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A Proof of Consistency and Asymptotic Normality

Proof of Proposition 1. Let 80 = (85,75), & = diagy_1{2,}, S = Lun — MoA, and G = AS~!.

Note that A, S and G are symmetric. The root estimator \is given by

3\\ by, — \/ b721 — AnpCp

= A.l
@ (A1)
where
an = n 'y AMAMAy =n"'(Z&; + u) GMAMG (Zd, + u)
b, = n 'y AMAMy = n"'(Zd; +u)GMAMS (Zd; + u)
cn = nlyMAMy =n"Y(Zd; +u)ST'MAMS ' (Zd, + u).

As A, G, and M are bounded in both row and column sum norms by Lemma 1 in Jin and Lee (2012),

it follows by Lemmata 3 and 4 in Jin and Lee (2012) that a,, = E(a,,) + 0,(1), b, = E(bs) + 0p(1),



and ¢, = E(¢,,) + 0,(1), where

E(a,) = n '0,ZGMAMGZS, +n 'tr(GMAMGY)
E(b,) = n'0,Z' GMAMS 'Z§, +n 'tr(GMAMS 'X)

E(c,) = n '0,Z'ST'MAMS 'Z§; +n 'tr(ST'MAMS'E).

AsS71 =1,,,+ A G, MZ = 0, and tr(BM) = tr(B)+O(1) for any n x n matrix B that is bounded

in both row and column sum norms (see Lemma 1 in Jin and Lee, 2012), we have

E(a,) = d,+n "tr(GAGX) 4 o(1),
E(b,) = Xoldn +n 1tr(GAGX)] +n 1tr(GAX) + o(1),
E(cn) = Mldn +n Hr(GAGX)] + 2Xon Htr(GAX) + o(1),

where d,, = n~16,Z'GMAMGZJ,. By the continuous mapping theorem,

bi — pCp
= {Noldn +n Htr(GAGE)] + n 'tr(GAX)}?
—[dy + " Hr(GAGE){N[dy + n Htr(GAGE)] + 20on 'tr(GAX)} + 0,(1)

= n 2[tr(GAX)]* +0,(1).

As AF = (1 —m)~*1,,, — [Z;”:l(l —m) (L, @ tmt),), we have

G=S"0 AT TAR = (1= X))@ —m = 20) (1 = Ao) L — (I, @ e,

Thus, under Assumption Al, tr(GAX) = (1 — Ao) " H(m + X — 1)7' 320 3" 07, > 0, and
plim,, . an = dy + [m —2(1 = X)](1 = Ao) (1 —m — Xo) >n~" 320, 3", 07, # 0. Therefore,
Xo[dn + 17 Hr(GAGE)] + n~Hr(GAX) — /n2[tr(GAX))?

A= 1)= p(1).
! 4, - TH{GAGS) +0,(1) = Ao + 0,(1)




Let & = (B/,'Ay')’. Then,

)
I

(Z'Z)7'Z'(y — AAy)
= (2'Z2)7'Z/[Z6o +u— (A — \o)Ay]
= S0+ 'Z'Z) ' Zu— (A= N)(n'Z'Z) ' Z'G(Z8) + u)

= g+ Op(l),

where the last equality follows by Lemma 4 in Jin and Lee (2012). Therefore, the root estimator

~

6= ()8 ) is consistent.

Let
Z'u(0
£(6) = (0) ’
u(6) Au(0)
where u(f) =y — My — X8 — AX~. The root estimator 0 satisfies n’lf(a) = 0. By the mean

value theorem,

V(@ — 6,) = — {nl ag(glo)} - n"Y2£(60) + o,(1).
It follows by Lemmata 4 and 5 in Jin and Lee (2012) that /n(6—6,) -% N(0, plim,,_, . D~1QD'")
where
Q = Var(n~Y2£(8,)) = n~" zz 0
0 2tr(XAXA)
and
D gm0, _ Z'G(XBy + AXyy) Z'Z
06 21(SAG) 0
O
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