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Abstract

This paper considers the identification and estimation of network models with
agents interacting in multiple activities. We establish the model identification us-
ing both linear and quadratic moment conditions. The quadratic moment conditions
exploit the correlation of individual decisions within and across different activities, and
provide an additional channel to identify peer effects. Combining linear and quadratic
moment conditions, we propose a general GMM framework for the estimation of si-
multaneous equations network models. The GMM estimator improves the asymptotic
efficiency of the existing IV-based linear estimators in the literature. Simulation ex-
periments show that the GMM estimator performs well in finite samples.
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1 Introduction

Tremendous progress has been made in understanding the identification of peer effects since
the seminal work by Manski (1993) (see Blume et al., 2011, for a review). However, until re-
cently, little attention has been paid to the modeling and identification of peer effects when
economic agents interact in multiple activities. In a recent paper, Cohen-Cole et al. (2018)
develop a simultaneous equations network model and suggest an estimation procedure by
extending the generalized spatial 2SLS and 3SLS estimators proposed by Kelejian and
Prucha (2004). Following the insight of Bramoullé et al. (2009), the identification strategy
in Cohen-Cole et al. (2018) exploits exclusion restrictions from intransitivity of network
connections. Liu (2014) considers the identification of the simultaneous equations network
model when the adjacency matrix that represents network topology has non-constant row
sums. In this case, Liu (2014) shows that the Bonacich centrality (Bonacich, 1987) provides
additional information to identify peer effects and can be used as an instrumental variable
(IV) to improve estimation efficiency. As Cohen-Cole et al. (2018) and Liu (2014) focus
on I'V-based linear estimators, the corresponding identification strategy only utilizes linear
moment conditions.

For single-equation spatial econometric models, quadratic moment conditions captur-
ing spatial correlation of cross-sectional units are often used for identification when the
model cannot be identified through linear moment conditions (see, e.g., Kelejian and
Prucha, 1999; Lee, 2007). In this paper, we propose quadratic moment conditions based
on the correlation of individual choices within and across equations for the identification
of simultaneous equations network models. The idea of identifying peer effects by the cor-
relation of individual choices traces back to Glaeser et al. (1996) and is later developed to
the method of variance contrasts by Graham (2008). In the method of variance contrasts,

identification is achieved through the differences in intergroup outcome variances when



there are at least two groups with different sizes (Durlauf and Tanaka, 2008). By contrast,
the identification strategy in this paper exploits the correlation of individual choices in
different activities within a group, and thus does not rely on variation in group sizes.

Combining linear and quadratic moment conditions, we propose a generalized method
of moments (GMM) framework for the identification and estimation of simultaneous equa-
tions network models. The GMM estimator improves the asymptotic efficiency of the
IV-based linear estimators proposed by Liu (2014). Compared to the quasi-maximum like-
lihood estimator proposed by Yang and Lee (2017) for the simultaneous equations spatial
autoregressive model, the GMM estimator is computationally simple and remains tractable
with group fixed effects.! Liu and Saraiva (2015, 2019) also consider GMM estimation of
the simultaneous equations spatial autoregressive model. Liu and Saraiva (2015) focus on
the special case with a triangular system of equations, and Liu and Saraiva (2019) propose
a robust GMM estimator under heteroskedasticity of unknown form. Compared with Liu
and Saraiva (2015, 2019), this paper emphasizes the group structure of network data and
studies the identification and asymptotic properties of the GMM estimator in the presence
of group fixed effects.

The rest of the paper is organized as follows. Sections 2 introduces the econometric
model. The GMM estimator is described in Section 3, with its identification conditions
and asymptotic properties studied in Sections 4 and 5 respectively. Section 6 provides
Monte Carlo evidence on the finite sample performance of the proposed estimator. Section
7 briefly concludes. The proofs are collected in the appendix.

Throughout the paper, we adopt the following notation. For an n x n matrix A = [a;;],

'For a network model with group fixed effects, if the adjacency matrix has non-constant row sums,
the fixed effects cannot be eliminated by the within transformation (see Section 2) from the reduced form
equations. Therefore, the quasi-maximum likelihood estimator needs to estimate the fixed effects together
with other model parameters, and thus could suffer the “incidental parameter” problem (Neyman and
Scott, 1948).



let A®) = A+ A’, vecp(A) = (a11,- - ,anp)’, and p(A) denote the spectral radius of A.
The row (or column) sums of an n x n matrix A are uniformly bounded (in absolute value)
if maxi—1,....n Y7y |ai;| (or maxj=i,.. > i 4 |a;|) is bounded as n — oo. For an n x m
matrix B = [b;;], the vectorization of B is denoted by vec(B) = (b11,b21, - - - ,bum)’,2 and
the Euclidean matrix norm of B is denoted by ||B|| = \/tr(B'B). Let diag{B;} denote a
“generalized” block diagonal matrix with a typical diagonal block being an n; x m; matrix

Bj. Let I, denote the n x n identity matrix with its kth column denoted by i, ;. Let ¢,

denote an n x 1 vector of ones.

2 Econometric Model

Suppose a population of n individuals is partitioned into g non-overlapping groups, with
ng individuals in the gth group. Individuals in the same group interact in m activities
through a network. The network topology of the gth group is captured by an ng x n,
zero-diagonal adjacency matrix W(,). The (i, j)th element of W, is a known nonnegative
constant representing the proximity of individuals ¢ and j in the network.

For the gth group, the choices of ny individuals in m activities are given by a system

of m equations:
Yig) = Y(9)®o + W(g)Y(g) Ao + X(g)Bo + Wig) X(g)To + tny71(g) + Utg), (2.1)

where Y(g) is an ny X m matrix of observations on m endogenous variables, X ) is an ng X k;
matrix of observations on k, exogenous variables, U, is an ng X m matrix of disturbances,
and 74 is a 1 x m vector of group fixed effects. @y = [D1r.0], Ao = [Nir,0], Bo and T'g are,

respectively, m x m,m x m,k, X m and k; x m matrices of true parameters in the data

If A, B, C are conformable matrices, then vec(ABC) = (C’ ® A)vec(B), where ® denotes the Kronecker
product.



generating process (DGP). As a normalization, ¢y, o = 0 for all k. We assume that each
row of Uy is an i.i.d. random vector with a zero mean and an m X m covariance matrix
Y = [oy]. Thus, the disturbances of the same individual are allowed to be correlated across
different activities.

The econometric model is motivated by the best response function of a multiple-activity
network game introduced by Liu (2014) and Cohen-Cole et al. (2018). In model (2.1),
there are three types of endogenous effects, namely, the simultaneity effect (given by ¢y o),
wherein an individual’s choice in a certain activity is affected by her own choices in related
activities; the within-activity peer effect (given by Agx o), wherein an individual’s choice in a
certain activity is affected by her peers’ choices in the same activity; and the cross-activity
peer effect (given by Ao, | # k), wherein an individual’s choice in a certain activity
is affected by her peers’ choices in related activities. In addition to these endogenous
effects, I'g represents the contextual effect, wherein an individual’s choice is affected by
the exogenous characteristics of her peers, and 7, captures the correlated effect, wherein
agents in the same network may behave similarly as they have similar unobserved individual

characteristics or they face similar institutional environment (Manski, 1993).

Let Y = [Yp), . Ygl', X = [X(y), - X', U=[Upy, -, Upg)l's W = diag{W(g) },
and L = diag{tn,}. Then, for all the g groups,
Y =Y®+YAo+ XBy+ XTI+ Ln+U, (2.2)

where Y = WY, X = WX, and n = [77’(1), e ,77’@]’.

In general, the identification of simultaneous equations models requires exclusion re-
strictions. Let Y, Y, X; and X, denote the matrices containing columns of Y,Y, X and
X that appear in the kth equation under some exclusion restrictions, and let ®k.0) k05 B0

and 7, o denote the corresponding vectors of true parameters. Then, the kth equation of



model (2.2) is

Yo = Yibpo + Y edko + XiBro + Xuvko + Lk + us, (2.3)

where y,, 0, and uy, are respectively the kth columns of Y, and U. Let Zj, = [Y3, Y i, X, X &]

and 0.0 = (A0, M.0s Bk,00 Tk o)+ Equation (2.3) can be written more compactly as
Y = Zkgk,() + LT]k + ug. (2.4)

We allow 1 to depend on W and X by treating 1 as a g X m matrix of unknown
parameters. When the number of network g is large, we may have the “incidental pa-
rameter” problem (Neyman and Scott, 1948). To avoid this problem, we eliminate the

group fixed effects using the “deviation from group mean” projector J = diag{.J(4)} where

J(g) = Ipn, — n;lbn ; L'ng. This transformation is analogous to the within transformation for
the fixed-effect panel data model. As JL = 0, the kth equation of the within-transformed
model is

Jyk — JZk(gk,[) + Juk.

We maintain the following assumptions regarding the DGP. Let u;; denote the (i, k)th

element of U.

Assumption 1. (uj1, -+, Uim) ~ .i.d.(0,X), where ¥ is an m x m nonsingular matrix.
For some § > 0, E|uikuilu¢suit\l+5 is bounded by some finite constant for any i =

1,---,nandk,l,s,t=1,---,m.
Assumption 2. (I,, — ®) is nonsingular and p(Ag(I, — ®o)~1) < 1/p(W).

Assumption 3. The row and column sums of W and (I, — ®) ® I, — Aj @ W)~1 are

uniformly bounded in absolute value.



Assumption 4. The matrix of exogenous regressors X has full column rank for n suffi-

ciently large. The elements of X are uniformly bounded constants.

Assumption 5. 0} is in the interior of a compact and convex parameter space for k =

1o, m

Assumption 1-5 are from Kelejian and Prucha (2004) and Yang and Lee (2017). In
particular, Assumption 2 imposes a restriction on the parameter space so that model
(2.2) has a well defined reduced form. Assumption 3 limits the interdependence between
individuals’ choices to a tractable degree. If W is specified as a binary indicator matrix such
that its (4, j)th element is one if and only if individuals ¢ and j are directly connected, then

Assumption 3 requires the number of every individual’s direct connections to be bounded.

3 GMM Estimation

Let

u(0k) = J(yr — Zibk). (3.1)

Inspired by the GMM estimator proposed by Lee (2007) for the single-equation spatial
autoregressive model, we consider both linear and quadratic moment functions of ug(6y)
to construct the GMM estimator. For an n x ¢ nonstochastic IV matrix (), define the

within-transformed IV matrix as Q = JQ. The linear moment functions are given by
th(Hk) = Q’uk(ék), fOI‘ k= 1, e, M.

For an nxn nonstochastic weighting matrix =, (r = 1,-- - , p), define the within-transformed

weighting matrix as ir = J=,.J — tr(J=, r(J). e quadratic moment functions are
ighting matri =, = JE,.J — tr(JE,)J/tr(J). The quadrat t funct



given by
ho ki (Ok, 01) = [Ejur(Or), - Epue(0p)'w(6;),  for k,l=1,--- m.

These moment conditions are valid because, at the true parameter value, E[hy 1 (0k0)] =

E(Q’uk) =0 and E[hg}kl(ak,g, 01,0)] = E[(E/luk, tee ,é;uk)’ul] = O’kl[tr<é1), tee ,tr(ép)]' =0.

Let
hi(0) = [h11(01), - s him(0m)],
ho(0) = [h211(01,01), h212(01,02)" -, homm (Om, 0m)']',
and
h(0) = [h1(0)', ha(0)']', (3.2)

where 0 = (0),---,0,,). The GMM estimator for g is given by
O grmm = argmin h(6)'Q~'h(0), (3.3)

where n 10 is a \/n-consistent estimator of n~Q := n~1Var[h(6y)].3

The (infeasible) optimal IV matrix for JZj is Fy, := E(JZy). AsE(Y) =22, WX, L]C;
where C} is a coefficient matrix whose elements are functions of the elements of ®g, Ag, By, I'g
and 7 (Kelejian and Prucha, 2004), the optimal IV matrix Fj can be expressed as a linear
combination of the IVs in Qs = JIX, WX, W2X, ... WL W?2L,---]. As shown in Liu
and Lee (2010) and Liu (2014), WL, W?2L,--- are the leading order terms of the Bonacich

centrality (Bonacich, 1987). If W) has constant row sums (including the case that W, is

3For notational simplicity, we assume that the moment functions in h(0) are non-redundant. Otherwise,
one could define the GMM estimator based on Dh(#), where D is a selector matrix that selects all non-
redundant moment functions from h().



row-normalized) for all g, then WL, W2L,--- are eliminated by the within transformation
and Qoo becomes J (X, WX, W2X,---]. If W) has non-constant row sums for some g,
then JWL,JW?L,--- provide additional information to identify peer effects. Therefore,
in the latter case, the identification condition is in general weaker (Liu, 2014).

To implement the GMM estimator, the researcher may choose an IV matrix Q con-
taining a subset of the linearly independent columns of Qoo.4 As JWL has g columns,
where g is the number of groups in the data, the number of IVs is proportional to the
number of groups when JW L is included in Q. If the number of groups increases with n to
infinity, so does the number of IVs. Therefore, we follow the many-instrument asymptotics
(Bekker, 1994) and allow ¢, the number of IVs in @, to go to infinity. Furthermore, we
assume that the (infeasible) optimal IV matrix F} can be approximated by a linear combi-
nation of the IVs in @, with the approximation error diminishes as ¢ — co. This assumption
is common in the many-instrument literature (see, e.g., Donald and Newey, 2001; Hansen

et al., 2008).°

Assumption 6. Q) = JQ, where Q is an n x ¢ constant matrix with uniformly bounded
elements. () has full column rank for n sufficiently large. For each g, there exists a

constant matrix C}, 4 such that n_1|\Fk—QC'k7q||2 —0asq,n—oo,fork=1,---,m.

The weighting matrices =1, - - - ,ép in the quadratic moment functions are constructed
from Zi,---,E, satisfying the following regularity condition. We assume p is a fixed
positive integer chosen together with Z,’s by the researcher. Possible candidates for =,

include W, W?2, etc.5

“For the single-equation spatial autoregressive model, Liu and Lee (2013) derive the approximate mean
square error (MSE) of the 2SLS estimator as the criterion to choose the optimal set of IVs. Although
beyond the scope of this paper, it might be possible to derive the approximate MSE of the GMM estimator
for the simultaneous-equation network model following Liu and Lee (2013).

For a primitive condition for Assumption 6 to hold, see Liu and Lee (2010, 2013) for more discussions.

SFor the single-equation spatial autoregressive model, Liu and Lee (2010) derive the optimal =, assuming



Assumption 7. =, = JZ,J — tr(JZ,).J/tr(J), where Z, is an n x n constant matrix with

uniformly bounded row and column sums, for r =1, --- ,p.

4 Asymptotic Identification and Consistency

For the GMM estimator, 6y is asymptotically identified if plim n~th(0)Q"1h(0) attains

n—oo
a unique minimum at 6y. As n= h(0) Q" h(0) = n1h(0) Q" h(F) + 0p(1) uniformly in 0
(see the proof of Proposition 4.2), an asymptotically equivalent identification condition is

that plim n~1h(0) Q" 1h(6) attains a unique minimum at 6.

n—00

Let P =Q(Q'Q)'Q’, w = [vecp(Z1),- - ,vecn(Ep)], and

E(upnuiiuin)  E(uauinuiz) - E(uintimtim)
H3 =
E(uimuinuin) E(wimuiiuwiz) - E(WimUiminm)
Then,
Q1 Q2
0=
Ny Qoo

where Qll = Var[h1 (90)] =X & (Q,Q), le = E[hl(eo)hg(eo),] = U3 & (Q’w), and QQQ =

Var[ha(60)]. The (infeasible) GMM objective function can be written as

h(0)' 2 R(8) = ha(6) Qi ha(8) +h5(8) Uy ' h3(8) = u(6) (S~ @ Pyu(6) +h3(6) Q55 h3(0),

the disturbances follow a normal distribution. For a specific simultaneous-equation network model (e.g.,
the model considered in Example 1), the optimal =, may exist under proper assumptions (e.g., normality
of the disturbances).



where

5(0) = ha(8) — Qi (0) = ha(0) — (15571 @ (W' P)]ul8),

5 = Var[h3(0)] = Qa2 — Q051 Q2 = Qoo — (4537 1s) @ (w'Pw).
Let F' = diag{F})}, where F}, = E(JZ}). As

nlu@) (@ Pu@) = n (0 —0)F (Xt L,)F(6 — 0) + 0,(1)

n= Ry (0)' Ry thi(0) = T hy(8)' Q5 ha(8) + 0p(1)

where fi5(8) = E[hg(8)]—[(#5 X" )®w'| F(fg—0), uniformly in 6 (see the proof of Proposition

4.2), 0y is asymptotically identified if

limy, oon (00 — 0) /(271 @ I,)F (0 — ) + lim n~hy(0) Q5 tha(6)

n—oo

attains a unique minimum at 6p. We assume the following regularity conditions. Let [}’

be a matrix containing all the linearly independent columns of Fj, and F* = diag{F}}.

Assumption 8. (i) lim, .con 'F*(X7! ® I,)F* is a finite and nonsingular matrix, (ii)
limy oo n H(psE 1) ® WF* is a finite matrix with full column rank, and (iii)

limy, 00 n 103, is a finite and nonsingular matrix.

As (60 — ) F' (X' @ I,)F(6g — 0) > 0 and Ry (0)' Q5 g (0) > Tn(60) U5 TRy (60) = 0,

the asymptotic identification fails only if

limy, oo (0 — 0)'F'(S7 P @ I,)F(6y — 0) = 0 (4.1)

10



and

lim 1~ hy(0) Q55 tha(8) = 0 (4.2)

n-s00
for some 6 # 6y. If lim, oo n ' F'(X7! ® I,,)F is nonsingular, then 6y is asymptotically
identified from (4.1). If lim,_con 'F' (37! ® I,)F is singular, then (4.2) provides an
additional channel for asymptotic identification. More specifically, suppose F(0y — ) =
F* ((981) — W) + F*C(G(()z) — 0®@)) for some constant matrix C, where 0(()1) is a vector of
coefficients corresponding to the linearly independent columns of F. Then, under Assump-
tion 8, the solutions of (4.1) are characterized by (1) = 0((]1) + 0(982) —0®@). Thus, 981) is
identified if 9(()2) can be identified. Substitution of /1) = «9(()1) + 0(082) —0@) into (4.2), we
can show that (4.2) has a unique solution at 0y if and only if

lim n 'Eha(@)] =0, st 00 =6 + 0P — o), (4.3)

n—oo

(2) (2)

has a unique solution at 6;”. Therefore, asymptotic identification is achieved if ;" can be
identified from (4.3).

In the following, we discuss the asymptotic identification in more detail following the
two-step identification strategy in Yang and Lee (2017), where the “pseudo” reduced form
parameters is identified in the first step, and the structural parameters are recovered from

the “pseudo” reduced form parameters in the second step.

Identification of the pseudo reduced form parameters Model (2.2) has a “pseudo”
reduced form

Y =YAy+ XB§ + XT§ + Ln* + U™, (4.4)

where

Ay = Ao(I, — ®o)™', Bi = Bo(I, — ®o)~t, T§=To(In— P}, (4.5)

11



n* = (L, — ®)~! and U* = U(I,, — ®g)~ . The kth equation of the “pseudo” reduced
form is given by

Yk = Doy Nkl + X Bro + Xvko + Lnj + uj, (4.6)

with

T = GLl(BY @ I, + T @ W)vec(X) + (Im @ L)vec(n®) + vec(U™))], (4.7)

where Gy = (i}, @ W)Ly — AY ® W)=t As (uly, - ,ul,) ~ i.d.d.(0,5*%), where

Y = (In — ®)) " 12(I, — @)L, the “pseudo” reduced form parameters can be estimated

by the GMM estimator defined in (3.3) with the linear and quadratic moment functions

given by
hp(0F) = Qui(bi),
hoga(05,07) = [E1ui(05), - Epui(00)]) ) (6),
where 0f = (A, -, A, 87, 7%) and
up(0r) = Jlye — % AT — XBj — Xp)

= JE@): - E@n), X, X](0%0 — 0p) + Jui + 332 (Mo — Mi) JGrvee(U™).

As discussed above, the “pseudo” reduced form parameters can be asymptotically
identified if J[E(7),- - ,E(¥,,), X, X] has full column rank for large enough n, where
E(y,) = Gil(By @ I, + T§ @ W)vec(X) + (I, ® L)vec(n*)]. The term Gy(I,, ® L) in
E(7,) can be interpreted as a centrality measure that takes into account interactions in
different activities. If W, has constant row sums for all g, then JGy (I, ® L) = 0. If

W(4) has non-constant row sums for some g, then G(I,, ® L) persists after the within

transformation and provides additional information for identification (Liu, 2014).

12



When the rank condition fails, identification may still be possible through the quadratic
moment conditions. The following proposition summarizes sufficient conditions for the
“pseudo” reduced form parameters to be identified. Let o} denote the kth column of 3*.
Proposition 4.1. 05 = ( ffo, e ,0;",’170)' is asymptotically identified if either
Q) JIE®), - E@,,), X, X] has full column rank when n is sufficiently large; or
(i) J[E(W1), -, E@m), X, X]| has full column rank for some 0 < m < m — 1 when n is

sufficiently large, and the equations

lim 7~ {320 (Ao — A 2 [E0Gs(0] @ L)) + 271 (Mg — At [ErGe(0f @ 1))

n—oo
3 Do Nk — Ask) (Mo — ADt[GLE G (E* ® 1,)]} =0, (4.8)
forr=1,--- pand k,l =1,--- ,m, have a unique solution at Aj.

Identification of the structural parameters With the “pseudo” reduced form pa-
rameters A§, By, I'§ identified, the structural parameters ©g = [(I,, — ®o)’, — A, — B, —I't)
can be identified through the linear restrictions (4.5) in the same way as in the classical
linear simultaneous equations model. Suppose there are r; exclusion restrictions of the
form R0 = 0 where R}, is a matrix of known constants and ¥y, o is the kth column of
©¢. The sufficient and necessary rank condition for ¥ to be identified by the exclusion
restrictions Ry = 0 is that rank(R;©0) = m — 1, and the necessary order condition is

rr > m — 1. The following assumption summarizes the two-step identification strategy.

Assumption 9. The “pseudo” reduced-form parameters in (4.4) can be identified accord-
ing to Proposition 4.1, and the structural parameters can be identified from the

“pseudo” reduced-form parameters under proper exclusion restrictions.

13



Under the maintained assumptions, the following proposition establishes the consis-

tency of the GMM estimator defined in (3.3).

Proposition 4.2. Under Assumptions 1-9, if ¢/n — 0 as g,n — oo, then :‘)\gmm 18 consis-

tent.

5 Asymptotic Normality

Let Vi = JZ; — Fy, and V = diag{Vi}. Let T1 1 = [E(V/Z1w), -, E(V/Ew)], You =

)

[E(V/Zug), - E(VE u)],

T1,1m T2 1m
——ha (6)] = + : )

T1m1 Tom1

Tl,mm TQ,mm

and Dj = Dy — [(u4X71) ® w']F. We maintain the following regularity condition.
Assumption 10. lim, ., n’1D§ is a finite matrix with full column rank.

The following proposition gives the asymptotic distribution of the GMM estimator
defined in (3.3).

Proposition 5.1. Under Assumptions 1-10, if q3/2/n — 0 as g,n — oo, then

V1O gmm — 00 — bgmm) > N(0, lim [0 F/(S7 @ I,)F + n ' DY, ' D3],

n—oo

14



where bymm = [F'(27' @ I,,)F 4+ D35 ' D5 'E[V/ (27 @ P)u] = O(q/n).

The asymptotic covariance matrix of the GMM estimator can be compared with that
of the 3SLS estimator in Liu (2014). The asymptotic covariance matrix of the 3SLS esti-
mator is lim, o [n ' F' (X' @ 1,)F]~1. As D§'Q3, ! Dj is positive semi-definite, the GMM
estimator improve the asymptotic efficiency of the 3SLS estimator.

The leading-order asymptotic bias of the GMM estimator given in Proposition 5.1
can be estimated to correct for the many-instrument bias. Suppose \/ﬁ/b\gmm is a consistent

estimator of v/nbgmm. The bias-corrected GMM (BCGMM) estimator is given by @bcgmm =

~

Ogmm —/l;gmm. From Proposition 5.1, if q3/2/n — 0 then

V1 Obegmm — 00) > N (0, lim [n ' F/(S7' @ I,)F +n ' DY, D3] V).

n—o0

In the following example, we derive the explicit form of the many-instrument bias for a

simultaneous equations network model with m = 2.

Example 1. Suppose m = 2 and k, = 2 with X = [z, z3]. Consider the model

Y1 = Pa10¥2 + M1,0Yy + A21,0Y2 + 21819 + T1v10 + Ly +wa (5.1)

Yo = Pr20Y1 + Ai2,0U1 + A22,0Us + 2B + Tava o + Ly + ua.

Let

S = (1=d12,0021,0)In— (A11,0+A22,0 + P12 9 A21,0 + a1 g A12,0) W+ (A11,0A22,0 — A12,0M21,0) W2
(5.2)

The reduced-form equations of model (5.1) are

y1=E(y1) + e and Y2 = E(y2) + €2,

15



where

E(y1) = S 21810+ Wa1(v10 — A22081.0) — W2a1A22,071.0
+22091 0820 + Wx2(A21,082,0 + 21,072,0) + W T2X01,072,0
+L (11 + d21,0m2) + WL(A21,0m2 — A22,0m1)]

E(y2) = S '22B90+ Waa(va0 — A1.0820) — W322M11,0720
+21012,081,0 T Wr1(A12,081,0 + P12071,0) + W2$1)\12,0'Yl,0

+L(ng + A2,0m1) + WL(A12,0m1 — M1,07m2)]

and

€ = (In — )\2270W)S_lul + (¢2170[n + /\21,0W)S_1u2

€ = (In — )\11’0W)S_1UQ + (¢12701n + )\12’0W)S_1U1.
Let Zl = [3/27?17?27901751] and Z2 = [ylayby%x?afﬂ' Then:

kB = E(le) = J[E(y2)7WE(y1)7WE(y2)7x17f1]

Fy, = E(JZ2) = J[E(y1), WE(y1), WE(y2), T2, T2]
and

Vi = JZy— F1 = Jlea, Wer, Wea, 0px2]

‘/2 = JZQ_FQ:J[617W617W€2)On><2]~
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For the GMM estimation, the linear moment functions are given by

hi(0) = (I ® Q)'[u1(61)", ua(62)"),

where u(0r) = yr — Zi0y for k = 1,2. The quadratic moment functions are given by

ha(0) = [h2,11(01,61)", ho12(01,02)', ho21(02,601), ha22(02,62)],

where hg (0, 0;) = [E’luk(ek), ,é;uk(ﬂk)]’ul(&) for k,1 = 1,2. Let p,; = E(ufuly),

for s+t =3,4. Then,

K3 =
and
!
Qo = K1 ® (Ww)
2
071 011012 011012
* o? 0110
12 11022
_l’_
k k 0'%2
* * *

H3o H21

Ha1 H12

012
012022
012022

022
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K21

K12

® A1+

K12

Ho,3

011012

011022

011012
2
012
011022

*

012022

012022

®A27



where w = [vecp(E1), - -- aVeCD(ép)]’

2 2
Ha,0 — 30711 3,1 — 3011012 f31 = 3011012 Ho2 — 011092 — 207,
2 2
* Moo — 011012 — 207y flo o — 011012 — 207, K13 — 3012022
Ky = ,
* * /1,272 — 0110922 — 20’12 /1,173 - 30’120’22
* * * — 302
i Ho,4 22
e = = =/
tr(2121) tr(215,) tr(=12)) tr(212)
A = : : , and Ay =
= = = = =/ = =/
tr(2,21) tr(2,2p) tr(E,2]) tr(Z,5,)

Let h3(0) = ho(0) — [(i5S1) @ (w'P)u(f) and Q5 = Qas — (755 is) ® (w'Pw), where
S, 7iz and Qgy are \/n-consistent estimators of ¥, 3 and Q9.7 Then, it follows from
Proposition 5.1 that, if ¢*2/n — 0, the GMM estimator 5gmm = argminu(9) (! ®

Pyu(0) + 3’2‘(9)’@’2‘5135(9) is asymptotically normal with an asymptotic bias

bgmm = [F'(X7' @ I,)F + Dy Q5 ' D3 'E[V/ (27! @ P)ul, (5.4)

"When u = (u},ub) ~ N(0,E® I,,), h3(6) and Q3, can be simplified as p5 = 0 and x4 = 0.
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where
¢1270tr(PS_1) + /\12,0‘61‘(PWS_1)
tr(PWS™1) — Agg otr(PW2S1)

, 1 . 02><1

EV'(S! @ Pl = ) ) . (5.5)
¢2170t1‘(PS_1) + AQl}OtI‘(PWS_l)
tI‘(PWS_l) — )\1170’61"(PWQS_1)

O2x1

Let E[V/(S~! ® P)u] denote the estimated E[V/(S~! ® P)u] with P 0’s and A g’s in (5.5)
replaced by their \/n-consistent preliminary estimates.® Let ﬁ; = Dy— [(ﬁgf]_l) ®uw'P|Z,
where n~1Ds is a consistent estimator of n=1D,.% If follows by Lemma A.1 in the appendix

that, if q3/2/n — 0, the BCGMM estimator 5bcgmm = Egmm —Egmm, where

bymm = [Z' (X7 @ P)Z + Dy Q35 ' D3| B[V (57 @ P)ul, (5.6)
has an asymptotically normal distribution around 6. O

6 Monte Carlo Experiments

To investigate the finite sample performance of the proposed GMM estimator, we conduct
a limited simulation study based on model (5.1). The DGP of the Monte Carlo experiment
follows that in Liu (2014). Specifically, the adjacency matrix W, is generated as follows.

First, for the ith row of W(,), we generate an integer ¢, ; uniformly at random from the set

8For example, ®o and Ao can be consistently estimated by a less efficient equation-by-equation 25LS
estimator with a fixed number of IVs @ = J[X, WX, W?X].
"The explicit expression of n~ ' Dy and its estimator can be found in the proof of Lemma A.1.
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of integers {1,2,3}. Then, if i + ¢, ; < ngy, we set the (i + 1)th, -, (i 4+ ¢4,)th elements of
the ith row of W(,) to be ones and the other elements in that row to be zeros; otherwise,
the elements of ones will be wrapped around such that the first (i + c¢4; — ngy) elements of
the ¢th row will be ones. We experiment with different numbers of groups g and different
group sizes 1.

We conduct 1000 repetitions for each specification in this Monte Carlo experiment.
In each repetition, xj is generated from N(0,I,) and 7, is generated from N (0, I3) for
k =1,2. The error term u = (u}, u})" is generated from N(0,X®1,). We set 011 = 092 = 1,
Pa1,0 = P12,0 = 0.2, and A110 = X210 = A120 = A2z = 0.1.19 We experiment with different
values for 012, (81,0, 82,0) and (71,0,720)-

We consider the following estimators in the experiment. (i) 3SLS-1: the 3SLS esti-
mator with the IV matrix Q; = J[X, WX, W2X], where X = [z1,z2]; (ii) 3SLS-2: the
3SLS estimator with the IV matrix Qo = [Q1, JWL]; (iii) BC3SLS: the bias-corrected
3SLS-2; (iv) GMM-1: the GMM estimator with the IV matrix Q1 and quadratic mo-
ment functions ho(6) = [ug(01)'Z u1(01), ua(02) = u1 (1), uy (01) = ua(62), us(62) = ua(62)],
where Z = JW.J — tr(JW)J/tr(J); (v) GMM-2: the GMM estimator with the IV matrix
Q2 and the same set of quadratic moment functions used by GMM-1; and (vi) BCGMM:
the bias-corrected GMM-2. The IV matrix () is based on the exogenous attributes of
direct and indirect connections. Qs includes additional IVs JW L based on the numbers of
(direct) connections to improve estimation efficiency. As WL has § columns, the number

of IVs in Q9 increases with the number of groups.
[Insert Tables 1-6 here]

We report the mean and standard deviation (SD) of the empirical distributions of the

"The matrix S defined in (5.2) is invertible with the chosen parameters.
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estimates. To facilitate the comparison of different estimators, we also report their root
mean square errors (RMSE). Due to symmetry of the two equations in model (5.1), we
only report the estimation result for the first equation of model (5.1) in Tables 1-6. The
main findings from the simulation experiment are summarized as follows.

(a) The quadratic moment conditions improves the estimation efficiency of the peer
effect parameters. When 8,4 = 850 = 719 = 720 = 0.6 and the correlation across
equations is moderate (o12 = 0.5), for the sample with n, = 10 and g = 30 in Table
1, GMM-1 reduces the SD of 3SLS-1 estimates of Aj10 and Ag10 by 11.4% and 13.3%
respectively. The efficiency improvement is more significant when the IV matrix Q1 is less
informative. When 8, o = 89 = 71,0 = 72,0 = 0.3 and the correlation across equations is
moderate (012 = 0.5), for the sample with ny = 10 and g = 30 in Table 4, GMM-1 reduces
the SD of 3SLS-1 estimates of A11,0 and X210 by 32.3% and 35.8% respectively.

(b) The additional IVs JW L in Qs also improve the estimation efficiency of the peer
effect parameters. When 3,7 = B9 = 719 = 720 = 0.6 and the correlation across
equations is moderate (o012 = 0.5), for the sample with n, = 10 and g = 30 in Table
1, GMM-2 reduces the SD of GMM-1 estimates of A1 and A1 by 15.4% and 17.9%
respectively. The efficiency improvement is more significant when the IV matrix Q1 is less
informative. When 3, g = 859 = 71,9 = 72,0 = 0.3 and the correlation across equations is
moderate (012 = 0.5), for the sample with ny = 10 and g = 30 in Table 4, GMM-2 reduces
the SD of GMM-1 estimates of 11,0 and Ag1,0 by 30.8% and 27.9% respectively.

(¢) The additional IVs JWL in @ introduce biases into the estimators. The size of
the bias increases as the correlation across equations 12 increases and as Ql becomes
less informative. The size of the bias reduces as the network size increases. The proposed
bias-correction procedure substantially reduces the bias. When the sample size is relatively

large (Tables 3 and 6), the bias corrected estimates are essentially unbiased.
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7 Summary and Future Work

In this paper, we propose a new set of quadratic moment conditions based on the correlation
of individual decisions in multiple activities to identify peer effects. Combining linear
and quadratic moment conditions, we develop a general GMM framework to estimate
the simultaneous equations network model. The proposed GMM estimator improves the
asymptotic efficiency of the IV-based linear estimators, and performs well in the Monte
Carlo experiment.

Some possible extensions of the current work are in order. First, different individuals
may participate in different activities. Therefore, it would be interesting to study the
sample selection issue (Heckman, 1976) in the context of social networks and multivariate
choices. Second, people may form different social networks for different activities they
participate. Hence, another thread of future research could be to study activity-specific

networks and associated identification problems.

References

Bekker, P. (1994). Alternative approximations to the distributions of instrumental variable

estimators, Fconometrica 62: 657-681.

Blume, L. E., Brock, W. A., Durlauf, S. N. and Ioannides, Y. M. (2011). Identification
of social interactions, in J. Benhabib, A. Bisin and M. O. Jackson (eds), Handbook of
Social Economics, Vol. 1B, North-Holland, pp. 855-966.

Bonacich, P. (1987). Power and centrality: a family of measures, American Journal of

Sociology 92: 1170-1182.

22



Bramoullé, Y., Djebbari, H. and Fortin, B. (2009). Identification of peer effects through

social networks, Journal of Econometrics 150: 41-55.

Cohen-Cole, E., Liu, X. and Zenou, Y. (2018). Multivariate choices and identification of

social interactions, Journal of Applied Econometrics 33: 165-178.

Donald, S. G. and Newey, W. K. (2001). Choosing the number of instruments, Fconomet-
rica 69: 1161-1191.

Durlauf, S. N. and Tanaka, H. (2008). Understanding regression versus variance tests for

social interactions, Fconomic Inquiry 46: 25-28.

Glaeser, E., Sacerdote, B. and Scheinkman, J. (1996). Crime and social interactions, The

Quarterly Journal of Economics 111: 507-548.

Graham, B. S. (2008). Identifying social interactions through conditional variance restric-

tions, Econometrica 76: 643-660.

Hansen, C., Hausman, J. and Newey, W. (2008). Estimation with many instrumental

variables, Journal of Business and Economic Statistics 26: 398—422.

Heckman, J. J. (1976). The common structure of statistical models of truncation, sample
selection and limited dependent variables and a simple estimator of such models,

Annals of Economic and Social Measurement 5: 475-492.

Kelejian, H. H. and Prucha, I. R. (1999). A generalized moments estimator for the autore-

gressive parameter in a spatial model, International Economic Review 40: 509-533.

Kelejian, H. H. and Prucha, I. R. (2004). Estimation of simultaneous systems of spatially

interrelated cross sectional equations, Journal of Econometrics 118: 27-50.

23



Lee, L. F. (2007). GMM and 2SLS estimation of mixed regressive, spatial autoregressive

models, Journal of Econometrics 137: 489-514.

Liu, X. (2014). Identification and efficient estimation of simultaneous equations network

models, Journal of Business & FEconomic Statistics 32: 516-536.

Liu, X. and Lee, L. F. (2010). GMM estimation of social interaction models with centrality,

Journal of Econometrics 159: 99-115.

Liu, X. and Lee, L. F. (2013). Two stage least squares estimation of spatial autoregres-
sive models with endogenous regressors and many instruments, Econometric Reviews

32: 734-753.

Liu, X. and Saraiva, P. (2015). Gmm estimation of sar models with endogenous regressors,

Regional Science and Urban Economics 55: 68-79.

Liu, X. and Saraiva, P. (2019). Gmm estimation of spatial autoregressive models in a system

of simultaneous equations with heteroskedasticity, Econometric Reviews 38: 359-385.

Manski, C. F. (1993). Identification of endogenous social effects: the reflection problem,
The Review of Economic Studies 60: 531-542.

Neyman, J. and Scott, E. L. (1948). Consistent estimates based on partially consistent

observations, Fconometrica 16: 1-32.

White, H. (1994). Estimation, Inference and Specification Analysis, Cambridge Univsersity
Press, New York.

Yang, K. and Lee, L. F. (2017). Identification and QML estimation of multivariate
and simultaneous equations spatial autoregressive models, Journal of Econometrics

196: 196-214.

24



A Proofs

Proof of Proposition 4.1. If condition (i) holds, then 6 is asymptotically identified from

(4.1). Condition (i) fails if, for some 0 < m < m — 1, JE(7;) is linearly dependent on

JIE@1), -, E(@m), X, X] such that JE(y;) = bj1JE(y;) + -+ + mJE@Um) + J X1 +

JYCLQ, for | = m+1,---,m, where by 1,---,bm are constant scalars and ¢;1,¢ 2 are

constant vectors. If J[E(y;), - ,E(Um), X, X] has full column rank for large enough n,

(4.1) implies

e = Aot 2immsNko — Nk)bi, (A1)
ik = MNako T e (Mo — Ak) b

B = Brot 2 ilmi1(Nko — Al)ents

Ve = 72,0 + Eﬁmﬂ()\fk,o = Alk)e2,

for k = 1,---,m, ie., 0 is identified if Aj is identified. Substitution of (A.1) into (4.3)
gives (4.8). Therefore, Aj is identified if (4.8) has a unique solution at Af§. The desired

result follows. O

Proof of Proposition 4.2. First, we consider the infeasible GMM estimator

0gmm = argmin h(0)'Q " h(0) = arg minu(0) (X' ® P)u(0) + h3(0) Qs th3(6).

Let Vi = JZy — Fy, and V = diag{V;}. w(f) = J(y — Z0) = d(0) + r(0), where d(0) =
F(00—0) and r(0) = V (6o—0)+Ju. Suppose F(0p—0) = F*(05" —0W)+F*C(6P —0?) for
(1)

some constant matrix C, where 6’ is a vector of coefficients corresponding to the linearly
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independent columns of F'. When ¢/n — 0, it follows by Lemma C.3 of Liu (2014) that

n~tu(0) (37! @ P)u(f)
= n 4B (Z @ P)d0) + 2n1d0) (27 @ P)r(0) + nr(0) (27 @ P)r(0)
= n 0 —0)F'(S ' ®@I1,)F(0p — 0) + 0p(1)

— O = 0W) + (0P — 6D) F (=1 @ L) (6 — 60) + C(6 — 62)] + 0,(1),
and

n (1% @ (W' P)]u(6)
= n (ST ® (W' P)dO) +n7 (1537 @ (W' P)]r(0)
= 7 (557 @ W F (00 — 0) + 0p(1)

= (WY @ IFH(E5 — 6W) + C(6) — 6P)] + 0,(1),

uniformly in 6. In addition, it follows by a similar argument as in the proof of Propo-
sition 1 in Lee (2007) that n~ths(f) — n~'E[h2(#)] = o0p(1) uniformly in 6. Hence,
n'h5(0) — n " hy(f) = o0,(1) uniformly in 6. As n~'hs(f) is a quadratic function of 6
and the parameter space of § is bounded, n*IE;(G) is uniformly equicontinuous in #. The
identification condition and uniform equicontinuity of n_lﬁs(ﬁ) imply that the identifica-
tion uniqueness condition for 77 (8)%; 1hy(A) must be satisfied. The consistency of
5gmm follows from the uniform convergence and identification uniqueness condition for
plim,,_.n~ u(0) (X1 @ P)u(0) + hi(0)' Qs thi(0)] (White, 1994).

Let ¥ and Ji; be /n-consistent estimators of ¥ and g respectively. Let ﬁ;(@) =
ha(0) — [(7551) @ (' P)]u(8) and Oy = Qs — (1551 i3) ® (w' Pw), where n~ 104 is a /n-

consistent estimator of n~'Q,. It remains to show that nLu(A)[(E~! — 1) ®@ Plu(d) =
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0p(1) and n=1h3(0)/ Uy ' h5(0) — nLhs(0) Q%5 ' hi(6) = 0,(1) uniformly in 6. By a similar

argument as above, when ¢/n — 0,

~

(@) (S =Y @ Plu(@) = n (0o — 0)F'[(E' =271 @ L,]F (6 — 0) + 0,(1),

~

uniformly in 6. As &1 — 51 = 0p(1), n ' (0)[(Z7! — =71 @ PJu(0) = op(1) uniformly
in 6. On the other hand,

n” R (0) Qs Thi(0) — n T h(0) Q5 L h3(6)
= 07 R5(0) — h5(0)) (0 Q) "I R (0) + nThE(0) (n ) "I [RS(0) — h3(6)]

+n 7 h3(0) [(n 1 Q5,) Tt — (01 Q,) TR (0).

As shown above, n~'h3(0) — n~'hy(#) = 0,(1) uniformly in 6. By a similar argument as
in the proof of Proposition 2 in Lee (2007), n~'E[h2(0)] = O(1) uniformly in 6. Therefore,

n~YE[h3(0)] = O(1) uniformly in 0, which implies n~1h3(0) = O,(1) uniformly in 6.

n 15 (0) — h3(0)]
= T ST - Y @ (W P)u(6)

= @S - AT © WP)F(00 — 0) - (BET - 557 ® (W) (0).

When ¢/n — 0, it follows by Lemma C.3 of Liu (2014) that n‘l[ﬁg(ﬁ) —h3(6)] = op(1) uni-
formly in 6. Asn~ 1%, —n"1%, = 0,(1), we have n= h3(0)' Q%5 hi(0)—n~th3(0) Uy L h3(0) =

0p(1) uniformly in 6. The desired result follows. O

Proof of Proposition 5.1. The Taylor expansion of

OO gmm)

!/
~Z/(E7 @ P)ul@omm) + =2 5055 s Byum) = 0
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around 6y gives \/ﬁ@gmm —b) = E‘lg, where

1O @gmm) 51 Oh5(07)
o0 200

— 6};*(5 mm)/A*— T
1/2287‘2922 1h2(00)7

A = n ' ZE ' '9P)Z+n

b = n2Z(E @ Pu—n

for some 0 between aqmm and 0. As SN = Op(n*1/2), it follows by Lemma C.3 of Liu

(2014) that, if ¢/n — 0,

n'ZE ' oP)Z = v F(E'QL)F-n'FS @ (I, — P)|F
V(ST @ PYW 4 W (ETT e P)F + 0 V(ST e P)V
= n 'F(S7@ L) F + 0y(v/q/n).
Ohz(0)/00' = 0ha(0) /00" + [(i4E1) ® (w'P)]Z. For a typical element of hy(6), we have
2 3
Ouy (6 I,; K
gé:):wl(el) = —Z15u(6)) (A.2)

= —FZw— VEw + (FEF + FLEV + VIEF + VIE V) (0, — 010)-

It follows from Lemmas A.4 and A.5 of Lee (2007) that n~'9hy(0)/86' = —n 1Dy + op(1)
for 6 = 6 + op(1). As S-y= O,(n~Y2) and fiy — ps3 = O,(n~"/2), it follows by Lemma
.3 of Liu (2014) that, if ¢/n — 0,

n (S @ (W P)Z
= Y EE ) @WIF - n @S @ W (L — PYYF +n (@) @ W)V

— S @ WF + 0,(Va/n).
Therefore, n‘@%(@)/@@' = —n"1Dj+0,(1) = Op(1) for 0= 6o+ o0p(1), which implies that
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|®

B (O g ) Qg 2215 (07) — n~ D535 Dy = 0,(1) since n/2(Q, — Q) = Op(1).

-1
n 22 30’

)

[4

In summary,

A=n"[F(S7' @ I,)F + Dy D3] + oy(1). (A.3)
AsS - % = O,(n~Y2) and iz — p3 = Op(n~'/?), it follows by Lemma C.3 of Liu (2014)

that, if ¢/n — 0,

n 127/ (S @ Bu
e 2P E e L 2F R @ (1 — Put n Y2V (S e Pl

n" V2R @ L)u + n V2EV/(27E @ P)u] 4 0,(1),
and Y205 (600) — n=Y2h5(00) = —n 7 yV/A(IES T - phSTY) ® (W' P)Ju = 0p(1). As
n ' E[R; (0o)u' (571 @ L) F] = n~ (32 ™) @ [/ (In — P)}F = 0,(1),

n~V2F (S @1, )u and n~Y2h3(6y) are asymptotically uncorrelated. It follows by Lemma
3 of Yang and Lee (2017) that

b—n2EV/(S 7 @ P)u] S N(0, lim n [F/(S ' I,)F + DY, D3], (AA)

n—oo

As E[V/(2~! @ P)u] = O(q), from (A.3) and (A.4), we have \/ﬁ(ggmm —00) = Op(q/v/n),
or 5gmm — 00 = Op(q/n).

It follows from (A.2) and Lemmas A.4 and A.5 of Lee (2007) that, if ¢/n — 0, we have
n~10hy(0)/060' = —n"1Dy+Op(max{1/\/n, q/n}) for -0 = Op(q/n), which implies that
n=10h3(0)/00' = —n~'Dj 4+ 0,(y/q/n). Hence,

A=n"F (271 @ I,)F + DyQ55 D5 + 0,(v/q/n). (A.5)
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From (A.4) and (A.5),

\/ﬁ(légmm - 00 - bgmm)

_ —[nil 8h(%¢]5ﬂm)’918ha(g/+)]1n1/2{ah%]glm)/91h(00) + E[V/(Efl ® P)u]} + Op( /qg/ng)'

Hence, if ¢/2/n — 0, v/n(0 gmm—00—bgmm) > N(0,limy, oo n[F'(S71@1L,) F+ D50, ' D3]~ 1).
O

Lemma A.1. If q/n — 0 then \/ﬁ(ggmm —bgmm) = 0p(1), where bgymm and ngm are given

by (5.4) and (5.6) respectively.

Proof. To show the desired result, it is sufficient to show that n~'Z'(S1@P)Z—n 1 F/ (2@
I,)F = o0,(1), nDj —n iD= op(1), n s, — n O, = op(1), and n2E[V/(27! @
P)u] —n~Y2E[V/(£7'® P)u] = 0,(1). By a similar argument as in the proof of Proposition
5.1,if ¢/n — 0 then n™1Z/ (S @ P)Z —n 'F/(S ' @ I,)F = 0p(1). As n™lw'w = O(1),
n 1A} = 0(1), n'Ay = O(1), and n~'w'Pw = O(1), we have n*1§§2 —n710%, = 0,(1).
As shown in the proof of Proposition 9 in Liu (2014), if ¢/n — 0 then n 2E[V'(S @
P)u] — n~'2E[V/(S7' @ P)u] = 0,(1). Hence, it only remains to show that n_113§ -

n~1D} = o,(1).

Ti11 O To11 O
0 Ti12 0 0 Yo
Dy = —E[5 512 (00)] = . + . :
0 1,21 221 0
| 0 T | 0 Yoo |

where Yy = [E(Vk’élul), e ,E(Vk’épul)}’ and Ty = [E(V/E’luk), e ,E(Vl'é;)uk)]’ for
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k,l=1,2. With V; and V3 given by (5.3),

E(V{Au) =

E(VQIA’U,Q) =

E(V] Aus) =

where A is either =, or 2. As n~tr(AS~1), n  tr(AWS~!) and n~tr(AW25~1) are O(1),
we have n™1Dy — n=1D, = op(1), where Dy is an estimator of Dy by replacing unknown
parameters in Dy by their consistent estimators. It follows by Lemma C.3 of Liu (2014)
that, if ¢/n — 0, n 'w'PZ;, = n~ ' F+n"'w (I, — P)Fy+n"'w' PV}, = n~lw Fy+op(1) =

O,(1). Hence, n D3 = n Dy — n (IS @ W' P]Z = n Dy + op(1). The desired

(0'12 + ¢12’0011)tr(A’S_1) + ()\12700'11 — All,odlg)tr(A/WS_l)
(011 + o1 0012)tr(AWS™1) + (A21,0012 — Aoz 0011 ) tr(A W25
(012 + ¢12700'11)t1“(A/WS_1) + ()\12700'11 — )\1170012)‘51"(A’W25_1)

O2x1

(012 + Po1 0022)tr(A'S™1) + (A21,0022 — A220012)tr(A'WS1)
(012 + ¢2170022)tr(A'WS_1) + ()\21700'22 — )\22’0012)'61"(AIW2S_1)
(022 + G19,0012)tr(AWS™) + (A120012 — A11,0022)tr(A'W2S1)

02x1

(0’22 + ¢1270012)t1‘(A,S_1) + ()\12700'12 — )\11700'22)tr(AIWS_1)
(0’12 + ¢21700'22)tr(A/WS_1) + ()\21,00'22 — )\22’00'12)tr(A,W25_1)
(022 + P12,0012)tr(AWS™H) + (A12,0012 — A11,0022)tr(AW25"1)

O2x1

(0'11 + ¢21’0012)tr(A,S_1) + ()\21700'12 — )\22700'11)131‘(A/WS_1)
(011 + ¢2170012)tr(A'WS*1) + ()\21,0012 — )\22’0011)t1“(AIW2571)
<0'12 + (ﬁlz,oall)tr(A/WS*l) + ()\12700'11 — )\1170012)‘61‘(A/W2571)

02x1
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result follows.
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Table 1: 3SLS and GMM Estimation (n, = 10, g = 30)

¢$210=0.2 A1 =101 A210=0.1 P10 =0.6 Y10 = 0.6

o, =0.1

3SLS-1 .198(.069)[.069] | .096(.046)[.046] | .104(.045)[.045] | .603(.062)[.062] | .603(.057)[.057]
3SLS-2 .222(.069)[.072] | .087(.035)[.037] | .098(.035)[.035] | .598(.060)[.060] | .603(.052)[.052]
BC3SLS | .194(.070)[.070] | .098(.037)[.037] | .104(.036)[.037] | .604(.061)[.061] | .602(.053)[.053]
GMM-1 | .201(.069)[.069] | .095(.038)[.039] | .101(.036)[.036] | .602(.062)[.062] | .600(.055)[.055]
GMM-2 | .225(.069)[.074] | .088(.032)[.035] | .097(.031)[.031] | .597(.060)[.061] | .600(.052)[.052]
BCGMM | .197(.070)[.070] | .097(.034)[.034] | .103(.032)[.032] | .603(.061)[.061] | .600(.053)[.053]
01, =05

3SLS-1 .199(.069)[.069] | .096(.044)[.045] | .102(.045)[.045] | .605(.058)[.058] | .603(.055)[.055]
3SLS-2 .224(.069)[.073] | .087(.035)[.037] | .095(.035)[.035] | .605(.056)[.056] | .608(.050)[.050]
BC3SLS | .195(.073)[.073] | .099(.036)[.036] | .103(.037)[.037] | .604(.058)[.058] | .602(.052)[.052]
GMM-1 | .200(.071)[.071] | .094(.039)[.040] | .101(.039)[.039] | .603(.057)[.057] | .602(.053)[.053]
GMM-2 | .226(.070)[.075] | .087(.033)[.035] | .094(.032)[.033] | .605(.056)[.056] | .607(.050)[.050]
BCGMM | .197(.073)[.073] | .097(.035)[.035] | .102(.034)[.034] | .603(.058)[.058] | .601(.052)[.052]
g1, =09

3SLS-1 .200(.070)[.070] | .096(.041)[.041] | .102(.044)[.044] | .606(.047)[.047] | .605(.046)[.047]
3SLS-2 .226(.072)[.077] | .087(.033)[.036] | .092(.035)[.036] | .616(.048)[.050] | .616(.047)[.050]
BC3SLS | .198(.075)[.075] | .098(.035)[.035] | .103(.038)[.038] | .605(.049)[.049] | .604(.049)[.049]
GMM-1 | .200(.072)[.072] | .093(.039)[.040] | .101(.043)[.043] | .606(.047)[.047] | .605(.047)[.047]
GMM-2 | .226(.073)[.078] | .087(.033)[.035] | .092(.035)[.035] | .616(.048)[.050] | .616(.047)[.050]
BCGMM | .198(.075)[.075] | .097(.035)[.035] | .102(.037)[.037] | .605(.049)[.049] | .604(.048)[.049]

Mean(SD)[RMSE]




Table 2: 3SLS and GMM Estimation (n, = 15, g = 30)

¢$210=0.2 A1 =101 A210=0.1 P10 =0.6 Y10 = 0.6

o, =0.1

3SLS-1 .201(.053)[.053] | .099(.034)[.034] | .099(.033)[.033] | .598(.051)[.051] | .603(.046)[.046]
3SLS-2 .217(.054)[.057] | .097(.027)[.028] | .095(.028)[.029] | .596(.050)[.050] | .602(.042)[.042]
BC3SLS | .199(.055)[.055] | .100(.028)[.028] | .100(.029)[.029] | .598(.051)[.051] | .602(.043)[.043]
GMM-1 | .204(.052)[.052] | .099(.027)[.027] | .098(.025)[.025] | .597(.051)[.051] | .601(.042)[.042]
GMM-2 | .219(.053)[.057] | .096(.024)[.024] | .095(.023)[.024] | .595(.050)[.050] | .600(.041)[.041]
BCGMM | .201(.054)[.054] | .099(.024)[.024] | .099(.024)[.024] | .597(.050)[.051] | .601(.041)[.041]
01, =05

3SLS-1 .202(.053)[.053] | .099(.033)[.033] | .099(.033)[.033] | .599(.047)[.047] | .603(.043)[.043]
3SLS-2 .217(.054)[.057] | .096(.027)[.027] | .094(.028)[.028] | .601(.046)[.046] | .606(.040)[.040]
BC3SLS | .199(.056)[.056] | .100(.028)[.028] | .099(.029)[.029] | .598(.047)[.047] | .602(.041)[.041]
GMM-1 | .204(.052)[.052] | .099(.028)[.028] | .098(.027)[.027] | .598(.047)[.047] | .602(.040)[.040]
GMM-2 | .219(.053)[.057] | .096(.024)[.024] | .094(.024)[.025] | .601(.046)[.046] | .605(.038)[.039]
BCGMM | .201(.055)[.055] | .100(.025)[.025] | .099(.025)[.025] | .598(.047)[.047] | .601(.040)[.040]
g1, =09

3SLS-1 .203(.052)[.052] | .100(.030)[.030] | .098(.032)[.032] | .602(.037)[.037] | .603(.036)[.036]
3SLS-2 .218(.055)[.058] | .095(.026)[.026] | .093(.028)[.028] | .608(.038)[.039] | .610(.037)[.039]
BC3SLS | .200(.057)[.057] | .100(.026)[.026] | .099(.029)[.029] | .601(.039)[.039] | .603(.038)[.038]
GMM-1 | .203(.053)[.053] | .099(.028)[.028] | .097(.030)[.030] | .602(.037)[.037] | .603(.036)[.036]
GMM-2 | .219(.055)[.058] | .096(.024)[.025] | .094(.026)[.027] | .608(.038)[.039] | .610(.037)[.038]
BCGMM | .201(.057)[.057] | .100(.025)[.025] | .098(.027)[.027] | .601(.039)[.039] | .602(.038)[.038]

Mean(SD)[RMSE]




Table 3: 3SLS and GMM Estimation (n, = 15, g = 60)

¢$210=0.2 A1 =101 A210=0.1 P10 =0.6 Y10 = 0.6

o, =0.1

3SLS-1 .200(.038)[.038] | .099(.023)[.023] | .100(.025)[.025] | .600(.035)[.035] | .600(.032)[.032]
3SLS-2 .215(.038)[.041] | .096(.019)[.020] | .097(.020)[.021] | .598(.035)[.035] | .601(.030)[.030]
BC3SLS | .198(.039)[.039] | .099(.020)[.020] | .101(.021)[.021] | .600(.035)[.035] | .601(.031)[.031]
GMM-1 | .201(.037)[.037] | .099(.019)[.019] | .100(.019)[.019] | .600(.035)[.035] | .600(.030)[.030]
GMM-2 | .216(.038)[.041] | .096(.017)[.017] | .097(.018)[.018] | .598(.035)[.035] | .600(.029)[.029]
BCGMM | .200(.038)[.038] | .099(.017)[.017] | .101(.018)[.018] | .600(.035)[.035] | .600(.030)[.030]
01, =05

3SLS-1 .201(.038)[.038] | .099(.022)[.022] | .100(.024)[.024] | .600(.033)[.033] | .601(.030)[.030]
3SLS-2 .215(.039)[.041] | .095(.019)[.019] | .096(.020)[.021] | .602(.032)[.032] | .605(.028)[.029]
BC3SLS | .199(.040)[.040] | .099(.019)[.019] | .101(.021)[.021] | .599(.033)[.033] | .601(.029)[.029]
GMM-1 | .201(.038)[.038] | .098(.019)[.019] | .100(.021)[.021] | .600(.033)[.033] | .601(.029)[.029]
GMM-2 | .216(.038)[.041] | .095(.017)[.018] | .097(.018)[.019] | .602(.032)[.032] | .604(.028)[.028]
BCGMM | .199(.040)[.040] | .099(.017)[.017] | .101(.019)[.019] | .599(.033)[.033] | .601(.029)[.029]
g1, =09

3SLS-1 .201(.038)[.038] | .099(.021)[.021] | .100(.024)[.024] | .601(.027)[.027] | .602(.026)[.026]
3SLS-2 .216(.040)[.044] | .094(.018)[.019] | .095(.020)[.021] | .607(.028)[.029] | .608(.026)[.027]
BC3SLS | .200(.042)[.042] | .099(.018)[.018] | .101(.021)[.021] | .600(.029)[.029] | .601(.027)[.027]
GMM-1 | .201(.039)[.039] | .098(.020)[.020] | .100(.023)[.023] | .601(.028)[.028] | .602(.026)[.026]
GMM-2 | .216(.041)[.044] | .095(.017)[.018] | .096(.020)[.020] | .607(.028)[.029] | .608(.026)[.027]
BCGMM | .200(.042)[.042] | .099(.018)[.018] | .100(.021)[.021] | .600(.028)[.028] | .601(.027)[.027]

Mean(SD)[RMSE]




Table 4: 3SLS and GMM Estimation (n, = 10, g = 30)

¢$210=0.2 A1 =101 A210=0.1 P10 =03 Y10 =103

o, =0.1

3SLS-1 .195(.143)[.143] | .089(.100)[.101] | .108(.097)[.097] | .304(.065)[.065] | .305(.060)[.060]
3SLS-2 .267(.149)[.164] | .076(.051)[.056] | .093(.052)[.053] | .294(.061)[.061] | .298(.052)[.052]
BC3SLS | .181(.153)[.154] | .101(.059)[.059] | .105(.057)[.057] | .307(.063)[.063] | .302(.053)[.053]
GMM-1 | .212(.144)[.144] | .093(.059)[.060] | .099(.053)[.053] | .302(.062)[.062] | .299(.054)[.054]
GMM-2 | .275(.151)[.169] | .078(.044)[.049] | .089(.042)[.043] | .293(.061)[.061] | .294(.052)[.053]
BCGMM | .192(.150)[.150] | .099(.048)[.048] | .103(.046)[.046] | .305(.062)[.062] | .300(.052)[.052]
01, =05

3SLS-1 201(.147)[.147] | .091(.096)[.097] | .103(.095)[.095] | .307(.061)[.061] | .305(.057)[.058]
3SLS-2 .276(.150)[.168] | .076(.051)[.056] | .087(.052)[.053] | .305(.056)[.057] | .307(.048)[.049]
BC3SLS | .200(.321)[.321] | .107(.199)[.199] | .105(.070)[.070] | .310(.102)[.103] | .304(.074)[.074]
GMM-1 | .208(.149)[.149] | .091(.065)[.065] | .100(.061)[.061] | .305(.058)[.058] | .303(.052)[.052]
GMM-2 | .281(.152)[.172] | .077(.045)[.050] | .086(.044)[.046] | .305(.056)[.057] | .305(.048)[.049]
BCGMM | .198(.160)[.160] | .099(.052)[.052] | .103(.053)[.053] | .306(.060)[.060] | .302(.053)[.053]
g1, =09

3SLS-1 .205(.149)[.149] | .088(.087)[.088] | .100(.092)[.092] | .310(.049)[.050] | .309(.048)[.049]
3SLS-2 .283(.154)[.175] | .076(.050)[.055] | .081(.052)[.055] | .324(.050)[.055] | .324(.048)[.053]
BC3SLS | .205(.193)[.193] | .092(.250)[.250] | .107(.100)[.101] | .311(.064)[.065] | .310(.053)[.054]
GMM-1 | .203(.158)[.158] | .088(.075)[.076] | .102(.080)[.080] | .309(.049)[.050] | .309(.048)[.049]
GMM-2 | .285(.155)[.177] | .077(.048)[.053] | .083(.050)[.052] | .324(.050)[.055] | .324(.047)[.053]
BCGMM | .207(.159)[.159] | .092(.157)[.158] | .105(.082)[.082] | .311(.052)[.053] | .310(.049)[.050]

Mean(SD)[RMSE]




Table 5: 3SLS and GMM Estimation (n, = 15, g = 30)

¢$210=0.2 A1 =101 A210=0.1 P10 =03 Y10 =103

o, =0.1

3SLS-1 .203(.108)[.108] | .097(.070)[.070] | .100(.068)[.068] | .299(.052)[.052] | .304(.046)[.047]
3SLS-2 .251(.113)[.124] | .092(.040)[.041] | .088(.044)[.046] | .294(.050)[.050] | .299(.040)[.040]
BC3SLS | .193(.115)[.115] | .101(.043)[.043] | .100(.046)[.046] | .299(.051)[.051] | .302(.041)[.041]
GMM-1 | .210(.104)[.104] | .098(.040)[.040] | .097(.037)[.037] | .298(.051)[.051] | .300(.040)[.040]
GMM-2 | .256(.112)[.126] | .091(.032)[.033] | .089(.033)[.035] | .294(.050)[.050] | .298(.039)[.039]
BCGMM | .200(.114)[.114] | .100(.033)[.033] | .100(.034)[.034] | .298(.050)[.050] | .301(.039)[.039]
01, =05

3SLS-1 .205(.107)[.107] | .097(.068)[.068] | .097(.067)[.067] | .300(.048)[.048] | .305(.044)[.044]
3SLS-2 .254(.113)[.125] | .091(.040)[.041] | .087(.043)[.046] | .302(.046)[.046] | .306(.037)[.038]
BC3SLS | .195(.119)[.119] | .102(.043)[.043] | .100(.047)[.047] | .300(.048)[.048] | .303(.040)[.040]
GMM-1 | .210(.104)[.104] | .098(.043)[.043] | .096(.041)[.042] | .300(.047)[.047] | .302(.038)[.038]
GMM-2 | .257(.112)[.126] | .091(.033)[.034] | .088(.035)[.037] | .302(.046)[.046] | .305(.036)[.036]
BCGMM | .200(.117)[.117] | .100(.035)[.035] | .099(.038)[.038] | .299(.047)[.047] | .302(.038)[.038]
g1, =09

3SLS-1 .208(.105)[.106] | .096(.063)[.063] | .095(.066)[.066] | .305(.038)[.038] | .306(.037)[.037]
3SLS-2 257(.114)[.127] | .089(.039)[.040] | .086(.043)[.045] | .314(.039)[.041] | .316(.037)[.040]
BC3SLS | .201(.118)[.118] | .102(.047)[.047] | .099(.047)[.047] | .304(.039)[.040] | .305(.037)[.038]
GMM-1 | .208(.110)[.111] | .098(.049)[.049] | .096(.055)[.055] | .304(.038)[.038] | .305(.036)[.036]
GMM-2 | .258(.114)[.128] | .090(.035)[.037] | .087(.039)[.041] | .315(.039)[.041] | .316(.036)[.040]
BCGMM | .203(.117)[.117] | .101(.039)[.039] | .098(.043)[.043] | .304(.039)[.039] | .305(.037)[.037]

Mean(SD)[RMSE]




Table 6: 3SLS and GMM Estimation (n, = 15, g = 60)

¢$210=0.2 A1 =101 A210=0.1 P10 =03 Y10 =103

o, =0.1

3SLS-1 201(.077)[.077] | .098(.047)[.047] | .101(.050)[.050] | .300(.036)[.036] | .301(.032)[.032]
3SLS-2 .246(.080)[.092] | .090(.028)[.030] | .092(.031)[.032] | .297(.035)[.035] | .299(.029)[.029]
BC3SLS | .195(.080)[.080] | .099(.029)[.029] | .102(.032)[.032] | .301(.035)[.035] | .301(.029)[.029]
GMM-1 | .205(.073)[.074] | .098(.028)[.028] | .100(.027)[.027] | .300(.035)[.035] | .299(.029)[.029]
GMM-2 | .249(.079)[.093] | .090(.022)[.025] | .093(.024)[.025] | .297(.035)[.035] | .298(.028)[.028]
BCGMM | .198(.079)[.079] | .099(.023)[.023] | .102(.024)[.024] | .300(.035)[.035] | .300(.028)[.028]
01, =05

3SLS-1 .202(.077)[.077] | .097(.045)[.045] | .101(.049)[.049] | .301(.033)[.033] | .302(.030)[.030]
3SLS-2 .247(.081)[.094] | .089(.028)[.030] | .091(.030)[.032] | .303(.032)[.032] | .306(.026)[.027]
BC3SLS | .196(.084)[.084] | .099(.029)[.030] | .102(.033)[.033] | .300(.033)[.033] | .301(.028)[.028]
GMM-1 | .203(.075)[.075] | .097(.030)[.030] | .100(.031)[.031] | .300(.033)[.033] | .301(.028)[.028]
GMM-2 | .249(.080)[.094] | .089(.024)[.026] | .092(.025)[.027] | .303(.032)[.032] | .305(.026)[.026]
BCGMM | .198(.083)[.083] | .099(.025)[.025] | .102(.027)[.027] | .300(.033)[.033] | .301(.028)[.028]
g1, =09

3SLS-1 .203(.077)[.077] | .097(.042)[.042] | .100(.048)[.048] | .302(.027)[.027] | .303(.026)[.026]
3SLS-2 .250(.083)[.097] | .087(.028)[.030] | .090(.031)[.032] | .311(.028)[.030] | .313(.026)[.029]
BC3SLS | .199(.086)[.086] | .099(.029)[.029] | .101(.033)[.033] | .301(.028)[.028] | .302(.027)[.027]
GMM-1 | .201(.081)[.081] | .096(.036)[.036] | .101(.042)[.042] | .302(.028)[.028] | .303(.026)[.026]
GMM-2 | .250(.083)[.097] | .089(.026)[.028] | .091(.029)[.030] | .311(.028)[.030] | .313(.026)[.029]
BCGMM | .200(.085)[.085] | .098(.028)[.028] | .101(.031)[.031] | .301(.028)[.028] | .302(.026)[.027]

Mean(SD)[RMSE]




