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Abstract

In this paper, we extend the GMM estimator in Lee (2007) to estimate SAR models with
endogenous regressors. We propose a new set of quadratic moment conditions exploiting the
correlation of the spatially lagged dependent variable with the disturbance term of the main
regression equation and with the endogenous regressor. The proposed GMM estimator is more
efficient than the IV-based linear estimators in the literature, and computationally simpler
than the ML estimator. With carefully constructed quadratic moment equations, the GMM
estimator can be asymptotically as efficient as the ML estimator under normality. Monte Carlo

experiments show that the proposed GMM estimator performs well in finite samples.
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1 Introduction

In recent years, spatial econometric models play a vital role in empirical research on regional and
urban economics. By expanding the notion of space from geographic space to “economic” space
and “social” space, these models can be used to study cross-sectional interactions in much wider
applications including education (e.g. Lin, 2010; Sacerdote, 2011; Carrell et al., 2013), crime (e.g.
Patacchini and Zenou, 2012; Lindquist and Zenou, 2014), industrial organization (e.g. Koénig et al.,
2014), finance (e.g. Denbee et al., 2014), etc.

Among spatial econometric models, the spatial autoregressive (SAR) model introduced by Cliff
and Ord (1973, 1981) has received the most attention. In this model, the cross-sectional dependence
is modeled as the weighted average outcome of neighboring units, typically referred to as the spatially
lagged dependent variable. As the spatially lagged dependent variable is endogenous, likelihood-
and moment-based methods have been proposed to estimate the SAR model (e.g. Kelejian and
Prucha, 1998; Lee, 2004; Lee, 2007; Lee and Liu, 2010). In particular, for the SAR model with
exogenous regressors, Lee (2007) proposes a generalized method of moments (GMM) estimator that
combines linear moment conditions, with the (estimated) mean of the spatially lagged dependent
variable as the instrumental variable (IV), and quadratic moment conditions based on the covariance
structure of the spatially lagged dependent variable and the model disturbance term. The GMM
estimator improves estimation efficiency of IV-based linear estimators in Kelejian and Prucha (1998)
and is computationally simple relative to the maximum likelihood (ML) estimator in Lee (2004).
Furthermore, Lin and Lee (2010) show that a sub-class of the GMM estimators is consistent in the
presence of an unknown form of heteroskedasticity in model disturbances, and thus more robust
relative to the ML estimator.

For SAR models with endogenous regressors, Liu (2012) and Liu and Lee (2013) consider, re-
spectively, the limited information maximum likelihood (LIML) and two stage least squares (2SLS)
estimators, in the presence of many potential IVs. Liu and Lee (2013) also propose a criterion based
on the approximate mean square error of the 2SLS estimator to select the optimal set of IVs. The
SAR model with endogenous regressors can be considered as an equation in a system of simultaneous
equations. For the full information estimation of the system, Kelejian and Prucha (2004) propose a
three stage least squares (3SLS) estimator and, in a recent paper, Yang and Lee (2014) consider the

quasi-maximum likelihood (QML) approach. The QML estimator is asymptotically more efficient



than the 3SLS estimator under normality but can be computationally difficult to implement. The

existing estimators for the SAR model with endogenous regressors are summarized in Table 1.

Table 1: Existing Estimators for SAR Models with Endogenous Regressors

single-equation estimator | system estimator
IV-based linear estimator | Liu and Lee (2013) Kelejian and Prucha (2004)
likelihood-based estimator | Liu (2012) Yang and Lee (2014)

In this paper, we extend the GMM estimator in Lee (2007) to estimate SAR models with endoge-
nous regressors. We propose a new set of quadratic moment equations exploiting (i) the covariance
structure of the spatially lagged dependent variable and the disturbance term of the main regres-
sion equation and (ii) the covariance structure of the spatially lagged dependent variable and the
endogenous regressor. We establish the identification, consistency and asymptotic normality of the
proposed GMM estimator. The GMM estimator is more efficient than the 2SLS and 3SLS esti-
mators, and computationally simpler than the ML estimator. With carefully constructed quadratic
moment equations, the GMM estimator can be asymptotically as efficient as the ML estimator under
normality. We also conduct a limited Monte Carlo experiment to show that the proposed GMM
estimator performs well in finite samples.

The rest of the paper is organized as follows. In Section 2, we introduce the SAR model with
endogenous regressors. In Section 3, we define the GMM estimator and discuss the identification
of model parameters. In Section 4, we study the asymptotic properties of the GMM estimator and
discuss the optimal moment conditions to use. Section 5 reports Monte Carlo experiment results.
Section 6 briefly concludes. The proofs are collected in the appendix.

Throughout the paper, we adopt the following notation. For an n x n matrix A = [a;;]; j=1,... .n,
let A®) = A4+ A’, vecp(A) = (11, ,ann)’, and diag(A) = diag(ai1, - ,@nn). The row (or col-
umn) sums of A are uniformly bounded in absolute value if max;—1 ... » D27, |ai;| (or max;—1 ... n >, |aij|)

is bounded.

2 Model

Consider a SAR model with an endogenous regressor® given by

y1 =AWy, + ¢gy2 + X18y + ui, (1)

Mn this paper, we focus on the model with a single endogenous regressor for exposition purpose. The model and
proposed estimator can be easily generalized to accommodate any fixed number of endogenous regressors.




where y; is an n X 1 vector of observations on the dependent variable, W is an n X n nonstochastic
spatial weights matrix with a zero diagonal, y2 is an n x 1 vector of observations on an endogenous
regressor, X is an n X K; matrix of observations on K; nonstochastic exogenous regressors, and

u; is an n x 1 vector of i.i.d. innovations.?

Wy, is usually referred to as the spatially lagged
dependent variable. Let X = [Xj,X3], where X5 is an n x Ky matrix of observations on Ko
excluded nonstochastic exogenous variables. The reduced form of the endogenous regressor ys is

assumed to be

y2 = Xvg +ug, (2)

where ug is an n x 1 vector of i.i.d. innovations. Let 8y = (dg,7(), with 8o = (Mo, @9, B0)s
denote the vector of true parameter values in the data generating process (DGP). The following
regularity conditions are common in the literature of SAR models (see, e.g., Lee, 2007; Kelejian and

Prucha, 2010).

Assumption 1 Letuy,; and ug; denote, respectively, the i-th elements of u; andug. (1) (w14, ug,) ~

1.1.d.(0,X), where

01 J12

Z:
2
012 02

(ii) Elug i v us ;|77 is bounded for k,l,7,s = 1,2 and some small constant n > 0.

Assumption 2 (i) The elements of X are uniformly bounded constants. (ii) X has full column rank

Kx = K; + K,. (iii) lim, ..o n ' X'X exists and is nonsingular.

Assumption 3 (i) All diagonal elements of the spatial weights matriz W are zero. (i) Mg € (=), \)
with 0 < A\, A < ¢x < oo. (iil) S(\) = I, — AW s nonsingular for all A € (=), N\). (iv) The row and

column sums of W and S(\o)~! are uniformly bounded in absolute value.

Assumption 4 8y is in the interior of a compact parameter space ©.

2y1,y2,u1,uz, X, W are allowed to depend on the sample size n, i.e., to formulate triangular arrays as in Kelejian
and Prucha (2010). Nevertheless, we suppress the subscript n to simplify the notation.



3 GMM Estimation

3.1 Estimator

Let S =S()\) =1, — \oW and G = WS™!. Under Assumption 3, model (1) has a reduced form

y1=S""X18; + ¢S Xvy + S u; + ¢S My, (3)

which implies that
Wy]_ = GX],@O + ¢OGX’YO + Gu1 + ¢)0Gu2. (4)

As Wy, and y» are endogenous, consistent estimation of (1) requires IVs for Wy, and ys. From
(4), the deterministic part of Wy, is a linear combination of the columns in GX = [GX1, GX3].
Therefore, GX can be used as an IV matrix for Wy;.? From (2), X can be used as an IV matrix
for yo. In general, let Q be an n x K¢ matrix of IVs such that E(Q'u;) = E(Q'uz) = 0. Let
u;(8) = S(\y1 — ¢y2 — X108 and us(y) = y2 — X, where § = (), ¢,3'). The linear moment

function for the GMM estimation is given by

g1(0) = (I, ® Q)'u(8),

where ® denotes the Kronecker product, u(0) = [u;(8)’,uz(v)’)’, and 8 = (§',+')".*

Besides the linear moment functions, Lee (2007) proposes to use quadratic moment functions
based on the covariance structure of the spatially lagged dependent variable and model disturbances
to improve estimation efficiency. We generalize this idea to SAR models with endogenous regressors.

Substitution of (2) into (1) leads to a “pseudo” reduced form

Y1 =AWy + ¢oXvo + X18p + u1 + gpua. (5)

By exploiting the covariance structure of the spatially lagged dependent variable Wy, and the

3The IV matrix GX is not feasible as G involves the unknown parameter \g. Under Assumption 3, GX =
WX + \W?2X + A3W3X + ... Therefore, we can use the leading order terms WX, W2X, W3X of the series
expansion as feasible IVs for Wy.

4In practice, we could use two different IV matrices Q1 and Q2 to construct linear moment functions Qjui(8) and
Q,uz(y). The GMM estimator with g1(0) is (asymptotically) no less efficient than that with Qju1(d) and QLuz(vy)
if Q includes all linearly independent columns of Q; and Q2.



disturbances of (5), we propose the following quadratic moment functions

82(0) = [2,11(8)', 82,12(0)", 82,21(0)’, 82,22(7)]

with
g211(0) = [Ejwm(d), -, F,u1(8)]'ui(9)
g212(0) = [Ejwi(6),-- Eui(d)] uz(v)
g221(0) = [Blua(y), -, Eua(y)/m(d)
g222(7) = [Eluz(v), - B ua(y)]uz(v)
where Z; is an n x n constant matrix with tr(Z;) = 0 for j = 1,--- ,;m.% Possible candidates for

E; are W, W2 — n=1r(W?)I,,, etc. These quadratic moment functions are based on the moment
conditions that E(ujE;u;) = E(u|E;us) = E(u4E;u;) = E(u4Eus) =0for j=1,--- ,m.
Let

g(0) = [21(0)", 82(0)"]', (6)
and Q = Var[g(0y)]. The following assumption is from Lee (2007).

Assumption 5 (i) The elements of Q are uniformly bounded constants. (ii) E; is an nxn constant
matriz with tr(2;) =0 for j = 1,--- ,m. The row and column sums of E; are uniformly bounded

in absolute value. (iii) lim, ., n~1Q ezists and is nonsingular.

Combining both linear and quadratic moment functions, the GMM estimator of 8 is given by

ggmm = arg mingeeo g(a),F/Fg(O), (7)

for some matrix F such that lim, . F exists and has full row rank greater than or equal to dim(8).
In the GMM literature, F'F is known as the GMM weighting matrix. For instance, one can use the

identity matrix as the weighting matrix to implement the GMM. The asymptotic efficiency of the

®In practice, we could use different sets of weighting matrices {Z11,; };n:lll {E12,; }:n:1127 {Eglyj};-n:?f and {Ea22,; };”:212
for the quadratic moment functions g2 11(0), g2,12(0), 2,21(0) and g2 22(0) respectively. The quadratic moment func-
tions g2(0) are (asymptotically) no less efficient than that with {Eu’j};”zlll, {Elzﬂ'};n:lf, {8215 };n:211 and {Ezz’j};”:?f
if {21,...,Bm} = {E11,; 121 U{E12,;}727 U{B21,5}72 U{E22,,}]2F.

6We discuss the optimal Q and = in Section 4.2.



GMM estimator depends on the choice of the weighting matrix as discussed in Section 4.1.
3.2 Identification

For 6 to be identified through the moment functions g(@), lim, .., n~'E[g(0)] = 0 needs to have
a unique solution at @ = @y (Hansen, 1982). As S(\)S™! =1, + (Ao — A)G, it follows from (2) and
(3) that

u1(6) = di(9) + [In + (Ao = A)Glus + [(¢ — )Ln + ¢p(Ao — ) Gluy

and

uz(y) = da(7) + uz,
where d;(6) = [GX18, + ¢¢GX7g, X7, X1](d0 — d) and da(y) = X(vg — 7).
For the linear moment functions, we have

lim n 'E[Q'u;(8)] = Jim n'Q'di(d) = Jim n Q' [GX1 8, + ¢oGXvg, X0, X1](80 — J)

n—oo

and

lim n 'E[Qua(y)] = nh_}rr;o n1Q'dy(y) = nh—>n:>lo QX (v — )

n—oo

Therefore, lim,, .o, n~'E[g1(0)] = 0 has a unique solution at 8 = 8y, if Q' [GX;8,+¢,GX~, X0, X1]
and Q’'X have full column rank for large enough n. This sufficient rank condition implies the neces-
sary rank condition that [GX18, + ¢,GX7y, X7y, X1] and X have full column rank and the rank
of Q is at least max{dim(d), Kx }, for large enough n.

Suppose [X7,,X;] has full column rank for large enough n.”

The necessary rank condition
for identification does not hold if GX;18, + ¢,GX~, and [Xv,,X;]| are asymptotically linearly
dependent.® GX;8, + ¢,GX~, and [X~,,X;] are linearly dependent if there exist a constant
scalar ¢; and a K; x 1 constant vector cp such that GX 8, + ¢GXvy = 1 X7 + X;c, which
implies that

di(6) = [(Mo — Ae1 + (g — 9)]Xvo + X1[(Ao — A)ea + (B — B)]-

Hence, the solutions of the linear moment equations lim,, ., n~'E[Q'u;(8)] = 0 are characterized

TAs X~ = X171 + X2729, a necessary condition for (X~g,X1) to have full column rank is v, # O.
8 A necessary condition for GX 18y + ¢9GXv,y and [X+q,X1] to be asymptotically linearly independent is

((1)07 ﬂlo)/ # 0.



by
¢=¢o+(Xo—Ac1 and B =0+ (Ao — e (8)

as long as Q'[X~y, X1] has full column rank for large enough n. In this case, ¢, and 3, can be
identified if and only if Ay can be identified from the quadratic moment equations.

Given (8), we have

Efw (82w (8)] = (Ao —N)(03 + door2)tr(E)) G)

+(Xo = N)2[(02 + 204012 + $203)tr(G'E;G) — c1(012 + dpo)tr(EL G)]
and

Blui(8)Eua(y)] = (Ao —A(o12 + ¢go3)tr(E;G)

Eluy(7)Ejwi(8)] = (Ao —A)(o12 + $o03)tr(E;G)

for j=1,---,m. If (62 + ¢yo12)lim, n_ltr(Eg.S)G) # 0 for some j € {1,--- ,m}, the quadratic
moment equation

lim n 'E[u;(8)'E;u;(8)] =0
has two roots A = A\g and

(07 4+ ¢p012)
(03 + 264012 + 9203) limy, oo [tr(G'E; G) /tr (B G)] — c1 (012 + ¢403)

A= X+

As (03 + 200012 + $203) > 0, if lim, oo [t2(G'E; G) /tr(EY G)] # lim,, oo [tr(G'ELG) /t2(E G)]
for some j # k, the moment equations

lim n 'E[u;(6)'Z;u1(6)] =0  and lim n 'E[u;(8)'Eru(8)] =0

n—oo n—oo

—
=)

have a unique common root A = \g. On the other hand, if (012 + ¢03) lim,, o n_ltr(._.;-(}) #0

for some j € {1,---,m}, the quadratic moment equation

lim n_lE[u1(5)/Eju2(’Y)] =0

n—oo



has a unique root A = A\o; and if (012 + ¢(03) lim,, ..o n~'tr(E;G) # 0 for some j € {1,--- ,m}, the
quadratic moment equation

lim n ' Efuz(v) E;u;(6)] =0

n—oo

has a unique root A = A\g. To wrap up, the sufficient identification condition of 6y is summarized in

the following assumption.

Assumption 6 lim, .., n 'Q'X and lim,_.. n 1 Q'[X~,, X1] both have full column rank, and at

least one of the following conditions is satisfied. (i) lim, oo n 'Q'[GX 18y + ¢oGX7g, X7¢, X1]

has full column rank. (ii) (03 + ¢oo12) lim, e niltr(EJ(.s)G) # 0 for some j € {1,---,m}, and
lim, oon™! [tr(Egs)G), e ,tr(ESﬁL)G)]’ is linearly independent of lim,, oo n~[tr(G'E,G), - - - , tr(G’

(iii) (12 + ¢03) limy—co n 1tr(E;G) # 0 or (012 + ¢g03) lim, oo n~'tr(EjG) # 0 for some

je{L,-- m}.

4 Asymptotic Properties

4.1 Consistency and Asymptotic Normality

The GMM estimator defined in (7) falls into the class of Z-estimators (see Newey and McFadden,
1994). Therefore, to establish the consistency and asymptotic normality, it suffices to show that the
GMM estimator satisfies the sufficient conditions for Z-estimators to be consistent and asymptotically
normally distributed when properly normalized and centered. A similar argument has been adopted
by Lee (2007) to establish the asymptotic normality of the GMM estimator for the SAR model with
€X0genous regressors.

Let p, s = E(uj ;u3 ;) for 7 + s = 3,4. By Lemmas B.1 and B.2 in the Appendix, we have

Qll 912
Q = Var[g(0y)] = 9)
Qfy Q2

with Q11 = Var[g1 (00)] =3® (QIQ)a

Mo H21 H21 M2
Q12 = E[g1(00)g2(00)'] =

Mot Hi2 HMHi2 HMog3

® (Qw)



and

Q2 = Var(g2(6)]

Let

where

10

4 2 2 2 2 2 ]
fa,0 — 307 f3,1 — 307012 f3,1 — 307012 Moo — 0105 — 2073
2 2 2 2 2 2
* Moo — 0105 — 207y ﬂ2,2*‘710§*2‘712 f1,3 — 3012073 ’
® (w'w)
* * Moo — 0lo3 — 207, K13 — 301203
* * * fo.4 — 303
(7'11L 0'%0'12 0'%012 0%2 0.411 0'%012 0%0'12 0'%2
* 02y 0203 01203 x  o0%03 0%y 01203
® A1+ ® As,
* * 0%2 01205 * * J%U% 0'120%
* * * os * * * o3
[vecp(B1),- -+ ,vecp(Em)] and
tr(ElEl) tI‘(ElEm) tI‘(EiEl) tI‘(EiEm)
and AQ =
tr(BnE1) tr(BmEn) tr(B,51) tr(B.80)
D=-E g 6,)] = [D}, D) 1
- [Wg( 0)] - [ 1) 2} ) ( O)
0 Q' (GX18y + $GXv,) QXvy, QX; 0
D, = —E[wgl(eo)] =
0 0 0 Q'X



and

(o7 + ¢0012)tr(E§S)G) O1x(Kx+Ki+1)

(o1 + ¢0‘712)tr(5£r§)G) O1x(Kx+K1+1)

(012 + o)t (ELG)  O1y(ky+K1+1)

0
D, = —E[wgz(eo)] =
(012 4+ ¢o03)tr(ELG) 01y (kx+K,+1)

(012 + Goo3)tr(B1G)  O1y(ky+K141)

(0124 @0t (EmG)  O1y(kx+Ky+1)

0m><1 07n><(KX+K1+1)

The following proposition establishes the consistency and asymptotic normality of the GMM esti-

mator.

Proposition 1 Suppose Assumptions 1-6 hold. Then 5gmm defined in (7) is a consistent estimator

of By and has the following asymptotic distribution
V(O gmm — 00) > N(0, AsyVar (8 gnm))
where

AsyVar(0ymm) = lim [(n”'DYF'F(n~'D)]" (n 'D)F'F(n ' Q)FF(n 'D)[(n 'D)FF(n 'D) "

n—oo

with @ and D defined in (9) and (10) respectively.

Close inspection of AsyVar(6y,m) reveals that the optimal F'F is (n='Q)~! by the gener-
alized Schwarz inequality. The following proposition establishes the consistency and asymptotic
normality of the GMM estimator with the estimated optimal weighting matrix. It also suggests a

over-identifying restrictions (OIR) test based on the proposed GMM estimator.

Proposition 2 Suppose Assumptions 1-6 hold and n~1Q is a consistent estimator of n71Q defined
in (9). Then,

0 mm = argmingeo g(0)'Qg(0) (11)

11



is a consistent estimator of 6y and

V(B gmm — 00) 5 N(0,[ lim n~'D'Q'D] ),

where D is defined in (10). Furthermore

~ S_1_a d
8(0gmm) 2 1g(egmm) - X?iim(g)—dim(e)'

4.2 Asymptotic Efficiency
When only the linear moment function g1 (60y) is used for the GMM estimation, the GMM estimator

defined in (11) reduces to the generalized spatial 3SLS in Kelejian and Prucha (2004) because

~ ~

05515 = argming; (0)' Q' g1 () = argminu(8) (X' @P)u(8) = [Z' (= '@P)Z]"'Z' (Z ' oP)y,

where P = Q(Q'Q)'Q’, y = (¥},¥%)"s

7 WY1 Y2 X1 0

0 0 0 X

and ¥ is a consistent estimator of 3. It follows from Proposition 2 that

Vn(@ssLs — 0o) 4 N(0,[lim n~'D}Q'Dy] 7).

n—o0

As
D'Q'D - D/ Q'D; = (Dy — Q1,92,'D1) (a2 — 21,9277 Q12) (D — 21,91 Dy),

which is positive semi-definite, the proposed GMM estimator is asymptotically more efficient than
the 3SLS estimator.

The asymptotic efficiency of the proposed GMM estimator depends on the choices of Q and
Z1, -, 2. Following Lee (2007), our discussion on the asymptotic efficiency focuses on two cases:
(i) u = (uf,uy) ~N(0,X2®1I,), and (ii) E; has a zero diagonal for all j = 1,--- ,m. Let P be

a subset of all &’s satisfying Assumption 5 such that diag(E) = 0 for all E € P. The sub-class of

12



quadratic moment functions using = € P is of a particular interest because these quadratic moment
functions could be robust against unknown form of heteroskedasticity as shown in Lin and Lee
(2010).

Let

g"(0) = [g1(9),85(0)', (12)

where g} () = (Io ® Q*)'u(0) and

g5(6) = [1(0)'E"u1(0), u1(0)'E ua(y), uz(v) E i (9), uz(v) Euz(v)]".

In cases (i) and (ii),

T®(Q'QY) 0

Q* = Var[g*(6,)] = (13)
*
where
4 2 2 2 4 2 2 2
01 07012 071012 0719 01 071012 071012 0719
2 2 .2 2 2 .2 2 2
. * O1s 0105 012035 s * 01035 XD 01205 s
Q5 = ® tr(8*8") + ® tr(EYE").
* * 0'%2 0120'% * * 0'%0’% 0120'%
* * * s * * * ol

The following proposition gives the infeasible best GMM (BGMM) estimator
BOpgmm = arg mingee g*(6)' Q2 "1g*(0) (14)

with the optimal Q* and E* in cases (i) and (ii) respectively.

Proposition 3 Suppose Assumptions 1-6 hold. Let G = WS™1.

(i) Suppose u ~ N(0,2 ® 1,,). The BGMM estimator defined in (14) with Q* = [GX,X] and
E* = G — n r(G)I, is the most efficient one in the class of GMM estimators defined in (7).

(ii) Without the normality assumption on u, the BGMM estimator defined in (14) with Q* =
[GX, X] and E* = G —diag(G) is the most efficient one in the sub-class of GMM estimators defined
in (7) withZ; € P forallj=1,--- ,m.

Under normality, the model can be efficiently estimated by the ML estimator. To get some

13



intuition of the optimal Q* and =* in case (i), we compare the linear and quadratic moment functions
utilized by the GMM estimator with the first order partial derivatives of the log likelihood function.

Let G(\) = WS(A\)~!, where S(\) = I, — A\W. The log likelihood function based on the joint

normal distribution of y = (y},y5) is’
1 1
L(6,%) = —nln(27) — B In|Z®L,|+In|S(\)| — iu(O)'(E ®1,) 'u(8) (15)

with the first order partial derivatives

%Lw, 5) = [(6Xy+X18) G, 01 (Z @ 1,) "u(8)
+E|U1(6)’[G(A) —n M (GO Ju (8) — %T%(MG(A) = tr(G(V)Ln]us (9)
~2 o
+¢%u1<5>’[c:u> =M (GO Jus () - ¢%“2(7)’[G(A) - (G LJuz(9)
and

LOF) = X0, L) )
0 ~ ~

LO.2) = X0 )BT )
S LO.5) = D XIS L) u(6)

where 3 is the ML estimator for 3 given by

IS 51 i | wi(8)ui(d)  ui(d)ua(y)
Y= =n
G12 03 u;(6)uz(y) uz(v)uz(v)

Close inspection reveals the similarity between the ML and BGMM estimators under normality,

as the first order partial derivatives of the log likelihood function can be considered as linear com-

binations of the moment functions Q*(A)'uy(d), Q*(A)uz(v), ui () E*(MNuy(9), ui(6)'=E*(M)ua(v),

uy(7)'E*(A)us (8), and uz () 'E* (\ua(y) with Q*(A) = [G(M)X, X] and E*(A) = G(A)—n~Hr(G(N)I,..
The optimal Q* and E* are not feasible as G involves the unknown parameter A\g. Suppose

there exists a /n-consistent preliminary estimator \ for Ao (say, the 2SLS estimator with TV matrix

9The detailed derivation of the log likelihood function and its partial derivatives can be found in Appendix A.

14



Q = [WX, X]). Then, the feasible optimal Q* and E* can obtained by replacing Ao in Q* and E*
by Y Furthermore, suppose E?, 012, 3% are consistent preliminary estimators for 0%, 012, 03. Then,
n=1Q* is a consistent estimator of n~'§2* defined in (13) with the unknown parameters A, 03, 012, 03

in Q* replaced by X 8?, 012, 83. Then, the feasible BGMM estimator is given by
abgm,m = arg min@e@ /g\* (a)lﬁ*flg\*(e)’ (16)

where g*(8) is obtained by replacing Q* and =* in g*(#) with Q* and E*. Following a similar
argument in the proof of Proposition 3 in Lee (2007), the feasible BGMM estimator abg"m can be

shown to have the same limiting distribution as its infeasible counterpart ébgmm.

Proposition 4 Suppose Assumptions 1-6 hold, Nisa \/n-consistent estimator of Ao, and S isa
consistent estimator of 3. The feasible BGMM estimator /ébgmm defined in (16) is asymptotically

equivalent to the corresponding infeasible BGMM estimator ébgmm.

Under Assumption 3, G = WS™! = W + \)W?2 + )\gW3 + ---. Thus, G can be approximated
by the leading order terms of the series expansion, i.e. W, W2 W3, .... Therefore, a convenient
alternative to the BGMM estimator under normality for empirical researchers would be the GMM
estimator with Q = [WX,--- ' W"X X] and E; = W,Ey = W2 — n tr(W?)I,,, - ,E,, =
W™ — n=r(W™)L,, for some fixed m.

5 Monte Carlo Experiments

We conduct a small Monte Carlo simulation experiment to study the finite sample performance of

the proposed GMM estimator based on the following model

yi = AWy + ¢gy2 + Box1 +wy

Y2 = 7oX2+ ug.

In the DGP, we set A\g = 0.6 and 7, = 1, and generate x1, X3 and u = (uf,u))’ as x; ~ N(0,1I,,),

x2 ~ N(0,L,), and u ~ N(0,X ®1,,), where



We conduct 1000 replications in the simulation experiment for different specifications with n €
{245,490}, 012 € {0.1,0.5,0.9}, and (¢¢, B¢) € {(0.5,0.5), (0.2,0.2)}. From the reduce form equation
(4), E(Wy,) = Gx18y + ¢oGx27,. Therefore, ¢, = 8, = 0.5 corresponds to the case that the IVs
based on E(Wy,) are informative and ¢, = 5, = 0.2 corresponds to the case that the IVs based
on E(Wy,) are less informative. Let Wy denote the spatial weights matrix for the study of crimes
across 49 districts in Columbus, Ohio, in Anselin (1988). For n = 245, we set W = I; ® Wy, and for
n = 490, we set W = I;0@ Wy. Let G= W(L, —XW)’l, where \ is the 2SLS estimator of Ao using
the IV matrix Q = [WX, W2X, X], where X = [x;,Xs]. Let Q = [éX,X]. In the experiment, we

consider the following estimators.
(a) The 2SLS estimator of equation (1) with the linear moment function Q'uy (8).
(b) The 3SLS estimator of equations (1) and (2) with the linear moment function (I, ® Q)'u(6).

(c) The single-equation GMM (GMM-1) estimator of equation (1) with the linear moment function
Q'u;(8) and the quadratic moment function u;(8)'[G — n='tr(G)I,]uy (8).
(d) The system GMM (GMM-2) estimator of equations (1) and (2) with the linear moment function

(I, ® Q)'u(6) and the quadratic moment functions u; (8)'[G — n~'tr(G)L,Ju; (8), u; (8)'[G —
n~r(G)L|uz(v), ua(7)[G — n=1tr(G)L,]uy (8), and us(7)[G — n~Ltr(G)IL, Jus (7).

Although the 2SLS estimator and the single-equation GMM estimator only use “limited informa-
tion” in equation (1) and thus may not be as efficient as their counterparts (i.e. the 3SLS estimator
and the system GMM estimator respectively) that use “full information” in the whole system, these
estimators require weaker assumptions on the reduced form equation (2) and thus may be desirable
under certain circumstances. The estimation results are reported in Tables 2-5. We report the
mean and standard deviation (SD) of the empirical distributions of the estimates. To facilitate the
comparison of different estimators, we also report their root mean square errors (RMSE). The main

observations from the experiment are summarized as follows.
[Insert Tables 2-5 here]

(i) The 2SLS and 3SLS estimators of A\ are upwards biased with large SDs when the IVs for Wy,
are less informative. For example, when n = 245 and 012 = 0.1, the 2SLS and 3SLS estimates
of Ao reported in Table 4 are upwards biased by about 10%. The biases and SDs reduce as

sample size increases. The 3SLS estimators of Ag and 3, perform better as o5 increases.
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(ii) The single-equation GMM (GMM-1) estimator of Ay is upwards biased when the IVs for Wy,
are less informative. When n = 245 and o012 = 0.1, the GMM-1 estimates of Ay reported in
Table 4 are upwards biased by about 6%. The bias reduces as sample size increases. The
GMM-1 estimator of Ay reduces the SD of the 2SLS estimator. The SD reduction is more
significant when the IVs for Wy, are less informative. In Table 2, when o712 = 0.1, the GMM-
1 estimator reduces the SD of the 2SLS estimator by about 60%. In Table 4, when 015 = 0.1,

the GMM-1 estimator reduces the SD of the 2SLS estimator by about 65%.

(iii) The system GMM (GMM-2) estimator of \¢ is upwards biased when the sample size is moderate
(n = 245) and the IVs for Wy, are less informative. The bias reduces as 012 increases. When
n = 490, the GMM-2 estimator is essentially unbiased even if the IVs are weak. The GMM-2
estimators of Ao and 3, have smaller SDs than the corresponding GMM-1 estimators. The
reduction in the SD is more significant when the endogeneity problem is more severe (i.e. o1 is
larger) and/or the IVs for Wy, are less informative. For example, in Table 3, when 015 = 0.9,
the GMM-2 estimator of Ay reduces the SD of the GMM-1 estimator by about 42%. In Table
5, when o152 = 0.9, the GMM-2 estimator of Ay reduces the SD of the GMM-1 estimator by
about 75%. In both cases, the GMM-2 estimator of 3, reduces the SD of the corresponding

GMM-1 estimator by about 56%.

6 Conclusion

In this paper, we propose a general GMM framework for the estimation of SAR models with en-
dogenous regressors. We introduce a new set of quadratic moment conditions to construct the
GMM estimator, based on the correlation structure of the spatially lagged dependent variable with
the model disturbance term and with the endogenous regressor. We establish the consistency and
asymptotic normality of the proposed GMM estimator and discuss the optimal choice of moment
conditions. We also conduct a Monte Carlo experiment to show the GMM estimator works well in
finite samples.

The proposed GMM estimator utilizes correlation across equations (1) and (2) to construct mo-
ment equations and thus can be considered as a “full information” estimator. If we only use the
moment equations based on u;(d), i.e., the residual function of equation (1), the proposed GMM
estimator becomes a single-equation GMM estimator. Although the single-equation GMM estimator

may not be as efficient as the “full information” GMM estimator, the single-equation GMM estima-
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tor requires weaker assumptions on the reduced form equation (2) and thus may be desirable under
certain circumstances. The Monte Carlo experiment shows that the “full information” GMM esti-
mator improves the efficiency of the single-equation GMM estimator when the endogeneity problem
is severe and/or the IVs for the spatially lagged dependent variable are weak.
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A Likelihood Function of the SAR Model with Endogenous Regressors

Let

S\ (pX Xy S\ S\
poy= | STOERTEXE || ST eS|

Xy 0 I,

where S(\) = I, — AW. From the reduced form equations (2) and (3), y = (y1,y5)" = p,(60) +
R(¢g; Ao)u where u = (uj,u3)’. Under normality, u ~ N(0,¥X ® I,), and thus y ~ N(u,, R(¥ ®
I,)R'), where p,, = p,(6o) and R = R(¢g, Ao). Hence, the log likelihood function of (1) and (2) is

given by

LO,%) = —nln(2r)— % In [R(¢, A)( ® L)R(6, )|
—5l¥ — 1, O RGN (Z & LRGNy — 1, (6)]

As u(0) =R (¢, \)[y — i, (0)] and [R™! (¢, \)| = [S(A)[. Then, the log likelihood function can be

written as
1 1 ! -1
L(6,Y) = —nln(27) — 3 h|(Z®L,)|+mn|SA)| - iu(e) (E®I,) u().

The first order partial derivatives of the log likelihood function are

%L(G,E) = —tr(GV) + [y) W', 0(S ® L) u(6)
(%L(G,E) = [¥5,0/(Z®1,) " u(®)
%Lw,z) = [X3,0/(Z@ L) u(®)
%L(&Z) = [0, X](Z®1,) 'u(g)
and
8(2®81n)—1L(0’ 3) = %(2 ®1,) - %u(@)u(@)/, (17)

where G(A) = WS(A)71. Since Wy; = G(\)(u1(8) + ¢ua(y)) + GV (¢Xy + X103) and ys =
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X~ + uz(v), then

(%L(O, ) = —tr(G) + [(¢Xy + X18)'G(N), 0 (Z @ 1,) 'u(0)
(w1 (9) + ¢ua (7)) GV, 0] (T @ 1,) " u(8)
and
a%L(a, ) = ['X,0/(ZT®I,) ) + [uz(y),0](Z @ 1,) tu(d).

From (17), the ML estimator for X is given by

IS 51 i L] w(8)ui(8)  ui(8)ux(v)
Y= =n
G12 O3 u;(6)ug(y) uz(y)uz(v)

(18)

(19)

L. ) = [(6Xv+Xi8)G(),0/'(EeL,) ')
+|%|u1<a>’[em (GO (6) - %T%(wﬂem 0 (G )L Ju (6)
~2 o
+0. 2w IGO) — 1 (GO ua() — 6 ) [G0) — (G ua()
and
0

8—¢L(0, $) =X, 0/(E®1,) 'u®).

B Lemmas

For ease of reference, we list some useful results without proofs. Lemmas B.1-B.6 can be found (or

are straightforward extensions of the lemmas) in Lee (2007). Lemma B.7 is a special case of Lemma

3 in Yang and Lee (2014). Lemmas B.8 and B.9 are from Breusch et al. (1999).
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Lemma B.1 Let A and B be n x n nonstochastic matrices such that tr(A) = tr(B) = 0. Then,

(i) E(jAwuiBu;) = (uy— 307)vecp(A)vecp(B) + oftr(AB®)
(i) E(ujAuuiBuy) = (ug,; — 307012)vecp(A)vecp(B) + olo1otr(AB®))
(i) E(ujAujuyBuy) = (pyy — 0303 — 20%,)vecp(A) veep(B) + of,tr(AB™))
(iv) E(ujAuuiBuy) = (g, — 070 — 207,)vecp(A) vecp(B) + oiostr(AB') + o1,tr(AB)
(v) E(ujAu,uyBus) = (py5— 301203)vecn(A) vecp(B) + o1205tr(AB)
(vi) E(ujAuwusBus) = (ug4 — 303)vecp(A) vecp(B) + ostr(ABH)

Lemma B.2 Let A be an n X n nonstochastic matriz and ¢ be an n X 1 nonstochastic vector. Then,

(i) E(ujAuiuic) = pzgvecp(A)c

(i) E(ujAujuyc) = E(ujAusuic) = p, vecp(A)'c
(iii) E(ujAusujc) = E(ujAusuic) =, vecp(A)'c
(iv) E(ujAuguye) =y zvecp(A)’c.

Lemma B.3 Let A be an nxn nonstochastic matriz with row and columns sums uniformly bounded
in absolute value. Then, (i) n~'ujAu; = O,(1), n"'ujAuy = O,(1); and (i) n~'{ujAu; —

E(ujAu;)] = o,(1), n ujAuz — E(ujAus)] = op(1).

Lemma B.4 Let A be an nxn nonstochastic matriz with row and columns sums uniformly bounded
in absolute value. Let ¢ be an n x 1 nonstochastic vector with uniformly bounded elements. Then,
n~12c'Au, = O,(1) and n~'c’Au, = o,(1). Furthermore, if lim, ..o n~'c/AA’c exists and is

positive definite, then n~'/2c’ Au, 4, N(0,021lim,, oo n " 1c/AA'c), for r =1,2.

Lemma B.5 Suppose n~1[['(0) — I'y(0)] = op(1) uniformly in @ € O, where T'o(0) is uniquely
identified at 6y. Define @ = arg mingce I'(0) and 0 = arg mingee I'*(0). If n=1[['(0) — T*(0)] =
op(1) uniformly in @ € © then both 0 and @ are consistent estimators of 6y. Furthermore, assume
that %%{;,,F(O) converges uniformly to a matriz which is nonsingular at 6y and ﬁ%r(a) =
Op(1). If (5055 T(0) — 55 T(0)] = 0p(1) and —=[55:T*(8) — 53 1(8)] = 0,(1) uniformly in ©,

then /(8 — 0) — /(0 — ) = 0p(1).
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Lemma B.6 Let A and B be n x n nonstochastic matrices with row and columns sums uniformly
bounded in absolute value, c1 and co be n X 1 nonstochastic vectors with uniformly bounded elements.
G* is either G, G — n~'tr(G)I,, or G — diag(G), and G* is obtained by replacing Ao in G* by
its \/n-consistent estimator X. Suppose Assumption 3 holds. Then, n’lc’l(é* — G)cg = op(1),
n=12c)(G* — G)Au, = op(1), n~lu/A'(G* — G)Bu, = op(1), and n~12u (G* — G)u, = op(1),
forr,s=1,2.

Lemma B.7 Let A, ; be an nxn nonstochastic matriz with row and column sums uniformly bounded
in absolute value for r,s = 1,2. Let ¢1 and co be n X 1 nonstochastic vectors with uniformly bounded

elements. Let 0> = Var(e), where € = Y2 clu, + 32°_, 32 (WA, u, — E[W,A, u,]). Suppose

r=1"-r

02 = O(n) and n=to? is bounded away from zero. Then, o~ 'e 4, N(0,1).

Lemma B.8 Consider the set of moment conditions g(0) = [g1(0),82(0)']" with E[g(6y)] = 0.
Define D; = fE[%gi(O)] and Q;; = E[g;(0)g;(0)'] for i,j = 1,2. The following statements are
equivalent (i) go is redundant given g ; (ii) Do = Qzlﬂl_llDl and (iii) there exists a matriz A such

that D2 = leA and D1 = QHA.

Lemma B.9 Consider the set of moment conditions g(0) = [g1(0)’,g2(0)’,g3(8)']" with E[g(6y)] =
0. Then (gh,g5) is redundant given g1 if and only if g2 is redundant given g1 and g3 is redundant

given gy .

C Proofs

Proof of Proposition 1: To prove consistency, first we need to show the uniform convergence of

n~2g(0)'F'Fg(0) in probability. For some typical row F;. of F

Fig(0) = f.Qui(8)+ 6, Qus(y)+w(d) (D fiuE | wi(d)+w(d) | D foi,E | waly)
j=1 j=1

m

+uz ()’ ZfS,ijEj u; (8) + ua(y)’ Zf4,ij5j uz(y)
=1 =1

where F;. = (f1,.,f24., fri1, -+, fiim, -+ 5 fait, -+, faim) and f1 ;. and fo ;. are row sub-vectors. As

u;(6) = dy(8) +r1(d), where dy(8) = (Ao — A)G (9o Xy + X18y) + (¢ — ¢) Xy + X1(By — B) and
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ri(6) = uy + (Ao — A)(Guy + ¢yGuz) + (¢ — ¢)uz, we have

(Z 1, m—v) =d; () <Z fl,ijEj) di(9) +11(0) + q1(0)

where 11 (8) = d; ()’ (z;’; . fl,ijags)) r1(8) and () = r1(8) (z;’;l fl,ijaj) r1(8). It follows by
Lemmas B.3 and B.4 that n=';(8) = o,(1) and n~'q;(8) — n " *E[q1(8)] = op(1) uniformly in O,

where

m

Elg1(8)] = (Ao —N[oF +012(200 — 6) + 0300(¢ Z Fritr(GE)

+(>‘0 - /\)2(05925(2) + 2012¢0 + O'%) Z f17ijt1‘(G/EjG).
j=1
Hence, n='u;(8)’ <Z:n:1 fl,ijEj) uy(6) — n'E[uy (6) (Z:nzl fl,ijEj) u;(8)] = op(1) uniformly in
©, where E[u,(8)’ (22”:1 f1,¢j3j> ui(8)] = di(8) (Z;ﬂ:lflyijaa di(8) + E[q1(6)]. As us(v) =
da(v) + ug, where da(y) = X(’yo — ), we have

(Z f2 ’L]‘—‘j) u2 (Z f2 ’L]‘—‘j) d2 + 12(0) + q2(0)

where 12(8) = r1(8)' (7 f2.4i8; ) do(y)+1(68)' (L, fo B ) w2 and g2(8) = r1(8) (L7 fisS,s ) v
It follows by Lemmas B.3 and B.4 that n='15(0) = 0, (1) and n™1g2(0) — n~'E[g2(0)] = 0p,(1) uni-

formly in ©, where

E[g2(0)] = (Ao — M) (012 + 03¢0) > fa.ijtr(GE;).

j=1

Hence, n~1u;(v)’ (Z;ﬂzl fa ijE]) uz(8) — n1E[u (v)’ (Z;nzl fg’ijEj) u2(8)] = op(1) uniformly
in ©, where E[u;(v)’ (ZJ 1 f2, z]-_-j> uy(0)] = dyi(y) (Z;n:l fQ’Z'jE]’) d2(8) + E[g2(0)]. Similarly,

()’ (7 faaiEs ) w@)—n Blua(y) (75 fois=s ) wi(@)] = op(1), n ua(y) (72 fu.isEs ) ualy)-

n~ ' Eluy(v)’ (Z;n:l fa, ij5j> uz(y)] = op(1), n7 1 Qui(8) — n'E[fi; Qui(d)] = o,(1), and
n ;. Qua(vy)—n T E[f2 ;. Q'ua(v)] = 0p(1) uniformly in ©. Therefore, n~'Fg(0)—n"'FE[g(0)] =
op(1) uniformly in ©, and hence, n=2g(0)'F'Fg(0) converges in probability to a well defined limit
uniformly in ©. As g(0) is a quadratic function of 8, n"'FE[g(0)] is uniformly equicontinuous on

© by Assumption 4. The identification condition and the uniform equicontinuity of n~'FE[g(0)]
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imply that the identification uniqueness condition for n~2E[g(0)'|F'FE[g(0)] must be satisfied. The
consistency of 8 follows by Theorem 15.1 of Peracchi (2001).

For the asymptotic normality of égmm, by the mean value theorem,

~ L0 o~ 0 =1 e ~ _
V(Ogmm — 00) = — |n 1%g(é’gm)/F’n 1F@g(ﬂ) n 1%g(0gmm)’F’n /2Fg(0)

where 6 = tég,,l,,,,L + (1 —1t)8 for some t € [0,1] and

Q'Wy1 Q'y: Q'X, 0
w(O)ET Wy, w()ENy: w(0)EX, 0
w (02 Wy, w(d)ENy: w(d)ENX, 0

ux(7)EiWyr  w(7)Ely: w(y)EiX: w(§)EX

w(v)'E,Wyr  w(y)E,Ly: uw(v)E,X: u(d)E,X

ux ()21 Wy ua(v)

Ww(Y)EnWyr w(7)EBnyz w(y)E,X1 w(d)'E,
0 0 0 us(7)'EX

0 0 0 uy(7)EWX

Using Lemmas B.3 and B.4, it follows by a similar argument in the proof of Proposition 1 in Lee
(2007) that —n‘lﬁg(a) —n7'D = 0,(1) and —n "' ;2,g(0) —n~'D = o, (1) with D given by (10).
By Lemma B.7 and the Cramer-Wald device, we have n~'/2Fg(8j) 4 N(0,lim,,—, o n 'FQF’) with
Q given by (9). The desired result follows. m

Proof of Proposition 2: Note that
n'g(0)Q'g(6) = n'g(6)'Q'g(6) +n g (0) (2 — 27 )g(6).
With F = (n~'Q)~/2, uniform convergence of n~'g(8)'Q~'g(0) in probability follows by a similar
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argument in the proof of Proposition 1. On the other hand,
_ _ _ _ 2|, _1a,— e —
[ g0 (@ — 2 )g(O)| < (v g@®))’ || V) - ()

where || - || is the Euclidean norm for vectors and matrices. By a similar argument in the proof of
Proposition 1, we have n~'g(6) —n~'E[g(0)] = 0,(1) and n~'E[g(0)] = O(1) uniformly in ©, which
nlg(0) (4 — 2 )g(o)|

in turn implies that n~'(|g(@)|| = Op (1) uniformly in ©. Therefore,
0p(1) uniformly in ©. The consistency of ég,,,m follows.

For the asymptotic normality of \/ﬁ(ﬁgmm — 60y), note that from the proof of Proposition 1 we
have —n

_1%g(§gmm) —n7'D = o,(1), since égmm is consistent. Let 6 = tggmm + (1 —t)8q for

some t € [0,1], then by the mean value theorem,

-1

~ o  ~ PN
©)] 12580 mn) () n g(00)

~

0 ~ 0
- _ -1 10 —1 -1,-1_~

= {n_lD’ (71_19)71 n_lD] o n~'D’ (n_lﬂ)71 n~"2g(0) + op(1)

which concludes the first part of the proof, since in the proof of Proposition 1 it is established that
n~1/2g(8,) converges in distribution.
For the overidentification test, by the mean value theorem, for some ¢ € [0,1] and 0= tagmm +

(1—1)8,

o~

o ) O
g @) = 7 g(00) + 1 (6) By — 00)

= An'?g(8y) +0,(1)

_ -1 _
where A = Igjn(g) —n "D {nilD’ (n7'€2) ! nilD} n~'D’ (n710Q) ', Therefore

~

g(agmm)/ﬁ_lg(egMM) = n_l/Qg(aqmm)/(n_lﬂ)_ln_lﬂg(agmm)+Op(1)
= n?g(60) A (n”' Q) An~2g(8o) + 0y (1)

= [(n'0) P 2g(00))Bl(n 1) A0 2g(80)] + o, (1)
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—1/2

where B = Lyin(g) — (n_lﬂ)_l/Q n~'D {n‘lD’ (n_lﬂ)_l n_lD] o n~1D’ (n‘lﬂ) . Therefore

4 S5-1.7 d
8(0gmm) Q' 8(Ogmm) = Xir(m)»

where tr(B) = dim(g) — dim(6). =

Proof of Proposition 3: To establish the asymptotic efficiency, we use an argument by Breusch
et al. (1999) to show that any additional moment conditions g defined in (6) given g* defined in
(12) will be redundant. Following Breusch et al. (1999), g is redundant given g* if the asymptotic
variance of an estimator based on moment equations E[g(€)] = 0 and E[g*(0)] = 0 is the same as

an estimator based on E[g*(6)] = 0. In cases (i) and (ii),

(ZeQQY) o
Q% = E[g(60)g"(60)] =
0 07,
where
0'41Jt 0'%0'12 0'%0'12 0’%2 —
2 2 2 .2 2 tr(nl: )
# 01012 0719 0105 05012
03, = ®
0%012 U%U% 0'%2 0'3012
tr(E,,2*
2 2 2 4 (EmE")
0719 05012 05012 09 ]

4 2 2 2
01 0-10-]_2 01012 0'12
2 2 .2 2 2
01012 0102 0'12 02012

2 2 2 .2 2
01012 012 0102 02012

2 2 2 4
0719 05012 05012 09
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Let

a3(CBy + d970) 0 0 0
0 737 03C  —o2lk,
—012(CBy + $070) 0 0 0
A-— 21 i 0 —0127y —012C  oilk, ’
0103 — 012 o3 0 0 0
$y03 0 0 0
—012 0 0 0
L —don 0 0 o |

where C = [Ig,, 0]’ and X; = XC. Then D = Q# A, where D is defined in (10). Based on Lemma
B.8 g is redundant given g*. Furthermore, Lemma B.9 tells us that any subset of g is redundant
given g*. =m

Proof of Proposition 4: To show the desired result, we only need to show I'(8) = g*(0)'Q*~1g*(0)
and T'(0) = g*(0)'Q*~'g*(0) satisfy the conditions of Lemma B.5. First, n=![g;(0) — g} (0)] =

n7 L ® (Q° — Q)'u(8), n7'[85,(0) — 85,.(8)] = n " u,(0) (B* — E*)u,(6),

0 0 0 Q"X
b ul(é)’E*(S)Wyl ul(d)'E*(S)yg ul(é)’E*(S)Xl 0

WH)VE Wy, wm()Ey:  w()/EX w(8)EX

!

w(7)E*Wyr  w(y)'E'y: w(y)E'X; uw(§)EX

0 0 0 u,(v)' 2 X

and

82

a000'® )=

g g o o

where Q* = [GX, X], E* is either G — n~!tr(G)I, or G — diag(G), 53-u1(8) = —[Wy1,y2, X1, 0],

and 32-us(y) = —[0,0,0,X]. By inspection of each term of the above matrices, we conclude
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0 & (0) — &°(0)] = 0p(1), 0 [ E"(6) — 25&"(8)] = 0p(1) and 1~ [525 8" (6) — 5 (0)] =
0p(1) uniformly in © by Lemma B.6. Second, as G -G == X)G2+ (A= X)2GG2, we have
n~Hr(E*EY) — n Ur(E*E*) = op(1) and n~tr(E¥E*) — n~Ur(EYE") = o,(1). Therefore, as
3 is a consistent estimator of 3, we have n_l(ﬁ — Q%) = o,(1). Hence, we can conclude that
n_l[f‘(e) —T'(0)] = op(1) and n_l[%;o/f‘(a) - %;9,1‘(9)] = 0p(1) uniformly in ©. Finally, since
n~2g*(0y) = O,(1) by a similar argument in the proof of Proposition 1 and n~'/2[g*(8,) —
g*(60)] = op(1) by Lemma B.6,

w212 B(60) - 2 1(00)]

00’ 00’
0 ok oO—1_— % * 0 % O — 0 * — — *
= 2548 (00) Q2 'n"1/2[g"(6,) — g (90)]+2[%g (60)Q " — 598 (00)'Q2 ' In""/2g" (o)
= op(1).

The desired result follows. m
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Table 2: 2SLS, 3SLS and GMM Estimation (n = 245)

Ao =0.6 ¢o = 0.5 Bo = 0.5 Yo=1
o, =0.1
2SLS 0.601(0.128)[0.128] | 0.497(0.068)[0.068] | 0.496(0.066)[0.066] -
3SLS 0.601(0.126)[0.126] | 0.497(0.068)[0.068] | 0.496(0.066)[0.066] | 0.999(0.066)[0.066]
GMM-1 | 0.602(0.052)[0.052] | 0.499(0.066)[0.066] | 0.498(0.065)[0.065] -
GMM-2 | 0.607(0.051)[0.051] | 0.497(0.067)[0.068] | 0.498(0.065)[0.065] | 0.999(0.066)[0.066]
01, =05
2SLS 0.601(0.138)[0.138] | 0.496(0.068)[0.068] | 0.495(0.066)[0.066] -
3SLS 0.602(0.111)[0.111] | 0.496(0.068)[0.068] | 0.498(0.057)[0.057] | 1.000(0.066)[0.066]
GMM-1 | 0.602(0.046)[0.046] | 0.501(0.066)[0.066] | 0.498(0.065)[0.065] -
GMM-2 | 0.604(0.045)[0.045] | 0.495(0.068)[0.068] | 0.499(0.057)[0.057] | 0.999(0.066)[0.066]
g1, =09
2SLS 0.601(0.170)[0.170] | 0.495(0.070)[0.070] | 0.494(0.067)[0.067] -
3SLS 0.603(0.059)[0.059] | 0.497(0.068)[0.068] | 0.500(0.029)[0.029] | 1.001(0.066)[0.066]
GMM-1 | 0.603(0.050)[0.050] | 0.503(0.066)[0.066] | 0.498(0.065)[0.065] -
GMM-2 | 0.601(0.023)[0.023] | 0.495(0.070)[0.070] | 0.500(0.028)[0.028] | 0.999(0.067)[0.067]
Mean(SD)[RMSE]

Table 3: 2SLS, 3SLS and GMM Estimation (n = 490)

Ao =0.6 ¢o = 0.5 Bo = 0.5 Yo=1
o, =0.1
2SLS 0.600(0.080)[0.080] | 0.497(0.047)[0.047] | 0.497(0.046)[0.046] -
3SLS 0.599(0.079)[0.079] | 0.497(0.047)[0.047] | 0.497(0.046)[0.046] | 1.000(0.045)[0.045]
GMM-1 | 0.600(0.035)[0.035] | 0.498(0.047)[0.047] | 0.498(0.046)[0.046] -
GMM-2 | 0.602(0.034)[0.034] | 0.497(0.047)[0.047] | 0.498(0.045)[0.046] | 1.000(0.046)[0.046]
01, =05
2SLS 0.600(0.081)[0.081] | 0.496(0.048)[0.048] | 0.497(0.046)[0.046] -
3SLS 0.600(0.068)[0.068] | 0.496(0.047)[0.047] | 0.499(0.040)[0.040] | 0.999(0.046)[0.046]
GMM-1 | 0.600(0.030)[0.030] | 0.499(0.047)[0.047] | 0.498(0.046)[0.046] -
GMM-2 | 0.601(0.029)[0.029] | 0.496(0.047)[0.048] | 0.499(0.040)[0.040] | 0.999(0.046)[0.046]
g1, =09
2SLS 0.601(0.082)[0.082] | 0.496(0.048)[0.048] | 0.496(0.046)[0.046] -
3SLS 0.601(0.034)[0.034] | 0.496(0.047)[0.048] | 0.500(0.020)[0.020] | 0.999(0.047)[0.047]
GMM-1 | 0.600(0.026)[0.026] | 0.500(0.047)[0.047] | 0.498(0.045)[0.045] -
GMM-2 | 0.600(0.015)[0.015] | 0.494(0.048)[0.049] | 0.500(0.020)[0.020] | 0.997(0.048)[0.048]

Mean(SD)[RMSE]




Table 4: 2SLS, 3SLS and GMM Estimation (n = 245)

Ao =0.6 ¢o =0.2 Bo = 0.2 Yo=1
o, =0.1
2SLS 0.667(0.464)[0.469] | 0.196(0.075)[0.076] | 0.194(0.070)[0.071] -
3SLS 0.660(0.482)[0.486] | 0.195(0.076)[0.076] | 0.195(0.070)[0.070] | 0.999(0.066)[0.066]
GMM-1 | 0.637(0.163)[0.167] | 0.201(0.067)[0.067] | 0.198(0.066)[0.066] -
GMM-2 | 0.640(0.145)[0.150] | 0.199(0.068)[0.068] | 0.198(0.065)[0.065] | 0.999(0.066)[0.066]
01, =05
2SLS 0.678(0.439)[0.446] | 0.195(0.070)[0.070] | 0.194(0.068)[0.068] -
3SLS 0.653(0.357)[0.361] | 0.195(0.069)[0.069] | 0.197(0.058)[0.059] | 1.000(0.066)[0.066]
GMM-1 | 0.648(0.189)[0.195] | 0.202(0.067)[0.067] | 0.198(0.066)[0.066] -
GMM-2 | 0.624(0.109)[0.112] | 0.196(0.068)[0.068] | 0.199(0.057)[0.057] | 0.999(0.066)[0.066]
g1, =09
2SLS 0.688(0.389)[0.399] | 0.194(0.070)[0.070] | 0.194(0.068)[0.068] -
3SLS 0.627(0.168)[0.170] | 0.196(0.067)[0.068] | 0.199(0.029)[0.029] | 1.001(0.066)[0.066]
GMM-1 | 0.646(0.178)[0.184] | 0.204(0.067)[0.067] | 0.198(0.065)[0.065] -
GMM-2 | 0.608(0.052)[0.053] | 0.196(0.068)[0.069] | 0.200(0.029)[0.029] | 0.999(0.067)[0.067]
Mean(SD)[RMSE]

Table 5: 2SLS, 3SLS and GMM Estimation (n = 490)

Ao =0.6 ¢o =0.2 Bo = 0.2 Yo=1
o, =0.1
2SLS 0.625(0.251)[0.253] | 0.195(0.047)[0.048] | 0.195(0.046)[0.047] -
3SLS 0.624(0.252)[0.253] | 0.195(0.047)[0.048] | 0.195(0.046)[0.046] | 1.000(0.045)[0.045]
GMM-1 | 0.610(0.094)[0.094] | 0.198(0.047)[0.047] | 0.198(0.046)[0.046] -
GMM-2 | 0.610(0.071)[0.072] | 0.197(0.047)[0.047] | 0.198(0.045)[0.045] | 1.000(0.046)[0.046]
01, =05
2SLS 0.633(0.227)[0.230] | 0.195(0.048)[0.048] | 0.195(0.046)[0.047] -
3SLS 0.620(0.195)[0.196] | 0.195(0.047)[0.048] | 0.197(0.040)[0.040] | 0.999(0.046)[0.046]
GMM-1 | 0.611(0.092)[0.092] | 0.199(0.047)[0.047] | 0.198(0.046)[0.046] -
GMM-2 | 0.604(0.043)[0.043] | 0.196(0.047)[0.047] | 0.199(0.040)[0.040] | 0.999(0.046)[0.046]
g1, =09
2SLS 0.628(0.280)[0.282] | 0.195(0.048)[0.048] | 0.194(0.047)[0.047] -
3SLS 0.607(0.100)[0.100] | 0.196(0.047)[0.048] | 0.200(0.020)[0.020] | 0.999(0.047)[0.047]
GMM-1 | 0.612(0.097)[0.098] | 0.200(0.047)[0.047] | 0.198(0.046)[0.046] -
GMM-2 | 0.602(0.024)[0.024] | 0.195(0.048)[0.048] | 0.200(0.020)[0.020] | 0.997(0.047)[0.047]

Mean(SD)[RMSE]




