
Appendices to �Two Stage Least Squares Estimation of Spatial
Autoregressive Models with Endogenous Regressors and Many

Instruments�

By Xiaodong Liu and Lung-fei Lee

A Some Useful Lemmas

To simplify notations, we drop the K subscript on QK , PK and MK . Let MI refer to the Markov

inequality, and CSI to the Cauchy-Schwarz inequality.

Lemma A.1 For an estimator given by
p
n(�̂n � �0) = Ĥ�1

n ĥn, suppose there is a decomposition,

ĥn = hn + T
h + Zh, Ĥn = Hn + TH + ZH ,

(hn + T
h)(hn + T

h)0 � hnh0nH�1
n TH0 � THH�1

n hnh
0
n = Â(K) + Z

A(K);

such that Th = op(1), hn = Op(1), Hn = O(1), the determinant of Hn is bounded away from

zero, �K;n = tr(S(K)) = o(1),
TH2 = op(�K;n),

ThTH = op(�K;n),
Zh = op(�K;n),ZH = op(�K;n), Z

A(K) = op(�K;n), E[Â(K)] = �2�Hn + HnS(K)Hn + o(�K;n). Then (2) is

satis�ed.

Proof. This is Lemma A.1 in Donald and Newey (2001).

Lemma A.2 (i) tr(P ) = K. (ii) Suppose that fAng is UB. For Bn = PAn, tr(Bn) = O(K),

tr(B2n) = O(K), and
P

i(Bii)
2 = O(K), where Bii�s are diagonal elements of Bn.

Proof. See Liu and Lee (2010).

Lemma A.3 Under Assumption 4 (iii), we have (i)
P

i P
2
ii = o(K),

P
i 6=j PiiPjj = K2 + o(K),P

i 6=j PijPij =
P

i 6=j PijPji = K + o(K); (ii)
P

iMiiPii = o(K),
P

i 6=jMiiPjj = Ktr(M) +

o(K) = O(K2),
P

i 6=jMijPij =
P

i 6=jMijPji = tr(M) + o(K) = O(K); (iii)
P

iM
2
ii = O(K),P

i 6=jMiiMjj = tr
2(M)�

P
iM

2
ii = O(K

2),
P

i 6=jMijMij = tr(MM
0)�
P

iM
2
ii = O(K),

P
i 6=jMijMji =

tr(M2)�
P

iM
2
ii = O(K); and (iv) if Assumption 5 (ii) also holds,

P
iM

2
ii = o(K).
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Proof. (i) is Lemma A.2 in Donald and Newey (2001). For (ii), as tr(MP ) = tr(M) = O(K), it fol-

lows that j
P

iMiiPiij �
P

i jMiiPiij � (maxi jMiij)tr(P ) = o(K),
P

i 6=jMiiPjj =
P

iMii

P
j Pjj �P

iMiiPii = tr(M)tr(P ) + o(K) = O(K2), and
P

i 6=jMijPij =
P

i 6=jMijPji =
P

i;jMijPji �P
iMiiPii = tr(M) + o(K) = O(K). For (iii),

P
iM

2
ii = O(K) by Lemma A.2 (ii). As tr(M) =

O(K), tr(MM 0) = O(K), and tr(M2) = O(K) by Lemma A.2, it follows that
P

i 6=jMiiMjj =P
i;jMiiMjj �

P
iM

2
ii = tr2(M) �

P
iM

2
ii = O(K2),

P
i 6=jMijMij =

P
i;jMijMij �

P
iM

2
ii =

tr(MM 0)�
P

iM
2
ii = O(K), and

P
i 6=jMijMji =

P
i;jMijMji�

P
iM

2
ii = tr(M

2)�
P

iM
2
ii = O(K).

For (iv),
P

iM
2
ii � (maxi jMiij)

P
i jMiij = o(K).

Lemma A.4 Under Assumptions 1-4, (i) �K = o(1). (ii) F 0n(In � P )�n=
p
n = Op(�

1=2
K ) and

F 0n(In � P )Vn=
p
n = Op(�

1=2
K ). (iii)

E(V 0nPVn) =

264 tr(M 0M)(00�u0 + 2�u�0 + �
2
�) �

tr(M)(�u0 + �
0
u�) K�u

375 = O(K); (1)

and E(V 0nP�n) = [tr(M)(�u�0+�
2
�);K�u�]

0 = O(K). (iv) E(V 0nP�n�
0
nPVn)�E(V 0nP�n)E(�0nPVn) =

O(K), E[(V 0nPVn)
2]� E2(V 0nPVn) = O(K), and, if Assumption 5 (ii) also holds,

E(V 0nP�n�
0
nPVn)� E(V 0nP�n)E(�0nPVn) (2)

=

264 (�u�0 + �
2
�)
2tr(MM 0) + �2�(

0
0�u0 + 2�u�0 + �

2
�)tr(M

2) �

[(�u�0 + �
2
�)�

0
u� + �

2
�(�u0 + �

0
u�)]tr(M) (�0u��u� + �

2
��u)K

375+ o(K):
(v)

p
�K=n = o(K=n + �K) and

p
K�K=n = o(K2=n + �K). (vi) Let �n be either Fn or

(In � P )Fn,

E(
1

n
�0n�n�

0
nPVn) = [

1

n
�0nvecD(M)E(�

2
niuni)0 +

1

n
�0nvecD(M)�3;

1

n
�0nvecD(P )E(�

2
niuni)];

E( 1nF
0
n�n�

0
nPVn) = O(

p
K=n), E[ 1nF

0
n(In�P )�n�0nPVn] = O(

p
K�K=n), and E( 1nhnh

0
nH

�1
n V 0nFn) =

O(1=n).

Proof. (i) and the �rst part of (ii) is in Lemma A.3 of Donald and Newey (2001). For the second

part of (ii), let �Un = (�u0n1; � � � ; �u0nn)0, where �uni = uni0+ �ni. E(VnV 0n) = E(Gn �Un �U 0nG0n+UnU 0n) =

E(�u2ni)GnG
0
n + E(uniu

0
ni)In = (00�u0 + 2�u�0 + �

2
�)GnG

0
n + tr(�u)In. Let �max be the largest
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eigenvalue of E(VnV 0n). V ar[
1p
n
F 0n(In �P )Vn] = 1

nF
0
n(In �P )E(VnV 0n)(In �P )Fn � �max 1nF

0
n(In �

P )Fn = O(�K). So 1p
n
F 0n(In � P )Vn = Op(�

1=2
K ).

For (iii),

E(V 0nPVn) =

264 E( �U 0nM
0M �Un) E( �U 0nM

0Un)

� E(U 0nPUn)

375 ;
where �Un = Un0 + �n and M = PGn. E( �U 0nM

0M �Un) = tr(M 0M)E(�u2ni) = tr(M 0M)(00�u0 +

2�u�0+�
2
�), E( �U

0
nM

0Un) =
P

iMiiE(�uniuni) = tr(M)(
0
0�u+�u�) and E(U

0
nPUn) =

P
i PiiE(u

0
niuni) =

tr(P )�u = K�u. As tr(M 0M) = O(K) and tr(M) = O(K) by Lemma A.2, E(V 0nPVn) is given by

(1). Next, E(V 0nP�n) = E[�
0
nM

0 �Un; �
0
nPUn]

0, where E(�0nM
0 �Un) =

P
iMiiE(�uni�ni) = tr(M)(�u�0+

�2�) and E(�
0
nPUn) =

P
i PiiE(�niuni) = tr(P )�u� = K�u�. Hence E(V 0nP�n) = [tr(M)(�u�0 +

�2�);K�u�]
0 = O(K) by Lemma A.2.

For (iv),

E(V 0nP�n�
0
nPVn) =

264 E( �U 0nM
0�n�

0
nM �Un) E( �U 0nM

0�n�
0
nPUn)

� E(U 0nP�n�
0
nPUn)

375 :
It follows by Lemma A.3 that

E( �U 0nM
0�n�

0
nM �Un)

=
P

iM
2
iiE(�

2
ni�u

2
ni) +

P
i 6=j(MiiMjj +MjiMij)E(�uni�ni�nj �unj) +

P
i 6=jMijMijE(�

2
ni�u

2
nj)

= [E(�2ni�u
2
ni)� 2(�u�0 + �2�)2 � �2�(00�u0 + 2�u�0 + �2�)]

P
iM

2
ii

+(�u�0 + �
2
�)
2[tr2(M) + tr(M2)] + �2�(

0
0�u0 + 2�u�0 + �

2
�)tr(M

0M):

Similarly, E( �U 0nM
0�n�

0
nPUn) = (�u�0+�

2
�)�u�Ktr(M)+[(�u�0+�

2
�)�u�+�

2
�(

0
0�u+�u�)]tr(M)+

o(K) and E(U 0nP�n�
0
nPUn) = �0u��u�K

2 + (�0u��u� + �
2
��u)K + o(K). Hence, E(V 0nP�n�

0
nPVn) �

E(V 0nP�n)E(�
0
nPVn) = O(K) by (iii). Furthermore, under Assumption 5 (ii),

P
iM

2
ii = o(K)

and (2) follows. On the other hand, E[(V 0nPVn)
2] = E(V 0nM

�Un �U
0
nM

0Vn) + E(V
0
nPUnU

0
nPVn). As

Vn = [Gn �Un; Un], by similar arguments as above, E( �U 0nM
0M �Un �U

0
nM

0M �Un) = (
0
0�u0 + 2�u�0 +

�2�)
2tr2(M 0M)+O(K), E( �U 0nM

0M �Un �U
0
nM

0Un) = (
0
0�u0+2�u�0+�

2
�)(

0
0�u+�u�)tr(M

0M)tr(M)+

O(K), E(U 0nM �Un �U
0
nM

0Un) = (�u0 + �
0
u�)(

0
0�u + �u�)tr

2(M) + O(K), E( �U 0nM
0UnU

0
nM

�Un) =

(00�u + �u�)(�u0 + �
0
u�)tr

2(M) + O(K), E( �U 0nM
0UnU

0
nPUn) = (

0
0�u + �u�)�uKtr(M) + O(K),

and E(U 0nPUnU
0
nPUn) = �

2
uK

2 +O(K). Hence, E[(V 0nPVn)
2]� E2(V 0nPVn) = O(K) by (iii).
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The �rst part of (v) is Lemma A.3 (vi) in Donald and Newey (2001). The second part of

(v) is in Liu and Lee (2010). For (vi), E( 1n�
0
n�n�

0
nPVn) = [E( 1n�

0
n�n�

0
nM �Un);E(

1
n�

0
n�n�

0
nPUn)],

where E( 1n�
0
n�n�

0
nM �Un) =

1
n�

0
nvecD(M)E(�

2
niuni)0 +

1
n�

0
nvecD(M)�3 and E(

1
n�

0
n�n�

0
nPUn) =

1
n�

0
nvecD(P )E(�

2
niuni). On the other hand, let T1 = F 0n(In � P )�n=

p
n and T2 = V 0nP�n=

p
n.

By the covariance inequality, jE(e0jhnT 02ek)j �
q
Var(e0jhn)

p
Var(e0kT2). As Var(hn) = O(1) and

Var(T2) = E(T2T
0
2) � E(T2)E(T 02) = O(K=n) by (iv), it follows that E(hnT 02) = E( 1nF

0
n�n�

0
nPVn) =

O(
p
K=n). Similarly, jE(e0jT1T 02ek)j �

q
Var(e0jT1)

p
Var(e0kT2), where ej and ek are, respectively,

the jth and kth unit vectors. As Var(T1) = �2�F
0
n(In � P )Fn=n = O(�K) and Var(T2) = O(K=n),

we have E(T1T 02) = E[ 1nF
0
n(In � P )�n�0nPVn] = O(

p
K�K=n). Let vni be the ith row of Vn.

E( 1nhnh
0
nH

�1
n V 0nFn) =

1
n2

P
i;j E(F

0
nei�n;i�n;je

0
jFnH

�1
n V 0nFn) =

1
n2

P
i F

0
neie

0
iFnH

�1
n E(�2n;iv

0
ni)e

0
iFn =

O( 1n ), because elements of Fn are uniformly bounded (implied by elements of
�Z2n being uniformly

bounded in Assumption 4 (ii)).

Lemma A.5 Suppose that fAng is a sequence of n � n UBC matrices, the elements of the n � k

matrix Cn are uniformly bounded, and �n1; � � � ; �nn are i.i.d. with zero mean and �nite variance �2.

Then, 1p
n
C 0nAn�n = Op(1) and

1
nC

0
nAn�n = op(1). Furthermore, if the limit of

1
nC

0
nAnA

0
nCn exists

and is positive de�nite, then 1p
n
C 0nAn�n

D! N(0; �2 limn!1
1
nC

0
nAnA

0
nCn).

Proof. See Lee (2004).

Lemma A.6 (i) 1
nZ

0
nPZn = Hn +

P4
i=1R

H
i , where R

H
1 = �eF (K) = O(�K), RH2 = 1

n (F
0
nVn +

V 0nFn) = O(1=
p
n), RH3 = 1

nV
0
nPVn = O(K=n), and RH4 = � 1

n [F
0
n(In � P )Vn + V 0n(In � P )Fn] =

O(
p
�K=n) = o(K=n+�K);

(ii) [Z 0nP�n � E(V 0nP�n)]=
p
n = hn +

P2
i=1R

h
i , where R

h
1 = �F 0n(In � P )�n=

p
n = O(�

1=2
K ) and

Rh2 = [V
0
nP�n � E(V 0nP�n)]=

p
n = O(

p
K=n);

(iii) E(Rh1R
h0
1 ) = �E(Rh1h0n) = �E(hnh0nH�1

n RH01 ) = �
2
�eF (K) and E(hnh

0
nH

�1
n RH02 ) = O(1=n).

Proof. 1
nZ

0
nPZn =

1
n (Fn + Vn)

0P (Fn + Vn) =
1
nF

0
nPFn +

1
n (F

0
nPVn + V

0
nPFn) +

1
nV

0
nPVn = Hn +P4

i=1R
H
i , where R

H
1 = � 1

nF
0
n(In�P )Fn = �eF (K) = O(�K), RH2 = 1

n (F
0
nVn+V

0
nFn) = O(1=

p
n)

by Lemma A.5, RH3 = 1
nV

0
nPVn, and R

H
4 = � 1

n [F
0
n(In � P )Vn + V 0n(In � P )Fn] = O(

p
�K=n) =

o(K=n + �K) by Lemma A.4 (ii) and (v). As 1
nE(V

0
nPVn) = O(K=n) by Lemma A.4 (iii), RH3 =

1
nV

0
nPVn = O(K=n) by MI.
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For (ii), [Z 0nP�n � E(V 0nP�n)]=
p
n = hn � F 0n(In � P )�n=

p
n+ [V 0nP�n � E(V 0nP�n)]=

p
n = hn +

Rh1 + R
h
2 , where R

h
1 = �F 0n(In � P )�n=

p
n = O(�

1=2
K ) by Lemma A.4 (ii), and Rh2 = [V 0nP�n �

E(V 0nP�n)]=
p
n. As E(V 0nP�n�

0
nPVn) � E(V 0nP�n)E(�0nPVn) = O(K) by Lemma A.4 (iv), it follows

that Rh2 = O(
p
K=n).

For (iii), E(Rh1R
h0
1 ) = �E(Rh1h0n) = �E(hnh0nH�1

n RH01 ) = �2�eF (K) is trivial. By Lemma A.4

(vi), E(hnh0nH
�1
n RH02 ) = O(1=n).

Lemma A.7 If supK
jŜ�(K)�S�(K)j

S�(K)

p! 0, then S�(K̂)
infK S�(K)

p! 1:

Proof. Donald and Newey (2001) Lemma A.9.

Lemma A.8 Suppose
p
n(~�n� �0) = O(1), ~�0u� = 1

nZ
0
2n(yn�Zn~�n), and ~�2� = 1

n (yn�Zn~�n)
0(yn�

Zn~�n). Then, (i)

p
n(~�u� � �u�)0 =

1p
n
�Z 02n�n +

p
n(
1

n
U 0n�n � �u�)�

1

n
[ �Z 02nFn +E(U

0
nVn)]

p
n(~�n � �0) + o(1) = O(1);

and (ii)
p
n(~�2� � �2�) =

p
n( 1n�

0
n�n � �2�)� 2

nE(�
0
nVn)

p
n(~�n � �0) + o(1) = O(1).

Proof. For (i), ~�0u� =
1
nZ

0
2n�n � 1

nZ
0
2nZn(

~�n � �0). As 1
n
�Z 02nVn = o(1), 1

nU
0
nFn = o(1), and

1
n [U

0
nVn�E(U 0nVn)] = o(1), we have 1

nZ
0
2nZn =

1
n (
�Z2n+Un)

0(Fn+Vn) =
1
n [
�Z 02nFn+E(U

0
nVn)]+o(1):

Hence,
p
n(~�u� � �u�)0 =

p
n( 1nZ

0
2n�n � �u�) � ( 1nZ

0
2nZn)

p
n(~�n � �0) = 1p

n
�Z 02n�n +

p
n( 1nU

0
n�n �

�u�)� 1
n [
�Z 02nFn +E(U

0
nVn)]

p
n(~�n � �0) + o(1); where 1p

n
�Z 02n�n = O(1),

p
n( 1nU

0
n�n � �u�) = O(1),

and 1
n [
�Z 02nFn + E(U

0
nVn)] = O(1). For (ii), ~�

2
� =

1
n [�n � Zn(~�n � �0)]

0[�n � Zn(~�n � �0)] = 1
n�
0
n�n �

2
n�
0
nZn(

~�n � �0) + 1
n (
~�n � �0)0Z 0nZn(~�n � �0): As 1

n�
0
nFn = o(1) and 1

n [�
0
nVn � E(�0nVn)] = o(1), it

follows that 1
n�
0
nZn =

1
n�
0
n(Fn + Vn) =

1
n�
0
nFn +

1
n [�

0
nVn �E(�0nVn)] + 1

nE(�
0
nVn) =

1
nE(�

0
nVn) + o(1):

Hence,
p
n(~�2� � �2�) =

p
n( 1n�

0
n�n � �2�) � 2

n�
0
nZn

p
n(~�n � �0) + 1

n (
~�n � �0)0Z 0nZn

p
n(~�n � �0) =

p
n( 1n�

0
n�n��2�)� 2

nE(�
0
nVn)

p
n(~�n��0)+o(1); where

p
n( 1n�

0
n�n��2�) = O(1) and 1

nE(�
0
nVn) = O(1).

B Proofs

Proof of Lemma 2.1. For

�K =

0B@ 00�
00
q �0

0
0�

00
q � � � �p0

0
0�

00
q 0

0 0 � � � 0 �00q

1CA
0

;
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QK�K = [(
Pp

j=0 �
j
0W

j+1
n )	q(Xn)�

0
q0;	q(Xn)�

0
q]. Hence, when supn jj�0Wnjj1 < 1, we have

jjFn � QK�K jj1 = jj[Gn �Z2n0 � (
Pp

j=0 �
j
0W

j+1
n )	q(Xn)�

0
q0; �Z2n � 	q(Xn)�0q]jj1 = jj[Gn( �Z2n �

	q(Xn)�
0
q)0+(Gn�

Pp
j=0 �

j
0W

j+1
n )	q(Xn)�

0
q0; �Z2n�	q(Xn)�0q]jj1; which is o(1) as n;K !1,

since jj �Z2n�	q(Xn)�0qjj1 ! 0 and jjGn�
Pp

j=0 �
j
0W

j+1
n jj1 � jj�0Wnjjp+11 jjGnjj1 ! 0. Finally, as

1
n jj � jj

2 � (jj � jj1)2, the desired result follows.

Proof of Proposition 1. The 2SLS estimator satis�es
p
n(�̂2sls;n��0�b2sls;n) = ( 1nZ

0
nPZn)

�1[Z 0nP�n�

E(V 0nP�n)]=
p
n, where E(V 0nP�n) = [tr(M)(�u�0+�

2
�);K�u�]

0 by Lemma A.4 (iii). AsK=n! 0 and

�K = o(1) by Lemma A.4 (i), we have 1
nZ

0
nPZn = Hn+ o(1)

p! �H and [Z 0nP�n�E(V 0nP�n)]=
p
n =

hn + o(1)
d! N(0; �2�

�H) by Lemma A.6. The conclusion then follows by the Slutzky theorem.

Proof of Corollary 2. (i) and (ii) are trivial. For (iii), because 0 < � < 1 implies K2� < K1+�,

therefore K�=
p
n <

p
K1+�=n ! 0. As

p
n(�̂2sls;n � �0 � b2sls;n) = O(1), (K�=

p
n)
p
n(�̂2sls;n �

�0� b2sls;n) = o(1). Note that b2sls;n = O(K=n) and K�b2sls;n = O(K
1+�=n) = o(1). It follows that

K�(�̂2sls;n � �0) = K�(�̂2sls;n � �0 � b2sls;n) +K�b2sls;n = o(1).

Proof of Proposition 3. The 2SLS estimator satis�es �̂2sls;n��0�b2sls;n = ( 1nZ
0
nPZn)

�1 1
n [Z

0
nP�n�

E(V 0nP�n)]. By Lemma A.6, (
1
nZ

0
nPZn)

�1 = O(1) and 1
n [Z

0
nP�n � E(V 0nP�n)] = O(1=

p
n). By

Lemma A.4 (iii), 1
nE(V

0
nP�n) = O(K=n) = O(1). The conclusion then follows by the Slutzky

theorem.

Proof of Proposition 4. It is su¢ cient to show that 1p
n
(b̂2sls;n � b2sls;n) = o(1). As ~Gn �

Gn = (~�n � �0) ~GnGn,
p
n(~�n � �0) = O(1),

p
n(~�u� � �u�) = O(1), and

p
n(~�2� � �2�) = O(1) by

Lemma A.8, 1p
n
[tr(P ~Gn)(~�u�~n+~�

2
�)�tr(M)(�u�0+�2�)] = 1p

n
(~�n��0)tr(P ~GnGn)(~�u�~n+~�2�)+

1p
n
tr(M)[~�u�(~n�0)+(~�u���u�)0+(~�2� ��2�)] = O(K=n) = o(1): Similarly, K(~�u���u�)=

p
n =

O(K=n) = o(1). On the other hand, as 1
nZ

0
nPKZn = O(1), the desired result follows.

Proof of Proposition 5. The 2SLS estimator satis�es
p
n(�̂2sls;n � �0) = Ĥ�1

n ĥn, with Ĥn =

1
nZ

0
nPZn and ĥn = Z 0nP�n=

p
n. By Lemma A.6 (i), Ĥn = Hn + T

H
1 + TH2 + ZH , where TH1 =

RH1 = O(�K), TH2 = RH2 = O(1=
p
n), ZH = RH3 + R

H
4 = O(K=n) + o(K=n +�K). On the other

hand, ĥn = hn + T
h
1 + T

h
2 , where T

h
1 = Rh1 = O(�

1=2
K ) by Lemma A.6 (ii) and Th2 = V 0nP�n=

p
n.

As E(V 0nPVn) = O(K) by Lemma A.4 (iii) and E(�
0
nP�n) = �

2
�tr(P ) = �

2
�K, it follows by MI that

EjV 0nP�nj � [E(V 0nPVn)]
1=2[E(�0nP�n)]

1=2 = O(K). Hence, Th2 = V 0nP�n=
p
n = O(K=

p
n). For

6



�K;n = tr(S(K)), �K;n = O(K
2=n+�K) by Assumption 5 (i). It follows that

ZH = o(�K;n). For
TH = TH1 + TH2 and Th = Th1 + T

h
2 ,
TH2 = o(�K;n), ThTH = o(�K;n).

Next, by Lemma A.6 (iii), E(Th1 T
h0
1 ) = �E(Th1 h0n) = �E(hnh0nH�1

n TH01 ) = �2�eF (K). By Lemma

A.4 (iv), E(Th2 T
h0
2 ) =

1
nE(V

0
nP�n)E(�

0
nPVn)+O(K=n). When �3 = 0 and E(�

2
niuni) = 0, E(hnT

h0
2 ) =

1
nE(F

0
n�n�

0
nPVn) = 0. By Lemma A.4 (v), E(T

h
1 T

h0
2 ) = � 1

nE[F
0
n(In�P )�n�0nPVn] = O(

p
K�K=n) =

o(�K;n), and, by Lemma A.6 (iii), E(hnh
0
nH

�1
n TH02 ) = O(1=n) = o(�K;n). Then, for Z

A(K) = 0

and Â(K) de�ned in Lemma A.1, E[Â(K)] = E[(hn + Th1 + T
h
2 )(hn + T

h
1 + T

h
2 )
0 � hnh0nH�1

n (TH1 +

TH2 )
0 � (TH1 + TH2 )H

�1
n hnh

0
n] = �2�Hn + �

2
�eF (K) +

1
nE(V

0
nP�n)E(�

0
nPVn) + o(�K;n) = �2�Hn +

HnS(K)Hn + o(�K;n): So all conditions of Lemma A.1 are satis�ed. The desired result follows as

E(V 0nP�n) = [tr(M)(�u�0 + �
2
�);K�u�]

0 by Lemma A.4 (iii).

Proof of Proposition 6. For �K;n = tr(S(K)), �K;n = O(K=n+�K) by Assumption 5 (i). The

C2SLS estimator satis�es
p
n(�̂c2sls;n � �0) = Ĥ�1

n ĥn, with Ĥn = 1
nZ

0
nPZn and ĥn =

1p
n
Z 0nP�n �

1p
n
[tr(P ~Gn)(~�u�~n + ~�

2
�);K~�u�]

0. By Lemma A.6 (i), Ĥn = Hn +
P3

j=1 T
H
j + ZH , where TH1 =

RH1 = O(�K), TH2 = RH2 = O(1=
p
n), TH3 = 1

nE(V
0
nPVn) = O(K=n), and ZH = 1

nV
0
nPVn �

1
nE(V

0
nPVn)+R

H
4 . By Lemma A.4 (iv), we have E[(V

0
nPVn)

2] = E2(V 0nPVn)+O(K). It follows that

E[ 1nV
0
nPVn � 1

nE(V
0
nPVn)]

2 = O(K=n2) = o(K2=n2). Hence, 1nV
0
nPVn � 1

nE(V
0
nPVn) = o(K=n). As

RH4 = o(K=n+�K) by Lemma A.6, Z
H = o(�K;n).

On the other hand, ĥn = 1p
n
[Z 0nP�n�E(V 0nP�n)]� 1p

n
f[tr(P ~Gn)(~�u�~n+~�2�);K~�u�]0�E(V 0nP�n)g:

1p
n
[Z 0nP�n �E(V 0nP�n)] = hn + Th1 + Th2 , where Th1 = Rh1 = O(�

1=2
K ) and Th2 = R

h
2 = O(

p
K=n) by

Lemma A.6 (ii). As ~Gn �Gn = (~�n � �0) ~GnGn, 1p
n
[tr(P ~Gn)(~�u�~n + ~�

2
�)� tr(M)(�u�0 + �2�)] =

1p
n
(~�n��0)tr(P ~GnGn)(~�u�~n+~�2�)+ 1p

n
tr(M)[~�u�(~n�0)+(~�u���u�)0+(~�2���2�)] = 1p

n
(~�n�

�0)tr(PG
2
n)(�u�0 + �

2
�) +

1p
n
tr(M)[�u�(~n � 0) + 00(~�u� � �u�)0 + (~�2� � �2�)] + o(K=n): Let P0 =

Q0(Q
0
0Q0)

�1Q00. The preliminary estimator is given by ~�n = (Z 0nP0Zn)
�1Z 0nP0yn. As

1
nQ

0
0Zn =

1
nQ

0
0(Fn + Vn) =

1
nQ

0
0Fn + o(1),

p
n(~�n � �0) = L0 + o(1), where L0 =

p
n(F 0nP0Fn)

�1F 0nP0�n. By

Lemma A.8,
p
n(~�u� � �u�)0 = L1 + o(1) and

p
n(~�2� � �2�) = L2 + o(1), where L1 = 1p

n
�Z 02n�n +

p
n( 1nU

0
n�n � �u�) � 1

n [
�Z 02nFn + E(U

0
nVn)]L0 and L2 =

p
n( 1n�

0
n�n � �2�) � 2

nE(�
0
nVn)L0. Let T

h
3 =

� 1
n [a1; a2]

0, where a1 = tr(PG2n)(�u�0 + �
2
�)e

0
1L0 + tr(M)[�u�(0m�1; Im)L0 + 

0
0L1 + L2] and

a2 = KL
0
1. Let Z

h = 1p
n
[tr(P ~Gn)(~�u�~n + ~�

2
�)� tr(M)(�u�0 + �2�);K(~�u� � �u�)]� Th3 = o(K=n).

Hence, ĥn = hn +
P3

j=1 T
h
j + Z

h. It follows that, for TH =
P3

j=1 T
H
j and Th =

P3
j=1 T

h
j , we haveTH2 = o(�K;n), ThTH = o(�K;n), Zh = o(�K;n) and ZH = o(�K;n).

7



Next, by Lemma A.6 (iii), E(Th1 T
h0
1 ) = �E(Th1 h0n) = �E(hnh0nH�1

n TH01 ) = �2�eF (K). E(T
h
2 T

h0
2 ) =

1
n [E(V

0
nP�n�

0
nPVn)� E(V 0nP�n)E(�0nPVn)] = 1

n�1(K) + o(K=n), where �1(K) denotes the leading-

order matrix given in Lemma A.4 (iv). As �3 = 0 and E(�
2
niuni) = 0, we have E(hnT

h0
2 ) = 0, and

E(Th1 T
h0
2 ) = 0. By Lemma A.6 (iii), E(hnh0nH

�1
n TH02 ) = O(1=n) = o(�K;n). E(hnh

0
nH

�1
n TH03 ) =

1
n�

2
�E(V

0
nPVn).

E(L0h
0
n) = (F

0
nP0Fn)

�1F 0nP0E(�n�
0
n)Fn = �

2
�Im+1. As E(�

2
niuni) = 0, E(L1h

0
n) =

1
n
�Z 02nE(�n�

0
n)Fn�

1
n [
�Z 02nFn + E(U 0nVn)]E(L0h

0
n) =

1
n�

2
�
�Z 02nFn � 1

n�
2
� [
�Z 02nFn + E(U 0nVn)] = � 1

n�
2
�E(U

0
nVn); where

E(U 0nVn) = E[U 0nGn(Un0 + �n); U
0
nUn] = [tr(Gn)(�u0 + �

0
u�); n�u]. As �3 = 0, E(L2h0n) =

� 2
nE(�

0
nVn)E(L0h

0
n) = � 2

n�
2
�E(�

0
nVn), where E(�

0
nVn) = E[�

0
nGn(Un0+�n); �

0
nUn] = [tr(Gn)(�u�0+

�2�); n�u�]. It follows that E(a1h
0
n) = tr(PG

2
n)(�u�0+�

2
�)e

0
1E(L0h

0
n)+tr(M)[�u�(0m�1; Im)E(L0h

0
n)+

00E(L1h
0
n) + E(L2h

0
n)] = tr(PG2n)(�u�0 + �2�)�

2
�e
0
1 + tr(M)�

2
� [�u�(0m�1; Im) � 1

n
0
0E(U

0
nVn) �

2
nE(�

0
nVn)]:E(a

0
2h
0
n) = KE(L1h

0
n) = �K

n �
2
�E(U

0
nVn). Hence,

E(Th3 h
0
n) = �

1

n
E([a1; a2]

0h0n)

=
1

n

264 1
n tr(M)tr(Gn)�

2
�(

0
0�u0 + 3�u�0 + 2�

2
�)� tr(PG2n)�2�(�u�0 + �2�) tr(M)�2�(

0
0�u + �u�)

K
n tr(Gn)�

2
�(�u0 + �

0
u�) K�2��u

375 :
Then for ZA(K) = [(Th1 + T

h
2 )T

h0
3 ]

s + Th3 T
h0
3 in Lemma A.1,

E[Â(K)] = E[(hn + T
h
1 + T

h
2 )(hn + T

h
1 + T

h
2 )
0 + (Th3 h

0
n)
s � (hnh0nH�1

n TH0)s]

= E[hnh
0
n + T

h
1 T

h0
1 + Th2 T

h0
2 + (Th1 h

0
n)
s + (Th3 h

0
n)
s � (hnh0nH�1

n TH0)s]

= �2�Hn + �
2
�eF (K) +

1

n
�1(K) + E(T

h
3 h

0
n)
s � 2

n
�2�E(V

0
nPVn) + o(�K;n)

= �2�Hn +HnS(K)Hn + o(�K;n):

So all conditions of Lemma A.1 are satis�ed. Let �2(K) = nE(Th3 h
0
n)
s � 2�2�E(V 0nPVn).

�2(K) =

264 �2;11 �

[Kn tr(Gn)� tr(M)]�
2
�(�u0 + �

0
u�) 0

375 ;
where�2;11 = 2[ 1n tr(M)tr(Gn)�tr(M

0M)]�2�(
0
0�u0+2�u�0+�

2
�)+2[

1
n tr(M)tr(Gn)�tr(PG

2
n)]�

2
�(�u�0+

�2�).
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Proof of Proposition 7. Let 
1� = �
0H�1

n 
1H
�1
n �, 
2� = �

0H�1
n 
2H

�1
n �, � = �1(K) + �2(K)

and �� = �
0H�1

n �H�1
n �. Let 
̂1� = �

0Ĥ�1
n 
̂1Ĥ

�1
n �, 
̂2� = �

0Ĥ�1
n 
̂2Ĥ

�1
n � and �̂� = �

0Ĥ�1
n �̂Ĥ�1

n �.

Let ~R(K) = 1
n [Z

0
n(In � P )Zn + 
̂2 � V 0nVn] and ~R�(K) = �0Ĥ�1

n
~R(K)Ĥ�1

n �. Let ~S�(K) = 1
n 
̂1� +

�̂2�
~R�(K) for 2SLS and ~S�(K) =

1
n �̂� + �̂

2
�
~R�(K) for C2SLS. As 1

nV
0
nVn does not depend on K,

K̂ = argminK Ŝ�(K) = argminK ~S�(K). Let R(K) = 1
nF

0
n(In � P )Fn, R�(K) = �0H�1

n R(K)H�1
n �.

We have S�(K) = 1
n
1� + �

2
�R�(K) for 2SLS and S�(K) =

1
n�� + �

2
�R�(K) for C2SLS. By Lemma

A.7, we only need to show supK
jŜ�(K)�S�(K)j

S�(K)

p! 0. jŜ�(K)�S�(K)j
S�(K)

� 1
n

A
S�(K)

+ �̂2�
j ~R�(K)�R�(K)j

S�(K)
+

j�̂2���2� j
R�(K)
S�(K)

; where A = j
̂1��
1�j for 2SLS and A = j�̂����j for C2SLS. Let ~Gn = Gn(~�n). As
~Gn�Gn = (~�n��0) ~GnGn, we have tr(M̂�M) = (~�n��0)tr(P ~GnGn) = o(K) and tr(P ~G2n�PG2n) =

tr(P ~G2n � P ~GnGn + P ~GnGn � PG2n) = (~�n � �0)tr(P ~G2nGn) + (~�n � �0)tr(P ~GnG2n) = o(K).

Similarly, tr(M̂2 � M2) = o(K) and tr(M̂ 0M̂ � M 0M) = o(K). It follows that j
̂1� � 
1�j =

o(K2) and j�̂� � ��j = o(K). For 2SLS, jnS�(K)j � c � K2 by Assumption 6 (ii), which implies

1
n j
̂1� � 
1�j=S�(K) = o(1), uniformly in K. On the other hand, for C2SLS, jnS�(K)j � c �K by

Assumption 6 (iii), which implies 1
n j�̂� � ��j=S�(K) = o(1). As R�(K)=S�(K) = O(1) uniformly

in K for both 2SLS and C2SLS because 0 < R�(K)=S�(K) < 1 for all K, it remains to show that

supK
j ~R�(K)�R�(K)j

S�(K)

p! 0. As jnS�(K)j � c(K+n�K) for 2SLS and C2SLS, supK
j ~R�(K)�R�(K)j

S�(K)

p! 0

can be proved by the same argument for both estimators as follows.

For subsequent analysis, it is useful to consider a more general form, supK
j ~R�(K)�R�(K)j

S�(K)
, where

~R�(K) = �01n ~R(K)�2n and R�(K) = �01nR(K)�2n for any arbitrary (random) vectors �1n and �2n

which converge (in probability) to well de�ned limits. As ~R(K) � R(K) = 1
n [F

0
n(In � P )Vn]s �

1
n (V

0
nPVn�
2)+ 1

n (
̂2�
2), we have ~R�(K)�R�(K) =
1
n�

0
1n[F

0
n(In�P )Vn]s�2n� 1

n�
0
1n(V

0
nPVn�


2)�2n +
1
n�

0
1n(
̂2 � 
2)�2n:

First, we show supK
j 1n �

0
1nF

0
n(In�P )Vn�2nj
S�(K)

p! 0, where Vn = Gn �Une01 + Un(0m�1; Im). Given any

� > 0 and positive integer r, by Chebyshev�s inequality, we have Pr(supK
j 1n �

0
1nF

0
n(In�P )Gn

�Une
0
1�2nj

S�(K)
>

�) �
P

K
(e01�2n)

2rE[�01nF
0
n(In�P )Gn

�Un]
2r

�2r[nS�(K)]2r
: Let �G;max be the largest eigenvalue of GnG0n. By Theorem

2 of Whittle (1960), for positive constants c1; c2 and c, E[�
0
1nF

0
n(In � P )Gn �Un]2r � c1[�01nF 0n(In �

P )GnG
0
n(In � P )Fn�1n]r � c1[�G;max�

0
1nF

0
n(In � P )Fn�1n]r = O(n�K)

r � c2[nS�(K)]
r: Hence,

for r = 1, Pr(supK
j�01nF

0
n(In�P )Gn

�Une
0
1�2nj

nS�(K)
> �) � c � ��2r

P
K [nS�(K)]

�r ! 0 by Assumption 7.

Similarly, we have supK
j�01nF

0
n(In�P )Un(0m�1;Im)�2nj

nS�(K)

p! 0. Thus, supK
j�01nF

0
n(In�P )Vn�2nj
nS�(K)

p! 0.

Next, we show supK
j�01n(V

0
nPVn�
2)�2nj
nS�(K)

p! 0. Given any � > 0 and positive integer r, by Cheby-
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shev�s inequality, we have

Pr(sup
K

j 1n�
0
1ne1[ �U

0
nG

0
nPGn �Un � E( �U 0nG0nPGn �Un)]e01�2nj

S�(K)
> �)

�
P
K

(�01ne1)
2r(e01�2n)

2rE[ �U 0nG
0
nPGn �Un � E( �U 0nG0nPGn �Un)]2r

�2r[nS�(K)]2r
:

For some positive constants c3; c4, E[ �U 0nG
0
nPGn �Un � E( �U 0nG0nPGn �Un)]2r � c3tr[(G

0
nPGn)

2]r =

O(Kr) � c4[nS�(K)]
r, where the �rst inequality follows by Theorem 2 of Whittle (1960), the

equality follows by Lemma A.2 (ii), and the last inequality follows as jnS�(K)j � c � K. Hence,

for r = 1, Pr(supK
j 1n �

0
1ne1[

�U 0
nG

0
nPGn

�Un�E( �U 0
nG

0
nPGn

�Un)]e
0
1�2nj

S�(K)
> �) � c � ��2r

P
K [nS�(K)]

�r ! 0:

On the other hand, let U1n = Un(0m�1; Im)�1n and U2n = Un(0m�1; Im)�2n. Given any � > 0, by

Chebyshev�s inequality, we have Pr(supK
jU 0

1nPU2n�E(U
0
1nPU2n)j

nS�(K)
> �) �

P
K

E[U 0
1nPU2n�E(U

0
1nPU2n)]

2

�2[nS�(K)]2
:

By an argument similar to that in the proof of Lemma A.4 (iv), E[U 01nPU2n � E(U 01nPU2n)]2 =

O(K) � c � nS�(K). Hence, Pr(supK
jU 0

1nPU2n�E(U
0
1nPU2n)j

nS�(K)
> �) � c � ��2

P
K [nS�(K)]

�1 ! 0:

Similarly, Pr(supK
j 1n �

0
1ne1[

�U 0
nG

0
nPU2n�E( �U

0
nG

0
nPU2n)]j

S�(K)
> �)! 0.

Lastly, as 1
n j�

0
1n(
̂2�
2)�2nj = o(K=n) and jnS�(K)j � c �K, we have supK

j�01n(
̂2�
2)�2nj
nS�(K)

p! 0.

In summary, we have supK
j ~R�(K)�R�(K)j

S�(K)

p! 0. As �1n and �2n can be arbitrary vectors, we have

shown, in particular, that each component of
~R(K)�R(K)
S�(K)

converges to 0 uniformly in K.

Note that ~R�(K)�R�(K) = �0Ĥ�1
n
~R(K)(Ĥ�1

n �H�1
n )�+�0(Ĥ�1

n �H�1
n ) ~R(K)H�1

n �+ 1
n�

0H�1
n [F 0n(In�

P )Vn]
sH�1

n �� 1
n�

0H�1
n (V 0nPVn�
2)H�1

n �+ 1
n�

0H�1
n (
̂2�
2)H�1

n �; where j�
0Ĥ�1

n
~R(K)(Ĥ�1

n �H�1
n )�j

S�(K)
�

j�0Ĥ�1
n [ ~R(K)�R(K)](Ĥ�1

n �H�1
n )�j

S�(K)
+
j�0Ĥ�1

n R(K)(Ĥ�1
n �H�1

n )�j
S�(K)

. As Ĥ�1
n �H�1

n = o(1) and each component

of
~R(K)�R(K)
S�(K)

converges to 0 uniformly in K, we have supK
j�0Ĥ�1

n [ ~R(K)�R(K)](Ĥ�1
n �H�1

n )�j
S�(K)

p! 0:

On the other hand, as Ĥ�1
n � H�1

n = o(1) and R(K)=S�(K) = O(1) uniformly in K, we have

supK
j�0Ĥ�1

n R(K)(Ĥ�1
n �H�1

n )�j
S�(K)

p! 0. Hence, supK
j�0Ĥ�1

n
~R(K)(Ĥ�1

n �H�1
n )�j

S�(K)

p! 0. Similarly, we have

supK
j�0(Ĥ�1

n �H�1
n ) ~R(K)H�1

n �j
S�(K)

p! 0. Hence, supK
j ~R�(K)�R�(K)j

S�(K)

p! 0, and the desired result follows.
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