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By Xiaodong Liu and Lung-fei Lee

A Some Useful Lemmas

To simplify notations, we drop the K subscript on Qx, Px and Mg. Let MI refer to the Markov

inequality, and CSI to the Cauchy-Schwarz inequality.

Lemma A.1 For an estimator given by \/ﬁ(Sn —dp) = ﬁ;lfzn, suppose there is a decomposition,

ho =hn +Th+ Z", H, = H, + T + 71,
(A +T™) (b + T — by HATH — THH B, B = A(K) + Z4(K),

such that T" = o,(1), h, = O,(1), H, = O(1), the determinant of H, is bounded away from
zer0, prc, = t1(S(K)) = o), [TH* = o(prc)s T 1T = 0p(oren)s 12" = 0p(osen);
127 = oplprcn): ZAE) = 0p(px.n)s EIAK)] = 02Hy + HuS(K)H + 0(pic ). Then (2) is

satisfied.

Proof. This is Lemma A.1 in Donald and Newey (2001). m

Lemma A.2 (i) tr(P) = K. (ii) Suppose that {A,} is UB. For B, = PA,, tr(B,) = O(K),
tr(B2) = O(K), and _,(By;)* = O(K), where By;’s are diagonal elements of B,,.

Proof. See Liu and Lee (2010). m

Lemma A.3 Under Assumption 4 (iii), we have (i) >, P2 = o(K), Z#j PP = K? + o(K),
Yoz PPy = 2. PP = K + o(K); (i) X2, MyPyi = o(K), >, MiiPj; = Ktr(M) +
o(K) = O(K?), 32, MijPij = 30, MijPji = tr(M) + o(K) = O(K); (iii) 32, Mi = O(K),
iy MiiMy; = tr*(M) =32, M, = O(K?), 32, 5 MijMij = tr(MM')=37, Mj; = O(K), 3, ; Mi;j Mji =
tr(M?) — >, MZ = O(K); and (iv) if Assumption 5 (ii) also holds, >, M2 = o(K).



Proof. (i) is Lemma A.2 in Donald and Newey (2001). For (ii), as tr(M P) = tr(M) = O(K), it fol-
lows that | 32, My Pyl < 32, [MiiPyi| < (max; | Myi|)tr(P) = o(K), 32, MiiPyj =32, My 3, Py —
> Mii Py = tr(M)tr(P) + o(K) = O(K?), and 35, My Py = 3, MijPy = 32, Mi; Py —
>y Mii Py = tr(M) + o(K) = O(K). For (iii), Y; M2 = O(K) by Lemma A.2 (ii). As tr(M) =
O(K), tr(MM') = O(K), and tr(M?) = O(K) by Lemma A.2, it follows that D MiiMj; =
iy MMy — 50, M7 = (M) — 35, MZ = O(K?), 35, MyjMi; = 32, s MygM;; — 30, M7 =
tr(MM') =32, M7 = O(K), and 3, ; My Mj; = 37, s My M=~ M7, = tr(M?) =37, M2 = O(K).
For (iV), Zi Mz2z § (maxl- |M“D Zz |M”| = O(K) | |

Lemma A.4 Under Assumptions 1-4, (i) Ax = o(1). (ii) F,(I, — P)en/y/n = OP(AZQ) and
Fy(In = P)Va /i = Oy(A). (i)

tr(M' M) (74500 + 20ueyo + 02 *
E(V/PV,) = ( )(v0Zu0 Yo ) 0K, )

tr(M)(Zuvo + o) K%,

and E(V! Pe,) = [tr(M)(0uevo+02), Kou) = O(K). (iv) E(V, Pe,e!, PV,)) —E(V/! Pe,)E(e/, PV,,) =
O(K), E[(V.PV,)?] — E*(V!PV,) = O(K), and, if Assumption 5 (ii) also holds,

E(V! Pe,e., PV,,) — E(V Pe,)E(e, PV,,) (2)
| (uevo + D)t (MM') + 02 (70 Buvo + 20ueYo + 02 )tr(M?) * oK)
[(Tueo + 0?)0;6 + UE(Eu'YO + oy )]t (M) (0heTuc + U?Eu)K

(v) VAk/n = o(K/n + Ak) and /KA /n = o(K?/n + Ak). (vi) Let T, be either F, or
(I, — P)F,,

B(ET el PVi) = [2 T veen (M)E(€ i) + ~Thveen (M)pig, ~Tyveen(P)E(e )],
n n n n
E(%F,’Lene’nPVn) =0O(v/K/n), E[%Fé([nfp)ene’npvn} =O(v/KAk/n), and E(%hnh;nglv,;Fn) =
O(1/n).

Proof. (i) and the first part of (ii) is in Lemma A.3 of Donald and Newey (2001). For the second
part of (ii), let U, = (@)1, ,,,) , where t,; = uniYo+€ni- E(V, V) = B(G,U,U.G!, +U,U.) =

E(u2,)GnGl + E(uniul ) In = (VoZuYo + 20ueYo + 02)GnGly + tr(3y) 1. Let Apax be the largest



eigenvalue of E(V,, V). Var[ﬁFT’L(In — P)V,] = LF/(I,, — P)E(V,V,))(I, — P)F,, < Amax~F) (I, —
P)F, = O(Ak). So —=F, (I, — P)V, = O,(A}%).
For (iii),
E(U!M'MU,) EU!M'U,)
E(V!PV,) = :
* E(U] PU,)
where U,, = Up,yg + €, and M = PG,,. E(U,M'MU,) = tr(M'M)E(u2,) = tr(M'M)(vZuvo +
20470 +02), E(ULM'U,) = 3, MyiE(tniun;) = tr(M) (74 Zu+0oue) and E(U, PU,) = Y, PiE(u)un;) =
tr(P)X, = KX3,. As tr(M'M) = O(K) and tr(M) = O(K) by Lemma A.2, E(V,! PV,,) is given by
(1). Next, E(V,! Pe,) = E[e}, M'U,,, €, PU,)’, where E(¢}, M'U,,) = >, M;;E(tini€n;) = tr(M)(cuevo+
0?) and E(e, PU,) = >, PiE(epitini) = tr(P)oye = Koye. Hence E(V, Pe,) = [tr(M)(oueyy +
02),Koy) = O(K) by Lemma A.2.
For (iv),
E(U! M'e e, MU,) E(U!M'e,é, PU,)
E(V, Pe,e, PV,) =
* E(U] Peye,, PU,,)

It follows by Lemma A.3 that

E(U, M'e e, MU,)
= X, MEE(en;tin;) + 30,05 (MiiMjj + MjiMij )E(@nienienjting) + 3,0 MigMiE(ep; ;)
= [E(eiiaii) - Q(O'us'yo + 02)2 - U?(’%)Eu'yo + 2Uu570 + U?)] Zi MZQz

+(oucvo + 02)?[tr* (M) + tr(M?)] + 02 (76 SuVo + 20ueyo + 02)tr(M'M).

Similarly, E(U,, M'e, €, PUy,) = (0ueyo+02)0ue Ktr(M) + [(0uevo +02)0ue + 02 (Vo Xu + 0w tr(M) +
o(K) and E(U},Pene,,PU,) = o', 0, K? + (0),.0uc + 023,)K + o(K). Hence, E(V,Pe,e., PV,,) —
E(V, Pe,)E(e, PV,,) = O(K) by (iii). Furthermore, under Assumption 5 (ii), >, M% = o(K)
and (2) follows. On the other hand, E[(V,!PV,,)?] = E(V,MU,U! M'V,,) + E(V,,PU,U.,PV,,). As
V, = [GnU,, U], by similar arguments as above, E(U,M'MU,U, M'MU,) = (74ZuYo + 20ucYo +
02202 (MI M) +O(), BT, M MU T, M) = (St 20 v t02) (oo (M M )ex (M) +
O(K), B(U, MU, T M'Up) = (Suvg + 0% ) (Va0 + oue)tr2(M) + O(K), BT M'UU.MU,) =
(0 + 70e) (Burg + 0 (M) + O(K), BT, M UULPU) = ()50 + 00e) Su K tx(M) + O(K),
and E(U! PU,U! PU,) = $2K? + O(K). Hence, E[(V/PV,)?] — E2(V!PV,) = O(K) by (iii).



The first part of (v) is Lemma A.3 (vi) in Donald and Newey (2001). The second part of
(v) is in Liu and Lee (2010). For (vi), E(2Ie.e, PV,) = [E(2T e e, MU,),E(2I enel, PU,)],
where E(LT) 6,6, MU,) = 1T vecp(M)E(€2;uni)vo + 2Thvecp(M)ps and E(LT)€,e,PU,) =
17! vecp(P)E(€2;uy;). On the other hand, let Ty = F/(I, — P)e,/y/n and T = V,Pe,//n.
By the covariance inequality, [E(e}h,Tser)| < \/\W Var(e;1>). As Var(h,) = O(1) and
Var(Ty) = B(TyT}) — E(Ty)B(T}) = O(K/n) by (iv), it follows that E(h,T}) = E(L Flene, PV,) =
O(y/K/n). Similarly, |E(eTiTser)| < \/M\/W’ where e; and ey, are, respectively,
the jth and kth unit vectors. As Var(Ty) = o2F/(I,, — P)F,/n = O(Ak) and Var(Ty) = O(K/n),
we have E(T1T}) = E[LF!(I, — P)e,e, PVy] = O(/KAk/n). Let v,; be the ith row of V.
E(Ghaly, H WV Fy) = 55 55, B(Feicn ien e P H VWV F,) = 05 30, Freiei Fo U E(e, juy,,)el Fy =
O(%), because elements of F}, are uniformly bounded (implied by elements of Z,,, being uniformly

bounded in Assumption 4 (ii)). m

Lemma A.5 Suppose that {A,} is a sequence of n x n UBC matrices, the elements of the n x k
matriz C,, are uniformly bounded, and €,1,- - , €nyn are i.i.d. with zero mean and finite variance o2.
Then, %C’;Anen = 0,(1) and LC Ape, = 0,(1). Furthermore, if the limit of 2Cl A, Al,C,, exists

and is positive definite, then %C;Anen LA N(0, 02 lim,, o %C’;AnA;LCn).

Proof. See Lee (2004). m

Lemma A.6 (i) 1Z/PZ, = H, + Y} R, where R{ = —ep(K) = O(Ak), RY = L(F'V, +
ViF,) = O(1/yn), R¥ = LV!PV, = O(K/n), and R = —L[F.(I, — P)V,, + V(I,, — P)F,] =
O(V/Ag/n) = o(K/n+ Ak);

(i) [Z),Pen — E(V!Pe,)] /i = hn + S22 RY, where R = —F!(I,, — P)en/v/n = O(A}?) and
Ry = [V Pey, — E(V, Pen)] /i = O(\/K/n);

(iii) E(RPRM) = —E(R!h.)) = —E(hnh!, H:-*RI") = 02ep(K) and E(h,hl, H;'RE") = O(1/n).

n n

Proof. 17/ PZ, = L(F, + V,))P(F, +V,) = 2F/PF, + X(F/ PV, + V| PF,) + VPV, = H, +
Yoiy BRI where RIf = —LF!(I,, — P)F, = —ep(K) = O(Ak), RY = L(F,V, + V,F,) = O(1/v/n)
by Lemma A.5, R¥ = 1V!PV,, and RY = —L[F/(I, — P)V, + V.(I, — P)F,] = O(\/Ak/n) =
o(K/n + Ak) by Lemma A.4 (ii) and (v). As 2E(V,,PV,) = O(K/n) by Lemma A.4 (iii), R =

LV PV, = O(K/n) by ML



For (ii), [Z), Pen — E(V, Pen)l/v/n = hyp — F}(In = Plen//n + [V, Pen — E(V, Pen)l/v/n = hy +
R! 4+ RE, where RM = —F'(I, — P)en/vn = O(AY?) by Lemma A4 (i), and Rl = [V/Pe, —
E(V! Pey)|/v/n. As E(V, Peyel, PV,,) — E(V, Pe,)E(e,,PV,,) = O(K) by Lemma A.4 (iv), it follows
that R} = O(\/K/n).

For (iii), E(RIRY) = —E(R}K,) = —E(h,h/,H;'RI") = 0%ep(K) is trivial. By Lemma A.4
(vi), E(h bl H 1 RE"Y = O(1/n). m

Lemma A.7 If supg ISE(Z(iSi(K)I =0, then % £

Proof. Donald and Newey (2001) Lemma A.9. m

Lemma A.8 Suppose \/n(0, — o) = O(1), &, = Lz (yn — Zn0y), and 52 = Ly — Z0b0) (yn —
Zn0y). Then, (i)

ViGue = 00 = = Fhen + VA-Uhen — 0ue) = [ Zan F + BULV)Vi(B, — 60) + 0(1) = O(1),

T Vn

and (i) v/A(52 - 02) = Vi(Le,e, — 02) = ZE(€, Va)v/i(5, — 80) + o(1) = O(L).

Proof. For (i), 6, = 2Z},en — 225, Z,(8, — 0o). As 125V, = o(1), LU,F, = o(1), and

LUV, —E(U,V,)] = o(1), we have 2724 7, = L(Z5,+U,) (Fo+ Vi) = L[Z4, F,+E(U, V)] +0(1).
Hence, vi(Gue — 0uc)’ = VAI(E Zinen — 0ue) — (224, Za) /B0 — 00) = = Zpen + Vi(AUjen —
Oue) — A Zhy P+ BAULV)IWit(Ba — 80) + o(1), where 7,6, = O(1), V(2 Usen — o) = O(1),
and (24, Fy + E(ULV;)] = O(1). For (i), 62 = L{en — Zu(Bn — 60)] len — Zu(Bn — 80)] = Lelen —
26,2050 — 80) + L (3 — 60 22050 — 80). As L, Fy = of1) and L[,V — E(e,Va)] = o(1), it
follows that e/, Z, = Le (F, + V;,) = te, F + ~[el,V,, — E(e, Vi) + ~E(€, Vi) = E(e), Vi) + o(1).
Hence, /(67 — 02) = /n(te,e, —0?) — 2€,Z, V0, — 8o) + l(Sn —00)/ Z!, Zy\/ (6, — O0) =
Vn(te e, —o?)— E(e%Vn)\/ﬁ((Sn—éo)—l—o( ), where \/n(+e, e, —0?) = O(1) and LE(€,V;,) = O(1).

B Proofs

Proof of Lemma 2.1. For

'ygwg’ )\Ovowg’ e )\g'yfﬁrg’ 0
TK = )
0 0 ‘e 0 w0



Qrrr = ()= NWITY W (X)) 7070, Uy (X,)70). Hence, when sup,, [|AoWy|ls < 1, we have
1F = Qrilloo = [|[GnZ2nvo — ( ?:0 A6W£+1)\I’q(Xn)7T2'VOv Zop — "I/q(Xn)ngoo = [[[Gn(Z2n —
Uy (Xn)m9) 0+ (G — g MWW (X)) 7950, Zan — U g(X) 7] |oe, which is o(1) as n, K — oo,
since || Zan — Ug(Xp)79loo — 0 and ||Gr — S0 MWIT |oo < [[AWa B |Gnlloo — 0. Finally, as

L1112 < (|| - |ls0)?, the desired result follows. m

Proof of Proposition 1. The 2SLS estimator satisfies \/ﬁ(ggsls,n—éo—bgslsm) = (%Z;IPZn)_l [Z] Pe,—
E(V/ Pe,)]//n, where E(V! Pe,,) = [tr(M)(0ueyo+02), Koy by Lemma A 4 (iii). As K/n — 0 and
Ak = o(1) by Lemma A.4 (i), we have 1 Z/ PZ, = H,, + o(1) 2, i and [Z!, Pe,, — E(V! Pe,)|//n =

hn 4+ 0(1) <, N(0,02H) by Lemma A.6. The conclusion then follows by the Slutzky theorem. m

Proof of Corollary 2. (i) and (ii) are trivial. For (iii), because 0 < n < 1 implies K*7 < K'*"
therefore K//n < \/m — 0. As \/ﬁ(ggsls,n — 80 — basis,n) = O(1), (K"/\/ﬁ)\/ﬁ(&sls,n —
8o — basis.n) = o(1). Note that bags., = O(K/n) and K"bogs ,, = O(K'/n) = o(1). It follows that
K"(89515.m — 00) = K" (02516 — 00 — bastsn) + K"bogisn = 0(1). m

Proof of Proposition 3. The 2SLS estimator satisfies ggsls’n—éo—bgsls’n = (%Z;LPZn)_1 % [Z] Pen,—
E(V, Pe,)]. By Lemma A.6, (2, PZ,)"' = O(1) and 1[Z/ Pe, — E(V,Pe,)] = O(1/y/n). B
Lemma A.4 (iii), 2E(V,Pe,) = O(K/n) = O(1). The conclusion then follows by the Slutzky

theorem. m

Proof of Proposition 4. It is sufficient to show that ﬁ(i)gsl&n — basisn) = o(1). As G, —

Gn = (S‘H - )‘O)énGnv \/E(Sn —80) = O(1), V(Gue — ouc) = O(1), and /(57 — a?) = O(1) by
Lemma A.8, 2= [tr(PGp)(GucT, +67) = tr(M)(0ucro+02)] = o= (An = Ao)tr (PG G ) (GucT, +57) +
ﬁtr(M)[aug('yn — o)+ (Fue — Tue)vo + (62 —02)] = O(K/n) = o(1). Similarly, K(&yc —0uc)/\/n =

O(K/n) = o(1). On the other hand, as 1 Z/ Pk Z, = O(1), the desired result follows. m

Proof of Proposition 5. The 2SLS estimator satisfies \/ﬁ(ggslsyn —0g) = ﬁ;li”bn, with H,, =
L1z P2, and ﬁn = Z! Pe,/y/n. By Lemma A6 (i), H, = H, + TH + T + Z", where T} =
R = O(Ak), T = R = O(1/yn), Z I+ RH = O(K/n) + o(K/n + Ak). On the other
hand, h, = h, + Tlh + T}, where T)* = Rl = O(A%z) by Lemma A.6 (ii) and T3 = V' Pe,/v/n.
As E(V!PV,) = O(K) by Lemma A.4 (iii) and E(e,, Pe,) = o?tr(P) = 02K, it follows by MI that
E|V!Pe,| < [E(V.PV,)]'?[E(!,Pey)]'/? = O(K). Hence, T} = V! Pe,/v/n = O(K/\/n). For



Prcm = t1(S(K)), prn = O(K?/n+ Ak) by Assumption 5 (i). It follows that ||Z#|| = o(p,,). For
TH =TH + TH and Th = T + TV, HTHH =0(pg.n);

T 7)) = ol

Next, by Lemma A.6 (iii), E(TPT}) = —E(TPh,) = —E(h, b}, H;'TH") = 0%ep(K). By Lemma
A4 (iv), E(TPTY) = LE(V, Pe,)E(e, PV,,)+O(K /n). When pg = 0 and E(€2,u,;) = 0, E(h,T3) =
LB(Flene, PV,) = 0. By Lemma A4 (v), E(TMTY) = — LE[F! (I,—P)ene, PV, ] = O(v/KAk /n) =
o(pk.n), and, by Lemma A.6 (iii), E(hnh) H,'Tf"") = O(1/n) = o(pg.,). Then, for Z4(K) = 0
and A(K) defined in Lemma A.1, E[A(K)] = E[(hy, + T} + TJ)(hp + TP + T3) — hoh!, Hy YT +
T — (T + T )YH, *hoh))] = 02H, + o%ep(K) + LE(V, Pen)E(e, PV,) + o(pg.,) = 02H, +
H,S(K)H, + o(pk ,)- So all conditions of Lemma A.1 are satisfied. The desired result follows as
E(V, Pe,) = [tr(M)(oueyo + 02), Koy’ by Lemma A.4 (iii). m

Proof of Proposition 6. For py , = tr(S(K)) Pr.n = O(K/n+ Ak) by Assumption 5 (i). The

C2SLS estimator satisfies \/ﬁ((%cgsl&n —dg) = 1hn, with H,, = TILZ,’LPZ and h,, = \}ZéPen —

ﬁ[tr(PG )(GucHy + 62), Kéye)'. By Lemma A6 (i), H, = H, + ijl T/ + Z", where T} =
R = O(Ak), T = RY = 0(1/vn), TH = LE(V!PV,) = O(K/n), and Z¥ = Lv/pV, —
LE(V,PV,)+ RY. By Lemma A.4 (iv), we have E[(V,, PV,,)?] = E*(V,, PV,,) + O(K). It follows that
E[LV] PV, — LE(V,PV,)]> = O(K/n?) = o(K?/n?*). Hence, VPV, — LE(V,PV,) = o(K/n). A

R’ = o(K/n+ Ag) by Lemma A.6, Z" = o(py ,,).

On the other hand, h,, = —=[Z/, Pe,—E(V/ Pe,,)]——

v vl
Z! Pe, — E(V! Pe,,)| = hy, + TP + T2, where T = R} = O(A%z) and T} = Rl = O(/K/n) by

tr(Pén)(Uu6'7n+G ), Koy =E(V; Pen)}.
val
v
Lemma A.6 (ii). As Gy — Gn = (An — A0) GG, \%[tr(PG V(G ueHy, + 62) = tr(M)(oucy +02)] =
ﬁ(xn - AO)tr(PénGn)(&ue:Yn +&Z) + ﬁtr(M)[aue (Y =Y0) + (Gue —oue)vo + (0 g 0?)] = ﬁ(;\n -
Mo)tr(PGR)(0uevy +07) + e tr(M)[oue(T —70) +76(Gue — 0ue)’ + (52 = 02)] + o(K /n). Let Py =
Qo(QpQ0) Q). The preliminary estimator is given by 5 = (Z! PoZn) "t Z! Pyyn. As %QBZ,, =
LQU(Fy +Vy) = LQ4F, + o(1), (3, — d0) = Lo + o(1), where Ly = /n(F,PyF,))"*F! Pye,,. By
Lemma A.8, \/n(Guc — 0ye) = L1 4+ o(1) and /n(6% — 02) = Ly + o(1), where L; = \%Zﬁnen +
V(LULen — oue) — 225, F, + E(U} V)] Lo and Ly = /n(te, e, — o?) — 2E(e, Vi) Lo. Let T§ =
—%[al,ag]’, where a; = tr(PG2)(0ueyo + 02)ei Lo + tr(M)[owe(Omx1, Im) Lo + ¥4 L1 + Lo] and
as = KL}. Let Z" = ﬁ[tr(PGn)(éug?n +62) —tr(M)(Tucyo + 02), K(Gue — 0ue)] — T8 = o(K/n).
Hence, h,, = h, + Z?,l T+ Z". 1t follows that, for TH# = Z?,l T/ and Th = 3 T}, we have

J=1
[T = olox,),

H =0 pKn a‘nd ||ZH|| =0 pKn)



Next, by Lemma A.6 (iii), E(T}TP) = —E(T]'h) = —E(hnh!l, H; ' TH') = o0%ep(K). BE(TPTY) =

LIE(V, Peye, PV,,) — E(V), Pe,,)E(€, PV,,)] = L1111 (K) + o(K/n), where II; (K) denotes the leading-

order matrix given in Lemma A.4 (iv). As ps = 0 and E(€2,u,;) = 0, we have E(h,T3") = 0, and

E(T!'T}') = 0. By Lemma A.6 (iii), E(hnh), H'TH") = O(1/n) = o(pg.,,)- E(hnhl, H ' TH)
OCE(VPVn).

E(Loh,) = (F!PyF,) " F! PyE(ene,)Fy = o ImH ASE(2uni) = 0, B(Lyh)) = L 24 Blene!,) Fr—
L1Z4 Fo + BE(ULV)IE(Loh,) = 16225 F, — 16225 F, + E(ULV,)] = —L02E(U.V,), where

n

E(U,V,) = E[U,Gn(Unvg + €,), U U] = [tr(Gn)(Eu’YO + 0y ) nEu]. As pg = 0, E(L2hy,)

—2F(e), V,)E(Lohl,) = —202E(€,Vy,), where E(€,V;,) = E[e, G (Unvo+en), €,Un] = [t1(Gn) (0 uevo+

rn

02),noy]. It follows that E(a1h,) = tr(PG2)(0ucyo+02) e  E(Lohl, ) +tr(M) 0w (Omx1, Im)E(Lohl, )+

YOB(Lihy) + B(L2hi,)] = tr(PG})(0uevo + 02)oles + tr(M)o?[0ue(Omx1, Im) — 3 70E(U,Va) —

2(e V;)] . E(abhl,) = KE(L k) = —£o2B(U.V,,). Hence,

1
E(T{h,) = _EE([GI’GQ]W")

1
! tr(G)o?(Buvg + o) Ko?%,

Then for ZA(K) = [(TF + T)TH)® + TAT in Lemma A.1,

E[A(K)] = E[(hn + T + T3) (b + T + T3 + (T4h0,)* — (hyhl H ' TH)?)
= Elhnh), + TVTV + T3T3 + (TPR,)® + (T3 h,)° — (ol Hy T
1 2
= 02H, +0%er(K) + L (K) + E(T{ )" = ~o?B(V,PV,) + olpy )

= 0lHn+ HyS(K)Hy + 0(pgc )-
So all conditions of Lemma A.1 are satisfied. Let y(K) = nE(TRh!)* — 202E(V,. PV,,).

II5 11 *

[ tr(Gr) — tr(M)]o?(Ruvg +07) 0

where ITp 11 = 2[Ltr(M)tr(G,) —tr(M'M)]o? (vyEuvo+20uevo+0o2)+2[ 2 tr(M)tr (G ) —tr(PG2)]o

). m

%tr(M)tf(Gn)Uz(%Zu% + 3071670 + 20?) (PG2) (Uue’yo +o ) tr(M)O'?(’%)EU + UUE)

(JuE'VO"‘



Proof of Proposition 7. Let Q¢ = & H, 'Q H, ¢, Qo = EH M H Y T =110 (K) + Ha(K)
and Tl = &' H\TTH; €. Let Que = € H 'O H '€, Qe = € H YO0 H Y and T = ¢ HTH, e
Let R(K) = L[Z/(I, — P)Z, + Q2 — V/V,)] and Re(K) = € H;'R(K)H;, '€, Let S¢(K) = 204 +
62Re(K) for 2SLS and S¢(K) = %Hg + 62Re(K) for C2SLS. As LYV, does not depend on K,

K = argming S¢(K) = argming S¢(K). Let R(K) = 1F.(I,, — P)F,, Re(K) = ¢ H;,'R(K)H,; ‘€.
We have S¢(K) = 2Q¢ + 02Re(K) for 2SLS and S¢(K) = 211 + 02R¢(K) for C2SLS. By Lemma

SUO_SEI] 2, ) 8eU)_Se) o 52 ()~ Re(K)|
S (K) 0. = S wsam tOC S ww ot

67 — 02| 557 » where A = [ (¢ — Que] for 2518 and A = [[T¢ —TI¢| for C2SLS. Let Gy, = G (An). As

A.7, we only need to show supy

Gn—Gp = (An—=X0)GnG, we have tr(M —M) = (A, —\o)tr(PG,G,) = o(K) and tr(PG% — PG?) =
tr(PG2 — PG, G, + PG,G, — PG?) = (A, — M)tr(PG2G,) + (A — Ao)tr(PGLG?) = o(K).
Similarly, tr(M? — M?) = o(K) and tr(M'M — M'M) = o(K). Tt follows that Q¢ — Q¢ =
o(K?) and [TI¢ — II¢| = o(K). For 2SLS, [nSe(K)| > ¢ - K2 by Assumption 6 (ii), which implies
%|Q15 — Q¢e|/Se(K) = o(1), uniformly in K. On the other hand, for C2SLS, [nS¢(K)| > ¢- K by
Assumption 6 (iii), which implies %|ﬁ£ — |/ Se(K) = o(1). As Re(K)/Se(K) = O(1) uniformly
in K for both 2SLS and C2SLS because 0 < R¢(K)/S¢(K) < 1 for all K, it remains to show that

—Re( Re(K)| P,

Sup i %7;()[0‘ 20, As [nSe(K)| > ¢(K +nAfg) for 2SLS and C2SLS, sup %

can be proved by the same argument for both estimators as follows.
|R. () — R (K))|
Se(K)

For subsequent analysis, it is useful to consider a more general form, sup , where

R.(K) = &, R(K)&,, and R,(K) = £, R(K)E,,, for any arbitrary (random) vectors £, and &,,
which converge (in probability) to well defined limits. As R(K) — R(K) = LIF (I, = P)V,]* —
L(WVIPV, — Q2) + L(Q2 — Qs), we have R.(K) — R.(K) = L&} [FI (I, — P)V,]*€,, — L&), (V. PV, —
0)6a,, + 2E0,(Q2 — D)o,

First, we show sup |28 FuIn—P)Vnsn| P, 0, where V,, = G,,Up€} + U, (Opx1, I;m). Given any

Se (K)
1 !
a > 0 and positive integer r, by Chebyshev’s inequality, we have Pr(sup ; |26 F"(I"SE( ))G"U"el&%l

/ 2r ’ ’ o127
a) <> g (€182n) i[fﬁ[’;é’zggif)G”U”] . Let A max be the largest eigenvalue of G,,G),. By Theorem

2 of Whittle (1960), for positive constants ci,co and ¢, E[¢},, F. (I, — P)G,U,)*" < c1[€), F! (I, —

P)G,Gh(L, — P)F&1,]" < c1[Agmax€inFn(In — P)Fn&,]" = O(nAg)" < c2[nSe(K)|". Hence,

for r = 1, Pr(supg Ig/l”F'/L(I"n_sf()G;U“ea&"l >a) <c-a Y . nSe(K)]7" — 0 by Assumption 7.

Similarly, we have sup 1€10 Fp(In Z?ng(z(o)mxh Im)&an| P, 0. Thus, sup ‘flnF”Ezgg(;gV"&%‘ 2oo.

€1, (Vi PV —=Q2)Es, |
nSe (K)

Next, we show supy 20. Given any « > 0 and positive integer r, by Cheby-



shev’s inequality, we have

|281ne1[UR G PGRUn — E(U, G PGRUn ) €185,
p

Pr(su >«
o Se(K) )
(€1ne1)* (€1€:,)* B0, G, PG U, — E(U, G, PGLU, >

SR> o (S (K)F

For some positive constants c3,cs, E[U,G! PG,U, — E(U.G!\PG,U,)*" < cstr[(Gl, PG,)?" =
O(K") < ca[nSe(K)]", where the first inequality follows by Theorem 2 of Whittle (1960), the
equality follows by Lemma A.2 (ii), and the last inequality follows as [nS¢(K)| > c¢- K. Hence,

1 e el TR Y =l 7 ’
for r = 1, Pr(supg ‘nglnel[UnGnPGnUg;E(]IE(()UnG"PGnUn)]€1§2n‘ >a)<c-a”? S [nSe(K)|™" — 0.

On the other hand, let Uy, = Uy (Orx1, I )€1, and Usy, = Uy (Omx1, Im)€s,. Given any « > 0, by

|Uin PU2,—E(U1,, PUsn)| E[U{, PUs, —E(U,,, PUs,)]?
Se(K) > ) <)k T[S (K2 :

By an argument similar to that in the proof of Lemma A.4 (iv), E[U],PUs, — E(U],, PUs,)|?* =

Chebyshev’s inequality, we have Pr(supy

O(K) < c¢-nSe¢(K). Hence, Pr(supg lU{"PUQ,’,‘Lg&E((Ig){"PUQ")‘ >a) <c-a?Y g nSe(K)7t — 0.

Y ST _ o~
Similarly, Pr(supg ‘"El"el[U”G"Péﬁy}{)E(U”G”PUQ")” >a) — 0.

Lastly, as 2[€],,(Q2 — Q2)&,,| = o(K/n) and [nS¢(K)| > c- K, we have sup % 2.

In summary, we have supy %;KR)*(K)' 20, As ¢ 1n and &,, can be arbitrary vectors, we have
R(K)—R(K)

Sc(R) . converges to 0 uniformly in K.

shown, in particular, that each component of
Note that Re(K)—~Re(K) = € Hy  RUK) (H = Hy e+€ (Hy ' = H ) RUK) Hy 45 € H ) (I~

PV B €= L€ H (Vi PV — Q) Hy 4 26 H M (@0 — ) H 6, where €0 UQUL M, DL o

&' B [RK)—RK)|(H, ' —H Y)e] n |¢' Ay ROK) (Hy ' —H b )E|
Se(K) Se(K)

of % converges to 0 uniformly in K, we have supg

. As H;' — H;' = 0(1) and each component

|&"H (RO = RUON(H ' —H e[ Py

5e(R) 0.

On the other hand, as H;' — H;' = o(1) and R(K)/S¢(K) = O(1) uniformly in K, we have

1 fr—1 r—1 —1 ' r—1p r—1 —1
X« |&"H,  R(K)(H, —H, )| €1, RO, —H, JEl P, Similarly, we have

P
sup — 0. Hence, supg

Se(K) Se(K)
1 fr—1 N 1 ~
Sup g & (Hy _}é’g(l)(?(K)H" ¢ 2 0. Hence, Sup g w 20, and the desired result follows.
|
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