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Abstract

This paper proposes a GMM estimation framework for the SAR model in a system of si-
multaneous equations with heteroskedastic disturbances. Besides linear moment conditions,
the proposed GMM estimator also utilizes quadratic moment conditions based on the covari-
ance structure of model disturbances within and across equations. Compared with the QML
approach, the GMM estimator is easier to implement and robust under heteroskedasticity of
unknown form. We derive the heteroskedasticity-robust standard error for the GMM estima-
tor. Monte Carlo experiments show that the proposed GMM estimator performs well in finite
samples.
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1 Introduction

The spatial autoregressive (SAR) model introduced by Cliff and Ord (1973, 1981) has received
considerable attention in various fields of economics as it provides a convenient framework to

model the interaction between economic agents. However, with a few exceptions (e.g., Kelejian

*We thank the editor, the associate editor, and two anonymous referees for valuable comments and suggestions.
The remaining errors are our own.



and Prucha, 2004; Baltagi and Pirotte, 2011; Yang and Lee, 2017), most theoretical works in the
spatial econometrics literature focus on the single-equation SAR model, which assumes that an eco-
nomic agent’s choice (or outcome) in a certain activity is isolated from her and other agents’ choices
(or outcomes) in related activities. This restrictive assumption potentially limits the usefulness of
the SAR model in many contexts.

To incorporate the interdependence of economic agents’ choices and outcomes across different
activities, Kelejian and Prucha (2004) extends the single-equation SAR model to the simultaneous-
equation SAR model. They propose both limited information two stage least squares (2SLS) and
full information three stage least squares (3SLS) estimators for the estimation of model parame-
ters and establish the asymptotic properties of the estimators. In a recent paper, Yang and Lee
(2017) study the identification and estimation of the simultaneous-equation SAR model by the full
information quasi-maximum likelihood (QML) approach. They give identification conditions for
the simultaneous-equation SAR model that are analogous to the rank and order conditions for the
classical simultaneous-equation model and derive asymptotic properties of the QML estimator. The
QML estimator is asymptotically more efficient than the 3SLS estimator under normality but can
be computationally difficult to implement.

In this paper, we propose a generalized method of moments (GMM) estimator for the identi-
fication and estimation of simultaneous-equation SAR models with heteroskedastic disturbances.
Similar to the GMM estimator proposed by Lee (2007) and Lin and Lee (2010) for single-equation
SAR models, the GMM estimator utilizes both linear moment conditions based on the orthogonality
condition between the instrumental variable (IV) and model disturbances, and quadratic moment
conditions based on the covariance structure of model disturbances. While the single-equation GMM
estimator can be considered as an equation-by-equation limited information estimator for a system of
simultaneous equations, the simultaneous-equation GMM estimator proposed in this paper exploits
the correlation structure of disturbances within and across equations and thus is a full informa-
tion estimator. We study the identification of model parameters under the GMM framework and
derive asymptotic properties of the GMM estimator under heteroskedasticity of unknown form. Fur-
thermore, we propose a heteroskedasticity-robust estimator for the asymptotic variance-covariance
matrix of the GMM estimator in the spirit of White (1980). The GMM estimator is asymptotically
more efficient than the 3SLS estimator. Compared with the QML estimator considered in Yang and

Lee (2017), the GMM estimator is easier to implement and robust under heteroskedasticity. Monte



Carlo experiments show that the proposed GMM estimator performs well in finite samples.

The remaining of this paper is organized as follows. In Section 2, we describe the model and
give the moment conditions used to construct the GMM estimator. In Section 3, we establish the
identification for the model under the GMM framework. We derive the asymptotic properties of
the GMM estimator in Section 4. Results of Monte Carlo simulation experiments are reported in
Section 5. Section 6 briefly concludes. Proofs are collected in the Appendix.

Throughout the paper, we adopt the following notation. For an n x n matrix A = [a;;], let
diag(A) denote an n x n diagonal matrix with the i-th diagonal element being a;;, i.e., diag(A) =
diag(ai1, -+ ,ann). Let p(A) denotes the spectral radius of the square matrix A. For an n X m
matrix B = [b;;], the vectorization of B is denoted by vec(B) = (bi1,- - ,bn1,b12,-++ ,bum)’.t Let

I, denote the n x n identity matrix and i, denote the k-th column of L,,.
2 Model and Moment Conditions

2.1 Model

The model considered in this paper is given by a system of m simultaneous equations for n cross

sectional units,

Y = YTy + WYAq + XByg + U, (1)
where Y = [y1, - ,ym] is an n x m matrix of endogenous variables, X is an n x Kx matrix of
exogenous variables, and U = [uy, -+ ,u,,] is an n X m matrix of disturbances.? W = [w;;] is an

n X n nonstochastic matrix of spatial weights, with w;; representing the proximity between cross
sectional units 4 and j.> The diagonal elements of W are normalized to be zeros. In the literature,
WY is usually referred to as the spatial lag. T'g, Ay and Bg are, respectively, m x m, m X m and
Kx x m matrices of true parameters in the data generating process (DGP). The diagonal elements
of 'y are normalized to be zeros.

In general, the identification of simultaneous-equation models needs exclusion restrictions. Let
Yk.0) Ak,0 and By o denote vectors of nonzero elements of the k-th columns of Ty, Ag and By re-
spectively under some exclusion restrictions. Let Y, Y, and X}, denote the corresponding matrices

containing columns of Y, Y = WY and X that appear in the right hand side of the k-th equation.

If A, B, C are conformable matrices, then vec(ABC) = (C’® A)vec(B), where ® denotes the Kronecker product.

2In this paper, all variables are allowed to depend on the sample size, i.e., are allowed to formulate triangular
arrays as in Kelejian and Prucha (2010). Nevertheless, we suppress the subscript n to simplify the notation.

3For SAR models, the notion of proximity is not limited to the geographical sense. It can be economic proximity,
technology proximity, or social proximity. Hence the SAR model has a broad range of applications.



Then, the k-th equation of model (1) is

Yie = Yivro + Yiro + XiBro + Wi (2)

We maintain the following assumptions regarding the DGP.

Assumption 1 Let uy, denote the (i, k)-th element of U and u denote the vectorization of U, i.e.,

u =vec(U). (i) (us1,- -+ ,uim) are independently distributed across i with zero mean. (ii)
Y oo Yim
3 =E(uu') =
2'ml e 2mrn
is nonsingular, with Xy = Xy = diag(o1 ki, 50 kr)- (i) Eluguguisug |17 is bounded for any
i=1,---,nand k,l,s,t =1,--- ,m, for some positive constant 1.

Assumption 2 The elements of X are uniformly bounded constants. X has full column rank Kx.

limy,,—0o n ' X'X exists and is nonsingular.
Assumption 3 Ty is nonsingular with a zero diagonal. p(Ag(L,, — To)™t) < 1/p(W).

Assumption 4 W has a zero diagonal. The row and column sums of W and (L, —Tj®1I, —

Ay @ W)~ are uniformly bounded in absolute value.

Assumption 5 60 = (7} o, A;e,Ovﬂ;c,O)/ is in the interior of a compact and convexr parameter space

fork=1,--- m.

The above assumptions are based on some standard assumptions in the literature of SAR models
(see, e.g., Kelejian and Prucha, 2004; Lee, 2007; Lin and Lee, 2010). In particular, Assumption 3 is
from Yang and Lee (2017). Under this assumption, S = I,,,,, — T'{, ® I, — Aj, ® W is nonsingular,

and hence the simultaneous-equation SAR model (1) has a well defined reduced form
y=S"'B){eIL,)x+S 'u, (3)

where y = vec(Y), x = vec(X), and u = vec(U). Note that, when m = 1, we have 'y = 0
and Ao = Ai1,0. Then, p(Ag(L,, — To)™') < 1/p(W) becomes the familiar parameter constraint

[A11,0] < 1/p(W) for the single-equation SAR model.



2.2 Motivating examples

To illustrate the empirical relevance of the proposed model, we give two motivating examples in this
subsection. The first example models the spillover effect of fiscal policies between local jurisdictions.

The second example characterizes the conformity effect in social networks.
2.2.1 Fiscal policy interaction

Consider a set of n local jurisdictions. Each jurisdiction chooses expenditures in m publicly provided

services to maximize the social welfare. The social welfare function of jurisdiction ¢ is given by

m m n m m

Vi= Y (e + D pue Y wigyin)yik — % SN buirvis (4)
k=1 =1  j=1

j= k=11=1

where a;;, captures the existing condition of publicly provided service k in jurisdiction ¢ (and other
exogenous characteristics of jurisdiction ), y;x represents the spending by jurisdiction ¢ on publicly
provided service k, and w;; measures the geographical proximity between jurisdictions i and j (e.g.,
one could let w;; = 1 if jurisdictions ¢ and j share a common border and w;; = 0 otherwise).

The first term of the social welfare function (4) captures the social welfare gain from pub-
licly provided services. The marginal social welfare gain of the expenditure y;; is given by ;i +
S Pk 27:1 w;;Y1, where Z?:l w;;y;1 represents the spending by neighboring jurisdictions on
publicly provided services and its coefficient p;;, captures the spillover effect of publicly provided
services (see, e.g., Allers and Elhorst, 2011). For example, people may use libraries, parks and other
recreation facilities in neighboring jurisdictions. In this case, the spending by a jurisdiction on such
facilities might be considered as a substitute for the spending by a neighboring jurisdiction on similar
or related facilities and thus generate a negative spillover effect (i.e. p;, < 0). On the other hand,
if the services provided by neighboring jurisdictions are complements (e.g. road networks and busi-
ness parks, or hospitals and nursing homes), then the spillover effect is expected to be positive (i.e.
i > 0). The second term of the social welfare function (4) captures the cost of publicly provided
services.* The coefficient ¢, (¢;, = @) represents the substitution effect between expenditures by

a jurisdiction on publicly provided services k and .

4See Hauptneier et al. (2012) for some discussion on including the cost of publicly provided services instead of
imposing a budget constraint in the social welfare function.



Maximizing the social welfare function (4) yields the best response function

Yik = Z ViYik + Z Atk Zwljyjl +ajy,

1=1,1#k

where v, = =@/ Prrs Mk = P/ Prpr and oy, = ur/¢p,. Suppose o), = X}, 3, + ik, where
X;i 1s a vector of the observable characteristics of jurisdiction ¢ and w;; captures the unobservable

heterogeneity of jurisdiction ¢. Then the best response function implies the simultaneous-equation

SAR model (2).
2.2.2 Social conformity

Patacchini and Zenou (2012) consider a social conformity model where the social norm is given by
the average behavior of peers in a certain activity. We generalize their model by defining the social
norm based on a portfolio of difference activities. Suppose a set of n individuals interact in a social
network. The network topology is captured by the matrix W = [w;;]. Let d; denote the number of
friends of individual i. A possible specification of W is such that w;; = 1/d; if individuals ¢ and j
are friends and w;; = 0 otherwise. Individual ¢ choose effort levels y;1, - - - , yim simultaneously in m

activities to maximize her utility function

U= airtix — 5 Z Z PuYikYit — Z %pk(yik = o > wiyn)*. (5)
k=1 =1 j=1

klll

The first term of the utility function (5) captures the payoff from the efforts with the productivity
of individual 7 in activity k£ given by «;r. The second term is the cost from the efforts with the
substitution effect between efforts in different activities captured by ¢, (¢, = ¢5;). The last term
reflects the influence of an individual’s friends on her own behavior. It is such that each individual
wants to minimize the social distance between her own behavior y;; to the social norm of that
activity. The social norm for activity k is given by the weighted average behavior of her friends in
m activities > ;" o Z _, wi;jy; with the weights g;;, such that ;" g;, = 1. The coefficient pj,
captures the taste for conformity.

Maximizing the utility function (5) yields the best response function

m m

Yik = Z YikYik + Z Alk Zwuyjl + a

=1,k
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where v, = —¢u/(Prr + Pr)s Mk = pro/ (P + i), and ajy, = ir/(Pg, + pg).°  Suppose

af, = X}, By + wir. Then the best response function leads to the econometric model (2).
2.3 Moment conditions

Following Lee (2007) and Lin and Lee (2010), for the estimation of the simultaneous-equation SAR

model (1), we consider both linear moment conditions

E(Q'ux) =0, (6)

where Q is an n x Kg matrix of IVs, and quadratic moment conditions

E(u}CE,.ul) = tr(E’rEkl)a forr=1,---,p,

where E,’s are n X n constant matrices. Note that, if the diagonal elements of E,.’s are zeros, then

the quadratic moment conditions become

E(u,E,w) =0, forr=1,---,p. (7)

As an example, we could use Q = [X, WX, --- ,WPX] and E; = W, Ey = W2—diag(W?),--- | B, =
WP—diag(WP), where p is some predetermined positive integer, to construct the linear and quadratic
moment conditions. The quadratic moment conditions (7) exploit the covariance structure of model
disturbances both within and across equations, and hence are more general than the quadratic
moment conditions considered in Lee (2007) and Lin and Lee (2010).

Let the residual function for the k-th equation be

wi(0k) =y — Yy, — Yehi — XiBy,

where 0), = (v}, A}, 8%)’- The empirical linear moment functions based on (6) can be written as

g1k = 81,6(0k) = Qui(0) (8)

5Suppose the parameters in the best response function can be identified, then parameters in the utility function
(5) can be identified up to a scale factor. This issue is common for simultaneous-equation models (Schmidt, 1976).
i_n this(;xaunple7 if A;; can be identified, then p, = ¢pp >y M/ (1 — D_1%1 Aik), which is identifiable up to a scale
actor ¢pp.




and the empirical quadratic moment functions based on (7) can be written as

82,61 = 82,11 (Ok, 01) = [E1ur (1), - -+, Epur(6r)] wi(6;) 9)
for k,l =1,--- ,m. Combining both linear and quadratic moment functions by defining
g1(0)
g(0) = : (10)
g2(0)

where 6 = (0/1a T ,0:,1)’, g1 (0) = (gll,lv T ’gll,m)/’ and g2(0) - (3/2,117 T agIQ,lma g/2,217 T 7g/2,mm)/'
The identification and estimation of the simultaneous-equation SAR model (1) is then based on the
moment conditions E[g(0y)] = 0. We maintain the following assumption regarding the moment

conditions.

Assumption 6 (i) The elements of Q are uniformly bounded. (i) The diagonal elements of =,
are zeros, and the row and column sums of B, are uniformly bounded, for r = 1,--- ,p. (iii)

lim,, o n 182 ezists and is nonsingular, where & = Var[g(6y)].

3 Identification

Following Yang and Lee (2017), we establish the identification of the simultaneous-equation SAR

model in two steps. In the first step, we consider the identification of the *

‘pseudo” reduced form
parameters in equation (11). In the second step, we recover the structural parameters from the

“pseudo” reduced form parameters.
3.1 Identification of the “pseudo” reduced form parameters

When I'y is nonsingular, the simultaneous-equation SAR model (1) has a “pseudo” reduced form
Y =WYVY¥, + XII; +V, (11)

where ¥y = Ag(L,, —To)~!, Iy = Bo(I,, — Ty)~ !, and V = U(I,, — Ty)~!. Equation (11) has the
specification of a multivariate SAR model (see, Yang and Lee, 2017; Liu, 2015). First, we consider
the identification of the “pseudo” reduced form parameters o = [, o] and Iy = [mw1,0,- - , T 0]

under the GMM framework.



The k-th equation in model (11) is given by

m
Vi = oWy, + Xm0+ Vi,
=1

where

Wy, =H,(II{; ® I,)x + H;v (12)

with H; = (i}, ; ® W)[Ly, — (%5 ® W)™, x = vec(X), and v = vec(V). Hence, the residual

function for the k-th equation can be written as

vie(0r) = yr — Zwlkwyl = X = di(dk) + vi + Z(ﬂ’lk,o — V) Hyv, (13)
=1 1=1

where 0 = (Y13, -+, Uy ™5,)" and d(6y) = [E(Wy,), - \E(Wy,,), X|(dr,0 — k).
The “pseudo” reduced form parameters in model (11) can be identified by the moment conditions
described in the previous section. Similar to (8) and (9), the linear moment functions can be written

as

10 = f1,6(0k) = Q'vi(dk)

and the quadratic moment functions can be written as
fon1 = fo,01(0k, 01) = [E1Vi(Ok), - -+, E,vi(0r)]'vi(d)

for k,l = 1,---,m. Let £(8) = [f1(0)’,£2(0)"], where & = (87,---,0,,), f1(8) = (£ ,,--- ,f1,.),
and £2(8) = (f511, 2.1, f2.01, -+ 5 ,,m)"- For &g to be identified by the moment conditions
E[f(d0)] = 0, the moment equations lim,, .., n 'E[f(d)] = 0 need to have a unique solution at
0 = 0 (Hansen, 1982).

It follows from (13) that

lim n~ Blfy x(0x)] = lim n™'Q'dy(d)) = lim n~'Q'[E(Wy,), -, E(Wy,,), X](dx0 — dx)

n—oo n—0o0

for k=1,--- ,m. The linear moment equations, lim, ., n 'E[f; x(x)] = 0, have a unique solution
at 0p = Ok, if QEWyy), - ,E(Wy,,),X] has full column rank for n sufficiently large. A

necessary condition for this rank condition is that [E(Wy,), - ,E(Wy,,), X] has full column rank



of m+ Kx and rank(Q) > m + Kx for n sufficiently large.
If, however, [E(Wy,), - ,E(Wy,,), X] does not have full column rank, then the model may
still be identifiable via the quadratic moment conditions. Suppose for some m € {0,1,--- ,m — 1},

E(Wy,) and the columns of [E(Wy,),---,E(Wy,,),X] are linearly dependent,® i.e., E(Wy,) =

ZTZl c1 iE(Wy,,) + Xcg, for some vector of constants (cq1,- ,Cl,ml;C/QJ) € R™"TEx for | =
m+1,--- ,m. In this case,
m m m
di(6r) = Z E(Wy ) [Wjn0— v+ Z (Yo = Yu)erj] + Xlmro — 7+ Z (Vik,0 — Yir)e2,),
j=1 l=m+1 I=m+1

and hence lim,, o, n 'E[f] x())] = O implies that

Yik = Vot Z (V1.0 — Vik)erji (14)

l=m-+1

m
TR = Tgo+ Z (V1,0 = Vi )C2,,

l=m-+1

forj=1,---,mand k = 1,--- ,m, provided that Q'[E(Wy,), - ,E(Wy,), X] has full column
rank for n sufficiently large. Therefore, (Y150, s Vmk,0, 7). o) can be identified if 1y, o (for | =
m+1,--+ ,m) can be identified from the quadratic moment conditions.

With &, given by (14), we have

m m

Evi(6x)Evi()] = D (Yo — i) t[HEEVV)] + Y (Y0 — ) [EHE(vv))]
i=1 =1
+ Z Z(%k,o = Yi) W10 — ¥ e [HEH;E(VV)],
i=1 j—1

where E(vv') = (I, = T) ' @ L,|2[(L,, = To) ' @ 1,,] and E(vyv') = E(vv}) = (i}, , @ L,)E(vv’).
Therefore, the quadratic moment equations, lim,, oo n ' E[f2 4(8x, 8;)] = 0 for k,l = 1,--- ,m, have

a unique solution at W, if the equations

m

T}LI{:O ”_1{2(%1@70 — Yt [HIE, E(viv')] + Z("/}jl,o — ) tr[EHyE(vv))] (15)
i=1

j=1

+ Z Z(wik,o — ) (W0 — V)t HIE,H;E(vW)]} = 0,
i=1j=1

6We adopt the convention that [E(Wy,), - ,E(Wy,),X] = X for m = 0.

10



forr=1,---,pand k,l =1,--- ,m, have a unique solution at ¥y.” To wrap up, sufficient conditions
for the identification of the “pseudo” reduced form parameters are summarized in the following

assumption.

Assumption 7 At least one of the following conditions holds.
(i) lim, oo n *Q[E(Wy,), - ,E(Wy,,), X] exists and has full column rank.
(i) limy, oo n 1 Q' [E(Wy,), - - ,E(Wy,.,), X] exists and has full column rank for some 0 < m <

m — 1. The equations (15), forr=1,--- p and k,l =1,--- ;m, have a unique solution at ®y.

Example 1 To better understand the identification conditions in Assumption 7, consider the “pseudo”
reduced form equations (11) with m = 2 and X = [x, WX]|, where x is n X 1 vector of individual-

specific exogenous characteristics. In this case, equations (11) can be written as

yi = Y110Wy1 + %91 0Wys + m110X + 7210 Wx + uy (16)

Y2 = Yo gWy1 +Po oWy + T12,0X + T2 0 WX + us.

The “pseudo” reduced form equations (16) have the specification of a multivariate SAR model (Yang
and Lee, 2017). In (16), WX is a spatial lag of the exogenous variable and its coefficient captures
the “contextual effect” (Manski, 1993). How to identify the endogenous peer effect captured by 1y o
from the contextual effect has been a major interest in the literature of social interaction models. In
the multivariate SAR model (16), the identification problem is even more challenging because of the
presence of the “cross-equation peer effect” captured by 1y o (1 # k).

Identification of model (16) can be achieved via linear moment conditions if Assumption 7 (i)
holds, or via linear and quadratic moment conditions if Assumption 7 (ii) holds. A necessary condi-
tion for Assumption 7 (i) is that [E(Wy,), E(Wy,),x, WX] has full column rank for n sufficiently
large. It follows by a similar argument as in Cohen-Cole et al. (2016) that [E(Wy,), E(Wy,),x, Wx]

has full column rank if and only if the matrices I,, W, W2, W3 are linearly independent® and the

TA weaker identification condition can be derived based on (14) and (15) if the constants C1,11," " »C1,ml,C2, are
known to the researcher.
8For example, the weights matrix W for a star network is given by

0 (n—1)"t .. (n—1)"1

1 0 0
W =

1 0 0

As W3 = W, the linear independence of I,,, W, W2, W3 does not hold.

11



parameter matric

11,0 12,0 1
¥21,0M12,0 — V22,0T11,0 T T21,0  Y12,0711,0 — Y11,0712,0 + T22,0 (Y110 + 7/’22,0) (17)
1/121,07T22,0 - ¢22,07T21,0 ¢12,07721,0 - ¢11,0W22,0 ¢11,0¢22,0 - ¢12,0¢21,0

has full column rank.

Suppose m11,0 = W10 = Wi2,0 = T2 = 0 in the DGP. Then the parameter matriz (17)
does not have full column rank. Therefore, [E(Wy,),E(Wy,),x, Wx| does not have full column
rank and Assumption 7 (i) fails to hold. In this case, model (16) can be identified if Assump-
tion 7 (ii) holds. From (12), E(Wy,) = Hy(II{, ® I,)x = 0 as IIy = 0, which implies that
di(0x) = [E(Wy,),E(Wy,.),x, WX](0k,0 — k) = (T1k,0 — m1)X + (T2k,0 — m2x) Wx. Hence, from
the linear moment equations lim, .o n~'Q'dx(0x) = 0, only Tk and maro can be identified if
lim, oo 2™ ' Q'[x, WX] exists and has full column rank. Identification of 1y, o has to be achieved via

the quadratic moment equations (15).

It follows from (15) that, for k=1=1,

(Y110 — ¥11) nh_{f;o n~tr[HY (B, + E)E(viv')] + (V21,0 = Ya1) nh_{go n” tr[HY (B, + EL)E(viv')]

+(W11,0 — ¥1)? nlggo n~ tr[H EH,E(vv')] + (Y210 — P9)? nh};o n”tr[HYE, HoE(vv')]

(11,0 = ¥11) (V210 — Va21) nh—>Holo n”tr[HY (B, + E.)HE(vv')] =0, (18)

fo'r r=1,--- , D. If the matriz

[ G[H(E FEDEMY)] - [HY(E, + E)Eviv)] |
wfHy(E + Z)EvY)] - [H(E, + E))E(viv))]
Jim a7 aHEHEWY) o t[HEHEW)]
tr[HLE HoE(vv/)] e tr[H,E, HoE(vv')]
| tr[HY (B + E)HE(vV)] - tr[H (B, + B HaE(vv')] |

has full row rank, (18) has a unique solution at (Y17 o,%21,0) and hence (Y11 g, a1 o) can be identified.

Similarly, (115,0,%92,0) can be identified from (15) with k =1 = 2.

12



3.2 Identification of the structural parameters

Provided that the “pseudo” reduced form parameters ¥y and Il can be identified from the linear and
quadratic moment conditions as discussed above. Then, the identification problem of the structural
parameters in @y = [(I,, — Ty)’, —A{, =B}’ through the linear restrictions g = Ag(L,, — Ty)~!
and IIy = By (L, —Tg)~! is essentially the same one as in the classical linear simultaneous-equation
model (see, e.g., Schmidt, 1976). Let 9% ¢ denote the k-th column of ®y. Suppose there are Ry
restrictions on Yy o of the form Ry o = 0 where Ry, is a Ry, X (2m+ K x ) matrix of known constants.
Following a similar argument as in Yang and Lee (2017), the sufficient and necessary rank condition
for identification is rank(R;®p) = m — 1, and the necessary order condition is Ry > m — 1, for

k=1---,m.

Assumption 8 Fork=1,--- ,m, Ry = 0 for some Ry x (2m+ Kx) constant matriz Ry, with

rank(Ry®g) =m — 1.

Example 2 To better understand the rank condition in Assumption 8, consider the model

Y1 = Y210¥2 + M oWyy + XB o+ w (19)

Y2 = 7Y120¥1 + A22,0Wys + X8y o+ u2

with “pseudo” reduced-form equations

i = Y110Wyy + 9 oWys +Xmio+ v (20)
Y2 = Yia0Wyy + Yo oWys + X g + va,
where
T/)n,o 1/112,0 — (- %270%1,0)71 A11,0 ’712,0)\11,0 (21)
1/)21,0 1/)22,0 721,0)‘22,0 A22.0
and
(71,0, 720] = (1 - 712,0721,0)71[,61,0 + Y21,082,0: B2,0 + V12,081,0]- (22)

Suppose Assumption 7 holds for (20) and thus the “pseudo” reduced-form parameters can be identi-

13



fied. Then, the structural parameters

- -A 0 B
O = (L~ Ty’ ~Af, By = o e e

—712,0 1 0 —A220 —B5
can be identified from (21) and (22) if the rank condition holds. The exclusion restriction for the
first equation of model (19) can be represented by Ry = [0,0,0,—1,01x x| Then R1©®g = [0, Aa20],
which has rank 1 if Agg o # 0. Similarly, the exclusion restriction for the second equation can be
represented by Ro = [0,0,—1,0,01xx]. Then R2®g = [A11,0,0] which has rank 1 if A10 # 0.
Indeed, if M1,0 = Aa2,0 =0 in the DGP, then (19) becomes a classical linear simultaneous equations

model, which cannot be identified without imposing exclusion restrictions on By, o-

4 GMM Estimation

4.1 Consistency and asymptotic normality

Based on the moment conditions E[g(6y)] = 0, the GMM estimator for the simultaneous-equation
SAR model (1) is given by
6 gmm = arg min g(0)'F'Fg(0) (23)
where F is some conformable matrix such that lim,_, ., F exists with full row rank greater than or
equal to dim (€). Usually, F'F is referred to as the GMM weighting matrix.
To characterize the asymptotic distribution of the GMM estimator, first we need to derive 2 =
Var[g(6p)] and D = —E[%g(@o)}. As E,’s have zero diagonals for r = 1,---,p, it follows by

Lemmas A.1 and A.2 in the Appendix that

Qll 0
2 = Var[g(6o)] = ; (24)
0 Qo
where

Q¥nQ - QXi,Q
Q1 = Var[gi(6o)] = (I, ® Q)'2(,, ® Q) = : ' :

lelmQ T leme
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and Q99 = Var[gs(0g)] with a typical block matrix in Q5 given by

tr(EilElEjkEl) + tr(Eik512ﬂE’1) .- tI‘(EilElzjkEp) + tr(EiquEﬂE;)
(82,182, k1) lo=0, =

tr(ZilEPEjkEl) + tr(EikEpEﬂE’l) cee tr(EilEpEjkEp) + tr(EikEPEﬂE;)

The explicit expression for D depends on the specific restrictions imposed on the model parame-

ters. Let Zk = [Yk,Yk,Xk] Then,

0
00
where
Q'E(Z1)
0
D, = E[wgl(eo)}
Q/E(Zm)
and ~ _ ~ _
Y11 Y11
Tl,lm T2,1m
0 .
D, = *E[w& (60)] = + : ;
Y1 Yo m1
Tl,mm TQ,m,m

with X'y 3 = [E(Z,E1w), -+, E(Z,Epw)]" and Yo = [E(Z;Ejuyg), -+, E(ZjE,u;)]’. In the fol-
lowing proposition we establish consistency and asymptotic normality of the GMM estimator Egmm

defined in (23).

Proposition 1 Suppose Assumptions 1-8 hold, Then,

V(B gmm — 00) 5 N(0, AsyVar(0gpmm )
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where

AsyVar(@ymm) = lim [(n"'D)F'F(n 'D)] "' (n 'D)F'F(n 'Q)FF(n 'D)[(n 'D)F'F(n D)

n—oo

with Q@ and D defined in (24) and (25) respectively.

With F'F in (23) replaced by (n='Q)~!, AsyVar(0g,,m,) reduces to (lim,_o.n 'D'Q"'D)~!
Therefore, by the generalized Schwarz inequality, (n=1€2)~! is the optimal GMM weighting matrix.
However, since 2 depends on the unknown matrix 3, the GMM estimator with the optimal weighting
matrix (n~1Q)7! is infeasible. The following proposition extends the result in Lin and Lee (2010)
to the simultaneous-equation SAR model by suggesting consistent estimators for n=1€ and n='D
under heteroskedasticity of unknown form. With consistently estimated n~ '€ and n~'D, the feasible

optimal GMM estimator and its heteroskedasticity-robust standard error can be obtained.

Proposition 2 Suppose Assumptions 1-8 hold. Let 0 be a consistent estimator of 8y and ikl =
diag(U1kU1s, - -+, UnkUny) where Wy is the i-th element of U = uk(gk). Let n~'D and n=1Q be
estimators of n~1Q and n'D, with 8y and 3y in Q and D replaced by 0 and S respectively.
Then, n='D —n™'D = o,(1) and n~'Q — n~1Q = o0,(1).

Finally Proposition 3 establishes asymptotic normality of the feasible optimal GMM estimator.

Proposition 3 Suppose Assumptions 1-8 hold. The optimal GMM estimator is given by

0 g1m = arg min g(0)'Qg(0), (26)

where n='§Y is a consistent estimator of n= €Y. Then, \/ﬁ(égmm—eo) 4 N(0, (lim, ., n~!D'QD)1).

Note that, the 3SLS estimator can be treated as a special case of the optimal GMM estimator

using only linear moment conditions, i.e.,
05515 = argming, (0)' Q' g1 (0) = (Z'PZ)"'Z'Py,

where
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and P = (I, ® Q)[(L, ® Q) (1, ® Q)] (L, ® Q). Similar to Proposition 3, we can show that

V(83515 — 00) Rt N(0, ( lim n~'D7Q;;' D).

n—oo

Since D'Q'D — D} Q;'D; = D}, Dy, which is positive semi-definite, the proposed GMM esti-

mator is asymptotically more efficient than the 3SLS estimator.
4.2 Best moment conditions under homoskedasticity

The above optimal GMM estimator is only “optimal” given the chosen moment conditions. The
asymptotic efficiency of the optimal GMM estimator can be improved by choosing the “best” moment
conditions. As discussed in Lin and Lee (2010), under heteroskedasticity of unknown form, the best
moment conditions may not be available. However, under homoskedasticity, it is possible to find
the best linear and quadratic moment conditions with Q and =Z,’s satisfying Assumption 6. In
general, the best moment conditions depend on the model specification. For expositional purpose,

we consider a two-equation SAR model given by

Yi = Y210Y2 + AM1oWyy + A1, 0Wy, + X8 o +w (27)

Y2 = 7Y120Y1 + A120Wy; + A2 0 Wy, + X285 o + 12

where X; and X, are respectively n x K7 and n X K5 sub-matrices of X. Suppose u; and us are
n x 1 vectors of i.i.d. random variables with zero mean and E(uju}) = 0111, E(uau}) = 0221, and

E(uju}y) = 0121,. The reduced form of (27) is

Y1 Xlﬁ up
—g! YOl p et , (28)
Y2 X2ﬁ2,o u2
where
! i
1 - A11,0  A12,0
S=1I, -T,®I, — A, W = 2O e, - 2 W.
—Y21,0 1 A21,0  A22,0
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Let (S™")u denote the (k,1)-th block matrix of S71, i.e., (S™")u = (i, ® 1,)S7 " (iz; ® I,), for
k,1 =1,2. Then, from (28),

yi = (S’1)11X1,6110 + (571)12X2,32,0 + (S H1ur + (S H 12w (29)

y2 = (S7H21X1Bi 0+ (S7H22X2850 + (571211 + (S7H)2us.

With the residual functions

u(01) = yi—7ay2— AWy — AWy, — X6

uz(02) = y2—712¥1 — A2Wy; — AWy, — Xof3,,
the moment functions are given by g(0) = [g1(0)’,g2(0)']', where

Q'u,(61)
Q'uz(62)

g1(0) =

and

with g2 41(0k,01) = [Ejug(0k), - ,E,uk(0x)]'w(6;). Then, the asymptotic variance-covariance
matrix for the optimal GMM estimator defined in (26) is AsyVar(8gmm) = (lim, ..o n~'D'QD) L,

Under homoskedasticity, € defined in (24) can be simplified so that

CTnQ’Q 012Q/Q
012Q’Q O'QQQ/Q

Q11 = Var[gi(00)] =

18



and

22 = Var(g2(6)]

0%1 011012 011012 0%2 011 011012 011012 0%2
2 2
011012 o 011022 022012 011012 011022 079 022012
- - ® A+ ® Ao,
011012 011022 0%2 022012 011012 0719 011022 022012
0%2 022012 022012 U%g ] L 019 022012 022012 U%g
with
tr(B15) tr(E18,) tr(E187) tr(E1E))
A= : : and Ay = : :
tr(E,E1) tr(E,E,) tr(E,E2)) tr(E,E)
Furthermore, D defined in (25) can be simplified so that
0 Q'E(Z,)
D, —E[wgl(eo)] = (30)
Q'E(Z:)
and ) ; ) }
Y11 Yo
0 Y112 Y12
D; = —E[W& (60)] = + ) (31)
T1,21 T2,21
i T1,22 i L Tz,zz i
with Tl,kl = [E(Z;Elul),- o ,E(Z;Epul)]’ and T2,kl = [E(Z;E’luk), cee ,E(Z;E;uk)]'. Let le =
W (S~ 1)y, for k,1 =1,2. From the reduced form (29),

E(Zy) =

[(S™1)3-k1 X181 0+ (S™ ) 3—k,2X285 0, G11 X181 o +G12X284 0, G21X1 81 +G22X285 o, Xy]
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and

outr[A/(S™1)3 k1] 4 outr[A/(ST1)3 . o]
Ulltr(A’Gu) + Uthr(A,G12)

E(Z;CAUZ) =
O'lltl"(A/Ggl) + Jlgtr(A,GQQ)
0
for k,1 = 1,2, where A can be replaced by either E, or E. for r =1,--- ,p.

As we can see now, both @ and D depend on Q and =,’s. The best Q and E,’s are those
that minimize the asymptotic variance-covariance matrix of égmm given by (lim, ., n !D'QD)~1.
Under homoskedasticity, we can use the criterion for the redundancy of moment conditions (Breusch

et al., 1999) to show that the best Q and E,’s satisfying Assumption 6 are

Q" = [X,(S7H1X1, (S 12Xo, (87121 X1, (S71)20X2, G11X1, G12X2, Ga1 X1, G22 X0

B = (S7Y11 —diag[(S™1)1] B! = Gy; — diag(G11)

5 = (87112 —diag[(S™)1o] B = G2 — diag(Gia)

Ef = (S —diag[(S™1)a1] Bl = Ggy — diag(Gap)

Er = (S71)a — diag[(S™!)2] E; = Gao — diag(Gas). (32)

Proposition 4 For model (27) with homoskedastic disturbances, the best Q and E,’s that satisfy

Assumption 6 are given in (32).

The best moment conditions with Q* and =}’s given in (32) are not feasible as Q* and E*’s
involve unknown parameters I'y and Ay. With some consistent preliminary estimators for I'g and Ay,
the feasible best moment conditions can be obtained in a similar manner as in Lee (2007). Note that,
(S™ Mkt = X_j2g ;W for some constants cg,c1,---, for k,I = 1,2. Thus, we can use the leading
order terms of the series expansion, i.e., I,, W,--- WP to approximate the unknown (S™!);; and
Gr = W(S71), in Q* and E’s. Since the approximation error goes to zero very fast as p increases,
in practice, we could use Q = [X, WX, - ,WPX] and E; = W, Ey = W? — diag(W?),--- B, =

WP — diag(WP) for some small p to construct the moment conditions.
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5 Monte Carlo

To study the finite sample performance of the proposed GMM estimator, we conduct a small Monte

Carlo simulation experiment. The model considered in the experiment is given by

Yi = 7Ya1,0¥2 + A,0Wyy + A2 oWy, + 81 ox1 + wy

Y2 = 7Yi20Y1 T A2,0Wyy + A220Wyy + B oX2 + ua.

In the DGP, we set 7919 = 7120 = 0.2, Ad11,0 = A220 = 0.4, and X210 = A2 = 0.2. For the
spatial weights matrix W = [w;;], we take guidance from the specification in Kelejian and Prucha
(2010). More specifically, we divide the sample into two halves, with each half formulating a circle.
In the first circle (containing n/2 cross sectional units), every unit is connected with the unit ahead
of it and the unit behind. In the second circle, every unit is connected with the 9 units ahead of it
and the 9 units behind. There are no connections across those two circles. Let d; be the number
of connections of the i-th unit. We set w;; = 1/d; if units ¢ and j are connected and w;; = 0
otherwise. We generate x; and x5 from independent standard normal distributions. We generate
u; = (Ui, - ,up1)" and up = (u12,- - ,uUn2)’ such that u;; = /e and w2 = (/Si€i2, where €5

and €;o are respectively the i-th elements of €; and e; with

€1 I, o121,
~N |0,

€2 o2l L,

For the heteroskedastic case, we set ¢; = 1/d; /2. The average variances of u; and us are 2. For the
homoskedastic case, we set ¢; = 2.
We conduct 1000 replications in the simulation experiment for different specifications with n €

{250,500}, 012 € {0.3,0.5,0.7}, and (81 ¢, Ba) € {(1,1),(0.5,0.5)}. Let

u(6:) Y1 —721¥2 — AuWy; — AWy, — 81x3

uz(02) = y2 —712¥1 — A2Wy; — Ae Wy, — yxa,

where 01 = (’721, /\11, A21, Bl) and 02 = ("}/12, )\12, )\227 62) Let Q = [Xl, X9, WXl, VVXQ7 VVQX17 W2X2]

and 2 = W. We consider the following estimators:
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(a) The 2SLS estimator of 8; based on the linear moment function Q'u;(61).

(b) The 3SLS estimator of @ = (', 605)’ based on the linear moment function (I ® Q)'u(6), where

u(0) = [u;(01)",u2(02)"".

(c) The single-equation GMM (GMM-1) estimator of 6; based on the linear moment function

Q'u;(01) and quadratic moment function u;(01) Euy(64).

(d) The system GMM (GMM-2) estimator of 8 based on the linear moment function (I ® Q)'u(0)

and the quadratic moment functions u;(601)'Euy(01), uy1(01)'Zuz(6s), and uz(02)' Eua(02).
(e) The QML estimator of € described in Yang and Lee (2017).

Among the above estimators, the 2SLS and GMM-1 are equation-by-equation “limited informa-
tion” estimators, while 3SLS, GMM-2 and QML are “full information” estimators. To obtain the
heteroskedasticity-robust optimal weighting matrix for the 3SLS and GMM estimators, we consider

preliminary estimators of 81 and 05 given by

0, = argminu(6:)Q(Q' Q) 'Qui(81) + [u1(61)Eu,(6,)])?

0, argmin uz(02)'Q(Q'Q) ' Q'uz(62) + [u2(62) Eus(62)]°.

The estimation results are reported in Tables 1-4. We report the mean and standard deviation (SD)
of the empirical distributions of the estimates. To facilitate the comparison of different estimators,
we also report their root mean square errors (RMSE). The main observations from the experiment

are summarized as follows.
[Insert Tables 1-4 here]

e With homoskedastic disturbances, all the estimators are essentially unbiased when n = 500.
The QML estimator for (A11,0, A21,0) has the smallest SD with the GMM-2 estimator being a
close runner up. As reported in Table 1, when n = 500 and 012 = 0.5, the QML estimator
of A11,0 reduces the SDs of the 2SLS, 3SLS, GMM-1 and GMM-2 estimators by, respectively,
33.9%, 34.5%, 15.9% and 5.1%; and the QML estimator of A\oj o reduces the SDs of the 2SLS,
3SLS, GMM-1 and GMM-2 estimators by, respectively, 24.1%, 24.7%, 22.1% and 7.4%. On

the other hand, the SDs of all the estimators for 74, o and 3,  are largely the same.
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e With heteroskedastic disturbances, the QML estimator for (A11,0, A21,0) is downwards biased.
The bias remains as sample size increases. The GMM-2 estimator for (Ai1,0,A21,0) has the
smallest SD. As reported in Table 2, when n = 500 and o015 = 0.5, the GMM-2 estimator
of Ai1,0 reduces the SDs of the 2SLS, 3SLS, GMM-1 and QML estimators by, respectively,
22.5%, 21.6%, 5.5% and 13.8%; and the GMM-2 estimator of Ag; o reduces the SDs of the
2SLS, 3SLS, GMM-1 and QML estimators by, respectively, 15.6%, 13.8%, 11.0% and 19.0%.
When 8, ; = 859 = 0.5, the IV matrix Q is less informative and the efficiency improvement of
the GMM-2 estimator relative to the other estimators is more prominent. As reported in Table
4, when n = 500 and 012 = 0.5, the GMM-2 estimator of A1 o reduces the SDs of the 2SLS,
3SLS, GMM-1 and QML estimators by, respectively, 35.4%, 35.0%, 12.0% and 67.4%; and the
GMM-2 estimator of Az1,¢ reduces the SDs of the 2SLS, 3SLS, GMM-1 and QML estimators
by, respectively, 24.9%, 24.9%, 17.3% and 69.0%. In this case, the GMM-2 estimators for v, q

and 3  also reduce the SDs of the QML estimators by, respectively, 9.6% and 7.8%.

e The computational cost of the GMM estimator is much lower than that of the QML estimator.
For example, when n = 250, 8, o = 859 = 1, 012 = 0.5 and disturbances are homoskedastic,
the average computation time for GMM-1, GMM-2 and QML estimators are, respectively,

0.06, 0.10 and 9.38 seconds.”

6 Summary

In this paper, we propose a general GMM framework for the estimation of SAR models in a system
of simultaneous equations with unknown heteroskedasticity. We introduce a new set of quadratic
moment conditions to construct the GMM estimator based on the correlation structure of model
disturbances within and across equations. We establish the consistency and asymptotic normality
of the proposed the GMM estimator and discuss the optimal choice of moment conditions. We
also provide heteroskedasticity-robust estimators for the optimal GMM weighting matrix and the
asymptotic variance-covariance matrix of the GMM estimator.

The Monte Carlo experiments show that the proposed GMM estimator perform well in finite
samples. In particular, the optimal GMM estimator with some simple moment functions is robust

under heteroskedasticity with no apparent loss in efficiency under homoskedasticity, whereas the

9The Monte Carlo experiments are performed on a computer with Intel (R) Xeon (R) CPU X5450 @ 3.00 GHz
and 32.0 GB RAM.
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QML estimator for the spatial lag coefficient is biased with a large standard deviation in the presence
of heteroskedasticity. Furthermore, the computational cost of the GMM approach is drastically
smaller than that of the QML.
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A Lemmas

In the following, we list some lemmas useful for proving the main results in this paper.

Lemma A.1 Let A = [a;;] and B = [b;;] be n x n nonstochastic matrices with zero diagonals. Let

€1,€2,€3,€4 be n x 1 vectors of independent random variables with zero mean. Let Xy = E(eye])

for k,1=1,2,3,4. Then,
E(E&AEQG&B&L) = tr(213A224B/) + tr(214A223B).
Proof: As a;; = b; = 0 for all 4,

E(e] Aexe;Bey)

n n n n
= E(§ § E E a;jbri€1,i€2 €3 KE4,1)

i=1j=1k=11=1

n n n
= Y aubiE(en €€z i€0:) + DY aubjB(eriens)Eles jeas)
i=1 i=1 j#i

+ Z Z aijbi;E(e1i€3,)E(e jeq ;) + Z Z a;jbjiE(eri€4,:)E(e2 je3,5)
i=1 j#i i=1 j#i
= tI‘(213A224B/) + tr(214A223B).

|
Lemma A.2 Let A = [a;;] be an n x n nonstochastic matriz with a zero diagonal and ¢ =
(c1,-++ ,¢n) be an m x 1 nonstochastic vector. Let €1,€a,€3 be n X 1 vectors of independent ran-

dom variables with zero mean. Then,
E(e} Aesese) = 0.

Proof: As a;; = 0 for all 4,

n n n

n
E(€I1A€2€I3C) = E(Z Z Z aijckel,ieg,je&k) = Z aiiciE(eLieg’ie&i) = 0
i=1

i=1 j=1 k=1

26



Lemma A.3 Let A be an mn X mn nonstochastic matriz with row and column sums uniformly
bounded in absolute value. Suppose u satisfies Assumption 1. Then (i) n='u’Au = O,(1) and (ii)

n~l1u’Au—E(WAu)] = o,(1).
Proof: A trivial extension of Lemma A.3 in Lin and Lee (2010). =

Lemma A.4 Let A be an mn X mn nonstochastic matriz with row and column sums uniformly
bounded in absolute value. Let ¢ be an mn X 1 nonstochastic vector with uniformly bounded elements.
Suppose u satisfies Assumption 1. Thenn~=/?c’Au = O,(1) and n~'c' Au = o,(1). Furthermore, if

lim,, 0o n '/ AX A’ exists and is positive definite, then n='/2c’ Au 4, N(0,lim,, ..o n"'c/AXA’c).
Proof: A trivial extension of Lemma A.4 in Lin and Lee (2010). =

Lemma A.5 Let Ay be an n X n nonstochastic matriz with row and column sums uniformly
bounded in absolute value and ci an n x 1 nonstochastic vector with uniformly bounded elements
for k0l =1,---,m. Suppose u satisfies Assumption 1. Let oc? = Var(e), where e = Y ,*  cjuy +

S S A — tr(AE )], If nmlo? is bounded away from zero, then o 'e 4 N(0,1).
Proof: A trivial extension of Lemma 3 in Yang and Lee (2017). m

Lemma A.6 Let c; and co be mn x 1 nonstochastic vectors with uniformly bounded elements. Let

S =Inn—T,®L,)— (AL@W) and S = Ly, — (I ®1,) — (A’ @ W), where T and A are consistent

estimators of Ty and Ao respectively. Then, n=1¢/ (S~ — S~ 1)cy = 0,(1).

Proof: A trivial extension of Lemma A.9 in Lee (2007). =

Lemma A.7 Let £(0) = [f1(0),£2(0)")" with E[f(60)] = 0. Define D; = —E[5:£;(0)] and Q;; =
E[f;(0)f;(0)] fori,j = 1,2. The following statements are equivalent (i) fo is redundant given fi ; (ii)
D, = leﬂfllDl and (iii) there exists a matriz A such that Dy = Q21 A and Dy = Q11 A.

Proof: See Breusch et al. (1999). =

B Proofs

Proof of Proposition 1: For consistency, we first need to show that n='Fg(0) —n~'E[Fg(0)] =

0p(1) uniformly in 6. Suppose the i-th row of F can be written as

Fi=1[f1, - fm firn, o firrp s fimma, o fimmop)-
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Then,
m m m p
Fig(0) = > £ixQup(0r) + > > > fimrti(0r)Erw(6)).

k=1 k=11=1r=1
Let 7,0 = F1k0: > Tmko) and Ako = (A1k,0s-+ » Amk,o)’ denote, respectively, the k-th column

of Ty and Ay, including the restricted parameters. From the reduced form (3),

we(0r) = yi— Yeve — Yl — Xi3, (33)
= Yi(vio =)+ Ye(Aro — Ak) + Xi(Bro — Br) + ui
= YVro— 1) + WY (Aro — M) + Xi(Bro — Br) + uk
= dg(Ox) +ug + Z[Wlk,o — Y ) (i @ L) + (Atk,o — S‘Ik)(i;n,l ® W)|S™'u
=1
where

m

di(0r) = Z[Wlk,o =) (1 @ L) + (Aiko — M) (i, © W)ISTH(BG @ Ly )x + Xk (By0 — By)
=1

and S =1,,, — T ® L, — A{ ® W. This implies that

E[Q'ux(01)] = Q'dy(65)
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and

E[ui(0r) 8w (0;)] = di(05) E,di(6,)

m m

D (Fjno = V) 0lEn (i, ; © L)STE(uuy)] + > (Mo — Aj)tr[E (i, ; © W)S ™ E(uuy)]

Jj=1 Jj=1

+ > (Fiko = Vi) B[EL (1, © L)STE(uu)] + Y (Nino — M) tr[E7 (1, ; © W)S™ E(uu))]
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As F,;g(0) is a quadratic function of 8 and the parameter space of 8 is bounded, it follows by Lemmas
A.3 and A.4 that n~'F;g(0) — n'E[F;g(0)] = op(1) uniformly in 6. Furthermore, n~'E[Fg()]
is uniformly equicontinuous in 6. The identification condition and the uniform equicontinuity of
n~'E[Fg(0)] imply that the identification uniqueness condition for n=2E[g(0)'|F'FE[g(0)] holds.
Therefore, Egan is a consistent estimator of 8y (White, 1994).

For the asymptotic normality, we use the mean value theorem to write

119

n 90

10 -~ 18

~ 1
ﬁ%g(agmm)/F, 89/ g(egmm)/FliFg(eo)

9
£(0) N
where 0 is as convex combination of bgmm and 0y. By Lemma A.5 together with the Cramer Wald

device, ﬁFg(@o) converges in distribution to N(0, lim,, .., n~!FQF’). Furthermore, consistency

of Egmm implies that @ also converges in probability to 6y. Therefore it suffices to show that

n~t52:g(0) — lim, .o n'E[33,g(0)] = 0,(1) uniformly in §. We divide the remainder of the proof
into two parts focusing respectively on the partial derivatives of g;(0) and g»(0).
First, note that
Q'Z,
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From the reduced form (3), we have
yi= (i, ® L,)S7'(B),®1,)x +ul.

By Lemma A.4, we have n™'Q'y; — n'E(Q'y;) = 0p(1) and n 7' Q' Wy, = n"'E(Q'Wy,) + 0, (1),
which implies that that n~'=2,g1(8) — n~'E[z5,g1(0)] = o,(1).

Next, note that

T1711(91) T2711(91)

Tl,lm(em) T2,17n(01)
0) = — — : ,

Tl ml(el) TQ ml(em)

)

507

Tl,mm(em) T2,mm(9m)

where Tl)kl(el) = [Z%Elul(el), s ,Z;Epul(Bl)]’ and T2,kl<6k) = [Z;Eiuk(ek), tee ,Z;E;uk(ak)]/.
As uy(0) can be expanded as (33), it follows by Lemmas A.3 and A.4 that n~'Z}E,u,(0,) —
n1E[Z),E,u;(0;)] = 0p(1) and n™'Z]E! uk(0)) —n'E[Z]E)ui(0))] = op(1) uniformly in 6. There-

T

fore, n™1 0, 82(0) — n'E[55:82(0)] = 0,(1) and the desired result follows. m

Proof of Proposition 2: We divide the proof into two parts. First we prove the consistency of
n~=1€2. Then we prove the consistency of n-1D.

(1) To show n~ ' —n"1Q = 0,(1), we need to show that (1a) n 'Q'THQ—n"'Q'TxQ = 0,(1)
and (1b) n_ltr(iklAlfJStAg) —n M (B A1 EAs) = op(1), for k,1,s,t =1, ,m, for nxn zero-
diagonal matrices A; = [a; ;] and Ay = [ag ;5] that are uniformly bounded in row and column sums.
The consistency of n~1Q'E,,Q in (1a) can be shown by a similar argument as in White (1980).
Thus, we focus on the consistency of n_ltr(iklAlfJStAg) =n! szzl 1,352 jillip Wi Wjstye. 1t
follows by a similar argument as in Lin and Lee (2010) that n1 szzl 1,302, i Uik Ui UjsUjy —
n~! szzl 1,402,503 k10,5t = 0p(1). Therefore, to show (1b) holds, we only need to show that

1 n ~ o~ ~ ~ 1 n _
N7 iy 01,302,k U Us e — N Y iy G14502 ji Uik Uil tjsUje = Op(1).
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Note that

n n
-1 ~ o~~~ -1
n E A1,i502, 5i Uik Uil UjsUje — T E 1,502, 55Uk Uil UjsUjt
i,5=1 i,j=1
n n
_ -1 ~ o~ —1 ~ o~
= n al,ija2,ji(uikuil - uikuil)ujsujt +n al,ija2,jiuikuil(ujsujt - ujsujt)
i,j=1 i,j=1
n
-1 ) oYY Y1 s
+n 1,302, 5i (Wil — Wikir) (WjsUje — UjsUje)-
t,j=1

From (33), we have

U, = ur(0r) = yi — Yidy — Y — X8, = di(0r) + up + ex(61)

[(Fiko = Vi) (g @ L) + (Ao — M) (i, @ W)IS™ (B @ L)x + Xi(Bro — B

=
§a

I
NE

N
Il
A

e (01) (Y0 — %lk)(ilm,l @ In) + (ko — 5\lk)(ilm,z ®@W)]S™'u

NE

~

1

and S =1,,,,, — (T{;®1,) — (A ® W). Let d; and e;y, denote the i-th element of dj, (51@) and ek(ak)

respectively. Then,
WikUi = UikWit + dipdi + eipeq + (Windi + digwi) + (wineq + eii) + (dikeq + eidir).

To show n~! Z?jzl 1,302, 5i (Wil — Uiplir)U;sUj: = op(1l), we focus on terms that are of higher

orders in u;;. One of such terms is

n m n
—1 _ = = —1 s/ o/ —1
n E a1,i502,5i€CikUilUjsUjt = E (’Yrk,o — V)T E al,ijaljiuil“jsujt(lm,r ® 1n,z‘)S u
i,j=1 r=1 Q=1
m - n
3 N —1 -/ 1
+ g (Ark,0 = Ari)10 E ai,ijaz, jititjstje (i, . © w;)S™ u,
r=1 i,j=1

where w; denotes the i-th row of W. By Assumption 1, we can show E|upru;u,suj| < c for some

. 5 . . . . . —1 n m o/
constant ¢ using Cauchy’s inequality, which implies E|n Zi,j:l Doy Q1002 it suie (i, . ®

i/n,i)s_lu| = O(1) and Eln~! Z?,j:1 P a1,ijaz, jitiatsuje (i, . @ w;)S~1u| = O(1) because A,
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Ay, W and S~ are uniformly bounded in row and column sums. Hence, n ™! szzl 1,502, i€k Uit UjsUje =
op(1). Similarly, we can show other terms in n=! szzl a1, ji (WikWi — Wik )Ujsuje are of order
op(1). With a similar argument as above or as in Lin and Lee (2010), n ™1 ZZ;‘:1 1,502, Wik Wit (UjsUje—
Ujstje) = op(1l) and n-! szzl a1,i502,5i (Wiklir — UikWir) (WjsUje — Ujstje) = 0p(1). Therefore, the
consistency of n’ltr(ENJMAlZN)StAg) in (1b) follows.

(2) Some typical entries in D that involve unknown parameters are Q'E(yx) = Q'(i),, ®
L)S (B} © L)x, QE(Wy,) = Q(, , ® W,)S" (B} @ L)x, E(wjAy;) = t[(in © A)({,, @
I,)S7'3] and E(wyAWYy,) = tr[(i,n @ A)(i}, ,©W)S™' 3], where A = [a;;] is an nxn zero-diagonal
matrix uniformly bounded in row and column sums. To show n D - n7'D = op(1), we need to
show that (2a) n~'Q/(i}, , ® L,)S (B ® I,)x — n'Q/ (i), , ® L,)S™'(Bj ® L,)x = oy(1) and
n T Q (i), , ® W)S (B, ® L,)x — nrQ(i], , ® W)STH(Bj @ I,)x = op(1); (2b) n™ tr[(im ®
A)(ify ® LISS] = nlrl(is ® Ay, © LISTIS] = 0p(1) and n- (s © A)(i),, ©
W)S™'E] — =t (ima ® A) (i, , ® W)STIE] = 0,(1). where S =1L, — (I’ ® L) — (A’ @ W) and

i11 e i1m

As (2a) follows by Lemma A.6 and (2b) follows by a similar argument as in Lin and Lee (2010), we

conclude n~'D — n~!'D = op(1). m
Proof of Proposition 3: For consistency, note that
g(0)Q'g(0) = g(0)Q 'g(0) +8(6) (2! - 1)g(6).

From the proof of Proposition 1, n='g(0)'Q2 'g(8) — n 'E[g(0)'Q2 'g(8)] = 0,(1) uniformly in 6.
Hence, it suffices to show that n=1g(8) (2~ — Q~1)g(8) = 0p(1) uniformly in 6. Let || - || denote

the Euclidian norm for vectors and matrices. Then,

< (Lion) | () (Le)

From the proof of Proposition 1, n~'g(8)—n"1E[g(0)] = o,(1) uniformly in 8. As n 'E[Q'ux(6;)] =

1

—g(0) (7" -2 )g(0)
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n_lQ’dk(Gk) = O(l) and n‘lE[uk(Hk)’Erul(Gl)} = n_ldk(ak)’Erdl(01)+n_1tr[Gk(Hk)’E.TGl(Bl)2] =
O(1) uniformly in 6, where

m

d(0x) = Z[(’_hk,o — ) (i, @ L) + (Atko — 5\lk)(i;n,z ®@W)IST'(By®@ L,)x + Xk (Bro — B)
=1

and G (%) = 32021 (o 0 = Yix) (17,1 @ L) + (A0 = M) (17, , @ W)]S ™1, it follows that n™~"[|g(6)]| =
O, (1) uniformly in 8. Therefore, n~'g(8) (27! — Q1)g(0) = 0,(1) uniformly in 6.

For the asymptotic distribution, by the mean value theorem, for some convex combination of

~ —

0mm and 6y denoted by 0,

—1
~ B 19 -~ L(1=\'10 _| 10 -~ /1=\"1
Vn(Ogmm — 600) = — [n%g(ogmm) <nﬂ) nwg(e)] gafeg(ggmm) (9) —8(60)

-1 - -1
Ip (19) Ip| Ip <19> L g(80) + 0p(1)
n n n n n

1=

N (0, [ lim n_lD’QD}_1>

n—oo

where the asymptotic distribution statement is implied by Lemma A.5. m

=

Proof of Proposition 4: To show that the moment functions g*(6) with Q* and E*’s given in
(32) are the most efficient, it suffices to show that any additional moment conditions g(@) in the
form of (10) are redundant. By Lemma A.7, it suffices to find a matrix A such that —E[%g(@o)] =
E[g(60)g"(00)'] A and —E[5,8"(60)] = E[g"(60)g"(00)'] A. Let J; and J5 be selection matrices

such that X; = XJ; and Xy = XJ,. For any linear moment function

€1(0) Q'u:(61) 7
Quz(62)
it follows from (29) and (30) that
—E[%gl(eoﬂ _ Q [E(YZ)a E(WY1)a E(WYQ)aXJl]

Q'[E(y1), E(Wy,), E(Wy,), XJ,]
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where

On the other hand,

(S™H1XuB1o+ (57 12X2Bs
(S™H21X1B1 0 + (S71)22XaBs g
G X181+ G12X2835

G21X18 g + G22X285 .

UnQ’Q* UlelQ*
UlelQ* 022Q/QHk

E[g1(80)g1(00)'] =

Hence, —E[;3,81(00)] = E [g1(00)g}(60)'] A1, where

with

@,

1

2
011022 — 079

o o o o o
[}
fn

© © o © o o o

S o ©o o o o o o

022P1  —012P2

—012®P 011 P2

0 0

Bio O

Bog O

0 0

and P, = 0 0
0 By
0 By

0 0

0 0

Next, for any quadratic moment function
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it follows from (29) and (31) that —E[;2,82(00)] =

D2,1

and

Dy

Furthermore,

where

011012
011012

012

E[g2(00)g5(60)'] =

011012
012
011022

022012

0
0

0
0

ontr(E'E;) + o12tr(E'E})

o12t1(E'E}) + 09otr(E'E})

0

0

o1tr(E'E]) + o12tr(E'E])

o12tr(E'EY) + 022tr(E'ES)

0

o11tr(BEE]) + o1atr(

0

Ulltr(EEZ) + 0'12131‘(352)

012tr(BE}) + 020tr(EE])

K
==
BEE2)

o12tr(BE]) + 020tr(EE3)

3 ® [tr(BE]), -

011012
011022
2
012

022012

022012
022012

2
022

0
0

ontr(E'E;) + o1atr(E'E)

o12tr(B'EE) + o22tr(E'Ef)

Uutl"(EE;) + 0'12131‘(552)

0

Ul?tr(EE;) + 0'221:1‘(55

0

0
0

o12tr(E'EE) + oaatr(

0

o11tr(E'EL) + o12tr(E'E

m

o11t1(BEEE) + o12tr(EE

0

/=
T
—

*
6

*
6

*
6

*
6

)

)

012t (BEL) 4 o0tr(BEEY)

L tr(EER)] + B @ [tr(E'ET), -

and 22 =

011012
011012

012

)
)

[D2,1, D3 3], where

Ulltr(E

Ulgtr(E/

/

o]

[

0

0

5) + oatr(BE'ER)

1) + ooatr(E'ER)

alltr(EE;) + Ulgtr(Eag)

0

0'12'51"(EE;) + O'QQtI(Eag)

0

0

0

0

o11t7(E'E7) + gt

o12tr(E'E%) + oaatr(

—
=
—

—
=
—

'ES)

'Eg)

o11tr(BE?) + o12tr(EES)

0

o12tr(BEEY) + 090tr(EEG)
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012

022012

tr(2
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022012
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0 *
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Hence, —E[;3,82(00)] = E [g2(00)g5(00)] A2, where

Ay, = [N ®igs3, R ®igs, N ®ig7,0,N3 ®ig 1, N3 ®ig5, N3 ®1ig 7, 0]

+[Ny ® ig 4, Ny @ ig 6, No ® ig 5,0, Ny ® g2, Ny ® ig 6, Ny @ ig g, 0],

with ) ) ) )
011 011
0 o
N, =37t Sl
012 0
0 0
012 012
0 o
R, = 27! .l
0922 0
0 0
0 0
o 0
Ny =7 | =25t
O 011
| 012 | | 012 |
and ) } ) ;
0 0
o 0
wy=37 | | =5t
0 g12
| 022 | | 022 |

In summary, the desired result follows since —E[23,g(60)] = E [g(60)g*(00)'] A and —E[53,8(80)] =
E[g*(00)g*(60)'] A for A =[A],AL). =
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Table 1: Estimation under Homoskedasticity (8,9 = 2,0 = 1)

$210=10.2 ‘ A110 =04 Az1,0 = 0.2 Pio=1

n = 250

o1, = 0.3

2SLS 0.203(0.093)[0.093] | 0.391(0.153)[0.154] | 0.193(0.166)[0.166] | 0.995(0.094)[0.094]
3SLS 0.199(0.097)[0.097] | 0.392(0.153)[0.153] | 0.197(0.168)[0.168] | 0.996(0.096)[0.096]
GMM-1 | 0.205(0.092)[0.092] | 0.405(0.113)[0.114] | 0.194(0.161)[0.161] | 0.994(0.093)[0.093]
GMM-2 | 0.199(0.095)[0.095] | 0.408(0.097)[0.098] | 0.195(0.128)[0.128] | 0.997(0.093)[0.094]
QML 0.194(0.092)[0.092] | 0.404(0.096)[0.096] | 0.198(0.124)[0.124] | 1.003(0.093)[0.093]
01, =05

2SLS 0.204(0.093)[0.093] | 0.393(0.154)[0.154] | 0.187(0.167)[0.167] | 0.995(0.094)[0.094]
3SLS 0.197(0.097)[0.097] | 0.395(0.154)[0.154] | 0.194(0.170)[0.170] | 0.998(0.095)[0.095]
GMM-1 | 0.208(0.091)[0.092] | 0.405(0.125)[0.125] | 0.191(0.161)[0.161] | 0.994(0.093)[0.093]
GMM-2 | 0.196(0.095)[0.095] | 0.409(0.109)[0.110] | 0.195(0.135)[0.135] | 0.998(0.093)[0.093]
QML 0.193(0.093)[0.093] | 0.405(0.107)[0.107] | 0.198(0.129)[0.129] | 1.003(0.093)[0.093]
o, = 0.7

2SLS 0.205(0.093)[0.093] | 0.395(0.154)[0.154] | 0.183(0.168)[0.169] | 0.995(0.094)[0.094]
3SLS 0.194(0.098)[0.098] | 0.397(0.155)[0.155] | 0.191(0.173)[0.173] | 1.000(0.096)[0.096]
GMM-1 | 0.212(0.090)[0.091] | 0.405(0.133)[0.133] | 0.187(0.157)[0.157] | 0.994(0.093)[0.093]
GMM-2 | 0.194(0.095)[0.096] | 0.411(0.123)[0.123] | 0.196(0.143)[0.143] | 0.999(0.094)[0.094]
QML 0.191(0.093)[0.094] | 0.406(0.118)[0.118] | 0.197(0.135)[0.135] | 1.002(0.094)[0.094]
n =500

o1, = 0.3

2SLS 0.204(0.063)[0.063] | 0.390(0.111)[0.112] | 0.199(0.115)[0.115] | 0.998(0.065)[0.065]
3SLS 0.201(0.064)[0.064] | 0.391(0.112)[0.112] | 0.201(0.116)[0.116] | 0.999(0.065)[0.065]
GMM-1 | 0.205(0.063)[0.063] | 0.398(0.079)[0.079] | 0.198(0.111)[0.111] | 0.997(0.064)[0.064]
GMM-2 | 0.202(0.064)[0.064] | 0.399(0.070)[0.070] | 0.199(0.090)[0.090] | 0.999(0.064)[0.064]
QML 0.200(0.062)[0.062] | 0.397(0.067)[0.067] | 0.199(0.084)[0.084] | 1.002(0.063)[0.063]
01, =05

2SLS 0.204(0.063)[0.063] | 0.392(0.112)[0.112] | 0.196(0.116)[0.116] | 0.998(0.065)[0.065]
3SLS 0.200(0.065)[0.065] | 0.392(0.113)[0.113] | 0.199(0.117)[0.117] | 1.000(0.065)[0.065]
GMM-1 | 0.206(0.062)[0.063] | 0.398(0.088)[0.088] | 0.197(0.113)[0.113] | 0.997(0.064)[0.064]
GMM-2 | 0.200(0.064)[0.064] | 0.400(0.078)[0.078] | 0.199(0.095)[0.095] | 1.000(0.063)[0.063]
QML 0.200(0.062)[0.062] | 0.398(0.074)[0.074] | 0.199(0.088)[0.088] | 1.002(0.063)[0.063]
o1, = 0.7

2SLS 0.205(0.063)[0.063] | 0.392(0.112)[0.113] | 0.194(0.116)[0.116] | 0.998(0.064)[0.064]
3SLS 0.199(0.065)[0.065] | 0.393(0.113)[0.114] | 0.198(0.118)[0.118] | 1.000(0.065)[0.065]
GMM-1 | 0.208(0.062)[0.062] | 0.397(0.095)[0.095] | 0.196(0.111)[0.111] | 0.998(0.063)[0.064]
GMM-2 | 0.199(0.064)[0.064] | 0.400(0.087)[0.087] | 0.200(0.100)[0.100] | 1.000(0.063)[0.063]
QML 0.199(0.062)[0.062] | 0.398(0.082)[0.082] | 0.199(0.093)[0.093] | 1.002(0.063)[0.063]

Mean(SD)[RMSE]




Table 2: Estimation under Heteroskedasticity (819 = 20 = 1)

$210=10.2 ‘ A110 =04 Az1,0 = 0.2 Pio=1

n = 250

o1, = 0.3

2SLS 0.200(0.096)[0.096] | 0.398(0.123)[0.123] | 0.194(0.135)[0.135] | 0.996(0.097)[0.097]
3SLS 0.199(0.093)[0.093] | 0.398(0.122)[0.122] | 0.195(0.132)[0.132] | 0.998(0.093)[0.093]
GMM-1 | 0.206(0.087)[0.088] | 0.405(0.096)[0.096] | 0.191(0.129)[0.130] | 0.995(0.090)[0.090]
GMM-2 | 0.199(0.090)[0.090] | 0.406(0.088)[0.088] | 0.196(0.110)[0.110] | 0.996(0.090)[0.090]
QML 0.203(0.094)[0.094] | 0.366(0.110)[0.116] | 0.185(0.154)[0.154] | 1.013(0.095)[0.096]
01, =05

2SLS 0.200(0.096)[0.096] | 0.399(0.124)[0.124] | 0.191(0.136)[0.136] | 0.997(0.096)[0.097]
3SLS 0.197(0.093)[0.094] | 0.399(0.123)[0.123] | 0.194(0.133)[0.133] | 0.999(0.093)[0.093]
GMM-1 | 0.208(0.086)[0.086] | 0.405(0.103)[0.103] | 0.189(0.127)[0.128] | 0.995(0.089)[0.089]
GMM-2 | 0.196(0.090)[0.090] | 0.408(0.095)[0.095] | 0.196(0.113)[0.113] | 0.998(0.090)[0.090]
QML 0.202(0.094)[0.094] | 0.368(0.118)[0.122] | 0.182(0.148)[0.149] | 1.013(0.095)[0.096]
o, = 0.7

2SLS 0.200(0.096)[0.096] | 0.400(0.124)[0.124] | 0.188(0.137)[0.138] | 0.997(0.097)[0.097]
3SLS 0.194(0.094)[0.095] | 0.401(0.124)[0.124] | 0.193(0.135)[0.135] | 1.001(0.093)[0.093]
GMM-1 | 0.210(0.085)[0.086] | 0.404(0.108)[0.108] | 0.188(0.124)[0.124] | 0.995(0.089)[0.089]
GMM-2 | 0.193(0.091)[0.091] | 0.409(0.103)[0.103] | 0.197(0.117)[0.117] | 1.000(0.090)[0.090]
QML 0.201(0.094)[0.094] | 0.370(0.122)[0.125] | 0.179(0.140)[0.141] | 1.013(0.096)[0.097]
n =500

o1, = 0.3

2SLS 0.202(0.064)[0.064] | 0.396(0.089)[0.089] | 0.197(0.096)[0.096] | 1.000(0.066)[0.066]
3SLS 0.200(0.061)[0.061] | 0.398(0.088)[0.088] | 0.198(0.093)[0.094] | 0.999(0.063)[0.063]
GMM-1 | 0.204(0.059)[0.059] | 0.399(0.068)[0.068] | 0.197(0.091)[0.092] | 0.998(0.061)[0.061]
GMM-2 | 0.201(0.060)[0.060] | 0.400(0.063)[0.063] | 0.199(0.078)[0.078] | 0.999(0.061)[0.061]
QML 0.210(0.062)[0.063] | 0.358(0.075)[0.086] | 0.187(0.104)[0.104] | 1.013(0.064)[0.065]
01, =05

2SLS 0.202(0.064)[0.064] | 0.397(0.089)[0.089] | 0.196(0.096)[0.096] | 1.000(0.066)[0.066]
3SLS 0.199(0.061)[0.061] | 0.399(0.088)[0.089] | 0.198(0.094)[0.094] | 1.000(0.063)[0.063]
GMM-1 | 0.205(0.059)[0.059] | 0.399(0.073)[0.073] | 0.196(0.091)[0.091] | 0.998(0.061)[0.061]
GMM-2 | 0.200(0.060)[0.060] | 0.401(0.069)[0.069] | 0.199(0.081)[0.081] | 0.999(0.061)[0.061]
QML 0.209(0.062)[0.063] | 0.359(0.080)[0.090] | 0.185(0.100)[0.102] | 1.013(0.064)[0.065]
o1, = 0.7

2SLS 0.202(0.064)[0.064] | 0.397(0.089)[0.089] | 0.195(0.096)[0.096] | 1.000(0.066)[0.066]
3SLS 0.198(0.061)[0.061] | 0.399(0.089)[0.089] | 0.197(0.094)[0.094] | 1.000(0.063)[0.063]
GMM-1 | 0.206(0.058)[0.058] | 0.399(0.077)[0.077] | 0.195(0.089)[0.090] | 0.998(0.061)[0.061]
GMM-2 | 0.198(0.060)[0.060] | 0.402(0.074)[0.074] | 0.199(0.084)[0.084] | 1.000(0.061)[0.061]
QML 0.209(0.062)[0.062] | 0.362(0.083)[0.091] | 0.181(0.095)[0.097] | 1.013(0.064)[0.065]

Mean(SD)[RMSE]




Table 3: Estimation under Homoskedasticity (810 = 2,0 = 0.5)

$r10=02 |  A10=04 Az10 = 0.2 Bro =05

n =250

o1, = 0.3

2SLS 0.221(0.185)[0.186] | 0.366(0.315)[0.317] | 0.197(0.346)[0.346] | 0.489(0.095)[0.095]
3SLS 0.207(0.207)[0.208] | 0.370(0.322)[0.323] | 0.204(0.357)[0.357] | 0.488(0.099)[0.099]
GMM-1 | 0.227(0.177)[0.179] | 0.405(0.186)[0.186] | 0.192(0.299)[0.299] | 0.492(0.092)[0.093]
GMM-2 | 0.216(0.203)[0.203] | 0.413(0.150)[0.151] | 0.180(0.217)[0.218] | 0.495(0.095)[0.095]
QML 0.182(0.190)[0.191] | 0.411(0.153)[0.153] | 0.203(0.216)[0.216] | 0.504(0.093)[0.093]
01, =05

2SLS 0.225(0.186)[0.188] | 0.368(0.334)[0.336] | 0.184(0.352)[0.352] | 0.489(0.096)[0.097]
3SLS 0.199(0.211)[0.211] | 0.376(0.328)[0.329] | 0.200(0.374)[0.374] | 0.492(0.099)[0.099]
GMM-1 | 0.242(0.173)[0.178] | 0.399(0.219)[0.219] | 0.182(0.306)[0.307] | 0.491(0.091)[0.091]
GMM-2 | 0.208(0.204)[0.204] | 0.412(0.181)[0.181] | 0.185(0.242)[0.243] | 0.499(0.093)[0.093]
QML 0.173(0.197)[0.199] | 0.412(0.180)[0.180] | 0.207(0.232)[0.232] | 0.505(0.094)[0.094]
o, = 0.7

2SLS 0.232(0.187)[0.190] | 0.381(0.323)[0.324] | 0.180(0.365)[0.365] | 0.490(0.091)[0.092]
3SLS 0.194(0.215)[0.215] | 0.394(0.331)[0.331] | 0.199(0.391)[0.391] | 0.499(0.094)[0.094]
GMM-1 | 0.258(0.166)[0.176] | 0.393(0.238)[0.238] | 0.172(0.296)[0.298] | 0.490(0.087)[0.087]
GMM-2 | 0.206(0.202)[0.203] | 0.415(0.213)[0.213] | 0.185(0.258)[0.259] | 0.503(0.089)[0.089]
QML 0.167(0.204)[0.207] | 0.416(0.217)[0.217] | 0.208(0.252)[0.252] | 0.505(0.094)[0.095]
n = 500

o1, = 0.3

2SLS 0.215(0.127)[0.128] | 0.367(0.215)[0.218] | 0.199(0.230)[0.230] | 0.496(0.063)[0.063]
3SLS 0.207(0.134)[0.134] | 0.370(0.217)[0.219] | 0.204(0.235)[0.235] | 0.497(0.064)[0.064]
GMM-1 | 0.221(0.123)[0.125] | 0.391(0.129)[0.129] | 0.201(0.204)[0.204] | 0.497(0.061)[0.061]
GMM-2 | 0.213(0.132)[0.133] | 0.399(0.106)[0.106] | 0.194(0.154)[0.154] | 0.501(0.062)[0.062]
QML 0.199(0.127)[0.127] | 0.398(0.097)[0.097] | 0.201(0.138)[0.138] | 0.504(0.061)[0.061]
01, =05

2SLS 0.217(0.125)[0.126] | 0.378(0.212)[0.213] | 0.190(0.234)[0.234] | 0.496(0.065)[0.065]
3SLS 0.201(0.134)[0.134] | 0.383(0.215)[0.216] | 0.198(0.243)[0.243] | 0.498(0.065)[0.065]
GMM-1 | 0.228(0.120)[0.123] | 0.392(0.151)[0.151] | 0.191(0.210)[0.210] | 0.497(0.063)[0.063]
GMM-2 | 0.209(0.132)[0.132] | 0.404(0.128)[0.128] | 0.191(0.168)[0.168] | 0.502(0.063)[0.063]
QML 0.196(0.128)[0.128] | 0.402(0.116)[0.116] | 0.199(0.151)[0.151] | 0.503(0.063)[0.063]
o1, = 0.7

2SLS 0.217(0.125)[0.126] | 0.375(0.215)[0.217] | 0.193(0.236)[0.236] | 0.495(0.064)[0.064]
3SLS 0.197(0.133)[0.133] | 0.381(0.220)[0.220] | 0.205(0.249)[0.249] | 0.500(0.064)[0.064]
GMM-1 | 0.233(0.116)[0.121] | 0.385(0.167)[0.168] | 0.192(0.206)[0.206] | 0.496(0.061)[0.061]
GMM-2 | 0.203(0.129)[0.129] | 0.398(0.152)[0.152] | 0.202(0.184)[0.184] | 0.502(0.061)[0.061]
QML 0.191(0.128)[0.129] | 0.399(0.136)[0.136] | 0.205(0.163)[0.163] | 0.502(0.063)[0.063]

Mean(SD)[RMSE]




Table 4: Estimation under Heteroskedasticity (51 o = B2,0 = 0.5)

$r10=02 |  A10=04 Az10 = 0.2 Bro =05

n =250

o1, = 0.3

2SLS 0.209(0.194)[0.194] | 0.379(0.253)[0.254] | 0.196(0.280)[0.280] | 0.494(0.098)[0.098]
3SLS 0.203(0.206)[0.206] | 0.379(0.253)[0.254] | 0.197(0.281)[0.281] | 0.492(0.095)[0.095]
GMM-1 | 0.228(0.172)[0.174] | 0.400(0.162)[0.162] | 0.190(0.252)[0.253] | 0.494(0.089)[0.089]
GMM-2 | 0.211(0.199)[0.199] | 0.407(0.140)[0.140] | 0.187(0.200)[0.201] | 0.499(0.090)[0.090]
QML 0.183(0.210)[0.211] | 0.410(0.400)[0.400] | 0.180(0.580)[0.580] | 0.513(0.099)[0.100]
01, =05

2SLS 0.213(0.192)[0.193] | 0.382(0.256)[0.256] | 0.187(0.282)[0.282] | 0.493(0.097)[0.097]
3SLS 0.197(0.210)[0.210] | 0.386(0.254)[0.254] | 0.193(0.290)[0.290] | 0.496(0.094)[0.094]
GMM-1 | 0.240(0.169)[0.174] | 0.395(0.184)[0.184] | 0.183(0.254)[0.254] | 0.493(0.087)[0.087]
GMM-2 | 0.204(0.201)[0.201] | 0.409(0.161)[0.161] | 0.189(0.210)[0.210] | 0.501(0.086)[0.086]
QML 0.178(0.210)[0.212] | 0.405(0.470)[0.470] | 0.178(0.602)[0.603] | 0.513(0.099)[0.100]
o, = 0.7

2SLS 0.211(0.195)[0.195] | 0.386(0.251)[0.252] | 0.186(0.282)[0.282] | 0.492(0.097)[0.097]
3SLS 0.186(0.213)[0.214] | 0.394(0.250)[0.250] | 0.198(0.296)[0.296] | 0.500(0.093)[0.093]
GMM-1 | 0.249(0.165)[0.172] | 0.393(0.196)[0.197] | 0.175(0.240)[0.241] | 0.492(0.086)[0.086]
GMM-2 | 0.195(0.200)[0.200] | 0.411(0.184)[0.184] | 0.195(0.221)[0.221] | 0.504(0.086)[0.086]
QML 0.169(0.214)[0.216] | 0.391(0.469)[0.469] | 0.186(0.543)[0.543] | 0.512(0.101)[0.102]
n = 500

o1, = 0.3

2SLS 0.209(0.127)[0.128] | 0.386(0.176)[0.177] | 0.189(0.194)[0.194] | 0.500(0.065)[0.065]
3SLS 0.202(0.126)[0.126] | 0.391(0.175)[0.175] | 0.192(0.193)[0.193] | 0.499(0.062)[0.062]
GMM-1 | 0.218(0.115)[0.116] | 0.398(0.118)[0.118] | 0.190(0.180)[0.181] | 0.499(0.060)[0.060]
GMM-2 | 0.208(0.122)[0.123] | 0.403(0.100)[0.100] | 0.190(0.138)[0.139] | 0.502(0.059)[0.059]
QML 0.206(0.138)[0.138] | 0.397(0.320)[0.320] | 0.160(0.488)[0.490] | 0.513(0.065)[0.066]
01, =05

2SLS 0.210(0.128)[0.128] | 0.384(0.181)[0.181] | 0.189(0.197)[0.197] | 0.499(0.065)[0.065]
3SLS 0.199(0.128)[0.128] | 0.389(0.180)[0.180] | 0.195(0.197)[0.197] | 0.500(0.063)[0.063]
GMM-1 | 0.224(0.113)[0.116] | 0.393(0.133)[0.134] | 0.189(0.179)[0.180] | 0.498(0.059)[0.059]
GMM-2 | 0.205(0.123)[0.123] | 0.401(0.117)[0.117] | 0.194(0.148)[0.148] | 0.503(0.059)[0.059]
QML 0.203(0.136)[0.136] | 0.377(0.359)[0.360] | 0.178(0.477)[0.478] | 0.512(0.064)[0.065]
o1, = 0.7

2SLS 0.209(0.128)[0.128] | 0.383(0.179)[0.180] | 0.192(0.196)[0.196] | 0.498(0.066)[0.066]
3SLS 0.194(0.130)[0.130] | 0.390(0.178)[0.178] | 0.199(0.198)[0.198] | 0.500(0.063)[0.063]
GMM-1 | 0.229(0.111)[0.114] | 0.390(0.141)[0.141] | 0.187(0.171)[0.171] | 0.497(0.059)[0.059]
GMM-2 | 0.200(0.123)[0.123] | 0.400(0.132)[0.132] | 0.199(0.157)[0.157] | 0.502(0.060)[0.060]
QML 0.201(0.132)[0.132] | 0.355(0.318)[0.321] | 0.193(0.381)[0.381] | 0.511(0.065)[0.066]

Mean(SD)[RMSE]




