3 Special nonparametric models

In this chapter we study the estimation of different nonparametric models whose estima-

tors build on the work we have developed in chapters 1 and 2.

3.1 Estimation of jumps in regression

Regression discontinuity (RD) designs have been widely used in economics, political sci-
ence and other social and behavioral sciences to empirically evaluate the effects of policy
or experimental interventions. See ( ) ( )
and ( ) for theoretical and empirical overviews of the ex-
isting literature. From a statistical perspective, the estimation of a jump discontinuity
in regression is made difficult by the fact that traditional nonparametric kernel regres-
sion estimators, such as Nadaraya-Watson (NW), suffer from boundary problems (see,
inter alia, , , , , , , ,
). Specifically, these estimators have slower rates of convergence for bias at boundary
points than at interior points in the regression domain. Under typical assumptions on
the smoothness of the regression and regressor density (e.g., twice continuous differentia-
bility), the NW estimator constructed with bandwidth A > 0 has bias of order O(h) at
boundary points, compared to O(h?) at interior points of the regression domain. This
problem is particularly relevant for RD designs as the estimation of regression functions
at boundary points is precisely the object of interest.
While there is a vast literature in econometrics and statistics that attempts to address
this issue, (see, , , , , , , , ,
, , , ) the main approach in RD designs
is to estimate local polynomial (mostly local linear) approximations for the regression on
both sides of the discontinuity and use these to produce an estimate for the jump at the
point of discontinuity. This approach is justified by ( ) where it is shown that
local linear estimators, under standard smoothness assumptions, have bias of order O(h?)
at boundary points.
Here, we use the Hestenes’ extension to define a new class of estimators. Let Y and
X be random variables defined on the probability space (€2, F, P) with F(Y?) < oo and
consider the regression F(Y|X) = p(X) for some p : R — R measurable. We assume
that l;ﬁ)l w(x) = u(0), 19%1 p(z) = u(0—) € R and define a jump discontinuity at 0 by

Jo i = p(0) = p(0—-). (1)

Our objective is to estimate Jy given a random sample {(V;, X;)}", of size n € N.!

!The assumption that the discontinuity occurs at 0 is made without loss of generality. If it occurs at



Consider a function g € C;([0,00)) for s € {0} UN. ( ) showed that g can
be extended from [0, 00) to R and that the extensions are elements of C;(R). Formally,
let {w;}:*! be a sequence of positive, pairwise distinct numbers. Of special interest are
the decreasing sequence w; = 1/i used by ( ), and the increasing sequence

=i. Let {k;}:*} be defined by the system of equations

s+1
Z(—wi)jki =1, forj=0,---,s. (2)
i=1
Since this system has the Vandermonde determinant
1 1 1
det —Wq — W2 —Ws41 7& 0
(mw1)® (—w2)® o (—wsir)”

}5+1

{k;}5t] is uniquely determined by the choice of {w; The Hestenes extension of g to

(—00,0) is given by
s+1

x) = Z kijg(—w;x) for x < 0. (3)

Due to equation (2) we have the following “sewing” conditions

s+1
d)gm)(o_) - Z(_wj)m jg(m)<0+) = g(m)(0+) form=0,1,---,s.

j=1
We define g; on R by

a() = { g et @)

and note that g, is s times differentiable at all x € R.?
Now, let u(X) be a regression where the density f of X exists and has support [0, c0)
with f(0) > 0, i.e., X > 0. For motivation, consider the infeasible — in that f(0) is

assumed to be known — NW estimator for ;(0) given by

) 1 1 X;
0 = o 2 ()

based on a random sample {(Y;, X;)},, a kernel K and bandwidth 0 < h ] 0 as n — 0.

For K even, we have

E((0)) = ﬁ / " uh) f (uh) K (u)du

xq # 0, it suffices to shift u by defining fi(2) := u(z + x4) where z = x — 24 with discontinuity at z = 0.

2Note that since gs depends on {wl}3+1 a more explicit notation would be g, ( s {w; g'H)

for simplicity we write gs(2) and leave implicit its dependence on {w; };{.

However,
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and, in general, lim E(i(0)) # w(0). This asymptotic bias at 0 is a manifestation of the
well known bour?d_z;oroy bias problem associated with NW type estimators. In our context,
the main idea is to construct an estimator fi(0) that does not carry this bias and whose
expectation admits an integral representation that uses a Hestenes’ extension of pf from
[0,00) to R. For this purpose, consider

n

. 1 1 X;

where Ky(z) = K (2) 4+ S5 B g < ) and w;, k; and s are as in equation (2). For K

J=1 w;
even, we obtain

. 1 00 0 s+1
E(x(0 W (/0 p(u u)du —|—/ 2k:ju(—wjuh)f(—wjuh)K(u)du)
1
O /Rgs
where
(2) = { p(z)f(x) for x >0 (©)
9 S kyp(—w;) f(—w;r)  for x <0

is constructed using a Hestenes’ extension of pf from from [0,00) to R. Then, the bias

of f1(0) has integral representation
- 1
E(i(0)) — p(0) = — / (9s(uh) — g5(0)) K (u)du. (7)
f0) Jr

The smoothness properties that g, inherits from those of f and p can be explored to
establish asymptotic unbiasedness at 0 and the order of bias decay as a function of h. For
example, if puf € C;([0,00)), K is such that [, v/ K(u)du = 0 for j = 1,---,s — 1 and
N |ul*|g$) (uh)|du < C for some 7 € (0,1) and C < 0o we have
h® 1
ST 7(0)

The asymptotic bias at 0 is eliminated and its order of decay, viz., h® is easily obtained.

E(j(0)) — p(0)] < / (") (ruh)|du < BC — 0 as 1 — oo,
R

We use the insight gained from using Hestenes’ extension to define a class of estimators
for the jump Jy.

We propose the following Hestenes’ based estimator for J:

nhz < )I{X >0} T T nhz ( )I{X <0}Y;7

where f~+( ) = nh 22 IKH( )[{X >0} and f ( ) = %A Zz IKH( )I{X <0}- We note
s+1

jo = 1(0) — 1(0—)

that .Jo belongs to a class of estimators whose elements are indexed by {w;}iZ;. Hence,
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for an assumed s, the choice of {w;}:1] indexes an element of the class. The estimators
£(0) and fi(0—) retain the simple algebraic structure of NW estimators but with a new
“Hestenes kernel” Ky which depends on {w]}jii Also, note that when s = 0, Ky
is the reflection kernel used by ( ) in density estimation in domains with
boundaries.

We make the following assumptions to establish convergence in distribution of Jy after
suitable centering and normalization. We start with the following typical restrictions on

the kernel.

Assumption 1. The kernel K : R — R is an even function satisfying: 1. |K(z)| < C
for any r € R; 2. fRK(u)du =1; 3 fRumK(u)du =0 form=1,---,8 — 1,
Jo [ul*| K (u)|du < C and |ul]***|K (u)] = 0 asu — oo fors € {2,4,---}; 4. [ | K(u)[*du <
C for some § > 0.

In the existing literature, it is frequently assumed that s = 2. Different form
( ) or ( ) we do not restrict the kernels to be compactly
supported, nor is there any requirement that they satisfy a Lipschitz condition. However,

we retain the assumption that the kernels be uniformly bounded and even functions.

Assumption 2. 1. The sequence {(Y;, X;)}iew is independently and identically dis-
tributed (IID) as (Y, X).

2. The marginal density f : R — [0,00) of X exists and f(0) > 0, f € Ci(R),
fR|f(Z)(x)]da: <C fort=1,---,s and some s € IN.

8. BE(Y?) < C and E(Y|X) = w(X) has a jump discontinuity Jy at x = 0. We

let j1(x) = pu(@) + () for v € R where uy(z) = { i BT ) =

{ 0 ifz>0
il

(x) ifz<0 and assume that p, € C;([0,00)) and 1y € C;((—00,0)).

4. BE((Y — (X)) X) = V(X) >0 with V € C)(R) and E((Y — u(X))**|X) < C for
some § > 0.

The assumption of integrability £ for ¢ = 1,---,s is new relative to the extant
literature. It emerges because of the structure of the Hestenes’ based estimator. Although
theoretically restrictive, it is in many empirical settings not necessarily binding.

The assumption that ¥V € CP(R) is not necessary to prove the following Theorems
1. The conditional variance, as in ( ) or ( ),
could also exhibit a discontinuity at 0 without fundamentally changing our theorems. We

assume continuity of )V for simplicity and because discontinuity of the skedastic function



does not materially impact the estimation of Jy. The other restrictions on Assumption

3.2 are standard in the RD design literature.

Theorem 1. Suppose 0 < h — 0, nh — oo and nh***! = O(1). Then, under assumptions
1 and 2,

Vnh (JO — Jy— <§Bs/u{,s + op(h8)>) 4N (o, 2% /Ooo K?,(u)du) ,

S S S— S
where By = ﬁ (Zqzl ( : ) (11D (0+) — p'2(0-)] f¢ q)(())) and s = [ uK(u)du

Proof. Since 1,,(0) = p(0) and lim py(x) = 1 (0—) = p(0—), we write

10

fO) 11 & X,
Jo—Jo = — E Kyl — )1 Y — (0
PR R ) 2 ) e )
fo) 1 1 X;
- E Ky|— |1 Y — i (0—
Foyan 70 2 U ) T =@
From Theorems 2 and 3 in ( ), % =1+ 0,(1) and
f{(?)) =1+ 0,(1). Then, letting ¢; = Y; — pu(X;)

J Jo = { 1 ) & ZK (&) [(N(Xz) - 'LLU(O))I{XQO} — (u(X;) — MZ(O_))I{XKo}}

h £(0)
ih Z ( ) Iix,;>00 — Iix, <0}) } =Zy{Th1 + T2} =2,T, (8)
=1

1
f(0
where Z,, = 1+ 0,(1). Since the sequence {(Y;, X;) }iew is IID by assumption

B = 370 (| K (7) o) =m0 0)a

h f(0

- [ (5) nle) = 0 ) )
1 1

=170 (Zng —Zny2) -

Given that K is even, by changing variables in both integrals we obtain
To1= h/ gsu(uh) K (u)du
R
and Z,,5 = h [ gs(uh) K (u)du, where

] (pa(z) = pa(0)) f () if >0
Gonl) = { S ki (pu(—wim) = p(0)) f(—wjz)  if <0

bt



and

(pu(x) — pu(0-)) f(x) if 2 <0
gea(@) = $ Sk (u(—wyz) — w(0-)) f(—wja) itz >0 .
0 ite=0
Consequently, E(T,,1) = fL (Jalgsu(uh) — gsi(uh)] )du). Since E(g|X) = 0, E(T,,2) =

0 and E(T,,) = E(T,,1). Given that g,,(0) = gsl( ) 0, ty € Ci([0,00)) and 1y €
C;((—00,0)), by Taylor’s Theorem, for some A, \; € (0, 1),

Gouluh) = g0 b + SrgPUONh)? + -+ gl () (uh)
and . X
gsaluh) = . (O)uh + S (O)(wh)® + - + g5 (ihus) (uh)*
where
Sl () Ite) = (@]9 20
gia(x) ! y
Ejﬂ kj(—w;) Zézo ( q ) (10 (—w;m) — 11,(0)]@ fED (—wjz)  if 2 <0
S (4 ) o) =m0 <0
ggl)<x> = Zj:} kj(_wj)e Zé:o ( 5 ) [,Ul(_wjl’) — m(()—)](q)f(z_‘”(—wjx) ifz>0
i () uromsoo) o =0

for ¢ =1,---,s. Given that fRumK(u)du:O form=1,---,s—1,
h/s ]. (S) (s) s
mg R[gs,u(/\uhu) —Ysy (Mhu)Ju K (u)du | .

Since gous gos € Ci(R), [ [ul*| K (w)|du < O, |ul**1K (u)] — 0asu — oo, [ |f (x)]de <
Cfort=1,--- ,sand h —» 0 as n — oo,

E(Tn> =

[ 158200) = 53 Ouhut K () = (55200) = 950)) [ w* Ky as n = o

s s S — s s S s—
where g0) = i, (2 ) w0700 and 2000 = S, () 007 000)
Hence,

B(T) = 75 (Z (3w - u<q><o—>1f<”><o>) [ Kydu o)

S

= JBSMK,S + O(hs). (9)



Now, nhV(T,) = nhV (Tn1)+nhE(T? ) +2nhCov(T,1, T, 2). By the assumption that
{(Y;, X;) }iew is an IID sequence

V) = s’ (K (G ) 1600 =m0 T, = (100 = 0= Iixe]

< Fopi” (K% (%) [(4(0) = 0 Iy — (u(X) - m<0—>>f{X<°}]2)

:f%o)% / ( +Z ())2[(#u(uh)—uu(0))2f(uh)

1 1
+ (pu(—uh) = pu(0=))* f(~uh)] du = O

and nhV (T, 1) < T(l))ﬂ;’l. Since p, € C;([0,00)) C Cl([O o0)), by the mean value
Theorem there exists A, € (0, 1) such that p,(uh)—p,(0) = ns (uh/\ Yuh. Slmllarly, since
w € Ci((—00,0)), there exists A; € (0,1) such that ;(0—) — w(—uh) = )( uhX;)uh.

Hence,

| Toa| = B2

/ I () (i (uh )2 (uh)du + / 2K () () (b)) (—uh)du

0 0

< op? < / T U2KE () (uh)du + / TR () f(—uh)du) — W (Tons + Tora) .

0 0

Since f is continuous at 0, [ u?|K (u)|du < C and |ul*|K(u)| = 0 as u — oo,

/ T 2K () f(uh)du, / T 2K () f(—ub)du — (0) / 2K () du.

0 0 0

Hence, 7,1 = O(h?) and nhV (T, 1) = O(h?).
Now, note that

11 - X;
Tz = Fop R (Z i <7> oo =~ o)
=1

X
+>.D Kn ( ) ( h ) (Lxiz0p = Lixi<op) (Lgx, =0y — Iix, <0})5z51> and

7]

11
E(T,,

2) = T00)2 n2h (E(Th21) + E(T)22)) -



X
E(T,21) =nkE (K?q (ﬁ) 52(.7{)(20} - I{X<0})2)
X
=nk (K%I (%) (I{Xzo} - [{X<0})2E(52|X))
X
=nk (K%I (%) (Itx>0y — [{X<0})2V(X)>

(om0 — La<oy)* V(@) f (2)da

I
S
\
=
M
VRS
>R
N—

— nh / K2 (w)(V(ha) f (hu) + V(—hu) f(—hu))du.

By the independence assumption and the fact that E(¢|X) = 0, we have E(T),2) = 0.

Hence,

1

1
E(T,) K} (u — - -

T2 = s | ) ) + V(b f(~ha) = 5T
and nhE(TTfQ) WT Now, since 0 < Vf is continuous at 0, E(Y?) < 0, [;* |K (u)|du <
C and |u||K(u)| — 0 as u — oo,

Tno — 2V(0)f(0)/ K3 (u)du as n — oo, (10)
0
and nhE(T?,) = O(1). Then, by the Cauchy-Schwarz Inequality
9 \W1/2 1
nh|Cov(Th 1, Thp)| < (nhV (T, )nhE(TZ,)) " < f(O)QO(h). (11)
Hence, given nhV (T,1) = O(h*), nhE(T},) = O(1) and equations (9) and (11),
nhV (T,) — 2@/ K3 (u)du| < |[nhV (T, 1)| + |[nhE(T?,) — zm/ K% (u)du
f(0) Jo ’ f(0) Jo

+ 2nh|Cov(T, 1, Ty 2)| = o(1).

Note that vnh(T, — E(T})) = Vnh(Tp1 — E(T,1)) + VnhT,2, and since V (v/nh(T, 1 —
E(T,.))) = nhV(T,,1) = O(h?) we have v/nh(T,, — E(T,,)) = O,(h). Hence,

Vnh(T, — E(T,)) = VnhT, o + 0,(1). (12)

Now, write 7,2 = ﬁZL Zni where Z,; = =+ KH( ) (Ix,>0 — Ix,<0)e; and note
that E£(Z,;) = 0 and V(Z,,) = WIR Ki{(l’/h)([{;pzo} Itoc1)?V(x) f(x)dx. Letting
sz =" V(Z,;) and defining W,,; = Zs"nz, by Liapounov’s central limit theorem

Xn:Wm 4 N(0,1) (13)



provided lim Y7 | E|W,,;|**® = 0 for some ¢ > 0. Now,
n—o0

E|W, " = (nhe,) "2 B OKH (%)

where ¢, = [ K3 (w)(I{uso0y — Ifu<oy)*V(hu) f(hu)du. Given that E(|e|*™]X) < C

2+9

[Ix>0y — I{X<0}\2+5\€|2+5>

2+5

E|W,i|>** < (nhey) 20 / | K (x/B)[*" [ Tsoy — Tto<oy| z)dx

— (nhey)” 20/ Kt (/1) f(w)da.

Hence,
ZE|WM|2+5 < C(nh) " 2cn / |K g (w)[*T° f(hu)du.
i=1
Since, nh — oo and ¢, — 2V(0) f(0) [;° K7 (u)du, we need only show that
/ Kt ()2 f(hu)du = O(1)
as n — o0o. By defining wy = kg = —1 we have
s+1 ky 246 2+6
K () 2+5 < ZQ(JH (2+96) K (ﬂ)
j=0 w.] w]
and
s+1
/ | K g (w) 270 f (hu)du < 223“ (2+9) / | K () |70 f (huw; ) du
Hence, if [, |K(u)]**du < C
s+1 ' k- 246
lim [ | Ky ()] f(hu)du < 720D L) £(0) / | K (u))* du < O,
Thus, equations (12) and(13) give
Vnh(T, — E(T,)) % N (0, 2—/ K2 (u)du ) (14)

From equation (8) vnh (JO Jo— Z,E(T, )) = Z,Vnh (T, — E(T,)) . Given that Z, =
1+ 0,(1), equations (9), (14) and nh*** = O(1),

Vnh (jo —Jo— (gBS + op(h5)>> 4N (o, 2% /OOO K?,(u)du) .



It is possible to compare the magnitude of the variance of the asymptotic distribu-
tion in Theorem 1 with that of .J in Theorem 3 (a) in ( ) when p = 1 (local
linear estimator) and s = 2. Note that under continuity of ¥V we need only compare

( {wj}SH) = J5° K} (u) duwhen s = 2 to Porter’s constant Px = (1 0 ) *AT1( 1 0 )T,
where ' = ( 3(1) 3; ), A= 2(1) g; ) with v; = [T W/ K (u)du and 6; = [ w/ K*(u)du
for j = 0,1,2. Table 1 gives the values of Ix when w; = j and Px for the Gaussian,

Epanechnikov and Triangular/Edge kernels. We note that for the Triangular/Edge kernel,

Table 1: Ig <2, {w; }?:1> and Py for Gaussian, Epanechnikov, Triangular/Edge kernels.

Gaussian  Epanechnikov Triangular/Edge

I (2, {wj}jzl) 1.8507 19167 4.6667
Pk 1.7860 4.4980 4.8000
shown by ( ) to have optimal properties for boundary estimation prob-

lems, Ik (2, {w; }?:1) < P, leading to a smaller variance for the asymptotic distribution

of our proposed J, relative to the widely used .Jp.
It follows directly from the theorem that the mean squared error (MSE) of .Jy, denoted
by MSE (Jo, K. h, {wl}”l) is given by
h* 1
MSE (JoaK h, {wg}SH) = WBSQM%,S + —hQ% K ( { J}S+1> op (h** + (nh)™")
— AMSE (JO,K h, {w]}sﬂ) + 0, (B + (nh)™) |

s+1

For given s, K, and {w;};T; we define

h* = argmmAMSE <J0,K h, {w]}5+1>

and by routine optimization we obtain

Wt = powE (M)+ (Bojis) =5 (2%5{ <s { ]}S“)>231“. (15)

In practice, the use of h* depends on obtaining estimates of V(0), f(0), u@(0+), u(@(0—)
and f¢=9(0) for ¢ = 1,--- , s that can be used in equation (15) to produce a “plug in”
bandwidth. Since f € C;(R), several consistent estimators for f(0) and f©~9(0) can be
obtained. See, e.g., ( ) ( )
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( ) and ( ). Consistent estimators for V(0), 4@ (0+) and p(9(0—)
when s = 2 and ¢ = 1,2 can be obtained as in section 4.2 of

(2012).

Lastly, we note that Theorem 3.1 makes clear that the asymptotic distribution of the
estimators Jy depend on {w;}:*!. Conceptually, a suitably defined loss function can be
defined to guide the choice of {w;}:*! and, by consequence, Jo. We leave this optimal
theoretical choice of {w;}i] for future work. However, as shown by the Monte Carlo
simulations in the next section, even a simple choice of w; = j can lead to an estimator

Jo that outperforms the widely used Jy in terms of root mean squared error.
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