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B Supplementary Appendix

The supplementary appendix provides explicit proofs for some of the results claimed in the main

part of the paper.

B.1 Proofs of Propositions

Proof of Proposition 1. Let Γ = (Iq ⊗ β̂
′
, Iq)

′, then in light of (8) and (10) we have

V̂∗ = LV̂ =

 V̂X

V̂U

 and Φ̂∗ = LΦ̂L′ =

 Φ̂XX 0

0 Φ̂UU

 ,
and

V̂ =

 Γ′V̂∗

V̂∗

 and Φ̂ =

 Γ′Φ̂∗Γ Γ′Φ̂∗

Φ̂∗Γ Φ̂∗

 .
Next observe that the Moore-Penrose generalized inverse of Φ̂ is, as is readily checked, given by

Φ̂+ =

 Γ′AΓ Γ′A

AΓ A

 ,
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where A = (I + ΓΓ′)−1Φ̂−1∗ (I + ΓΓ′)−1. Consequently,

V̂′Φ̂+V̂ =

 Γ′V̂∗

V̂∗


′  Γ′AΓ Γ′A

AΓ A


 Γ′V̂∗

V̂∗


= V̂′∗(I + ΓΓ′)A(I + ΓΓ′)V̂∗

= V̂′∗Φ̂
−1
∗ V̂∗,

which proves the claim.

Proof of Proposition 2. Let R = In − ρ1W1 − · · · − ρqWq. If ε ∼ N(0, σ2In), under the stated

assumptions, u ∼ N(0,Ωu) and y ∼ N(Xβ,Ωu), where Ωu = σ2R−1R′−1. The log-likelihood

function is given by

lnL(δ) = −n
2

ln(2π)− 1

2
ln |det(Ωu)| − 1

2
(y −Xβ)′Ω−1u (y −Xβ), (B.1)

where δ = [ρ′,β′, σ2]′. The first-order derivatives of the log-likelihood function (B.1) are

∂ lnL

∂ρr
= tr[

∂R

∂ρr
R−1]− 1

σ2
(y −Xβ)′R′

∂R

∂ρr
(y −Xβ),

∂ lnL

∂β
=

1

σ2
X′R′R(y −Xβ),

∂ lnL

∂σ2
= − n

2σ2
+

1

2σ4
(y −Xβ)′R′R(y −Xβ).

Evaluated at the true parameter value, the mean of the second-order derivatives of the log-likelihood

function (B.1) are

E
∂2 lnL

∂ρr∂ρs
= −tr[

∂R

∂ρr
R−1

∂R

∂ρs
R−1]− tr[(

∂R

∂ρr
R−1)′

∂R

∂ρs
R−1],

E
∂2 lnL

∂ρs∂β
= 0,

E
∂2 lnL

∂ρs∂σ
2

=
1

σ2
tr[
∂R

∂ρs
R−1].

2



Observe that when ρ = 0, R = In and ∂
∂ρr

R = −Wr. Evaluated at the restricted ML estimator δ̃,

∂ lnL

∂ρr
|δ̃ =

1

σ̂2
ũ′Wrũ,

∂ lnL

∂β
|δ̃ = 0,

∂ lnL

∂σ2
|δ̃ = 0,

and

E
∂2 lnL

∂ρr∂ρs
|δ̃ = −2tr(WrWs), E

∂2 lnL

∂ρs∂β
|δ̃ = 0, E

∂2 lnL

∂ρs∂σ
2
|δ̃ = 0.

Then, the LM test statistic is given by

LMu = [
∂ lnL

∂δ′
]δ̃[−E

∂2 lnL

∂δ∂δ′
]−1
δ̃

[
∂ lnL

∂δ
]δ̃

=


∂ lnL
∂ρ |δ̃

0Kx×1

0


′ 
−E∂2 lnL

∂ρ∂ρ′ |δ̃ 0 0

0 −E∂2 lnL
∂β∂β′ |δ̃ −E∂2 lnL

∂β∂σ2 |δ̃
0 −E ∂2 lnL

∂β′∂σ2 |δ̃ −E∂2 lnL
∂(σ2)2 |δ̃


−1 

∂ lnL
∂ρ |δ̃

0Kx×1

0


= [

∂ lnL

∂ρ
]′
δ̃
[−E

∂2 lnL

∂ρ∂ρ′
]−1
δ̃

[
∂ lnL

∂ρ
]δ̃

= ṼU ′(Φ̃UU )−1ṼU ,

which proves the claim.

Proof of Proposition 3. Let R = In − ρ1W1 − · · · − ρqWq and S = In − λ1W1 − · · · − λqWq. If

ε ∼ N(0, σ2In), under the stated assumptions, y ∼ N(S−1µy,Ωy), where µy = Xβ+
∑q
r=1 WrXγr

and Ωy = S−1ΩuS
′−1. The log-likelihood function is given by

lnL(θ) = −n
2

ln(2π)− 1

2
ln |det(Ωy)| − 1

2
(y − S−1µy)′Ω−1y (y − S−1µy), (B.2)

where θ = [ρ′,λ′,γ′1, · · · ,γ′q,β′, σ2]′. The first-order derivatives of the log-likelihood function (B.2)
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are

∂ lnL

∂ρr
= tr[

∂R

∂ρr
R−1]− 1

σ2
(Sy −Xβ −

∑q
s=1 WsXγs)

′R′
∂R

∂ρr
(Sy −Xβ −

∑q
s=1 WsXγs)

∂ lnL

∂λr
= −tr[WrS

−1] +
1

σ2
(Sy −Xβ −

∑q
s=1 WsXγs)

′R′RWry

∂ lnL

∂γr
=

1

σ2
X′W′

rR
′R(Sy −Xβ −

∑q
s=1 WsXγs)

∂ lnL

∂β
=

1

σ2
X′R′R(Sy −Xβ −

∑q
s=1 WsXγs)

∂ lnL

∂σ2
= − n

2σ2
+

1

2σ4
(Sy −Xβ −

∑q
s=1 WsXγs)

′R′R(Sy −Xβ −
∑q
s=1 WsXγs).

Evaluated at the true parameter value, the mean of the second-order derivatives of the log-likelihood

function (B.2) are

E
∂2 lnL

∂ρr∂ρs
= −tr[

∂R

∂ρr
R−1

∂R

∂ρs
R−1]− tr[(

∂R

∂ρr
R−1)′

∂R

∂ρs
R−1],

E
∂2 lnL

∂ρr∂λs
= tr[

∂R

∂ρr
WsS

−1R−1] + tr[
∂R′

∂ρr
RWsS

−1(R′R)−1],

E
∂2 lnL

∂ρr∂γs
= E

∂2 lnL

∂ρr∂β
= 0,

E
∂2 lnL

∂ρr∂σ
2

=
1

σ2
tr[
∂R

∂ρr
R−1],

E
∂2 lnL

∂λr∂λs
= −tr[WrS

−1WsS
−1]− tr[(RWrS

−1R−1)′RWsS
−1R−1]

− 1

σ2
[RWrS

−1(Xβ +
∑q
r=1 WrXγr)]

′[RWsS
−1(Xβ +

∑q
r=1 WrXγr)],

E
∂2 lnL

∂λr∂γs
= − 1

σ2
X′W′

sR
′RWrS

−1(Xβ +
∑q
r=1 WrXγr),

E
∂2 lnL

∂λr∂β
= − 1

σ2
X′R′RWrS

−1(Xβ +
∑q
r=1 WrXγr),

E
∂2 lnL

∂λr∂σ2
= − 1

σ2
tr[RWrS

−1R−1],
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E
∂2 lnL

∂γr∂γ
′
s

= − 1

σ2
X′W′

rR
′RWsX,

E
∂2 lnL

∂β∂γ′r
= − 1

σ2
X′R′RWrX,

E
∂2 lnL

∂β∂β′
= − 1

σ2
X′R′RX,

E
∂2 lnL

∂γr∂σ
2

= E
∂2 lnL

∂β∂σ2
= 0,

E
∂2 lnL

∂(σ2)2
= − n

2σ4
.

Observe that when λ = ρ = 0, S = R = In and ∂
∂ρr

R = −Wr for r = 1, · · · , q. Evaluated at the

restricted ML estimator θ̂, we have ∂ lnL
∂ρr
|θ̂ = 1

σ̂2
û′W rû,

∂ lnL
∂λr
|θ̂ = 1

σ̂2
y′W ′rû,

∂ lnL
∂γr
|θ̂ = 1

σ̂2
X′W ′rû,

∂ lnL
∂β |θ̂ = 0, ∂ lnL∂σ2 |θ̂ = 0, and

E
∂2 lnL

∂ρr∂ρs
|θ̂ = E

∂2 lnL

∂ρr∂λs
|θ̂ = −2tr(WrWs),

E
∂2 lnL

∂λr∂λs
|θ̂ = −2tr(WrWs)−

1

σ̂2
β̂
′
X′W′

rWsXβ̂,

E
∂2 lnL

∂λr∂γs
|θ̂ = − 1

σ̂2
X′W′

sWrXβ̂,

E
∂2 lnL

∂λr∂β
|θ̂ = − 1

σ̂2
X′WrXβ̂,

E
∂2 lnL

∂γr∂γ
′
s

|θ̂ = − 1

σ̂2
X′W′

rWsX,

E
∂2 lnL

∂β∂γ′r
|θ̂ = − 1

σ̂2
X′WrX,

E
∂2 lnL

∂β∂β′
|θ̂ = − 1

σ̂2
X′X,

E
∂2 lnL

∂(σ2)2
|θ̂ = − n

2(σ̂2)2
,

E
∂2 lnL

∂ρr∂γk,s
|θ̂ = E

∂2 lnL

∂ρr∂βk
|θ̂ = E

∂2 lnL

∂ρr∂σ
2
|θ̂ = E

∂2 lnL

∂λr∂σ2
|θ̂ = E

∂2 lnL

∂γk,r∂σ
2
|θ̂ = E

∂2 lnL

∂βk∂σ
2
|θ̂ = 0.
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Let

A11 = −



E∂2 lnL
∂λ∂λ′ |θ̂ E ∂2 lnL

∂λ∂∂γ′1
|θ̂ · · · E ∂2 lnL

∂λ∂γ′q
|θ̂ E∂2 lnL

∂λ∂ρ′ |θ̂
E ∂2 lnL
∂∂γ1∂λ

′ |θ̂ E ∂2 lnL
∂γ1∂γ

′
1
|θ̂ · · · E ∂2 lnL

∂γ1∂γ
′
q
|θ̂ 0

...
...

. . .
...

...

E ∂2 lnL
∂γq∂λ

′ |θ̂ E ∂2 lnL
∂γq∂γ

′
1
|θ̂ · · · E ∂2 lnL

∂γq∂γ
′
q
|θ̂ 0

E∂2 lnL
∂ρ∂λ′ |θ̂ 0 · · · 0 E∂2 lnL

∂ρ∂ρ′ |θ̂


A21 = −[E

∂2 lnL

∂β∂λ′
|θ̂,E

∂2 lnL

∂β∂γ′1
|θ̂, · · · ,E

∂2 lnL

∂β∂γ′q
|θ̂,0]

A22 = −E
∂2 lnL

∂β∂β′
|θ̂,

then, the LM test statistic is given by

LMy = [
∂ lnL

∂θ′
]θ̂[−E

∂2 lnL

∂θ∂θ′
]+
θ̂

[
∂ lnL

∂θ
]θ̂

=



∂ lnL
∂λ |θ̂
∂ lnL
∂γ1
|θ̂

...

∂ lnL
∂γq
|θ̂

∂ lnL
∂ρ |θ̂

0Kx×1

0



′


A11 A′21 0

A21 A22 0

0 0 −E∂2 lnL
∂(σ2)2 |θ̂


+



∂ lnL
∂λ |θ̂
∂ lnL
∂γ1
|θ̂

...

∂ lnL
∂γq
|θ̂

∂ lnL
∂ρ |θ̂

0Kx×1

0



.

Let V̂ and Φ̂ be defined as in (8), then using results on the generalized inverse of partitioned
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matrices given in, e.g., Trenkler and Schipp (1993), we have

LMy =



∂ lnL
∂λ |θ̂
∂ lnL
∂γ1
|θ̂

...

∂ lnL
∂γq
|θ̂

∂ lnL
∂ρ |θ̂



′

[
(A11 −A12A

−1
22 A21)

+

]


∂ lnL
∂λ |θ̂
∂ lnL
∂γ1
|θ̂

...

∂ lnL
∂γq
|θ̂

∂ lnL
∂ρ |θ̂


= V̂′Φ̂+V̂,

observing thatA11−A12A
−1
22 A21 = σ̂−4Φ̂. By Proposition 1 we have V̂′Φ̂+V̂ = (LV̂)′(LΦ̂L′)−1(LV̂),

which proves the claim.

Proof of Proposition 4. Under the maintained assumptions, E[n−1/2X′u] = 0, cov[n−1/2X′u] =

n−1X′ΩuX = O(1), which implies n−1/2X′u = Op(1). Furthermore, as (n−1X′X)−1 = O(1), we

have n1/2(β̃ − β) = (n−1X′X)−1n−1/2X′u = Op(1). Let A be some n × n matrix whose row and

column sums are uniformly bounded in absolute value by some finite constant. Then,

n−1ũ′Aũ = n−1u′Au− n−1u′AX(β̃ − β)− (β̃ − β)′n−1X′Au + (β̃ − β)′n−1X′AX(β̃ − β)

= n−1u′Au + op(1)

since by standard argumentation n−1X′Au = op(1) and n−1X′AX = O(1). Next observe that

n−1E[u′Au] = n−1tr[AΩu] is bounded by a finite constant under the maintained assumptions, and

cov[n−1u′Au] = n−22tr[C2] + n−2
n∑
i=1

c2ii[E(εi/σ)4 − 3]

with C = [cij ] = σ2R′−1AR−1. Since the elements of C and C2 are uniformly bounded in

absolute value under the maintained assumptions we have cov[n−1u′Au] = o(1), and hence by

Chebychev’s inequality n−1ũ′Aũ = n−1E[u′Au] + op(1). Using this result with A = Wr shows

that n−1ṼU = n−1µU +op(1), and using this result with A = I shows that σ̃2 = σ2+op(1). Hence,
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under the maintained assumptions, (n−1Φ̃UU )−1−(n−1ΦUU )−1 = op(1) and (n−1Φ̃UU )−1 = Op(1).

Consequently, n−1I2u(q) = n−1µU ′(ΦUU )−1µU + νn where νn = op(1). Let a = c2µ/Cφ and observe

that n−1µU ′(ΦUU )−1µU ≥ a > 0. Since νn = op(1), there exists an nε such that P (|νn| ≥ a/2) ≤ ε

for all n ≥ nε. Consequently for all n ≥ nε,

Pr(I2u(q) ≤ γ) = Pr(µU ′(ΦUU )−1µU + nνn ≤ γ)

≤ Pr(na+ nνn ≤ γ)

= Pr(na+ nνn ≤ γ, |νn| < a/2) + Pr(na+ nνn ≤ γ, |νn| ≥ a/2)

≤ Pr(na/2 ≤ γ) + Pr(|νn| ≥ a/2)

≤ Pr(na/2 ≤ γ) + ε

Now let nγ be such that nγa/2 > γ, then, for all n ≥ max(nε, nγ), Pr(na/2 ≤ γ) = 0 and thus

Pr(I2u(q) ≤ γ) ≤ ε, which proves that limn→∞ Pr(I2u(q) ≤ γ) = 0 for any γ > 0 as claimed.

Proof of Proposition 5. Under the alternative hypothesis, û = y − Xβ̂ = d + MXS−1u. Under

the maintained assumptions, n−1V̂X = n−1µX + op(1) and n−1µX = O(1) by argumentation as

used in the proof of Proposition 4. Let A be some n × n matrix whose row and column sums are

uniformly bounded in absolute value by some finite constant. Then,

n−1û′Aû = n−1d′Ad + 2n−1d′AMXS−1u + n−1u′S′−1MXAMXS−1u

= n−1d′Ad + 2n−1d′AMXS−1u

+n−1u′S′−1AS−1u + (n−1u′S′−1X)(n−1X′X)−1(n−1X′AX)(n−1X′X)−1(n−1X′S
−1

u)

+(n−1u′S′−1X)(n−1X′X)−1(n−1X′AS
−1

u) + (n−1u′S′−1AX)(n−1X′X)−1(n−1X′S
−1

u)

= n−1d′Ad + n−1u′S′−1AS−1u + op(1).

since n−1d′AMXS−1u = op(1), n−1X′S−1u = op(1), n−1X′AS
−1

u = op(1) by argumentation as

used in the proof of Proposition 4, and (n−1X′X)−1 = O(1). Under the maintained assumptions,
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n−1d′Ad = O(1). Let B = S′−1AS−1, and observe that n−1E[u′Bu] = n−1tr(BΩu) = O(1) under

the maintained assumptions, and

cov[n−1u′Bu] = n−22tr[C2] + n−2
n∑
i=1

c2ii[E(εi/σ)4 − 3]

with C = [cij ] = σ2R′−1BR−1. Since the elements of C and C2 are uniformly bounded in absolute

value under the maintained assumptions we have cov[n−1u′Bu] = o(1), and hence by Chebychev’s

inequality n−1û′Aû = n−1d′Ad+n−1tr(BΩu)+op(1). Using this result with A = Wr shows that

n−1V̂U = n−1µU + op(1), and using this result with A = In shows that σ̂
2 = σ2 + op(1). Hence,

under the maintained assumptions, n−1LV̂ = n−1µ + op(1), (n−1LΦ̂L′)−1 − (n−1Φ)−1 = op(1),

and (n−1LΦ̂L′)−1 = Op(1). Consequently, n−1I2y (q) = n−1µ′(Φ)−1µ+ νn where νn = op(1). The

rest of the proof follows by the same argument as that in the proof of Proposition 4.

Proof of Proposition 6. The proposition is proven by adapting the argumentation of Lieberman

(1994). In the following let k = p+ q and t = t1 + · · ·+ tk. It is readily checked that

E

[(
u′Au + a′u

u′Su

)p(
u′Bu + b′u

u′Su

)q]
=

∫ 0

−∞
· · ·
∫ 0

−∞

∂kM(ta, tb, t1 + · · ·+ tk)

∂tpa∂t
q
b

∣∣∣∣
ta,tb=0

dt1 · · · dtk

Observe that

∂kM(ta, tb, t1 + · · ·+ tk)

∂tpa∂t
q
b

∣∣∣∣
ta,tb=0

= M (k)(0, 0, t1 + · · ·+ tk) exp[h(0, 0, t1 + · · ·+ tk)],

where

M (k)(0, 0, t1 + · · ·+ tk) =

[
∂kM(ta, tb, t1 + · · ·+ tk)

∂tpa∂t
q
b

∣∣∣∣
ta,tb=0

]/
M(0, 0, t1 + · · ·+ tk),

h(0, 0, t1 + · · ·+ tk) = logM(0, 0, t1 + · · ·+ tk).
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Observe that

hl(0, 0, t1 + · · ·+ tk) =
∂h(0, 0, t1 + · · ·+ tk)

∂tl
=

E {u′Su exp [(t1 + · · ·+ tk)u′Su]}
E {exp [(t1 + · · ·+ tk)u′Su]} > 0

since S is positive definite. Thus, over the range of integration (−∞, 0]k, the function h(0, 0, t1+· · ·+

tk) attains its maximum at the boundary point t1 = · · · = tk = 0. Using the Laplace approximation

of integrals (see, e.g., Olver, 1997) yields

∫ 0

−∞
· · ·
∫ 0

−∞

∂kM(ta, tb, t1 + · · ·+ tk)

∂tpa∂t
q
b

∣∣∣∣
ta,tb=0

dt1 · · · dtk

=

∫ 0

−∞
· · ·
∫ 0

−∞
M (k)(0, 0, t1 + · · ·+ tk) exp[h(0, 0, t1 + · · ·+ tk)]dt1 · · · dtk

' M (k)(0, 0, 0) exp[h(0, 0, 0)]/Πk
l=1hl(0, 0, 0)

with hl(0, 0, t1 + · · ·+ tk) = ∂h(0, 0, t1 + · · ·+ tk)/∂tl. Next observe that

M (k)(0, 0, 0) =

[
∂kM(0, 0, t1 + · · ·+ tk)

∂tpa∂t
q
b

∣∣∣∣
ta,tb=0

]/
M(0, 0, 0) = E [(u′Au + a′u)p(u′Bu + b′u)q] ,

h(0, 0, 0) = 0,

hl(0, 0, 0) =

[
∂M(0, 0, t1 + · · ·+ tk)

∂tl

∣∣∣∣
t1=···=tk=0

]/
M(0, 0, 0) = Eu′Su,

and thus

E

[(
u′Au + a′u

u′Su

)p(
u′Bu + b′u

u′Su

)q]
' E [(u′Au + a′u)p(u′Bu + b′u)q]

[E(u′Su)]
p+q .
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B.2 Derivation of Laplace Approximated Moments

Corresponding to the partitioning of σ̂−2u V̂ = [σ̂−2u V̂Y ′, σ̂−2u V̂X′, σ̂−2u V̂U ′]′ consider the following

partitioning of µL = EL[σ̂−2u V̂] and ΦL = EL[σ̂−4u V̂V̂′]:

µL =


µYL

µXL

µUL

 , ΦL =


ΦY Y
L ΦY X

L ΦY U
L

ΦXY
L ΦXX

L ΦXU
L

ΦUY
L ΦUX

L ΦUU
L

 .

The elements of σ̂−2u V̂Y , σ̂−2u V̂X , and σ̂−2u V̂U corresponding to Wr are given by

σ̂−2u y′W′
rû =

u′Ay,ru + a′y,ru

u′Su
, σ̂−2u x′kW

′
rû =

a′k,ru

u′Su
, σ̂−2u û′W′

rû =
u′Au,ru

u′Su
,

with Ay,r = (MXWr + W′
rMX)/2, ay,r = MXWrXβ, ak,r = MXWrxk, Au,r = MXW rMX ,

and S = (n−Kx)−1MX . By Lemma A.1 in Kelejian and Prucha (2010) we have for any conformably

symmetric matrices A and B and vectors a and b:

E(u′Au + a′u) = σ2tr(A)

E [(u′Au + a′u)(u′Bu + b′u)] = 2σ4tr(AB) + σ2a′b

+
[
µ(4) − 3σ4

]
vecD(A)′vecD(B) + µ(3) [a′vecD(B) + b′vecD(A)] + σ4tr(A)tr(B)

Using Proposition 6 and observing furthermore that E(u′Su) = σ2 it is then readily seen that

µYL =
[
tr(WrMX)

]
r=1,··· ,q , µXL = 0, µUL =

[
tr(WrMX)

]
r=1,··· ,q ,
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and

ΦY Y
L =

[
tr(WrMXWsMX + W′

rMXWsMX) + σ−2β′X′W′
rMXWsXβ

+(σ−4µ(4) − 3)vecD(W′
rMX)′vecD(W′

sMX) + σ−4µ(3)[β′X′W′
rMXvecD(W′

sMX)

+β′X′W′
sMXvecD(W′

rMX)] + tr(WrMX)tr(WsMX)
]
r,s=1,··· ,q ,

ΦY X
L =

[
σ−2β′X′W′

rMXWsX + σ−4µ(3)vecD(W′
rMX)MXWsX

]
r,s=1,··· ,q

,

ΦY U
L =

[
2tr(WrMXWsMX) + (σ−4µ(4) − 3)vecD(W′

rMX)vecD(MXWsMX)

+σ−4µ(3)β′X′W′
rMXvecD(MXWsMX) + tr(WrMX)tr(WsMX)

]
r,s=1,··· ,q

,

ΦXX
L =

[
σ−2X′W′

rMXWsX
]
r,s=1,··· ,q ,

ΦXU
L =

[
σ−4µ(3)X′W′

rMXvecD(MXWsMX)
]
r,s=1,··· ,q

,

ΦUU
L = [2tr(WrMXWsMX) + (σ−4µ(4) − 3)vecD(MXWrMX)′vecD(MXWsMX)

+tr(WrMX)tr(WsMX)]r,s=1,··· ,q.

Note that µL does not depend on any unknown parameters, and hence µ̂L = µL. The estimator

for Φ̂L is obtained by replacing β by the OLS estimator and σ2 by σ̂
2 or σ̂2u, and µ

(3) and µ(4) by

n−1
∑n
i=1 û

3
i and n

−1∑n
i=1 û

3
i , respectively.

Remark B.1. Cliff and Ord (1981) gives results on the exact mean and variance (and higher

moments) of ratios of quadratic forms under normality. Drukker and Prucha (2013) also give

results on the covariance of ratios of quadratic forms under normality. We now can use those

results to check on the approximation error for the Laplace approximation when the disturbances

are normally distributed. In particular, for spatial weight matrices Wr and Ws, let

Qr = σ̂−2u û′Wrû =
u′Aru

u′Su
, and Qs = σ̂−2u û′Wsû =

u′Asu

u′Su
,

where Ar = MXWrMX , As = MXWsMX and S = (n−Kx)−1MX . Provided u ∼ N(0, σ2In) it
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follows from Drukker and Prucha (2013) that

E [QprQ
q
s] =

E [(u′Aru)p(u′Asu)q]

E [(u′Su)p+q]
,

for p, q = 0, 1. Let EL denote the Laplace approximation of the expected value, then in light of

Proposition 6,

EL [Qr]

E [Qr]
=

E(u′Su)

E(u′Su)
= 1,

EL [QrQs]

E [QrQs]
=

E
[
(u′Su)2

]
[E(u′Su)]

2 = 1 + 2(n−Kx)−1 = 1 +O(n−1)

observing that E(u′Su) = σ2 and E
[
(u′Su)2

]
= 2σ4tr(S2) + σ4tr(S) = [2(n−Kx)−1 + 1]σ4.
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