59(x t) —h(x, )| |6Et|dtgf %*“(x t) — h{(x, t) — h§"5(x, )39 dtﬁ

Wlth a change @ﬁgr%of in ratlon (by Fublnl) and the definition of h, the term
becomes Bgt %E@j‘rso by deﬁIn_JII\;lon ofhy, s tqﬁound
N h{(x, t)|%Ftaglsds Et|dt h(x, t)| e x 593"5@ ,00sds |Eq|dt

Since, Wlth M(X)=e*—1,e*—1—-x<X ), anﬁ since  0gsds is bounded by
[4g [, 1the bracket is bounded by M ([3g [)- 6gsds' thus:

@ IZLa L4 1
DIFFx < M ([2g ) |h (x t)| [OE¢| dt IEQ h(x, t)| 15gs|dsdt

The second integral equals | L %15gs| I__”Lha|h I(x, t)|dtds < Eﬁi@’awgswsa So:

MIFF 2 < elralMm( E&EIZ‘JEE@IE@M&@ [EIlJ ] ], using (1),

[DIFF Ci< M (39 o) e (E CThf (o -5 tisg QTEILIh] [, by (2).
Using the first also for A = 0, those imply the Fréchet di Lerentiability conditions

in 9.i and 9.ii; remains thus only to prove continuity of A for 9.i and A for 9.iii.
For those 3 continuity properties, su [ceg, by our bounds on the operator norms

of the hj, to show g B h; and (g, E) B h; are locally Lipschitz for [hj Cdnd [hj[ch
For hy, this stems from following for I _and an identical argument for I

@HSQ hg E sup +aEt 8gsds _ 1@90( t)Bt& M (m I;J”:q O
HOF h2, (5), in El B hg2 B2 5: @1 E1 hgl E2 E @1 E hgz Ez :

< |a| (B — Ezmtﬁgl [and (h§" E —h% Ezz |a| (EL [J[hY: —h$2 [
SO the result follows from that for h;. Same argument, with (6), for LI —1

13Using the formula for hy in small steps along the segment joining g1 and g, since g & Eﬁg [
is convex, we get: [h{* —h$2 = [g] — g2 [aImax; [h}i [Zand recall (3).
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Lemma 15. (i) IfA<R,iDB kisS{with derivative 8k; = e_RtL_flooeRSéisds.
(i) k 3 y is SPwith derivative 8y, = aAk® 18ky, if inf ke > 0.
(iii) k B f is SPwith 5f = a(1— a)AKS 25ky, if inf ke > 0. So 5F = (1—a)%
(iv) (f,E,y) B N from L2, t0 Lo is Siand S5° with derivative

+1
ONy = [H(x, t)df; + h(x, t, 8y, 0E)] dt  where
X
C] CR
h(x,t,u,v) = (1—d)ubi—x+Vvdi—x € «fsds; H(x,t) = l?ﬂh(x, z,Yz,Ez)dz
(v) f B D is S; and Sy° with derivative
Dl
Dx =(1—0) 0f (X, t)dt where

X

def Fda L
exp

[
((x, 1) = (L —0)f, —nldv ds

t
(vi) (N,D) B B is SPwith derivative 6By = M if inf D¢ > 0.
(vii) (F,B) B cis Sx and Sx> with derivative
B
0ct = 0BxG(x,t)dx — o 0fy BsG(s, t)dsdx where
t—1 t t—1

G(x,t) def exp I;IL_tJ(r] + of(u))du

(viii) (y,E,c) B Tis S§ with derivative 8T = 8y, + 8E¢ — 3¢¢

Proof. i: the map equals g Cilwith g(X) = x=oe™™* [} A< R ([g30= z15),
so the inequality in lemma 11 implies its continuity as an operator, both on Lo
and on L" Being linear, it is its own derivative, hence is S?.

ii and ||| by lemma ,1_%

iv: recall that N, = X+ “raty SsExas + (1 — ) PsYxrs ds By lemma 14 the
derivative of the first term is
N ) Lol
SE¢ha (x, t)dt + 5fho(x, )dt  where
x I:Iq] x g"'l
def

1
hi(x,t) = exp  fsds J—x; hao(X, 1) = h1 (X, s)Esds
t

Similarly, the derivative of the second term is

N ) Lolea
dyths (X, t)dt + 0fiha(x, t)dt  where

X X g+1

]
ha(x, t) €' (1 — a)exp 'Ixﬂfsds Brx ; ha(x, ) & ha(x, s)ysds
t

Combining the two (cor. 7), the derivative of N maps (&f, dy, dE) to

+1 +1 +1
x 3 0E¢hy (X, t)dt + dyths(x, t)dt + 0f¢ [ha + hg] (%, )dt
X X X
Hence the answer, by regrouping terms;—
v: by lemma 14, settinga=1,¢g:= 1—0 ft—n, 9 =1and Ef = 1.
vi: by lemma 13.
vii: by lemma 14, settinga = —1, Et = B¢, 9s =1 and g = n + of:.

viii: by cor. 7. 1

Proposition 8. F: L2, - Le is Syand S5°on {i | infke > 0} for A <R.

Proof. By lemmas 10 and 15, since inf ky > 0 implies the same for D. 1
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6. Generic invertibility of 4- at BGE
Notation. For a function X on a (subset of a) group define )Z(x) = X (—Xx).

Lemma 16. For O [1x "openand F: O -  analytic, %5(”2) is S0
too on {(x,y,2) | (x,z) [Q,(y,z) [CO}.

Proof. Su [ced to prove analyticity at points of the form (Xo, Xo,20). Replace F

by its power series around (Xo,zo) [CQ, getting an(z)% as a typical
term, and then verify that after division the resulting power series still has positive

(e.g., the same) radius of convergence. 1

6.1. Parameterisation of the equilibrium graph.

Definition 6. The parameter space, or the space of economies, is = {(R, a,n, o, $(ds)) |
(R,0) [12,,a CJ0,1[, ¢(ds) CZ([0, 1))}, with the weak*-topology on A([0, 1]),
the probabilities on [0, 1].

Definition 7. Let G be the cross product of [Cahd the set containing all allocations
and prices in the economy. The equilibrium graph (restricting attention to BGE)
is the subset G~6f G composed of all points satisfying conditions (i)-(vii) of cor. 2.

Definition 8. A real-valued function defined on a subset of " x<A([0, 1]), is JE (or
JA) if its complex extension by analytic continuation (to a subset of " > A([0, 1]))
is jointly continuous in all variables and for each fixed ¢(ds) [A([0,1]) jointly
entire (or analytic) in all variables but ¢(ds).

Lemma 17. (i) Let H(x) = =%, X = OR(1 X)) I:'esR(l—X)q)(ds), T(X) =
S, TR {(R,x,n,0,$(ds)) | R > 0,1+xH (x) £ 0, T(x) = 0, ¢(ds) [

A(0,1D)}, T= {(R,a,n,0,0(ds)) | R = 0,¢p(ds) CA([0,1])}. Let the
map'* Q, : T3 2 pe such that all the parameters but o are mapped
into themselves, and a = xT(x), f = R(1 — x), y = A(AT(X)/R)*H®),
Then Qy is one-to-one and is jointly continuous, in addition it is JA where
T(X) & 0 except for poles at (1 —o)R(1L —x) —n =2nmi with n & 0. The
inverse defined on 2 (by x =1—f/R) is also JA.

(i) Let T= {(R,x,n,0,¢(ds)) | (R,0,x,H(x)) 1%, $(ds) CA(0,1]},

and let Qg : 3 %2 map all the parameters into themselves, return

0as f and AT = g 1 9 asy,; and define Gy €ef Qy (DG def Qp(T)1

G €' G, [@,. Then G is consistent with conditions (vii), (i) and (i)
of cor.2. Let I : G B G5'be an identity on G, and for the rest of
the coordinates return all the BGE quantities and prices according to
conditions (i), (iii), (iv), (vi) of cor.2. Then I is one-to-one and is JA
except for poles at (1 — 6)R(1 —x) —n = 2nmi with n & 0. The inverse
defined on G is also JA.

Proof. We prove (i) in two steps: (a) H is JA except for poles at (1—0)R(1—x)—n =
2nti with n 8 0 and (b) the rest of the statement.

For (), let us first prove that X is JA except for those poles. Su [ced to do this
for each of the 2 terms in the product. Since ®(z) is entire by lemma 16 and has as
only zeros 2nmi with n 8 0, the conclusion follows immediately for [—ahd for the
integral it follows from the fact that the ¢ have bounded support. Remains thus
only to prove that H is JA at any point withx = 1.1% This is easier in terms of the
variable f; letting then Z = 1— CTI=1— esT¢(ds), wehave 1-X =Z+1—2ZI,
so it su [ced to prove that both £ and { are JA whenever f = 0.

14The image of the map is a reduced equilibrium graph with one quantity y and one ’price’ f .
15The GRE corresponding to the intersection of BGE and GRE graphs, i.e., ( Gy n Gg).
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Z= Wﬁ, with a = (1—0)f —n, b = —of —n. The first factor is entire
by lemmart§ and the second factor has poles at 2nmi, n & 0 as mentioned above.
1

f = — ©(sf)sd(ds), hence again the result since ® is entire by lemma 16.

For (b), we start with the continuity claim. For f it is obvious, and for a note
1+ xH (x) B 0 guarantees the continuity of T(x). So, as (A/R)*7® is continuous

by (a) and A/R > 0, there only remains to prove continuity of (1+';'(|(jzx))x"'(x).
If 1+xH(X) > 0, then H(X) = 0 by T(x) = 0. The continuity of the function
(1 + u)™Y allows to reduce the problem to the continuity of [(H (x))™ 7%, which
follows from first applying the continuity of u" for u = 0 to the bracket, then that
of a® for a > 0 to the whole expression. And if 1 + xH (x) < 0, T(x) = 0 implies
H(x) =<0, and hence H(x) <0 and x > 0, so T(x) > 0, thus continuity is trivial.
The JA property follows from (a).

As for the inverse map, it is a projection, apart from the x coordinate, which is
obtained from f: x =1 —f/R. Thus the inverse map is linear and therefore is JE.

To show (ii) we start by claiming that G is consistent with a definition of BGE:
the formula for a is the solution of condition vii in cor.2, y is determined by elim-
inating k from conditions (ii), (iii) of the same corollary. Next, we claim that
Qg(DICIX 2 with the last coordinates being (f,y), such that y > 0, and
conversely, the inverse map from the image of Qg(T)naps into a subset of Tn-
deed, given any x > 0 s.t. H(x) > 0, the corresponding y, f, and a clearly satisfy
0<a<1l,y=>0, and (ii), (iii) and (vii) in cor.2. Conversely, x > 0 follows then
by the remark 8 and then H (x) > 0 from 0 < 12 = xH (x). hence the conclusion.

Next, observe that BGE’s are completely described just by the variables y, T,
as related by (ii), (iii) and (vii) in cor.2: all other equilibrium quantities are JE
functions of those and of the parameters. Indeed, from cor.2 we get then k =
yT(X)/R, i = Rk, and thus ¢ = y—i; all other relations just serve to define additional

quantities; next, since a = R—¥, all prices become JE in the parameters and t; and
1 (F Vviu
— — t — —of)(t e eudu . .
by |emn-1a 2 Cts = (1 a)yeo(y"'v) +(v—n)s+(y—of)( +S)W' WhICh is thus
also JE in the parameters and t, s, except for poles at (1—0)f—n = 2nmi with n £ 0.

For the GRE use cor. 3. Again, the inverse map, being a projection, is JE. [
Corollary 8. The maps T I'(Q,(DXand I3 M(Qq(D)lare both JA.

6.2. The derivative of the fixed point map.

Lemma 18. (i) The derivative T = %(i‘?b) at a BGE is a convolution
operator, with kernel T L} [Al< R havingas FT €= R=r (1—Hp)]where
1) HHh) = o(—k +£3)@'03) — Cov(fF)x—(0) -
) ) = q)(EK) Ped) + BV(F +iw) — (1 — o)v(F)XFT* (w)
-
1] 1
@ =S V) -V b= ome el
t
| | 1 1
@ W= K01, = omm 1 g

*69

. _ef—1 _ P(—x+1iy) _ 2
with  ®(z2) = Y(x,y) = o0 v(z) = (2 e tq));)d(t) |
_ _ a _ —a —K
st Pra—ar-n CT Ber-w
or, equivalently,
c . ] (]
(G) H) = = W(k,0) (Bin—1)v(f—iw) + (1—0)v(F)¥(k—F, —w) +v(f)o

i
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(i) H L (-1, 1]), p < oo, is norm-continuous function on the BGE graph G.
Proof. By lemma 15 and cor. 2, & a. is given by the following at a BGE, if k > 0:

(i) i B k has derivative dk; = e™Rt ~__eRS3igds, i.e., with g(t) = =06 ",
0k =g [ai.
(i) k B y has derivative 0y = aAk®™ 16kt, s0: 0y = (R—F)dk = (R—f)g [
(iii) y B f has derivative 6f = (1 — 0()
(iv) (f, y)%> N has derivative, with E;I— 0=s<1€750s, (Ps = ds(ds)) qJS =

o=s o LLdD):
L g O
=(1—a) E§j+—s dyx+sds

z def sP(zs)

Cl (|
(v) (f,y) B D has derivative, with xZ o=s<1 1— oy 0 K= + fo:
[

=(1-o0) _“qn(f— K) xz—Kaymds

(vi) (f,y) B B has derivative, with Qs +B - (1—0)yoxt~ K
1 O '1’( ) lle WoXs < :

3Bx = Qsdyx+sds = Qsdyx—sds, so: 8B = Q [y
(vii) (f,y) B c%;ts derivative, with hg = (=s<167%5%, Zs = CalioXs ©
0ct =  (hsOBi—s — Zsdyi—s)ds, so: 3¢ = h [BB — Z [dy

and thus, with H = h [Q — Z, dc = H [aV.

(viii) (y,c) B T has derivative T = dy — dc.

So, with & the unit mass at 0, 6T = (3o — H) C({R — f)g) [A4, i.e., ¥ is indeed
a convolution operator with kernel T = (R—f)g [(dg — H). T IZEE‘ III< R since
g is so and 8, — H has compact support. Finally, taking FT’s, €2 & Rie (1 — HpJ

Observe that, for any Q, &= &, 30 HZ k1 2

Now I@) = O(—K + iw), F~w) = v(f —iw), and Yo = v(F), Hence represen-
tation (1), and, by direct computation, formula (5).

Point ii. We first show that h, Q and Z are jointly continuous, using the [T}1
topology for h and Z and weak* topology for Q. For h note that for any converging
sequence in 2, with limit kg, hs converges uniformly to its limit o<s<1e7%°S.
The coe Lciehts in the definitions of Q and Z, i.e., B, g, ®(—k), C, i are clearly
continuous in the parameters and f, as for any point in G we have ®(—k) > 0,
0<a<1land R > f (see remark 7), so B > 0. The conclusion then follows
by the joint weak*-CIl;Icontinuity of the maps (¢(ds),f) B ¢, z @ XxZ*; and the
weak*-weak* continuity of (¢(ds),f) B [f{ds) on G. Next note that the map
h,Q B h [Q is [ydcontinuous using weak* topology on Q and [I;ltopology on h
(cf. notation section in 4.3). 16 1

6.3. Generic invertibility.

Definition 9. A subset of [ar of G is negligible if its section for any fixed proba-
bility distribution ¢(ds) in A([0, 1]) has Lebesgue measure 0.

A subset is generic if its complement is contained in a countable union of closed
negligible sets.

Lemma 19. Let f: O -  be analytic and non-null, where O is open and con-
nected in ™. Then the set of zeros of f is closed and negligible.

18Note that for continuous distributions ' the convergence of H is uniform.
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Remark 11. The same statement holds with the same proof replacing by

Remark 12. The conclusion can obviously be strengthened to 0 measure for any
measure whose conditionals on any factor given the other factors are non-atomic.

Proof. For n = 0 the statement is trivial. Proceeding by induction, let the state-
ment hold for n—1. Assume first O is a product of two open connected sets X xY ,
X "1 Y [1. By assumption there is a point (x°,y%) X x Y at which
f is non-null. Then by the induction hypothesis the set of zeros in X of f(x,y°),
Zy, X, is closed and has measure zero. For any fixed x [CX\Zy,, T(X,y) is an
analytic function defined on Y, non-zero (at yp), thus the set of its zeros, Zy, is
discrete. The set of zeros of ¥ on X x Y then is a union of {(X,yo) : x [Z,,} and
{(x,y) : y [z}, both of measure zero. For general O, cover then O with countably
many products of the form X x Y ; since we know the set of zeros is closed in O,
it su [ced to show that its intersection with each of those product sets has measure
0. This follows from our previous argument provided f does not vanish identically
on any of those product sets. But if it did, connexity of O would imply by analytic
continuation that f vanishes everywhere on O. —1

Proposition 9. Generically on [ is not a value of i for any BGE.

1
Proof. I\I%Jltlplylng 1 —1= 0 by the non-null factor C’?R "*;c) yields (f —iw) D(w) +

m =0, where D(w) = def C('h}(‘*’l)w), and hence the exceptional set N def No [N,

whereNo—{g|f—0,f(Il)—1},andN—{g Qa: mm—D(m)}.

Claim 1. If f =0, the coe [cieht of ¢ in D equals
1 ﬁgw

1

E(wyﬂ)zm 1- ﬁ < o

smhz
2

0<Z=(w,n) = 52+—r15 everywhere and =(w,n) I__Eﬁr—n; for (w,n) - oo

Proof. =(w,n)—— 12 > 0. Now 5'"" (resp., Slnhx) is, for x 8 0, in absolute value

<1 (resp., > 1), go for (w,n) £ (O, 0) we also get =(w,n) > 0; so = > 0 everywhere.
Remains thus only to show that (w n) I__u—rl—zr for (w,n) - oo, which follows
from sne -,0 and S0 = o. 1

W — oo r]aoo

No={g | f= 0,il—1@) = 0}, and since by claim 1 the coe [cieht of o is
(f —iw)= =0, and since v(0) = LIér], 0)=1,su ImgI express that, at w = 0,

B+ % YN, —w) —v(—-iw) =0
By (3) and (4) in lemma 18 and the definition of B, this equation is equivalent to

L) — $@) — =0

( — R
NowaL(_d) sq)sds and )EI(O)— 1 en an—1, thus No is the set of zeros of
1 1 a 1
e ds — — =
n en—1 OS¢SS 1-aR

Since %_Ijﬁ decreases from 1 to 0, there is at most 1 value of any the 4 parameters
R,a,n, s¢sds that fits, given values of the other 3.1” So Ny is closed and negligible.

To show that N is negligible we establish, first, that the imaginary part of D(w)
has only a discrete set of zeros as a function of w on G\Gq (G ), this set depends
on all parameters but R (o), and second that, for those w, C(f Sk = [D{w) holds

only for a discrete set of values R (o). Finally we show N is closed.

17The last 2 equations of App. B show this is the condition for M =0 (autarchy) in the GRE.
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Definition 10. For g [G, Z(g) £ {» 1| D{w) = 0}.
Step 1. The set of g where Z(g) is not discrete is negligible. On Gy, Z(g) depends
only on (n, a, R, ¢), and on G\Gg, D (and hence Z(g)) only on (n, f, o, $).

Proof of step 1. On Gg, since f = 0, formula 5 of lemma 18 implies H—s purely
imaginary (and so H-Aw is real) i C(Bio — 1)v(—iw) is real, i.e. iIZ‘—I’I% is real.
But given v(—iw) = ¢(Fw), so the ratio is a Fourier transform of the convolution
of ¢ with B™1 (0eB ‘t (recall B > 0). As ¢ [Ohas compact support, the sup-
port of the convolution is bounded on one side and unbounded on the other, so the
convolution can not be even, hence its FT is not real.

Also, by formula 5 of lemma 18, the imaginary part of D(w) = fé‘fz) is indepen-
dent of g, hence its set of real zeros is so too, and it is discrete by lemma 19.

Remains to prove the statement on G\Gy.

: : — P(F—K)—D(—K)V(F) _ /B

Claim 2. (i) On G\Gg, B = Fo—10 and C = R T R v’
so D only depends on (n, f, 0, $).

(if) D is JE on (G\Gg) < , where the last coordinate is w, and is the FT of

the bounded measure &H [THon [—1, 1], where [e(X) = sign(f) fx=0e™ ™.

Proof. Expressing a as a function of £ by lemma 17, (i) follows by definition of B
and C in lemma 18. Thus the last clause, using also lemma 18.i.

Point ii. To show that D is entire in w, note that H is a measure with bounded
support, [—1, 1], so its Fourier transform is an entire function, i.e., limit of a power
series (converging everywhere) with infinite radius of convergence.'® As H-i} entire,
the only possible pole of D is at —if, but a direct computation, using the formula
for B from point (i), shows that HHLif) is identically zero, so, using lemma 16 with
X =w and y = —if, D is entire.

Since it is the FT of 1H [T with G(x) = sign(f) ex=0e~ ™, and since this
convolution must be proportional to [gl outside [—1,1], it follows that the pro-
portionality factor must be 0, else the FT would have a pole at —if. Thus this
convolution is carried by [—1, 1].

Since D(w) is the FT of this convolution, the joint continuity follows from the
same property for H (point (ii) of lemma 18) and [¢l

To establish joint analyticity, note that for any point in G\Gq, f & 0, so
f —iw 8 0. Given equation (5) for % in lemma 18, possible poles are at w = 0,
K = 2kmi for k B 0 and k—F = 2kmi also for k & 0. The latter two are far away from
G\Gg, where k and T are real, so remains to prove joint analyticity of % atw =0.

Hreh)/C = %(W(K, w)((Biw — Dv(f —iw) + (1 —o)v(F)¥(k — f, —w)) + v(F)o)

Since B and its coe [cieht are clearly analytic, it su[ced to concentrate on
%Q-P(K, 0)(Q—o)v(FH)¥Y(k—T, —w)—v(f—im))+v(f)ci), which equals —LP(~K, w)(1—
o)WY (k —F,—w)v(f) —¥Y(K,0)(1—0o)V —ov(f —inw)¥(K,w) — oV, with Y(x,y) =
Y(x,y)—1 V = v(f—iw)—v(f)

iy ! - i® " |__1_|

So we need that V and W(K,w) are JAat w =0. V = — efitd(—int)p(dt),
and since the integrand is JE, the integral is so too. And LTJ(K,oo) is analytic by
lemma 16 except for poles at k = 2kmi, k & 0 (i.e., the poles of W(—K,Y)). 1

Claim 3. {g [CG\Gq | [D{w) = 0 [} is negligible.
 m—

18|ndeed, as the exponential function is entire, the series | “m— converg%everywhere, S0

by the Lebesgue’s dominated convergence theorem H—5 —eZtH (t)dt = ngr tTH(Ddt e, a
power series in z with infinite radius of convergence, z [1.
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Proof. By claim 2.ii, D(w) is the FT of a bounded measure. To show that [DIE 0
it is su [cieht to show that the derivative at zero is distinct from zero. Indeed, for
a FT of a positive measure the real part is maximized at w = 0, so the derivative
at zero has zero real part. This conclusion is preserved for sums and di [erknces of
any positive measures, and thus for an arbitrary measure.

Then to prove the claim it is su LCcieht to show that (d D)(0) is distinct from
zero for all but a negligible set of parameters. Given representatlon 1 of H-h lemma
18, it is a [nelin o when expressed in terms of ¢, K, f, 0 and so (dw D)(0) is so too.

It remains to show then that the coe Iﬁht of o in (dw D)(0) is zero for a neg-

ligible set of (b, K, f). Let A = def v{f)l Fods P)jw=0: since f2/v(f) > 0 on G\Gg, it

su [ced by lemma 19 to show that A is JA and is not identically zero.
Given D is JA on G\Gq by claim 2, (% D)(0) is so too. Hence it is so for ¢ = 0,
then the JA property of the coe [cieht of g, and therefore that of A follows. Using

f K/__ _ K
again representation 1 of H—h lemma 18, A = fzi(qél""*’)k )i SC))

m i(f—iw)
So A(FK) = T (it — OXT X —tx ™*(® dt+ X'~ x" Tt it
not identically zero since, given the identities, xZ(t)dt = q’z(qz,zz)l and tyZ(t)dt =
—2+20(—
e, A(L,0) = 545 B 0. -

Claim 4. The subset of G, where Z(g) is not discrete is negligible, in addition, on
G\Gq Z(g) is independent of R.

Proof. Given the representation of B in claim 2.i, D(w) is independent of R. In
view of lemma 19, given [Dlis real-analytic for real arguments, this implies that
the set of zeros of [D{w) is discrete and is independent of R. —1

This finishes the proof of step 1. 1
Step 2. N is negligible in G.

Proof._Since No is negligible, su ['ced to prove this for N. Partition N into two
sets: N9 = N n G4 and its complement, N°.

For N9, given the definition of the exceptional set and the previous step, it suf-
fices to verify that for any w in the countable set Z(g) there exists at most one value

of o for which the real part of D is equal to —CR. This is because C = %
and D = =o + const with = > 0 by claim 1.
Note NP = N; [N,, where N; = {g CB\Gy | Z(g) is not discrete } and

N, = {9 CA\Ggq | Z(9) is dlscrete [l %(g?p(f[%{ )= W} By step 1, N
is negligible. By claim 2.i, = f T R o) v(f) , Where B is indepen-
dent of R, and, recall, B an é 0. By step 1 w) does not change with R,
so there is at most one value of R that satisfies the equality for every w [A(g).
Since Z(g) is discrete, there are at most countably many values of R that satisfy

the equality, so N, is negligible. —1
Step 3. N is closed in G.

Proof. Given the previous steps, it remains to show that N is closed. Consider a
sequence g, [N with g, - go. Choose corresponding w, with (&, gn) = 1. Since
(i3 bounded on the sequence g, by lemma 18.ii used with p = 1, and since R—f
is obviously bounded on the sequence, [Kl: 1 = [O{dn, gn) £ ﬁmso Wn IS
bounded. Thus, extracting a convergent subsequence, one can assume wn — Wo.

By lemma 18.ii, the map H: G - L; is continuous, so, composingwith FT: L; -
Co( ) (see notation in section 4.3), the composite map H=IG — Cy( ) is also con-
tinuous; hence the joint continuity of Hh (0, g). Given R >0, R —iw & 0, so t1i3
also jointly continuous in (w, g). This implies then t{dg, go) = 1, s0 go [N. 1
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To complete the proof of the proposition observe that G is a countable union of
compact sets, the intersection of N with each of those is compact and negligible by
the previous steps and its projection onto [ile., the set of exceptional parameters,
is compact. Remains to show this projection is negligible. This is obvious for N nGg,
since there the projection is basically the identity map. And on the complement, Fu-
bini’s theorem ensures that, outside a negligible set of (R, n, g, ¢), the set of excep-
tional values of f is negligible. For fixed (R, n, o, ®), our projection basically maps
f to q, as in the figures above, and this map is C*, thus preserves negligible sets. [

Remark 13. By example-specific tricks, we reduced the problem to show that negli-
gibility is preserved when going from the equilibrium graph to the parameter space
to the (trivial) 1-dimensional version of a statement that a C' map from "to "
preserves negligibility (or, more generally, replacing " above by a n-dimensional
manifolds with boundary, the first one being a Kg). Such a statement seems easily
provable from Sard’s theorem and the implicit function theorem (and still doesn’t
seem “the right form”: why should e.g. locally Lipschitz not su [ce); we just didn’t
find the right reference yet.

Itis such a statement that would be the right tool to handle the above problem in
general. It is also the one (even its 1-dimensional version) that shows that neglicting
above the dilerknce between the equilibrium graph including the y coordinate (as
defined) and the graph without it (as used) is immaterial.

Remark 14. On the other hand, our technique above to prove genericity, relying on
the fact that Z, is independent of one the parameters, seems very specialised, and
would probably need to be replaced by something else for a generalisation.
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7. Speed of convergence

We assume here to deal with generic equilibria, and investigate the speed of
convergence to 0 of the inverse of a—Fi, which will later be seen to be also the speed
of convergence of perturbed equilibria back to the original equilibrium.

Corollary 9. Forz [ let G(z) = I%llez"H(t)dt, with H from lemma 18.ii, and

S(z) = BDC@T=2 " The set D = {[(z) | S(z) = 0} is closed in  and dis-

crete. Generically 0 Y. Let then A be the connected component of 0 in  \D if
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—1
G(R)=1landin \(B {R})else. Then % has as inverse in ,\W"a convolution
operator g — 1, and e?tg(t)dt=1— % for () A
In particular, g —1 is also the inverse on all L,’)‘ NLoo With A CAland 1 < p < oo,

Proof. Since H has support in [—1,1], G is entire and |G(z)| < H ;8! "@I, so for
[{Z) bounded {z | G(z) = é:‘;} must be compact. By analyticity, it is discrete,
hence finite. So its set of real parts, being finite on every bounded set, is closed in

and discrete. This remains thus true for D, which di[erk from it at most by the
removal of 1 point, R, because of the division by R—z. By prop. 9, generically 0 ¥ 1.

The rest follows now by applying prop.6, with f =1 (= %) since % =1—-1
(prop. 2). The convolution T (lemma 18.i) of (R — f)(6p — H) (carried by [—1,1])
with =0e™ R, equals (R — F)(1 — G(R))e Rt for t = 1, where R — f > 0. So, if
G(R) = 1, T itself has support in [—1, 1], and i entire. Thus, in this case, T [}

[AJ= .Else, 1 [I}iCA<R: J=]—oco,R[ Alsoh(z) = R=f(1 - G(2)), by
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analytic continuation, since by lemma 18.i h(iw) is given by this formula, and since
h is analytic by prop. 6 and G entire as seen above. Let finally S(z) =1—h(z). [

Corollary 10. Let A = ]A—,A+[. Then |A—| and A+ are resp. the speeds of con-
vergence of g to 0 at —oo and at +oo, in the sense that A = {\ | g [}, except
that the speed at +oco may be faster when A, /' T [[{#oo}.

Remark 15. Better would be that g I, for A (or even better: in its closure).

Proof. [fallows from cor.9; [frbm cor.5if G(R) =1 or A+ <R.

Since A+ [ O [{#+o0} means G(R) E 1, A+ = R [, remainsthus only to prove
[when G(R) £ 1, A+ =R [O. Then, if a contrario g [CLR, e?'g(t)dt would be
continuous on {z | 0 = [{Z) = R}, by thedgminated convergence theorem. G being
continuous, this implies the formula for —e?tg(t)dt (cor.9), being valid for [(zZ) [
[0, R[, holds for @ [0, R], since no division of 0 by 0 can occur, bﬁS(R) g81.

In particular, e®R*@ty(t)dt =1iCa =0, and, for [(Z) CJQ,R],| e*g(t)dt] <
co implies S(z) & 0: D is disjoint from [0, R], contradiction. —1

Remark 16. We will see later (...) that the same holds true for the speeds of
convergence of perturbed equibria towards the original equilibrium at —co and +co.

Remark 17. Figs. 13-20 illustrate, for the economies of graphs 1-4, the rates of
convergence A— and A..

2L and 2H in the captions of fig. 16 and 18 refer to the low and high segments
of the BGE curve in Fig. 2.

We know from claim 2.ii (cf. also its proof if desired) that z = f is always a root
for BGE; it is the straight line passing through (0, R) and (1,0), and segments of
it are visible e.g. in Fig. 16 and 20. Another segment of it is A_ after the critical
point in Fig. 18, which does’t appear since being < —60 it would fall far o the
page. Same for the whole of A— in fig. 14.

Critical points correspond to those where A+ or A_ crosses the x-axis. All but
one of them are “trivial”, in the sense that they correspond to real roots, which one
knew must be there just by looking at the graphs of Figs. 1-4: the local minima and
maxima of the BGE curves in those graphs, and the intersection with the GRE line.
The one exception is the critical point in Fig.18 (x = 6.768475, z = £8.07776i).
We would have liked to see such a point also in the GRE graphs. ..
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8. Local properties of equilibrium selections
8.1. Local Uniqueness and S¥.

Theorem 1. Generically, [@¥> 0, and for any BGE [{0), [ [N compact
and A [CAlfinite, [&1> 0 s.t., for [EI[.d < §, the E-perturbed economy has a
unique equilibrium (i, k,y, f,c,...), say [(E), with [TI{E) — [(0J[J < §"and s.t.
E D (B is S; AICA and Sy ALY on {E | [BILJ < 3}

Remark 18. Conditions for regularity of the BGE’s w.r.t. variations is the param-
eters are trivial: it su [ced that when restricting all functions in Y in prop. 2 to be
constants, at each BGE g—f g8 1, i.e., equivalently €(0) & 1. In particular, on our
generic set, regularity w.r.t. variations in the parameters also holds.

Proof. Su [ced to do the proof for a fixed BGE, then to replace 3" by its mini-
mum over all (finitely many, recall fn. 10) BGE, then to decrease accordingly the
corresponding d’s. Note that the set A depends on the chosen BGE.

By lemma 15 (and 10) it su [ced to show that the normalised investment iy is
Sx and Sy with respect to E around the BGE. By prop.8 and cor. 9, this follows
from applying prop. 4, first for p =1, foreach A [}, to F: L2, - Lo: (i,E) B
Y(i,E) —i at the GRE xo = i5yo = EF% 0. Doing this first with Al = 0 fixes &
and &% To ensure the fixed points are really equilibria, reduce 3 further if needed
to ensure that [EILJ < & implies N in prop. 2 is bounded away from 0. Repeating
now with the other A’s, reduce 3 as needed—no need to change 3%

Next, for p = oo, repeat the above for the 2 values max A° and min A° of A. Use the
continuity of [—andd prop. 8 to reduce ¢ so that for those 2 A’s, an —EILd < 9,
the Norm in - (Leo, Loo N L2; Loo, Leo N L2) of X €' 1—(g—1) CP- (I(E),E) is

where g — 1 is gsjniegr. 9 — i.e., choose, with that operator norm throughout,

by ((E),E) — %y (@), 0)« 1/[gl— 1[1Prop.7.ii implies then that for

%}F%< 5, X hasnorm < 1in  (Leo,Loo N L2 Leo, Loo nL2) I A CAF. So
S+ (IXED, E) is invertible in all those spaces, with as inverse ( ,” X") (g — 1).

Thus, for each A C2¥, prop. 4 is applicable at any such E, implying that [isISy®

in the neighbourhood of E, hence is so on {E | [EI[J < 6}. 1

8.2. Smoothness of equilibrium paths.

Theorem 2. In [{H| [EI[J< &}, the functions k, y, f are uniformly Lipshitz, and
the ¢, Ct with uniformly bounded uniformly equicontinuous derivatives.

Proof. The LC(ED are uniformly bounded by thm. 1. Thus the k are uniformly Lip-
shitz by prop. 2.i. Next so are the y, f, by prop. 2.ii and iii, since the k are uniformly
bounded away from 0. Then N (and D) are uniformly equicontinuous (e.g., for the
first term, approximate 9 in L; by a continuous function on  with support in
[0, 1]), hence so is B, and thus the conclusion for ¢ by prop. 2.vii. 1

8.3. Continuity of the equilibrium selection.
We obtain here continuity for some more reasonable topologies.

Theorem 3. [islcontinuous on {E | (EILd < 6} with the weak*-topology, and
with the topology of uniform convergence on, for i, compact sets in L;, and, for
k,y, f,c, and its time-derivative c' tight sets of measures.

Proof. Su [ced to establish sequential continuity, the domain being metrisable. Let
thus E, - E weak*. Extracting a subsequence, we can assume the [(E}L) converge
weak*, say to [ land it su [ced to prove weak*-convergence for i and pointwise
convergence—this implies uniform convergence on tight sets for uniformly bounded
equicontinuous (cf. thm. 2) sequences—for the others, and that [ [{E)).
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Prop. 2.i shows that k(in) converge pointwise to k(i-), The other equations
show then the same for the other variables, and the last equation shows then that
Th (= in) converges weakly 10 Too (= ico): SO Iwo, i.6., [ ]is a solution for E, and
hence, by uniqueness, it equals [(ED. —1

8.4. Stability of equilibrium.
The next results show a (strong) form of stability, or, “no hysteresis”:

Theorem 4. If [E'[J < § then for p = 1, A\ (At and p = o, A (¥, E?—E° [}
implies [(EF) — [(EP) [T,

Proof. By cor. 4, using convexity of the 6-ball O. 1

Remark 19. Just for p = oo, since /° can be taken as a compact interval approximat-
ing A as close as desired from inside (so with 0 interior), the theorem implies a very
strong form of stability, towards both —oo and +oo, “at any exponential rate in A”.

Corollary 11. For [E'[J < & and A A, E! — EC® [CII} implies all but the i
coordinate of [{EF)— [(EP) belong to C3 n L.

Proof. Let [xX3¥ x5t —xFo for any variable x. By thm. 4, [TI[IL}, and in particu-
lar Cidn prop. 2, (i) implies then CKI_CP (i.e., is continuous and @ ( CK)lconverges
to 0 at o). The other equations imply then successively the same for all ’s1 [

8.5. The derivatives of the equilibrium selection.

Theorem 5. For [EI[J < §, the derivative of the i-component of [Cwlr.t. E is the
identity plus a kernel operator, and is a kernel operator for the other compgrenfs.
At 0, those kernel operators are convolution operators, with kernels k 1, L}

Proof. We first show that, if sup [} [cd < oo, f, — 0 a.e. implies %(fn) - 0a.e.
Since the partials of F clearly pre@LVH.e.-convergence of uniformly bounded

) : A def _
sequences, this follows from 4L = — SF . if, with A = 2, A~ preserves

dE ai oE '
this convergence. Let Ap be the value of A at (i(0), 0); by cor. 9, Agl preserves this
convergence. So, since also A does, X e — Ay 1A does too; and since [XI = 1 for
t hosen in the second part of the proof of thm. 1, (I —X)™1 is the norm limit of

A X1, hence preserves also the convergence; thus A= = (I — X)_lAg1 does too.

For the first part, this together with prop.5 and lemma 15.i implies the result
for k. The other points of lemma 15 (paying attention to the occurrence of 6E in
iv and viii) imply then the result for the other components.

In the second part, the convolution aspect follows then by shift-invariance (or
from the formulas). Then, for A [N, we can use thm. 1 adding A to A°, and get-
ting the same statement with some 8, < 3 instead of 8. So E B [{E) is S} on
{E | [EHI[d < d,}. In particular, its derivative at 0, i.e. our convolution operator,
has finite norm as an operator on L, n L. So, by prop. 7.i, [KI}I< oo. 1

9. Welfare

9.1. Utility functions. The utility function was used till now only in its ordi-
nal aspect; here the cardinal aspect will play a role, so we first characterise the
cardinal utility functions V, concave and homogeneous as required by Mertens and
Rubinchik (2006), which induce the same ordinal preferences. This allows in partic-
ular to separate risk-aversion (denoted p) from intertemporal substitution 6. Then
p=0, p &1, and up to additive and multipl)l'ﬁtive constants:

. [1]e
ifoB1 V(c)=i e PscsTads ' o
1-p o
—_, (-
ifo=1 V(c) = ! exp i e PSIncsds
- - S
1-p ®(=B) o
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Multiplying the integral in the first equation by ﬁ yields a representation con-
tinuous in g, while p = 1 must be excluded for homogeneity. We’ll continue as in

previous sections to avoid the limiting case ¢ = 1.

9.2. Normalising utility functions. By Mertens and Rubinchik (2006, p. 22),
the normalised utility of an individual born at date x is then V,5(¢) = e(P~DY*v (¢).

9.3. Equilibrium utility. Substituting in U ~df lemma 2, p and w using prop. 1,
and wx s from sect. 2.1, and using the notation from after prop.1, we obtain the
equilibrium utility U=+
T i O ER!
e VSgsds™ © R, 314l R..
_0°  &s¥e gYX [SSEX+S+(1_G)¢SyX+S]e X s'fududs e—r‘|5+(1—0) X stdudS
0

-1
1-3 0

i p
Then the normalised equilibrium utility Vy = e(pl_l)pyx % - %)UX equals
D:% e_"sdsEkﬁl Ryt Ry 1 ]
07 7 enstmo) T Tudugs T T g TudU TR L 9e+(1—0)Yxass dS
1-p 0 0
9.4. Welfare di[s.JWhat we have to sum are the di[erences wy of those utilities
Vyx with those on the baseline, the BGE. Those are obtained by replacing, in Vy,
Eby 0, and ys ﬁfj fs by y.and £ There is no harm then to divide troughout by
(@(F —K))z T o Es€7VSds ° \We obtain thus wy =

mme ns e(l—o)RX“

0DFK)

1o

0l DR, [ L1, [ -
Tdugs T 1 e xR BBt (L—0) st ds- = (I—a)yv(f) °
1-p

Here [Elld < 6 is assumed, aq:@ thm.1, and y., . are given by [{ED.
So our SWF equals W = . e™w,dx, where A = v in principle, but is left
arbitrary for greater generality.

9.5. The derivative of welfare.

Lemma 20. The map (E,y,f) B wis, [AI< R, S} and S, from an open subset
of L3, containing A | [EI[d < 8} (notation of thm. 1) t0 Leo.

Proof. Using lemmas 10 and 13, as well as cor. 7, it su [ced to prove that each of
the 2 integrals in our expression for wy is S{,‘, since the second integral is bounded
away from 0 by our choice of 6 in thm. 1.

For the first integral, this follows from lemma 14, with g = (1—0)f, 9(s) = qf(f—:i)

and E =1, while for the second (N in prop. 2.iv) this was shown in lemma 15.iv. [

Theorem 6. The map E 3 w (the composite with [)_can be added as an addi-
tional coordinate of [, 1daving all our previous statements valid. l.e., or further:

() In thm. 2, the w are uniformly equicontinuous.
(i) In thm. 3, the topology on w’s is the same as for k,y, f.

Proof. Thm.1 and lemmas 10 and 20 imply the map is Sg‘, so can be added to L1
For (i), the proof of lemma 20 shows that the w have the same smoothness as
the N, which were shown to be equicontinuous in the proof of thm.2. (ii) follows
from (i) as in the proof of thm. 3.
For the rest, in the proof of cor.11, the verification for the “other equations”
included that for N, which is the essential point for w as seen. And similarly the
proof of thm.5 refers explicitly to the equation for N. —1

Corollary 12. XA, E B w is C! frem the open subset {E | [EILJ < &} of
L} N Loo t0 L) N Loo; further E B W = e™wydx is C* on this open set.
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Proof. Thelﬁ‘ift part follows from thm. 6 by cor. 4, and the second part follows then
since w B e™wydx is a continuous linear functional on L{‘ N Leo. —1

Theorem 7. For any BGE, and I%}\m W is i [erentiable on L) n Lt the
BGE with as derivative W (E) = (' ek(x)dx) eME.dt, for some k 1, L}

C]
Proof. By thm.5 (anethm. 6), W{E) = Kk(x—Yy)E,dy with k [L¥; i.e., cf. lemma
11, (@A WHE)x = (onf(x—Y)(®AE)y dy; gnd so, since , Fubini’s theorem
is applicable and 8W = (@A(WHE)))xdx = (' eM™k(x)dx) eNE,dy. 1

Remark 20. The “constant term” may seem of no interest, being just a normalisa-
tion, but this is not so in any extension of this to multidimensional policy variations
(Mertens and Rubinchik, 2008), where it determines the evaluation over the policy
space. We see here that it is very easy to evaluate: as a Laplace transform, it is
constructed from the Laplace transforms of the elementary building blocks by just
replacing convolution products by usual products, and using the final formula (with
z = N) of prop.9 for (%-)72.

Remark 21. It is trivial how to evaluate the e[edt of constant perturbations, since
they lead again to balanced growth solutions. E.g., atithe GRE a copstant (E; is
simpgl]aq%d to consumption, Iqﬁing thuste wy = ﬁ (1—@Q-E —P—(1-
a)y =I=P and hence wi{l) = (1 —a)y=FP Since wi(1) = Kk(x)dx (cf. proof),
this gives the coe [cieht in case A = 0.

A bit more generally, at a given BGE, Iea def (l—o)f—nandp EC A, and
consider the solutions A of ®(x) = ®(x—p) Oe“tﬁtdt (L=0,ie., A=—TF,is always
one, but generically there is 1 other@ﬁg RHM being convex in i and converging to
+oco when [ — ®eo — write it as , @Y+ VMG dydt). For such \'s, E; = BeM
leads to no change in k,y, etc.; E¢ is just added straight to consumption.

Appendix A. The evaluation of profits

A.l. The “hot potato” example. To illustrate the need of assumption 2.(v) for the
correct evaluation of profits, consider the following example: (F; F; ) equals [ 1;1] with
Lebesgue measure; the “proposed equilibrium” is the Golden Rule equilibrium of our model,
except that p¢ is doubled for t < 0. Let tn = n‘—jl (@and to = 1 ); forth—1 t<tn,
all capital is held and investment is done by the firms with t,—1 f <t  (say uniformly
spread), and for t 0, by the firms with f 0. Then all firms make 0 profits, although
on the aggregate they make a big loss (at time 0). Further, the technological constraint
Kf 0 prevents a profitable deviation by any firm. (Recall K is plant and equipment;
markets for short sales of those are a bit hard to imagine.)

The same example can be re-cast with finitely many firms: take 2 firms active before
time 0, exchanging the capital between them at times t,,, and a third, active from time 0 on.

We see thus that we need a reliable way to evaluate profits, that aggregates properly.
Further, cf. infra, there are at least 2 such ways, applicable to di Lerent classes of functions.

A.2. The variation. Let Vap(f) = sup,SUPa<t, ,=t;=b Ii?lll(f (ti) f(ti—1)k, the vari-
ation of f on [a; b]. If X (f;t) is jointly measurable on F B (RR), then Va,s(X (f; )) can be
shown to be measurable. X has locally bounded variation if 8a<b, EVa (X (f; )) < 1.

Consider first the case of a single firm (i.e., F is a singleton, so we can drop the
superscrirg)?;—l_| LeatS us first compute the cumulati\g(te voaltjme H. of capital transactions:
Kys e __eXlsds+ (s)], so (t) = e °'d(e I¢dt. Fhus profits equal

ToraH () tr'ﬂltdt + %},tmdt = ﬁ(’rt e K edt l&gﬁdm + @(rpf pu)l edt.

So, as long as we don’t know universal measurability of pt, we can only use the first for-
mula for profits, and only in the case where H (t) is purely atomic; further, to aggregate, the
location of the atoms must be independent of f . But as soon as we know pt is universally
measurable and bounded, we can use the second, and allow for any H¢, or equivalently (in-
tegrability of ), K¢, of bounded variation. Note that the integral w.r.t. dK is really an in-
tegral w.r.t. a measure: even if, at some t, K¢ , Kyand K, are all di Cerent (where say K ¢
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K+t represents the buys at time t that are, on the transaction date, registered in the name
of the buyer, and K, K those still registered in the name of the seller), all those trans-
actions occured on date t and are thus valued at p—i.e., the mass at t equals K¢, Ky .

To aggregate well, the condition is then clearly that K has locally bounded variation.
However, to show that there is a profitable deviation, su [ced to exhibit an individually
profitable deviation by a non-null coalition of firms (i.e., with just K { of finite variation for
each f); the deviations can then always be scaled down diCerkntially for dilerknt f such
as to get locally bounded variation (assuming just has no atoms of infinite measure).

Observe that this approach is one of “transactions-based” accounting: it is the cash-flow
stemming from transactions that is recorded when they occur, and summed.

A.3. Marking to market. Assume we know now further that pt is of bounded variation.
Then we can u@integration by parts in the previous formula. To thise{edt, define the lin-
ear functional _'Kdp: as, fora<b, (pa, pa)Ka, +(pp po )Kp + ]a'b[thpt, where, at
ajump t of p; inside ]a; he-contribution of the jump is counted as (PPt )Kt +( Pt
p)Kt, . Then, 8a;b; ¢ %& qu:;?+ t%?: 0 and Eafgf (G(x))dF (G(x)) = %((:))f (x)dF (x) 8G
continuous and moEgtone [(x yNG(X) Gy 2)(G(y) G(z)) O0]—using those
formulas to define | fora b And, give-&lour above interpretation of d*&g the correct
formula of integration by parts becomes: (a.b] ptdKt = poKb, paKa 2 Kedpe.

Henceforth Wﬂ, think of (K; IE);F\S a variation in policy over an interval [a;b], so Ka =
Kp, =0, Ce [am] pedK ¢ = o K t«dpt, and we get as formula for the variation in profit:

(Kil)= J(re pf )Kedt+ JKedpf + J(pC  pt)ledt.

This makes sense as soon as K is bounded and measurable, and such that pt > p+¢, )
K¢, existsand pr >pt) K¢ exists. In particular, any function K that has left- and
right hand limits at every point satisfies this for all p.

To aggregate wel over coalitigas, one needs thus that 8S 2 F, and for any monotone
sequence tn, limn K{, () = JimaK{ (d): K¢ should be uniformly integrable, in
addition to being -measurable for any measure on R and having, 8t, a.e. left- and
right hand limits. The aggregate K being continuogs, and K pjuniform intggrability
is equivalent to the more intuitive market clearing: K§ (d)= K{ ()= KI (d).

Observe this is on the contrary a form of “marking to market” accounting: the integral

o Ktdpe shows that profits and losses are added daily to the account by adding to past
profits the impact of today’s price-variation on the value of the assets. Transactions at
arbitrage-free prices don’t alter the value of the portfolio, so are immaterial in this system.

Remark 22. The more is known about p, the more deviations can be evaluated this way.
E.g., when one knows by prop. 1 that p is locally Lipshitz, any jointly-integrable K can be.

Because of this, there is no good reason to require anything more of K in the model
than local joint integrability;*°2° as a consequence however, this implies that as long as
the Lipshitz character of p is not proved, the only arbitrage arguments we can use are that
deviations from (K; | ), satisfying the stronger assumptions above, would not be profitable.

Remark 23. In applying the above in lemma 5 to obtain the conditions for arbitrage-free
prices, we will for further strength only use deviations of bounded variation.

Appendix B. Gale’s dichotomy

Consider total net savings M of the economy at time t. We claim it equals St  piK,
where S; is total net savings of the consumers. Indeed, the 0-profit condition for investment
firms ensures that pK ¢ is their total debt outstanding at time t. As to S, its derivative
must be the flow of aggregate savings of the consumers, i.e., the dilerence (1  )ptY: ptCt
between the wage bill and consumption. Since aggregate valuegtike ptYt, ptCt or pf ¢ grow
like e, we deduce from SFthat the primitive S; equals B + % (L )ptYr peCe for some
constant B. And since savings or debt cannot exceed lifetime earnings, iff 60, B =0.

191t is easily seen that the only thing more we required of K is equivalent to being minorised by
some K Hwith continuous, strictly positive aggregate) satisfying the aggregation conditions above.
20still, any equilibrium is compatible with the strictest requirements: by assumption 2, K ¢> 0
C 4 [tf<t<tf}> 0and {f |tf<t<t T} > 0. As soon as this holds, one can construct | f =0
and th of locally bounded variation, both F [B{l )-measurable, satisfying all our requirements.
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¢ 1 . |_—1_|' st
m,or,swlljjec:(l )y o' se’lds:
1 OO, seds
f
Observe that the fraction is continuoumt f =0 (in fact, everywhere jointly analytic in
f, 5 and ), with value ; iy s sds. A continuity argument yields then the
same conclusion when f = 0 (the continuity argument is safe, since it only involves the
dependence on f of the demand function of currently living consumers over their bounded
lifetime; anyway, it is easy to confirm by direct computation). So, 8f :
- 1 U S
Me= peKe (1 )% E(Dfo > 1
Cor. 2, (i) and (iii), imply ¢ = RT_f, so this can be re-expressed using only the variable f .
Consider now market clearing: it implies (and, in a 1 good model like the present,
is equivalent to) that at each instant t, the total net value of all transactions is 0—
i.e., M¢ should not change.?* Formally, since ptKt = poKoe™, (ptKe)"= fptK¢; so
M{= SP fpiKy, i.e., since by cor. 2, (i)-(iii), fK « = RK ¢ ét =1t Y

MtD: Pt (l )Yt Ct |t+ Yt
and thus market clearing implies M{=0, i.e., M¢= M is constant:

1 1 1 O ? fas )
M =pKe (R f) 1 is constant over time.

. 1
SO,Iff 60, St:(l )pth% 1

Se=(1 )Pt Yt

f
Since ptK ¢ = poK o€, it follows that
rm (- [
either: M =0; ie., —=¢ 11 09 «eTds
s PR s P = I e
or (GRE): f =0; and then M = pKt R R s' sds 1
0

The first equation is that plotted in our graphs, while the vertical there yields the GRE.

This is Gale’s (1973) dichotomy between “balanced” equilbria and “golden rule” equilib-
ria — and whether the bracket in the second alternative is positive or negative determines
whether the model is “Samuelson” or “classical” in his terminology.?2

Appendix C. Speed of convergence

To see better the nature of the di Cculty, why we obtain speeds of convergence only for
2 ,and not 8 R, consider the kernels ' o(x) = sign( )lax=0€ ™ for 6 0. They
are a simplified version of , with its main qualitative features. We get '[o1= y 7! fw
hence '[ad "[gF( VMg FEO0,30" o ' p+( ) «?' g =0, andthus, withf = A" 4,
denoting by go the solution in L of the convolution equationf + g= f?g (i.e., 1 gois the
inverse in the Wiener algebra of 1  f, 1 denoting the identity): go= A' a—aforA 6
Observethat A(' q) 2 L1 —ie,' o2 L} —il )y> 0,andthen A(' a)= ' a-a
and if ( ) Othen A(' —a) = ' a—a. Thus, by the inversion formula applied to
f = A" » 2 L%, for such the solution in L? of our convolution equation equals go if
(A A + )>0,andfor (A )(A + )< Oequalsgr A" A—a,S000 Or=F
Asign(A e A% n particular for each at most 1 of go and grtelongs to L?, since
an exponential belongs to no such space. Note there exists such thatf and g2 L? (i.e.,
( )> 0and (A (A + )< 0)iCCA> 0Oand A 6 . Assume this henceforth.

21Think of all transactions being paid through individual- or firm-accounts at a single bank,
in the numeraire underlying our price system pt (so an interest-free money). Think of all those
payments being made on the date of the corresponding physical transfer of goods, and of each
account’s balance as a function of time. Budget balance implies that only the accounts of currently
living consumers or investment firms have a non-zero balance. So the total credit M extended
by this bank at time t is the sum of the balances of all currently living consumers. But since any
transaction credits one account by the same amount it debits another one, M ¢ is constant over time.

22| e., in our graphs, values of corresponding to a point on the GRE vertical lying above
(below) the curve correspond to a “classical” (“Samuelson”) model.
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We have thus 2 solutions go and g—of our convolution equation, so the di Lerknce, hence
A% helongs to Ker(1 f)inLS ™. And 1 f is trivially invertible on L}\ Lo if the
inverse on L2 equals go, i.e., for (A (A + )> 0. Else, if (A )(A + ) 0
note that eA~9% js qﬂntinuous linear functional on L{‘\ L «», and denote by K its kernel:
K=fh2LM Lej h(x)e®"%dx = 0g. Clearly K is the set where go and grgoincide,
hence the inversesof 1 f,1 goonle and1 gron L}, coincideonh2 LY\ Lo il
h 2 K; thus the image of L}\ Lo by 1 f equals K. Andforh2 K, (1 go)(h) 2L}
and (1 gofh) 2 Leo.

Appendix D. A cookbook description

The calculus developed here is basically quite general. Assuming the equilibrium con-
ditions can be written as the set of zeros of amap F: L2, ! L%, the derivative of this
map will be given by kernels — if minimally reasonable, cf. e.g. prop.5 —, and those will,
at a BGE, have to be convolution operators by time-invariance (cf. e.g. thm.5).

The spectrum of such an n by n matrix of convolution operators (i.e., elements of the
Wiener algebra) should then be the union over all ! of the spectrum of the corresponding
matrix of Fourier transforms at ! , plus their (singleton) limit at 1 , so the condition for
invertibility becomes simply that the determinant of this matrix vanishes forno! , 1 in-
cluded. A statement in this direction seems available as theorem 2 in Bochner and Phillips
(1942) — however we still need to find a convenient reference or proof for the full statement.

The inverse matrix of convolution operators has then as Fourier transform the pointwise
inverse of the above matrix of Fourier transforms, so all derivatives of equilibrium quan-
tities w.r.t. variations in parameters can be obtained numerically applying a Fast Fourier
Transform to this pointwise inverse. And for derivatives of welfare, this FFT is not even
needed; they are obtained explicitly, staying in the realm of Fourier-Laplace transforms,
welfare being the Laplace transform of the stream of individual lifetime utilities.

One obains then finally also as here the speedsat 1 and at +1 of convergence back
to the original equilibrium (i.e., the interval ).

References

Aumann, R. J. (1965): “Integrals of set valued functions,” Journal of Mathematical
Analysis and Applications, 12, 1-12.

Bochner, S., and R. S. Phillips (1942): “Absolutely Convergent Fourier Expansions
for Non-Commutative Normed Rings,” The Annals of Mathematics, 43(3), 409-418.
Celidze, V. G., and A. G. Dzvarseisvili (1989): The theory of the Denjoy integral and
some applications, vol. 3 of Series in Real Analysis. World Scientific, Original Russian

edition published by Tblisi University Press, Tblisi, 1978.

Chichilnisky, G., and Y. Zhou (1998): “Smooth infinite economies,” Journal of Math-
ematical Economics, 29, 27-42.

Debreu, G. (1967): “Integration of correspondences,” in Proceedings of the Fifth Berkeley
Symposium on Mathematical Statistics and Probability, vol. 11, pp. 351-372. University
of California Press, part 1.

Diamond, P. (1965): “National Debt in a Neoclassical Growth Model,” American Eco-
nomic Review, LV(5), 1126-1150, Part 1.

Doob, J. L. (1953): Stochastic Processes. John Wiley & Sons, Inc., New York.

Gale, D. (1973): “Pure Exchange Equilibrium of Dynamic Economic Models,” Journal
of Economic Theory, 6, 12-36.

Geanakoplos, J. D., and H. M. Polemarchakis (1991): “Overlapping Generations,”
in Handbook of Mathematical Economics, ed. by W. Hildenbrand, and H. Sonnenschein,
vol. 4, chap. 35, pp. 1899-1960. Elsevier.

Gel'fand, I. M., and G. E. Shilov (1959): Obobshennuye funkzii i deistviya nad nimi.
Fizmatgiz, Moscow, 2 edn.

Jorgens, K. (1982): Linear Integral Operators. Pitman Advanced Publishing Program,
Boston, London, Melbourne, Translated by G.F. Roach from Lineare Integral opera-
toren, 1970.



STABILITY OF EQUILIBRIA IN OLG 43

Kehoe, T. J., and D. K. Levine (1984): “Regularity in overlapping generations ex-
change economies,” Journal of Mathematical Economics, 13(1), 69-93.

(1985): “Comparative Statics and Perfect Foresight in Infinite Horizon Econo-
mies,” Econometrica, 53(2), 433-453.

Mertens, J.-F., and A. Rubinchik (2006): “Intergenerational equity and the discount
rate for cost-benefit analysis,” CORE DP 2006/91.

(2008): “Intergenerational equity and the discount rate for cost-benefit analysis,”
CORE DP 2008/xx.

Muller, W. J. I., and M. Woodford (1988): “Determinacy of Equilbrium in Station-
ary Economies with Both Finite and Infinite Lived Consumers,” Journal of Economic
Theory, 46, 255-290.

Schwartz, L. (1957-59): Théorie des distributions, vol. I and Il. Hermann, Paris.

Shannon, C., and W. R. Zame (2002): “Quadratic Concavity and Determinacy of
Equilibrium,” Econometrica, 70(2), 631-662.




