Quantitative Problem Chapter 3

1.
Calculate the present value of $1,000 zero-coupon bond with 5 years to maturity if the required annual interest rate is 6%.

Solution:
PV  FV/(1  i)n, where FV  1000, i  0.06, n  5


PV  747.25 grand prize is

2.
A lottery claims its grand prize is $10 million, payable over 20 years at $500,000 per year. If the first payment is made immediately, what is this grand prize really worth? Use a discount rate of 6%.

Solution:
This is a simple present value problem. Using a financial calculator:


N  20; PMT  500,000; FV  0; I  6%; Pmts in BEGIN mode.


Compute PV : PV  $6,079,058.25

3.
Consider a bond with a 7% annual coupon and a face value of $1,000. Complete the following table:

	Years to Maturity
	Discount Rate
	Current Price

	3
	5
	

	3
	7
	

	6
	7
	


	9
	7
	

	9
	9
	



What relationship do you observe between yield to maturity and the current market value?

Solution:


	Years to Maturity
	Yield to Maturity
	Current Price

	3
	5
	$1,054.46

	3
	7
	$1,000.00

	6
	7
	$1,000.00

	9
	5
	$1,142.16

	9
	9
	$880.10



When yield to maturity is above the coupon rate, the band’s current price is below its face value. The opposite holds true when yield to maturity is below the coupon rate. For a given maturity, the bond’s current price falls as yield to maturity rises. For a given yield to maturity, a bond’s value rises as its maturity increases. When yield to maturity equals the coupon rate, a bond’s current price equals its face value regardless of years to maturity.

4.
Consider a coupon bond that has a $1,000 per value and a coupon rate of 10%. The bond is currently selling for $1,150 and has 8 years to maturity. What is the bond’s yield to maturity?

Solution:
To calculate the bond’s yield to maturity using a financial calculator:


N ( 8; PMT ( 1000 ( 0.10 ( 100; FV ( 1000; PV ( 1150


Compute I : I ( 7.44

5.
You are willing to pay $15,625 now to purchase a perpetuity which will pay you and your heirs $1,250 each year, forever, starting at the end of this year. If your required rate of return does not change, how much would you be willing to pay if this were a 20-year, annual payment, ordinary annuity instead of a perpetuity?

Solution:
To find your yield to maturity, Perpetuity value ( PMT/I.


So, 15625 ( 1250/I. I ( 0.08


The answer to the final part, using a financial calculator:


N ( 20; I ( 8; PMT ( 1250; FV ( 0


Compute PV : PV ( 12,272.69

7.
Property taxes in DeKalb County are roughly 2.66% of the purchase price every year. If you just bought a $100,000 home, what is the PV of all the future property tax payments? Assume that the house remains worth $100,000 forever, property tax rates never change, and that a 9% discount rate is used for discounting.

Solution:
The taxes on a $100,000 home are roughly 100,000 ( 0.0266 ( 2,660.


The PV of all future payments ( 2,660/0.09 ( $29,555.55 (a perpetuity).

8.
Assume you just deposited $1,000 into a bank account. The current real interest rate is 2% and inflation is expected to be 6% over the next year. What nominal interest rate would you require from the bank over the next year? How much money will you have at the end of one year? If you are saving to buy a stereo that currently sells for $1,050, will you have enough to buy it?

Solution:
The required nominal rate would be:


i ( ir ( (e

( 2% ( 6% ( 8%.


At this rate, you would expect to have $1,000 ( 1.08, or $1,080 at the end of the year. Can you afford the stereo? In theory, the price of the stereo will increase with the rate of inflation. So, one year later, the stereo will cost $1,050 ( 1.06, or $1,113. You will be short by $33.

9.
A 10-year, 7% coupon bond with a face value of $1,000 is currently selling for $871.65. Compute your rate of return if you sell the bond next year for $880.10.

Solution:
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10.
You have paid $980.30 for an 8% coupon bond with a face value of $1,000 that mature in five years. You plan on holding the bond for one year. If you want to earn a 9% rate of return on this investment, what price must you sell the bond for? Is this realistic?

Solution:
To find the price, solve 
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Although this appears possible, the yield to maturity when you purchased the bond was 8.5%. At that yield, you only expect the price to be $983.62 next year. In fact, the yield would have to drop to 8.35% for the price to be $988.53.

11.
Calculate the duration of a $1,000 6% coupon bond with three years to maturity. Assume that all market interest rates are 7%.

Solution:


	Year
	1
	2
	3
	Sum

	Payments
	60.00
	60.00
	1060.00
	

	PV of Payments
	56.07
	52.41
	865.28
	973.76

	Time Weighted PV of Payments
	56.07
	104.81
	2595.83
	

	Time Weighted PV of Payments
 Divided by Price
	0.06
	0.11
	2.67
	2.83



This bond has a duration of 2.83 years. Note that the current price of the bond is $973.76, which is the sum of the individual “PV of payments.”

12.
Consider the bond in the previous question. Calculate the expected price change if interest rates drop to 6.75% using the duration approximation. Calculate the actual price change using discounted cash flow.

Solution:
Using the duration approximation, the price change would be:
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The new price would be $980.20. Using a discounted cash flow approach, the price is 980.23—only $.03 different.

	Year
	1
	2
	3
	Sum

	Payments
	60.00
	60.00
	1060.00
	

	PV of payments
	56.21
	52.65
	871.37
	980.23


13.
The duration of a $100 million portfolio is 10 years. $40 million in new securities are added to 
the portfolio, increasing the duration of the portfolio to 12.5 years. What is the duration of the 
$40 million in new securities?

Solution:
First, note that the portfolio now has $140 million in it. The duration of a portfolio is the weighted average duration of its individual securities. Let D equal the duration of the 
$40 million in new securities. Then, this implies:


12.5 ( (100/140 ( 10) ( (40/140 ( D)


12.5 ( 7.1425 ( 0.2857 D


18.75 ( D


The new securities have a duration of 18.75 years.

14.
A bank has two, 3-year commercial loans with a present value of $70 million. The first is 
a $30 million loan that requires a single payment of $37.8 million in 3 years, with no other 
payments till then. The second is for $40 million. It requires an annual interest payment of $3.6 million. The principal of $40 million is due in 3 years. 

(a)
What is the duration of the bank’s commercial loan portfolio?

(b)
What will happen to the value of its portfolio if the general level of interest rates increased from 8% to 8.5%?

Solution:
The duration of the first loan is 3 years since it is a zero-coupon loan. The duration of the second loan is as follows:

	Year
	1
	2
	3
	Sum

	Payment
	3.60
	3.60
	43.60
	

	PV of Payments
	3.33
	3.09
	34.61
	41.03

	Time Weighted PV of Payments
	3.33
	6.18
	103.83
	

	Time Weighted PV of Payments Divided by Price
	0.08
	0.15
	2.53
	2.76



The duration of a portfolio is the weighted average duration of its individual securities. So, the portfolio’s duration ( 3/7 * (3) ( 4/7 * (2.76) ( 2.86


If rates increased, 
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15.
Consider a bond that promises the following cash flows. The required discount rate is 12%.

	Year
	0
	1
	2
	3
	4

	Promised Payments
	
	160
	170
	180
	230



You plan to buy this bond, hold it for 2½ years, and then sell the bond.

(a)
What total cash will you receive from the bond after the 2½ years? Assume that periodic cash flows are reinvested at 12%.

(b)
If immediately after buying this bond, all market interest rates drop to 11% (including your reinvestment rate), what will be the impact on your total cash flow after 2½ years? How does this compare to part (a)?

(c)
Assuming all market interest rates are 12%, what is the duration of this bond?

Solution:


(a)
You will receive 160, reinvested that for 1.5 years, and 170 reinvested for 0.5 years. Then you will sell the remaining cash flows, discounted at 12%. This gives you:
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(b)
This is the same as part (a), but the rate is now 11%.
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Notice that this is only $0.05 different from part (a).

(c)
The duration is calculated as follows:

	Year
	1
	2
	3
	4
	Sum

	Payments
	160.00
	170.00
	180.00
	230.00
	

	PV of Payments
	142.86
	135.52
	128.12
	146.17
	552.67

	Time Weighted PV of Payments
	142.86
	271.05
	384.36
	584.68
	

	Time Weighted PV of Payments Divided by Price
	0.26
	0.49
	0.70
	1.06
	2.50



Since the duration and the holding period are the same, you are insulated from immediate changes in interest rates! It doesn’t always work out this perfectly, but the idea is important.
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