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Abstract

This paper derives the LIML estimator for a spatial autoregressive model with endogenous
regressors in the presence of many instruments. The LIML estimator is consistent when the
number of instruments increases at a slower rate relative to the sample size. Due to spatial
correlation, the LIML estimator in general is inconsistent when the number of instruments

increases at the same rate as the sample size.
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1 Introduction

Since Bekker’s (1994) seminal work, studies on estimation issues in the presence of many instruments
have attracted a lot of attention (see, e.g., Donald and Newey, 2001; Chao and Swanson, 2005;
Hansen et al., 2008; van Hasselt, 2010). However, much of the current literature has focused on
models with independent observations. In a recent paper, Liu and Lee (2010) have considered
the estimation of social-interaction effects in a network setting where the population is partitioned

into many networks (groups) and observations are correlated within each group. The interaction
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among group members can be modelled by a generalized spatial autoregressive (SAR) model, and
the various social-interaction effects, namely, endogenous effects, contextual effects and correlated
effects (Manski, 1993), can be separately identified by an instrument based on a centrality measure
of each network. Thus, the number of potential instruments for this model depends on the number
of groups. If the number of groups increases with the sample size in asymptotic analysis, so does
the number of instruments. Liu and Lee (2010) have suggested 2SLS and GMM estimators for
this network model, and proposed a bias-correction procedure based on the estimated leading-order
many-instrument bias.

For the estimation of models with many instruments, the limited-information maximum likeli-
hood (LIML) estimator is of particular importance due to its good properties (see, e.g., Anderson
et al., 2010). With independent observations, Bekker (1994) has shown that the LIML estimator is
consistent when the number of instruments increases at the same rate as the sample size. This note
derives the LIML estimator for an SAR model with endogenous regressors. The estimator can be
easily modified to estimate the network model by Liu and Lee (2010). The LIML estimator is shown
to be consistent when the number of instruments increases at a slower rate relative to the sample
size. However, due to spatial correlation, the LIML estimator, in general, is inconsistent when the
number of instruments increases at the same rate as the sample size.

For the rest of the note, Section 2 derives the LIML estimator for an SAR model and studies its

consistency. Section 3 briefly concludes. The proofs are given in Appendices.

2 The SAR Model and LIML Estimation

2.1 Derivation of the LIML estimator

Consider an SAR model with endogenous regressors,

Yn = \Woyn + Y17 +€,, and Yy, = X, 11+ U,. (1)

In this model, n is the total number of spatial units, ¥, is an n-dimensional vector of dependent
variables, W, is an n X n spatial weights matrix of known constants with a zero diagonal, Y7, is
an n X g matrix of explanatory variables that are possibly correlated with €,, and the innovations
€nl, "y €nn Of the n-dimensional vector ¢, are i.i.d. (0, Uz). Let X,, be an n x K matrix of exogenous

variables. For a matrix A,, let A,; denote its ith row and A, ;;denote its (4, j)th entry. We assume



U,i’s are i.i.d. such that E(U,;) = 0 and E(U!,U,;) = ¥,. The correlation between Yy, and €, is

nt

captured by E(U];€ni) = O ye.
Let Sp(A) = I, =AW, and Y,,(A) = [Sn(AN)Yn, Y1n]. At the true parameter value g, S, = S, (Ao)
and Y,, = Y,,(A\g). Furthermore, let

1 0
F =
—y I,
The model can be written more compactly as Y,(\)I' = X,,B + V,,, where B = [0,1I] and V,, =

[€n,Us]. By assuming the joint normality of the error terms, the density of V,,; is given by

(2m) =t D/2|8| 712 exp(—3V,,;571V),), where

The Jacobian factor for the transformation of V,, into [y,, Y1,] is

Sn(A) A @I
= [Su (V-

Ong Xn Ing

Let 8 = (A,7’) and ¢ be a generic constant term that does not involve unknown parameters and

may be different for different uses. The log-likelihood function is

1
2

n(g+1)

InLy(0,ILY) = —=T =" In(2m) + In|S,(A)] - gln 1) = = Y [Yai( W = X, BIS ™ [V (VT = X, B)

%

1
= c+In|S,(N)| - gln 2| — itr(Z_l[Yn()\)F — X, B)'[Y,(\T — X,,B]).
It is convenient to concentrate the log-likelihood function In L,,(#, B, ¥) with respect to X~1. As
dlnL,/ox~t = 52— %[Yn()\)I‘ — Xp,B]'[Yo (AT — X,,B], we have ¥ = %[YH(A)F — Xp, B [Ya( AT —
X, B]. The concentrated log-likelihood function is

In Z5,(6,11) = ¢+ I [S, (V)] ~ & In | [V () — X, B ¥ (AT ~ X, B]l. )

Let Px = X,,(X/X,) X! and My = I, — Px. For any given A, the above log-likelihood



function can be further simplified by concentrating B out as

W]A%YZ()\)MXYMA)L

where €,(0) = S, (\)yn — Y1,y (see Davidson and MacKinnon, 1993, pp.644-647). Hence, the LIML

estimator can be obtained by maximizing the concentrated log-likelihood function

1 M
In LS (0) = ¢+ In S, (N)] — gm YN MxYa (V)] + gl M
e

n(@)en(8)

2.2 Consistency

For consistency of the LIML estimator, we inspect the first-order condition of (3). Let G,()\) =
W,S,t(A) and Gy, = G, (A\o). Let e; be the j column of an identity matrix I,,. At 6y, the first-order

derivative of the log-likelihood function with respective to A is

19InLs(0 1 wWayn €, MxWhyn
L"(O) — ,,tr(Gn)Jre/l(y”;MXYn)le’;MXWnynJr 6nVV Y . €n XW Y )

- ’ /
n oA n € en e Mxep

As Woyn = G X Xlgvo+Gr (Unyoten), we have E(el, W yn) = (0,70 +02)tr(Gy), E(e, Mx W, y,) =
(0!, v + 02)[tr(Gy) — tr(G,, Px)] and E(e/, Mxe,) = otr(Mx) = 0?(n — K).!' Hence,

BE(e,Whyn)  Ele,MxWyyn) 5, , 1
E(e en) — E(eanxen) =0 (O-’LLE’YO +U ) K/ [

1tr(G Px) — Eztr(Gn)]. (4)

On the other hand, Y, = [Snyn, Y1n] = XIIo[vg, L]+ [Unvo+€n, Un] and Wy y,, = GnSpyn = G Yner.
Let T, = [Unyg + €n, Uyn). It follows that E(Y, MxY,) = E(Y),,Tp)tr(Mx) = E(Y),,Th)(n — K)
and E(Y, MxW,y,) = E(Y],Thi)e1[tr(G,) — tr(GPx)]. It follows that

1 1

L (@) = LB MY E(Y My Wiy, = [ tr(G PX)—%tr(Gn)]. (5)

n 1-K/n

Note that tr(G,,) = O(n) and tr(G, Px) = O(K) by Lemma B.1. Therefore, when K/n — 0, the
right hand sides of both (4) and (5) converge to zero as n — co. Hence, the LIML estimator can be
consistent when the number of instruments K increases at a slower rate than the sample size n.

The consistency of the LIML estimator can be formally established by showing that the LIML

1For simplicity, Wy, and X, are assumed to be nonstochastic. Otherwise, the results should be considered as
conditional on W, and X,,.



objective function (3) converges to a function that is uniquely maximized at 6y, as in the proof
of the following result. The regularity assumptions for the asymptotic analysis are summarized in

Appendix A.

Proposition 1 Under Assumptions 1-4, if K/n — 0, the LIML estimator Orims = arg max In LS (0)

18 consistent.

However, due to spatial correlation, the LIML is, in general, inconsistent when the number of
instruments increases at the same rate as the sample size. This result can be seen by subtracting

(5) from (4), which gives

_l / ’ -1 ’ E(e;, Wayn) . E(e, Mx Wynyn)
ntr(Gn) + e [E(Y, MxY,)]  E(Y, MxW,yn) + E(e ) E(el Myen)
1 1 K
-2

In general?, the right hand side of (6) does not vanish asymptotically when K/n — ¢ for 0 < ¢ < 1.

Thus, the LIML estimator may be inconsistent in this case.

3 Concluding Remarks

This note considers the LIML estimation of an SAR model with endogenous regressors in the presence
of many instruments. The LIML estimator is consistent when the number of instruments increases
at a slower rate relative to the sample size, but is inconsistent when the number of instruments
increases at the same rate as the sample size due to spatial correlation.

For models with independent observations, it is well known that the LIML estimator can also be
derived based on the least variance ratio principle (see, e.g., Christ, 1966; Davidson and MacKinnon,
1993). For the SAR model, the least variance ratio (LVR) estimator can be derived as follows.

From the reduced form equation, the ideal instruments for the SAR model (1) are given by F;, =
E((Wayn, Yin]) = [GnXnIlovg, XnIlp], which are not feasible as they involve unknown parameters.
Note F), can be presented as a linear combination of [G,, X, X,,]. When W, is row-normalized and
No| < 1,G, =W,5,;t= E;io AéWﬂ;‘“l = E?:o /\6[/[/,{“‘1 +/\g+1WT€’+1Gn. It follows by Assumption
3 in Appendix A that ||G,, —>7F_, NWIHH | < AT WPHLG,||oo = 0(1) as p — oo, where || - ||oo
is the row-sum matrix norm. Therefore, for Gg?) = (Wp Xy, -, WPHLX,)), the ideal instruments

F,, can be approximated by a linear combination of feasible instruments Z,, = [Gg?),Xn], with an

2An exception would be the case where the regressors Yi, are exogenous so that o, = 0.



approximation error vanishing in a geometric rate as p — oo. Suppose Z,, has K, columns. Let
Py = Z,(Z)Z,)"1Z! and Mz = I, — Pz. The LVR estimator can be obtained by maximizing
%. By comparing the objective functions, it is easy to see that the LVR estimator is not
equivalent to the LIML estimator for the SAR model. This is analogous to the difference between
the 2SLS and ML estimators for the SAR model (Lee, 2004, 2007). While the LVR and 2SLS
estimators only use linear moment conditions of the disturbances, the LIML and ML estimators
also exploit quadratic moment conditions based on the correlation structure of the reduced form

disturbances. Furthermore, by a similar argument as in the previous section, it is easy to see that

the LVR estimator is consistent if K,/n — 0 but inconsistent if K, /n — ¢ for 0 < c < 1.
APPENDICES

To simplify notations, let f1, = EWyyy) = GnXn 1oy, and F,, = E([Wypyn, Yin]) = [fin, XnIo].
Let Uy, = Upvg + €n and Yy, = [Uy,, Up). Let 02 = E(U2), 0 = E(Uni€ni), oua = E(UL;Un:), and
Yy = E(Y),Y,;). Uniformly bounded in row (column) sums in absolute value of a sequence of
square matrices {A,} will be abbreviated as UBR (UBC), and uniformly bounded in both row and

column sums in absolute value as UB.

A Regularity Assumptions
Assumption 1 ¢,; ~ (0,02) and U,; ~ (0,%,) are i.i.d. across i, and E(U/€,;) = ue. E(|eni]?),

E(||Uni]|*) and E(||Uni€ni||?) are bounded, uniformly in n.

Assumption 2 The elements of X,, are uniformly bounded constants, X,, has a full column rank,

and lim,, o %X,{LX,L exists and is nonsingular for all K.

Assumption 3 The sequences of matrices {W,,} and {S; '} are UB. {S;;}(\)} is either UBR or

UBC uniformly in A in a compact parameter space A. The true )\ is in the interior of A.

Assumption 4 For all K, lim,, .. %ijPan is finite, and lim, .. %F;Fn is a finite nonsingular

matrix.

B Proofs

The following two lemmas are listed for easy reference. Their proofs can be found in Lee (2007) and

Liu and Lee (2010).



Lemma B.1 Suppose {A,} is a UB sequences of nonstochastic matriz. For B, = PxA,, tr(4,) =
O(n), tr(By,) = O(K), tr(B%) = O(K), and >_,(By.:i)> = O(K).

Lemma B.2 Suppose €1, and €2, are vectors of i.i.d. innovations such that €1y, ; ~ (0,0%), €onyi ~
(0,03) and E(e1p,i€2n,:) = 012, {An} and {B,} are UB sequences of nonstochastic matrices, and
the elements of matrices C,, and D,, are uniformly bounded constants. Then (i) ﬁC;lAnﬁm =
0,(1) and L[e1, Anean — ar2tr(An)] = 0,(1); (i) 1CLPxD,, = O(1), 1C) Px Anern = Op(v/K/n),
w1 Bl Px Apean = Op(K/n), and (e}, Bl Px Apean — 012t1(B], Px Ay)] = Op(v/K/n).

Proof of Proposition 1. Let

(Ao = N5 fin Mx fin + 02(0)
(90 — H)I%FT/LFn(QU — 0) + 0'2(9)’

1
U, (0) = c+ln |Sn(>\)|—g In |(>\0_>\)2Ef{nMXfl7Lele/1+ET(/\)H‘% In
where

J%%tr(G’nGn) *
o2(0) = (6o — )

1
(0p — 0) + 2[oac—tr(Gy), 0] (00 — 0) + o2,
crm—,,%tr(Gn) pIM n

and

(Mo — A)Q%U%tI(G;Gn) +2(Ao — /\)%Uﬁtr(Gn) +o2
Er(A) =

(Ao = N 5tr(Gr)oua + oua Xy
The consistency of the LIML estimator will follow from the uniform convergence of 1[InL¢(6) —
U,,(0)] to zero and the identification condition that, for any € > 0, limsup,, ., maxye y (g, ) = [¥n(0)—
W,.(0)] < 0, where N (6o, ¢) is the complement of an open neighborhood of 6y of diameter ¢ (White
1994, Theorem 3.4). The proof is divided into the following two steps.

Step 1 (Uniform Convergence): Let d,,(0) = F, (0o — 0) and e,(0) = [G,Un,U,](0 — 6). We
have €,(0) = d,(0) + en(0) + €,. Hence, €, (0)e,(0) = d,(0)dn(0) + 201,(0) + q1,(0), where 11,(0) =
), (0)en(0)+d,,(0)e, and q1,(0) = €, (0)e, (0) + 2¢,, (0)€,, + €€, By Lemma B.2 (i), 211,,(6) = 0,(1)
uniformly in 6 and Lg,,,(6) = 02(6)+0,(1) uniformly in 6. Hence, L€/, (0)e,(0) = (0o—0)' L) F,(6o—
0) +02(0) + 0,(1) uniformly in . Similarly, €}, (0) Pxen(0) = d,,(0) Pxdy,(0) + 212, (0) + g2n(0), where
lon(0) = d,(0)Pxe,(0) + d,(0) Pxen, and qo,(0) = €], (0)Pxen(0) + 2¢,,(0) Pxe, + €, Pxe,. When
K/n — 0, by Lemma B.2 (i), 1l5,(0) = 0,(1) and 2¢s,,() = 0,(1). Hence, L€, (6)Pxe,(0) =

Lt (0)Pxdn(0)+ 0p(1). As Fy = [f1n, XnTlo], we have L/, (0) Mxdy (0) = L (00 — 0) F!, Mx F, (0 —



0) = (Ao — A)?L f1,, Mx fin. It follows that Le/ (6)Mxe,(0) = (Ao — A\)?2 f1, Mx fin + 02(6) + 0,(1)
uniformly in 6. It is straightforward to show that o2(6) is nonzero for all § by non-singularity of

. . ~ e (0)Mx e, (0 Xo—N)2L 1 Mx fin+02(0
the covariance matrix of [G,U,,, Uy, €,]. Hence, In "E(%zo)éi(eg ) _In ((000—0)2%’}Téan(e):Jf—le)-s-og((e)) =0p(1)

uniformly in 6.

On the other hand, as S, (A\)yn, = (Ao —A) fin+Xn oo+ (Mo —A)Gr Uy, +U,, it follows by Lemma
B.2 that, £y,,5;,(A)MxSn(Nyn = (Ao — A)? £ f1, Mx fin +2(Xo = M)+ f1, Mx[(Ao — N)GrnUp + Un] +
Lo = NG U, + U Mx[(Xo = N)GrnUpn 4+ Uyl = (Ao — X)L f1. Mx fin + (Mo — A2 L02tr(GLGn) +
2(Xo — N)Lo2tr(G,) + 02 + 0p(1). Similarly, 2y/S, (A MxY1, = (Ao — N1 f, MxU, + L[(Ag —
NG U, 4+ Up)'MxU, = (Ao — A)2tr(Gp)ola + olg + 0p(1), and 2Y{, MxYy,, = LU MxU, =

Y. + 0p(1). Hence,

1 1| ynSL(A)MxSn(Nyn * 1
—Y (MMxY,(A) = = = (A=)’ =1, Mx finere|+Sv(N)+o,(1),
K n Yl/nMXSn()‘>yn S/YnMX}/in n

uniformly in A. It is straightforward to show that |Xy(A)| nonzero for all A. It follows that
In |2V (ANMxY,(A)| — In|(Xo — N)?Lf], Mx finere] + Sx(A)| = o0,(1) uniformly in A. Hence,
supy L]0 L,(6) — U, (6)] = o, (1).

Step 2 (Identification Uniqueness): To prove the identification uniqueness, we consider the fol-
lowing log-likelihood function In Ly, (A) = ¢+ In|S,(A)] — 2 In | L[S, (N ypn, Un)' [Sn(AN)Ypn, Un)| for
the joint distribution of [y,n, U], where y,, = AW,ypn + Uy, Denote ¥, (A) = E[ln Ly, (\)]. Tt is
apparent that W, (\) = c+In[S,,(A)|—=5 In [Sy(A)]. At 0o, ¥y (00) = c+In|S,|—5 In |Ey|. We have

n Mo—N)2Lfl Mx fintoZ(0
U, (0) — W, (00) = Ay + Ag + Ag, where Ay = U, (6) — U, (6p), Ay = 2 In <(90°79>3%FZ1F” 0 {19)“;(;)
and Az = =% [In|(Ao — A2 f1,, Mx finere] + Sy ()| — In|Sy(A)|]. By Jensen’s inequality, ¥y, (6) <
\prn(eo), and hence Al < 0. As ()\0 — A)Z%f]/_nMXfln = (00 — H)I%FéMan(eo — 9) < (90 —
9)’%F7’1Fn(90 — ), we have Ay < 0. Therefore, by Assumption 4, the identification uniqueness

condition holds. The desired result thus follows. m
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