2 Nonparametric regression

2.1 Introduction

The last chapter considered nonparametric estimation of densities and distributions. We
now turn to the estimation of conditional expectations, commonly referred to as regres-
sions. We start with a suitable definition of conditional expectation. Let (€2, F, P) be a
probability space and D € IN.

Recall that if X : (Q, F, P) — (RP, B(RP) := BP) is arandom vector, then X ~1(BP) C
F is a o-algebra and we write X 1(BP) := o(X), the o-algebra generated by X. Now,
consider a random variable Y : (Q,F,P) — (R,B). It is legitimate to ask when Y
is a random variable with respect to o(X).! The following theorem provides a useful

characterization.

Theorem 1. Let X : (Q,F, P) — (R?,BP) be a random vector and Y : (Q, F,P) —
(R,B) be a random wvariable. Y is o(X) — B measurable if, and only if, there exists
m : (RP,BP) — (R, B) such that Y = m(X), and m is BP? — B measurable.

Proof. ( <= ) We want to show that for every B € B we have Y !(B) € o(X). But
Y~YB) = X Y(m~Y(B)) and by measurability of m, m™*(B) € B and since X is a
random vector X~} (m™1(B)) € ¢(X). Thus, Y is o(X) — B-measurable.

(=) Suppose Y 1(B) € ¢(X) for all B € B. First, assume that Y is a simple function.
Then, for k£ € N we have Y (w) = Zle a;ila, (w) for a; distinct and {A;}¥_; pairwise-
disjoint. In this case, Y1 ({a;}) = A; and by assumption A; € o(X). Hence, there exists
B; € BP such that X~(B;) = A; by definition of ¢(X). Hence,

k

k
Y(w) = Z ailx-1(,)(w) = Z ailxep, (w).
i=1 i=1
Define m(z) = S, a;lp,(x), then Y = m(X), m is BP-measurable. Thus, the implica-
tion is proved for every Y simple that is o (X )-measurable.

Y :(Q,F,P)—[0,00) then, by Lemma 8, there exist Y,,(w) simple such that

Y(w) = limY,(w), 0 <Y,(w) <Y,11(w).

n—oo
If each Y, is 0(X) — B measurable and Y,, := m,,(X) as in the proof when Y is a simple
function, set m(z) = limsup,,_,,, m,(z) and note Y = lim,,_, Y, = limy,_,o0 m,(X).
Given that m(X) := (limsup,,_,.. m,)(X) = limsup,,_,.. m,(X), m(x) is BP — B-

measurable. For general Y, write Y = Y+ — Y~ which reduces to the preceding case. [

More generally, if G is a o-algebra and G C F, we say that X is G — B measurable if for all B € B,
X~YB) € G. If G denotes the collection of all such o-algebras, then it can be easily shown that
oX)=NG.
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Let £%(Q, F, P) be the space of random variables X : (Q, F, P) — (R, B) such that
J X?(w)dP < oo. Let X be arandom vector taking values in R” defined in the same prob-
ability space with o(X) C F. Then, £L*(Q,0(X),P) C £L*(Q, F, P) is a (Hilbert) space
with the same inner product ([ X (w)X'(w)dP) and £*(Q,0(X), P) is a closed subspace
of £2(Q, F, P). By the Projection Theorem, we next define conditional expectation.

Definition 1. Let Y € L*(Q2, F, P). The conditional expectation of Y given X is the
unique element Y € L2(Q, 0(X), P) such that

~

E((Y =Y)s) =0, forall s € L*(Q,0(X), P).
We write Y = E(Y|X) or Y = E(Y|o(X)).

Remark 1. 1. Again, by the Projection Theorem,
1/2
[Y =B X))l = ( fiv- E<Y|X>|2dp> < IV =5l for all s € £, 0(X), P).
Q

Hence,

E(Y|X)i=arg __ inf V=] = arg fnf [V = m(X)]|

where M is the set of Borel measurable functions from RP to R.

2. Since E(Y|X) is o(X)-measurable, by Theorem 1, there exists m : RP — R which
is Borel measurable such that E(Y|X) = m(X) and m is unique. Hence, we can
write E[(Y — m(X))g(X)] = 0, for all g : RP — R Borel measurable such that
[ g*dP < .

3. The requirement that Y be square integrable is not necessary for the definition of
conditional expectation. It is convenient here because the Projection Theorem can
be used to obtain existence and uniqueness of E(Y|X). However, Y € LY(Q, F, P)

is sufficient to obtain existence and uniqueness of E(Y|X).

4. We may write

Y = B(Y|X)+ U =m(X)+U (1)

where U =Y — E(Y|X) =Y —m(X) and by definition of conditional expectation
E(Ug(X)) = 0 for any g that is BP? — B measurable. Note, in particular, that
E(UX) =0 and by definition E(U|X) = 0.

Let Z=(Y XT )T be a (1 + D)-dimensional random vector defined on (2, F, P)

having distribution F. Assume that we observe a random sample {Z; = (Y; X7},
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where XiT = ( Xa - Xip ) with D € N. We callY the regressand and the com-
ponents of X the regressors. Our objective is to estimate the regression m(z) for
some x € S C RP. We write U; = Y; — m(X;) and call it the regression error. As
{U;}1_, is a sequence of measurable functions of {Z;}?_,, an IID sequence of random

vectors, it is itself an IID sequence of (unobserved) random variables.

2.2 The Nadaraya-Watson estimator

Assuming that Z has a density denoted by fz(z) := f(y,x) and the existence of fx(z) =
[ f(y,x)dy with fx(z) # 0, the conditional density of ¥ given X = z exists and is

denoted by fy|x=.(y) = ]}iy—(xx)) Thus, we write

mta) = B0V =) = [ufricsoddy =55 [ sty ©)

Hence, it is natural to propose the following estimator for m(x).

Definition 2. The Nadaraya-Watson estimator for m(z) is defined as

) = — / yf(y,x)dy, (3)

fx(x)
wheref and fX are Rosenblatt kernel density estimators. That is,
/
f(y,) mm 2}: (y.2'))) and fx(x) @tnEZK

where G,, and H,, are bandwidth matrices and K and K are D + 1 and D dimensional

kernels.

Remark 2. 1. Let hy, be the bandwidth associated with the first component of Z; and

Rip, -, hpy be the bandwidths associated with the regressors. We note that

/yf(y,x)dy = ndet / Z/C< . (X B ))dy
= nhynhln--- 7Z/le< ( X; — 30))@

_ _Z/ g - o) (1, HIN(X — 7)) By il

hD,n

. Xp—m  Xjp—up
= (nhlm.--thm) 1Z(E/K(U’JhT”thT)du

J=1

X'l—fﬂl X‘D—Z'D
— hy,n/ulC(u, thn . th,n )du>
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If [K(u,1,--+ ,zp)du = K(z1,--- ,xp) and if [u(u,z1,--+ ,zp)du =0, then
[ i)y = i o) VK (X - )
j=1

and the Nadaraya-Watson estimator can be written as

oy = i K01, -
) = S R W, Z“’”

. _ K(Hy'(X-w))

where Wi, (; Xy, , X)) = R (X))
linear combination of the observations Yi,--- .Y, on the regressand Y with coeffi-
cients wj,(; X1, -+, Xy). In addition, Z?’:l Win(z; X1, , X,,) = 1. Hence, the

Nadaraya- Watson estimator is a weighted average of the observations on the regres-

Thus, m(z) can be written as a

sand.

2. In this context it is convenient to work with product kernels, where (1, ..., zp) =

Hle k(z;) and k is a univariate kernel centered at zero.

The Nadaraya-Watson estimator can also be obtained from a different perspective that

will motivate an entire new class of estimators. Hence, consider the following estimator.

Definition 3. The local constant estimator for m(z) is denoted by mo(z) and given by,

mo(x) = argcmin Z(Y] —¢)’K (H,'(X; — 2)) == argmin (Y — 1,¢)" P(2)(Y — 1,¢)

[

= argmin S,(c)

C

where P(z) = diag{ K (H,"(X; —x))}'_, L, =(1 --- 1 )T, Y = (Y, ,Y,)" and ¢
s a scalar.

~

Remark 3. Taking the first derivative of S,(c) with respect to ¢ and finding ¢ := mg(x)
that sets it equal to zero gives —21! P(x)Y + 2mg(x)1, P(z)1, = 0 and

oty = S KX = o),
LK (=)

The second deriwative of Sy(c) with respect to ¢ is 1,P(x)1,, = > | K(H, Y (X; — x)).
For a minimum, we need Y | K(H, '(X;—x)) > 0, which is true if K(H, (X;—z)) >0
for alli.



2.3 Local Polynomial Estimation

The optimization in the definition of the local constant estimator suggests a class of
estimators that uses more flexible functions for the local approximation of m(x). Taylor’s
Theorem suggests the following estimator, known in the literature as the local polynomial

estimator.
Definition 4. Let a € R” with oy € {0,1,---}, |a| = S22, i and for x € RP, 2* =

it -2 (). In addition, let B = 0“m(z) = %m(m) and define the vector

Bp.p € R where c = ( D;p ) such that

/BpD = ( /6(07"'70) ﬁ(ovlv"'vo) e /6(0707"'71) [ )T .

The local polynomial estimator of order p for m(z) is given by my,(z) = ( 10 --- 0 ) BP,D,

where
2

Bp,D = argmini Y; — Z 5()(1- —z)*B* | K (H,'(X; —x)) := argmin S, ().
B B
(4)

Remark 4. 1. A much studied version of this estimator takes p = 1. 1y (x) is called

=1 la|<p

the local linear estimator and in this case

Bl,D — ( /8(07"'70) /8(0717"'70) .. /8(0’07'"71) )T = ( 5(07"'70) 6%—‘ )T’

where B1 € RP. Then, if X = ( X, - X, )T and ® denotes the Kronecker

product
2

Sn(B) = Z =Y é(xi —x)°B* | K (H(X, — )

=> (Vi g0 — (X, - x)Tﬁl)Q K (H'(X; — x))

n

5(0,0,--- ,0)

:(Y—(ln X—(1n®xT))< 8, ))TP(x)
X <Y—( 1, X—(1,®27)) ( 6(0’;1'“’0) ))

~

~ (07"'70)
If R(x) = ( L, X—(1,®2") ) the vector By p = < b Bl ) that minimizes

Sn(B8) = (Y = R(x)B)" P(x) (Y — R(x)B) is given by

3 - 3(07”.70) — X T T €T -1 T T T
b= (7)) = (R P@RW) " RGP 5

b}



3.1

whenever det (R(z)"P(z)R(z))) # 0. Hence, the local polynomial estimator of order

1 for m(z) is therefore given by

BOO =iy (z) = (1 0 -~ 0)(R@)"P(x)R(z))” R(x)"P(z)Y := W(z)Y.
where W(z):= (1 0 --- 0) (R()"P(z)R(z))”" R(x)"P(x).
Note that estimators for 836?1,..131(;,3 m(x) = %m(a:) ford =1,---,D can be ob-

tained directly from equation (5) by selecting the appropriate element from the vector

B(OV" )0) .
A . Hence, we can define the estimator

i
a/\ - B(o,...,o)
a—dm(g;)._(o SEIES S 0)( 3 )

where the number 1 appears on the d+1 position of the vector ( o .- 1 -0 )
1
0
Let Iy denote the identity matriz of dimension N and note that R(x) . =1,.
0
Then, since (R(x)" P(z)R(z)) ' R(z)" P(z)R(z) = Ip.1 and
1
0
(10 -« 0)Ipu]| . | =1
0
we have
1
0
1=(1 0 -+ 0)(R(x)"P(z)R(z))'R(z)"P(x)R()
0
=(10 -+ 0)(Rx)"P)R(x))"R(z)"P(z)1, = W(z)1,

Hence, my(x) can be expressed as a weighted average of the observations on'Y . The

conclusion easily generalizes to any polynomial estimator of order p.

Asymptotic properties of the Nadaraya-Watson es-
timator

The case where D =1

We start with consistency.



Theorem 2. Let {( Y, X; )T} be a sequence of IID random vectors distributed as
i=1

(Y X ), and assume that a) |[K(u)] < C for all |u| € R; b) [|K(u)ldu < oo and
[ K(uw)du=1; ¢) |u||K(u)] = 0 as u — oo. In addition, assume that the marginal density
of X, fx(z) > 0 and x is a point of continuity of fx and m with |m(x)|, f(x) < C. If
V(Y|X) =02, h, — 0 and nh, — oo as n — oo,

m(z) —m(z) 50 as n — co.

Proof. By definition

n X:i—x
) 7zj:1K(—im>in 1 L (X,
m(x N no X;—x g o X,—z \ nh Z h J
2 i1 hon i 21 hon "=t "

fX(x) nhn ] hn

where fx(z) = ﬁ Yo K (X;L;x> . From chapter 1, under the conditions in this theorem

fx(x) B fx(x). Hence, it suffices to show that

i) = 2 2K () B (o).

Here, we show that E(g(z)) — m(x)fx(x) and V(g(z)) — 0 as n — oco. By the Law of

Iterated Expectations and the IID assumption
. 1 X —=x 1 X —x
= (s (25)7) - (252 o)
1 X —x
o (< (55 o)
1 U—x
= h_/K ( - ) m(u) fx(u)du = /K(v)m(az + hyv) fx (2 + hyv)dv.

Now, given that K € £' and provided |m(z)|, fx(z) < C and x is a point of continuity

of fx and m, we we conclude by dominated convergence that
E(3(e)) > fx(am(s) [ K(u)du = fx(apm(a)

provided | K(u)du = 1. Now, given that V(Y|X) = ¢?, by the Law of Iterated Expecta-

tions

Viala) =t [ 1 (“ - ) )it 1V (K (Xh—n x) m<x>) |



Note that V (K <X*x> m(X)) —F (Kz (Xh—

hn
thermore,
(K2 (th ) ) = h, /K2 2(x — uh) fx(x — uh)du
" <K (X - ) )) by / K (u)m(z — uh) fx(z — uh)du.
Then,

V(g(z)) = /K2 ) fx( m?(z — uh) fx(x — uh)du

v ( / K (u)m(z — ub) fx (z — uh)du) |

Given the bounds on |m| and fx we have by dominated convergence that as n — oo the

integrals in the previous equation display converge. Hence, if nh,, — oo we have that
V(g(z)) — 0. O

We now give sufficient conditions for asymptotic normality of m(z) under suitable
centering and normalization.
Theorem 3. Let {( Y, X; )T}n ) be a sequence of IID random vectors distributed as
(Y X ), and assume that a) |Zl_((u)] < C forallu € R; b) [|K(u)|du < oo and
[ K(uw)du = 1; ¢) |u||K(u)] = 0 as |u| — oco. In addition, assume that the marginal
density of X, fx(x) > 0 and x is a point of continuity of fx and m with |m(z)|, f(x) < C
IfV(Y|X) =02, E(]Y —m(X)*|X) < C < oo for some § >0, h, — 0 and nh, — oo

as n — 0o,
u)du)

and the denominator converges in proba-

(nha) Y2 (2(z) — E(n(z)| X)) % N (o, -

(nhn) ' 3701 K(hn ( i—2)Y;
(nhn) =1 3271 K (he' (X —2))
bility to fx(z) > 0, we are mamly concerned with the convergence in distribution of the

numerator, denoted by g(x). Let X = {X,--- X,,} and note that

Bal) = - Yk (

1 — X, _
= nh, ;K ( Jhn x) m(X;) by the fact that {(¥;, X;)}, is IID.

Proof. Since m(z) =

1) B




Then,

i) - BGID) = - Sk (F70) (0 - mOx,)

K (SE5) (G -m(Xy))

nhny

V(Z) = E(Z},)= g;E(KZ (%))

_ thz/Kz Y — ) fx(u)du

Let Zjn =

and note that E(Z;,) = 0 and

Now, let s7 =" E(Z,) = 5 [ K*(h, " (u — x)) fx(u)du and

Zin Zin
Xjn ="~ = . 7z

T k) (£ K20 e - @) fx(a)da)
K (hy (X, = ))(¥; = m(X,))

(nh 1/2(02 [ K2(hs (a—x))fx(a)da>

By Liapounov’s CLT 7" Xy, L N(0,1) provided that lim, anl E(|X;n[*") =0

for some § > 0. Note that |X;,| = K (R (ifn)lj”g)‘("”)l/;”( with ¢(n) fK2 Ya —
7)) fx(a)da and | X, >0 = |K(h;1§f}f_)ﬁ)(!j:j(%;?/g{j)lﬂg. c(n) is nonstochastlc7 therefore

E(|Xja***) = (nhuc(n)) ™' 2 E (|K (b (X; — 2))PF]Y; = m(X;) )

and
> E(1Xm*") = (nhne(n)) ™" ‘WZE | K (hs, — )P — m(X;)[*).
j=1

Now, if B(|Y; - m(X,)[**|X;) < C

E (|K (hy' (X = 2)) PPN, —m(X) ) = E(IK(h,' (X5 — 2)PPE(Y; — m(X;)*] X))

o — 2\ |2
< C'/ K : fx(a)da
Consequently,
n i 2446
SOE(X ) < (e e [ |1 (“0)| sslada
j=1 "

= (nh) R (e(n)2C / K )P fx (o + hy)du

< (nhn) "2 (c(n))192C Cl+5/|K(u)|fX(x + hpu)du.
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By dominated convergence, as n — 0o, ¢(n) — o?fx(z) [ K*(u)du and [ |K(u
hpu)du = fx(z) [ |K(u)|du < C. Since nh, — oo we have that lim 37 | E(|
n—oo

0. Hence,

21 K(h' (X — 2)) (Y — m(X;)) (nha)'?(§(x) — E(g(=)|X)) a

MNfx(z +

Xjnl?+0) =

= % N(0,1),

(nha) V2 (02h; ! [ K2(hy (o — 2)) f(a)da) ' c(n)'/?

which implies that (nh,)"?(g(z) — E(§(z)|X)) 4N (0,02 fx(z) [ K*(u)du).

Now, since

(@) — B(i(z)|X) = g(x) —AE(Q(x)IX)7

X(x

~—

we have that

(nhn)'2(9(x) = E(§()|X)) 4 1

nh ) Y2 () — E(m(x
(nha) /2 () — E(n(x)| X)) = I (o)

where Z, ~ N (0,0%fx(z) [ K*(u)du). Consequently,

(nhy) 2 (1i0(x) — E(in(2)| X)) % N (0, f;—(zx)/KQ(u)du) .

Remark 5. We write

Vnh,(m(z) —m(z)) = /nh,(m(z) — z)|X)) + v/ nhy(E(m(x —m

and observe that

R 1 - X, —=x
B =) = oy DK (X)) = e

1 1 & X
_fx<x>TM;K(

Hence, to establish the asymptotic distribution of \/nh,(m(x) — m(zx)) it is n

2 (m(x) ~ m(e)),

to investigate the order (in probability) of the conditional bias of the Nadaraya-

estimator, which will be done in subsection 5.5. First we state our results for con

and asymptotic normality for the case where D > 1.

3.2 The case where D > 1

(z))

ecessary
Watson

sistency

Theorems 2 and 7 extend easily to the case where D > 1. Hence, we state the next two

theorems without proof.
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Theorem 4. Let {( Y; XI )T}n ) be a sequence of IID random vectors distributed as
(Y X ), and assume that a) |_;(_(u)| < C for allu € RP; b) [|K(u)|du < oo and
[ K(uw)du = 1; ¢) ||u|[1]K(u)| = 0 as ||ul| = co. In addition, assume that the marginal
density of X, fx(x) > 0 and z is a point of continuity of fx and m with |m(z)|, f(z) < C.
If V(Y|X) = 6%, hgn > 0 for all n and hg, — 0 as n — oo and ndet(H,) — oo as
n — oo,

m(x) —m(z) 5 0 as n — oco.

Theorem 5. Let {( Y, X[ )T}n be a sequence of IID random vectors distributed as
i=1

(Y X )/ and assume that a) |K(u)] < C for all u € R; b) [|K(u)|ldu < oo and
[ K(u)du =1; ¢) ||ul|1|K(uw)| = 0 as ||ul|y — co. In addition, assume that the marginal
density of X, fx(x) > 0 and z is a point of continuity of fx and m with |m(zx)|, f(z) < C.
IfV(Y|X) = o2, E(JY — m(X)]*|X) < C < oo for some § > 0, hg, — 0 and
ndet(H,) — oo as n — oo,

(ndet(H,))*(m(z) — E(m(z)]| X)) 4N (0, f;—(z)/KQ(u)du) :

Remark 6. As in the case of density estimation, the multivariate Nadaraya-Watson es-
timator converges in distribution at a rate that is slower than the parametric rate. In
addition, the speed of convergence decays exponentially with D. Hence, the curse of di-

mensionality manifests itself again in the case of the Nadaraya-Watson estimator.

3.3 Bias of the Nadaraya Watson Estimator

Recall that a sequence of random variables {Z, },en is said to be bounded in probability
if for all € > 0 there exists C, > 0 such that for all n > N,

P(|Z,| > C.) <e¢

and we write Z,, = O,(1). If {a, }nen is a nonstochastic sequence sequence of positive real
numbers, we say that Z,, = O,(a,,) if f—: = 0,(1). It is a direct consequence of Markov’s
Inequality that: a) if E(|Z,]) = O(a,) then Z, = Oy(a,) and b) E(Z2) = O(a,) then
Iy = Op(a,ll/g).

Theorem 6. Let {( Y, X, )T} be a sequence of IID random vectors distributed as
i=1

(Y X )T and assume that o) |K(u)] < C for all u € R; b) [|K(u)|du < oo and
[ K(uw)du=1; ¢) [ul]|K(u)] = 0 as |u| = c0; d) [uK(u)du =0, [v’K(u)du:= ps. In

addition, assume that the marginal density of X, fx(x) > 0, x is a point of continuity of
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fx and m with |m(x)|, f(z )<C’cmdmeC2 If h, = 0 and nh, — oo as n — oo,
then for I,(v) = =37 K ) (m(X;) — m(z)) we have
m“ mO@ A @) | e
0 BUL() = 2o P ) ofh) and V(1a)) = Ol ).
U @@ _ o (e
b) I __N2fX( ) ( fX($ ) =0y (hn+n1/2)'
Proof. a) First, note that
/K m(z + hu) —m(z)) fx(x + hu)du
/K m(x + hu) fx(x + hu) — m(x) fx(x) + m(z) fx(x) — m(z) fx(x + hu))du
/ K (u)(m(x + hu) fx (z + hu) — m(z) fx ())du

/K <me 1D (2)hpu + = [me](Q)(:c—l—Ahnu)hQ 2) du

—m(x /K < z)hau + = fX (z + Ahpu)h? 2)alu
for A € (0,1), since m, f € C}

_ (/K Nmfx]® (x + Ahpu)u*du —m /K (& + M) 2du>
smcequ )du = 0.

Also, since m, f € Cf and [u?|K(u)|du = pa, by Lebesgue’s Dominated Convergence

Theorem we have

hi%Eum)) = % (el fx]® (@) + 0(1) = m(@) (2 f & () + 0(1))

1

m (2) FO (x
= Luafx(@ <m<2><x> + 2%) +o(L).

Second, given that V(I,)) = E(12) — E(I,)? we investigate E(I2).
BU2) = o (Z B (52 (S0 onlx) - mio))
#3028 (i (B ) - meaie (B2 (i) - m<x>>)>

i=1 j=1,j#i "
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where

E (K2 (Xih; x) (m(X;) — ) — b /K2 m(@ + ) — m(@)) fx (x + hu)du,

By the fact that the sequence {X;};en is IID
B (% ) () = ma) i () (i) = m(e)) )

=12 (/ K (uw)(m(z + hu) — m(z)) fx(z + hu)du) .

Consequently,
/K2 (@ + hu) — m(@)) fx (@ + hu)du
(1 _ _) (/K m(z + hu) — (x))fx(x—i—hu)du)z,
and
m(z + hu) — m(x))? fx(z + hu)du

In) nh
2
— - (/ K(u)(m(z + hu) — m(z)) fx(z + hu)du) = I — Lo
2
A ) W (@) fP (@) i
where Io = 22 | Tpofx(z) ( mP(z) + 2% ) +o0(1) | . By the Mean Value The
orem, for A € (0,1), m(z + hu) — m(z) = m®(x + A\h,u)h,u. Hence,

h—i /uQKQ(u)(m(l)(x + M) fx (2 + huu)du,

I, =
! nhy,

and given that m, f € C?, by Lebesgue’s Dominated Convergence Theorem we have

/u2K2(u)(m<l>(x+Ahnu))2fx( + hou)du — (mD(2))2fx (2 )/u2K2(u)du

and 22V (1,)) = O(1).
b) Let B(z) = Lusfx(2) <m<2>( )+ 2 %) and T, = I, — h2B(z). Then, I? =
(I, — E(1,,)) + E(I,,) — h2B(x))? and

E(I,) — h,B(x))*

n

E(Z}) =V(I,) +

n
Thus, by Markov’s Inequality Z,, = O, ( - 2n



Remark 7. Note that,

E(m(z)|X) = m(z) + fx(:n)ln =m(x) + o) T (@) + Fe(@)
1 1 I,
= m($) + (fx(x) — fx($)> I, + fX—(x)
= m(a)+ (14 0,()) 7
= (o) + g (4 0y (D) (T, = BB () + ()
=m(x —hQB() o0, (h? ) i
= m(a) + 2 0,(02) + (14 0,(1) -1
Consequently,
7 — F(m(z =/n m(x) — | m(x w 0,(h?
W (2) ~ Bin())) = h( @)~ (o) + 22 1 0,12)) )
In
—\/n —|—0p —fx(l')
Since I,, = O, (f};z + hi) and (14 0,(1))0,(1) = O,(1), we have
7 — F(m(z =/n m(x) — [ m(z hiB(m) o0, (h?
W i(a) = EG(0)|0) = v/ (na) = (o) + 25 1 ,02)) )
— (o + (nh2)Y?) f%(x)Op(l)'
If nh> — 0 then h, + (nh2)Y? = 0 and
7 — F(m(z =/n m(x) — | m(x w 0,(h?
W i(a) = EG(0)|0) = v/ () = (o) + 25 1 0,02)) )

We immediately have the following Theorem.

Theorem 7. Let {( Y, X, )T}n be a sequence of IID random vectors distributed as
i=1

(Y X )T and assume that a) |K(u)] < C for all u € R; b) [|K(u)|du < oo and
[ Ku)du = 1; ¢) [ul]|K(u)] = 0 as |u| = oo; d) [uK(u)du = 0, [w*K(u)du = po.
In addition, assume that the marginal density of X, fx(x) > 0 and x is a point of
continuity of fx and m with |m(x)|, f(z) < C, and m, fx € C. If V(Y|X) =
E(lY —m(X)**°|X) < C < oo for some § > 0, h, — 0, nh, — oo and nh® — 0 as
n — oo,

NS (Th(x) _ (m(x) + h;;ig) + op(hg))> 4N <0, f;‘—;) / K2(¢)d1/;) |

14



and, equivalently,

o (7(z) — m(z)) 5 N (0, f;‘—éx) / K2(1/1)d1p) |

4 Asymptotic properties of the Local Linear Estima-
tor
4.1 Algebraic results

Before we study the asymptotic behavior of the local linear estimator we give some useful

algebraic facts. We start by noting that since

1 X11—IL'1 XlD_xD

1 Xoi — cor Xop—2xa n
Ra)=| . "7 T | and Pla) = diag {K (1, (X - @)}

1 Xpo—21 -+ Xup—2ap

matrix multiplication gives

so(z)  si(z) sp()

e R P@RE) = sy = | e et
sp(x) sp1)(z) $(0,0) ()

( so(z) Sy(x)T )
Sl(a:) SQ(LE)
where
so() = m;}( (H,'(X; —2)), sj(z) = m;[( (H, " (X: — 2)) (X4 — )
and

1

S(@j)@) = W(Hn) K (Hn_l(Xt — :17)) (Xy —x;) (Xyy — ) fori,j=1,---,D.

t=1

Note that s(; ;() = s+ (z). Furthermore,

7o()
1 T B B 7'1(1‘)

o det(1) (x)P(2)Y :=7(z) =
TD(QZ’)

where 7(r) = gl 3K (i (X0 = ) Ye 7(2) = gy S K (B (X = ) (X3 = ) Ve

Hence, if S(z) is invertible we may write the local linear estimator as
Brp(w) = S(z) ' ().

15



Lemma 1. Assume that all partial derivatives of order 1 of m(x) ewist for x € RP.

Denote these partial derivatives by %m(:ﬁ) ford=1,--- D and define

mW(z) = (( Zm(z) Zm(z) - Lm(x))" .
In addition, define m := ( m(X;) m(Xy) -+ m(X,) )T, U=(U, U, --- U, )T
where Uy =Y, — m(X,). Also, put
G, = diag{1, diag{1/h3}7 .}
and
N, = diag{\/n det(H,),diag{\/n det(H,)hq}>_,},
both D + 1-diagonal matrices. Then, letting f1p(z) = ( m(z) - mW(z)" )T
3 _1; T(z)P(z) (m — R(z)B(x
N, (o) = 5uo(o) — (GuS(a)) ™+t Gl (@) PLe) ( — R(2) (o) )
_ Nn(GRS(x))—lmGnRT(;p)P@)U
Proof. We can immediately write
Bip(x) = Bip(z) = 5($)_1#<H7JRT(1’)P($)Y - 5(@_1mRT@)P(l’)R(m)BLD@)
-1 1 T
= (GnS(x)) W(HN)G"R (z)P(z) (m+ U — R(z)f1,p(x))
-1 1 T
= (GnS(x)) MG"R (z)P(z) (m — R(z)f1,p(x))
-1 1 T
+ (G,S(2)) W(Hn)GnR (x)P(x)U.
Consequently,
N, (B (z) = Pro(x) — (G S(fﬁ))*l;G R'(z)P(z) (m — R(x)f (33)))
n 1,D 1,D n n det(Hn) n 1,D
—1 1 T
= N, (G,S(z)) W(HUGNR (x)P(x)U.
O

4.2 The case where D =1

If D =1, we have from the previous subsection that

1 X1 — X

1 X — X n
Ry = | 7 | P@) = diag {K (0 (X = 2) )L

1 X,—=

16



and matrix multiplication gives

1 T — _ ( solx)  si(2)
R PR = () = (20 )

where

Furthermore, G,, = diag{1,1/h%}, N,, = diag{+/nh,, vnh,h,} and

So(x) s1(z)
GoS(r) = :
0= (athiie samioe
From chapter 1 we know that so(z) = fx(x) + 0,(1). The next lemma gives the order of

the remaining terms.

Lemma 2. Assume fx € CZ, K >0, [ K(u)du =1, [uK(u)du =0, [u*K(u)du = po,
[ K?*(u)du < oo and [u*K?*(u)du < oo. If h, — 0, nh3 — co we have

65 = (100 o )+ () T3 ) =e+ (o) %) )

Proof. Note that E(s;(z)) = h,, [ uK (u)fx(x + hyu)du and

Visi(z)) = % / K2 (u)u? fx (z + hyou)du — %’21 ( / K(u)ufx(z + hnu)du>2.

Hence, V(s1(z)) = O (22). Also, for A € (0,1)

,%E(sl( ) = hi/ K (u) fx(z + hou)d z—/uK Wix (@) + howf O (2 + M) du
- /uzK(u)fg)(ij)\hnu)du — fx (:v)/u K(u)du := p,gf;(l)(x) as n — 00.
Now,

v(hi%&( ) nhg/K2 Y fx (2 -+ hot) ot — 2% (/K(u)ufx(x+hnu)du)2

— 0 if nh3 — oo.
Hence, s,(z) = O,(h2) and h;2s1(z) — paf V) (x) = 0,(1).

17



Lastly, E(sq1)(z)) = h2 [ K(u)u® fx(z + hyu)du and

Visan(x) = %2 / K?(u)u fx (@ + hou)du — %ﬁ ( / K (u)u? fx(z + hnu)du>2 :

Hence, 55 E(s = [ K(u)u*fx(x + hou)du — fx(z)pe as n — oo and
1 2
V(h;25(1’1)(:c)) = w)u fx (x + hpu)du — - (/ K (u)u? fx(x + hnu)du> )
Then, h,?sq1)(x) — fx(z)pus = 0,(1). O

Remark 8. 1. If fx(z) > 0 and py > 0, Q is invertible.

2. 1t follows immediately from Slutsky Theorem and invertibility of Q that (G, S(x)) ™1 —
Q™' =o0,(1).

3. Recall the formula for the inverse of a partitioned matrix: if Ay, Asy and the Schur

complements Ay — A12A521A21 and Ay — AglAfllAlg are invertible, then

( All A12 )1 _ ( (All - A12A A21) _Au AlQ(A22 - A21A A12> >
A21 A22 _A22 A21 (All - A12A22 1421)71 (AQZ A21A11 A12) '

Applied to Q, this gives

1
— 0
-1 _ fx ()
Q= ( _f;((l)(w) 1 ) )
fx ()2 p2fx(z)

Applied to G,S(x), with A;y = so(x), As = s1(x), Aar = si1(x)/h? and Ay =
sa,(x)/h2 (all conditions hold with probability approaching one), and using Lemma

2,
A = Azt = sola) = 25— so(a) 4 0,02) = fi(a) + ,(1).
Az = A Ay Ay = 2 ;l;fx) - Sl,ff : j;g § = i fx(2) + 0,(1).
At Ay = % —0,(h2),  AptAy = Sill(;’gi 5 = f)(i )((x)) + 0,(1).

Therefore,

- (28 %49

The (1,1) error term is only o,(1) because the Lemma 2 gives so(x) — fx(z) = 0,(1),
not Op(h2).

18



4. Note that if m € C?, the i'" element of m — R(x)B;1(z) is given by m(X;) —m(z) —
mM (z)(Xy — z) = im®(z + M X, — 2))(X; — z)?

Theorem 8. Let {(Yi,Xi)T}?:l be a sequence of IID random wvectors distributed as
(Y, X)T, with m(z) :== E(Y|X = 2), U :=Y —m(X) and B1,(z) := (m(z), m(l)(x))T.

Assume that
a) K is symmetric about zero, has compact support and |K(u)| < C for all u € R;
b) [K(u)du=1, ps:= [v’K(u)du >0 and put vy := [u?K?(u) du;
c) m, fx € C} and fx(x) > 0, where fx is the marginal density of X ;
d) V(Y|X)=0% and E (JU]*"| X) < C < oo for some § > 0;
e) hy, — 0, nh3 — oo and nhl = O(1) as n — oo.

Then, with N, = diag {\/nhn, vnh, hn},

R 2 2(
N" (B“@) ~ o ( g )) o (0’ @ < e E )) |
Proof. Write the last equality in Lemma 1 (with D =1) as
Ty := Ny (Bll(l') — Bia(z) — Bn) = No(GS(2)) ™ Grvn,
where B,, := (GnS(x))*lﬁGnR(x)TP(x) (m — R(z)B11(x)) and

i i K (522 ) U "
Up = nh ——R(z)" P(2)U = ﬁzh?dK &X;l_ﬁ)h(x?x)m - <z”;) .

Step 1: moments of v,. By assumption, E(v,) = 0, and the change of variables X; =

x + hpu gives

o’h,,

V(vp1) = u) fx(z + hpu) du, V(vn2) = w? K2 (u) fx (z + hyu) du,

2

E(vp1vn2) = % /uKQ(u)fX(x + hyu) du.

Hence /nh, vy = O,(1) and vne = O,((hy/n)Y?), that is, vnh, vee = O,(h,) and

Vnhy Una /ey = Op(1).
Step 2: decomposition of T,. Let E, := (G,S(z))™' — Q7. By Remark 8.3, E, =

o) O\ o
(op(l) 0,(1) >’ d Gpvp = (Vn1, vn2/h;) . Th

Tn = NnEnGnvn + NnQ_lGnvn = Tnl + Tn27
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with

0p(1) hpv/nhy, vp1 + 0p(1)/nhy, U2/ by,

by Step 1. Furthermore,

T, — ( 0p(1)v/nhy, a1 + Op(1)\/1hy, Vg ) (1)

1 1
. . e VI vnt o +( 0 ) —_ (fx(x)‘/”h
n2 — 1 = 1p2 ) 2 = V/
(z) / vnhy n 1 nhyn
hn f2( nh Uni + HQfX( ) . Un2 Op(l) HZfX(x) hn

since hyv/nhy, var = Op(hy,) = 0,(1). Hence T,, = Tiy + 0,(1).
Step 3: asymptotic normality of T),. Let

_o? [ K*(u)du 0

- fx(@) ( 0 Q) '

13
By the Cramér-Wold device it suffices to show that a’T7, 4N (0,a’Xa) for every a =
(a1,a2)" € R?, a # 0. Write a' T}y = Y1 | &, where

L 1 XZ—,I aq a9 Xl—l' 4
o=k (55) (Rt e )

For each n the &,; are i.i.d. with E(&,;) = 0. By Step 1,

2 9 )

V(a"T) = g mhaV (v) + 2;};:22) nE (Vn1tna) + %%V@"?)
2

f;( ) o’ fx(x /K2 Ydu+ 0+ ———— zfx( ) o fx(x) vy = a’ Sa,

where the cross term vanishes because [ uK?(u)du = 0 by the symmetry of K. Moreover,

by assumption,

" Cn hy,
> Bleul < ol / K ()40
=1

=0 ((nhn)—5/2) — 0,

2+4
fx(xz + hyu) du

ay asu

fx(z ) szX( )

so Liapunov’s condition holds. Since a’¥a > 0, Liapunov’s CLT gives a’ T, A N(0,a"Xa).

Therefore T%, -5 N(0,%) and, by Step 2, T, % N(0,%).

Step 4: the bias term. By Remark 8.4, the i element of m — R(z)f1,1(x) is 59(X;)(X; —

r)?, where

2 [m(Xi) —m(x) — mW(z)(X; — 1:)]
(Xi — )

9(X;) == = m® (z 4+ N(Xi—=x), X e(0,1).

Thus |g| < sup|m®| < oo and g(z + hp,u) — m®(z) for every u as h, — 0. Hence
ﬁGnR(x)TP(x) (m — R(z)B1,1(x)) = 2 (2n1, 2n2)" with

1 « X, —x 1 « X
nl = K - Xi)(Xi— 2 n2 — ~7 o K
I e E e e

20
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By dominated convergence,

E(2n1) = hi/UZK(U)g(iﬂ + htt) fx (2 + hou) du = b2 (pam™ (z) fx () + 0(1))

E(zp2) = hn/u?’K(u)g(x + hpu) fx(x + hyu) du = hy, (m(Q)(x)fX(m) /u3K(u) du + 0(1))
= O(hn)a

since [u*K (u)du = 0. Also,

2 [K2 (32) 200 - '] = 0 (2) = o), Vi) = 0 (22) = o),

Z n n

1
<
V(an) ~ nh

because nh, — co. Consequently, z,1 = h2 (u2m® () fx () 4+ 0,(1)) and zpo = 0,(hy,).

Now write

1 1
Nan = _NnEn (inl) + §NnQ71 (an) = Bnl + BnZ'
n2

2 Zn2

Using the orders of E,,, z,1 and 2,2,

o1 (Jn_im[op(1>znl+0p(hg)zn2]> B (op(\/n_hg;)
nl — — )

R/ 1hy, [0p(1) 21 + 0,(1) 20] op(\/nh3
and
B Vi (A 2 ® (@) + o (/)
“ 2 \ v, [ an + uzf;(w) 2”2} - Op(y/nh};) + 0p(+/nh}) '

Since nh) = O(1), letting b, := (3h%pam®@ (z), O)T we obtain N, B,, = N,,b,, + 0,(1).
Conclusion. Combining Steps 3 and 4,

Nn (Bl,l(x) - 51,1(1') - bn) - Tn + Nn(-Bn - bn) = Tn + Op(l) i) N(07 Z)v

that is,
A 2 () d o’ 2
nhy, (m(z) — m(z) — $hipom®(z)) = N O,fX—(x) K*(u)du ),
2
Vnh3 (mW(z) —mW(x 4N (0,0—2) :
( (@) ( )) fx (@) 3
jointly, with asymptotically independent components. O
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4.3 The case where D > 1

Let K : RP” — R be a product kernel such K(u) = k(u;)---k(up) and k is a univariate

kernel.

Lemma 3. Let H,, = diag{hi,...,hp}, h, := maxyhy and n, := ndet(H,). Assume that
{X}, is IID with density fx € C2; K : RP — R is bounded, has compact support and
satisfies K(uy,...,—uq,...,up) = K(u) for every d; [ K(u)du =1 and [uiK(u)du =
po ford=1,...,D; hy, — 0, hy/hq < C for all d and n, and n,h> — co. Then, with 0 a
D x 1 wvector of zeros and Ip the D x D identity,

WS(x) = @+(0p§3 (ii(ff’i))’ Q::(ujfé% uzf;?;)b)’

where f)((l)(x) 1s the gradient of fx at x and each entry of a block of the second matriz has

the indicated order.

Proof. Note first that the symmetry of K implies [ ugK (u)du = 0 and [ ugu;j K (u)du =0
for d # j; the ratios h;/hy < h,/hg < C are bounded; and 7, — oo. Write G,,S(z) =

so(z)  Si(z)T A
G Su() CoSola) with G, = diag{1/h2}2_,. All expectations below follow from
nol nM2

the change of variables X; = = 4+ H,u, and all limits from dominated convergence, which

applies because K has compact support and fx and its first derivatives are bounded and

continuous.
As for the NadarayafWatson estimator, E(so(z)) = [ K(u)fx(z + Hyu) du — fx(x)
and V (so(z) fK2 fX(x + Hyu)du — 0, so 50( ) = fx(z) 4+ 0,(1).

Next, E(sj( =h; [u;K(u)fx(x+ Hyu) du. With
fx(z+ Hyu) = +thuk fxx+)\Hu)

A= Au) € (0,1), and [ u; K (u)du =0,

D

0 0
wjup K (u )kax(a: + AH,u) du — po— fx(x),

1
7 sa)) = o

k=1 hj
since the term k = j converges to Mg% fx(z), while for k # j the integral converges to

S0 fx(x) [ujupK (u) du = 0 and hy/h; is bounded. Also,

Bz,
1% (isj(x)> h2/u2-K2(u)fX(x + Hyu)du = 0O ( ! ) — 0,
h3 mhy 7 J Ml
because 7,h3 > n,hy /C* — co. Hence h;”s;(z) — ﬂz%f}((l‘) = 0,(1) and, in particular,
sj(x) = Op(h}) = Oy(h3).
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Lastly, E(s(,)(z)) = hah; [ uqu; K (u) fx(z + H,u) du, so that

32 Bt @) = 1 [ wan K@) Fxlo+ Hy) du = pafc(o) 1{d = 5},
d d

again because h;/h, is bounded and [ uqu; K (u)du = 0 for d # j. Moreover,

1 1 1
Vv (h_gs(d’j)(x)) < i hﬁh?/u§u§K2(u)fX(x + Hyu)du = O (U_n) — 0.
Hence h;”s(q)(x) — pofx(z)1{d = j} = 0,(1), which completes the proof. O

Remark 9. 1. If fx(z) > 0 and py > 0, then det(Q) = pf fx ()P #£ 0 and

1 T
o _ )(()(x) 1 I :
fx@)?  pafx(@) D

2. By Lemma 3, G,,S(x) == Q, so G,,S(x) is invertible with probability approaching

one and, by the continuous mapping theorem, (G,S(x))™" — Q™' = 0,(1).

3. Applying the partitioned inverse formula of Remark 8.3 with A;y = so(x), Ap =
Si(x)" = 0p(h2), Ay = GuSi(x) = pmafy) (@) + 0,(1) and Ay = G,S(x) =
pafx(x)Ip + 0,(1) gives Ay — A1aAyy Aor = fx () + 0,(1), Agy — An Al Arp =
pafx(x)Ip + 0,(1) and A Ay = O,(h2). Therefore

B sty =@ = () Al

with each entry of a block of the indicated order.

—_
S~—
@)
s}
~—~
>
SN
N
\—/

4. If m € C2, with Hessian m®, the it" element of m — R(x)B, p(x) is

r(X;) == m(X;) — m(x) — mPY(2)T(X; — 2)

_ %(Xi ~ )T (x4 MK — ) (Xi — ), A e (0,1).

Theorem 9. Let {(V;,X])"}"_| be a sequence of IID random vectors distributed as
(Y, X)L where X € RP, with m(z) .= E(Y|X =2), U =Y —m(X) and B p(x) :=
(m(z), m(l)(x)T)T. Let H, = diag{hy,...,hp}, h, := maxghy and n, = ndet(H,).

Assume that
a) K :RP — R has compact support, |K(u)| < C for all u € RP, and
K(uy,...,—ug,...,up) = K(u)
for everyd=1,...,D;
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b) [K(u)du = 1, [uviK(u)du = ps > 0 and [uiK?*(u)du = vy for every d =
1 D;

g ey )

c) m, fx € C} and fx(z) > 0, where fx is the marginal density of X;

d) V(Y|X) =0% and E (JU]*"* | X) < C < o0 for some § > 0;

e) hy =0, hp/ha < C for all d and n, n,h> — oo and n,h* = O(1) as n — .
Then, with N,, = diag {\/n_n, diag{/mn hd}dDzl} and

y oo [ M2 i i (a)
n - 0 I
A o? [ K*(u)du 0T
Nn< _ —bn) 4 N (0, -7 — vy .
Broke) = suote) =) 0 0,275 (107 g, )
Proof. Throughout, K; := K (H,'(X; —z)). Recall that the symmetry of K implies
JuaK(uw)du = 0, [ugu;K(u)du = [uqujK*(u)du = 0 for d # j, [uqK*(u)du = 0
and [ ugqujuiK (u) du = 0 for all d, j, k, since in each of these integrands some coordinate

appears an odd number of times. Also, h;/hy < C for all d, j.

Write the last equality in Lemma 1 as
T i= Nu (Buo(@) = Bup(@) = Bu) = NalGuS(@)) ™Gt

where B, := (G,,S(2)) ! -G R(2)" P(x) (m — R(2)B1,p(x)) and

o i KU Uno

v, = —R(z)"P(z)U i iz (X = 1) =1 "
Tin :

W%Z?:l Kz(XzD —[L'D)Ul UnD

Step 1. By d), E(v,) = 0, and the change of variables X; = = + H,u gives

27,2
o“hj

V(vno) = %/I@(u)fx(x + H,u) du, V(0ng) = /uflKQ(u)fX(m + H,u) du.

n

Hence /7, vno = O,(1) and /1, Una/ha = O,(1) for d =1,...,D.
Step 2. By Remark 9.3,

o -o- (3 %)

and G,v, = (Vno, Un1/h3, ... ,vnD/h%)T. Then

Tn = NnEnGnvn + NnQ_lGnvn = Tnl + Tn2-
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The first component of T,,; is

0p(1)\/ 1 vno + ZO < ]> \/U—Zjvnj =0p(1) + OP(BH) = o0p(1),

and, for d =1,..., D, its (d + 1)* component is

D
h M Unj
o) v + 3 (T = 1),

J J

by Step 1 and the boundedness of h,,/h; and ha/h;. Hence T,y = o0,(1). Furthermore, by
Remark 9.1, the first component of T;,5 is \/7% vno and its (d + 1) component is

o [x (@) 1 \/n_ 1
—h By N Uno + —F—— - Und = -
TR@ Y @) Ry T @) h
since hgy/Tn vno = Op(hg) = 0,(1). Hence T, = T}y, + 0,(1), where
fx;(x)\/n_nvno

1 FU
T;2 — M2fx($) Ry Ol

5 Und + Op(l)

| @
w2 fx(x) hp

UnD
Step 3: asymptotic normality of T,. Let

o’ <fK2(u)du 0" )

~ fx(2) 0 2o

H3
By the Cramér-Wold device it suffices to show that a?'T%, N N (0,aTXa) for every a =
(ag,a,...,ap)’ € RPT a #£ 0. Put c,(u) =
alTry =30 &niy Where

f;?x) + uzfx(x Zd 1 AdlUq and write

1
Vi
For each n the &,; are IID with F(¢,;) = 0, and

Kico (H,'(X; — 2)) Us.

n

gni =

V( TT;:Q) =




where the cross terms vanish by the symmetry of K. Moreover, by a), ¢) and d),

Cn det(H,
}:ﬂ&f“ sz [ )P e o+ Ho)
=0 ( %) =0,

so Liapunov’s condition holds. Since a’¥a > 0, Liapunov’s CLT and Slutsky’s theorem
give a’ T, < N(0,a"Xa). Therefore Tr%, KN N(0,X) and, by Step 2, T,, A N(0,%).
Step 4: the bias term. By Remark 9.4,

1

—GoR(z)' P(x) (m — R(2)B1.p(7)) = (210, Zn1s - - -5 20D) "

Tin
with

n

1 1
Zno = —ZK,LT(XZ), Znd = 7 h?lZKl(de—IL’d>T(X2), d: 1,...,D.
noi=1 nd =

Let M :=sup |[m®||. Then |r(z+H,u)| < Mh2|ul|* and r(z+H,u) = $(H,u)"m® (z)(Hyu)+
pn(u), where

Y

1-
on(@l < SRLl® — sup  [Jm® (=) = m®(a)
2 sl ]

s0 that sup,cepp i [0n(w)] = o(h2) by the continuity of m®. By dominated convergence

and the moment properties of K,

E(zn0) /Ku)rx+Hu)fX(x+Hu)d

D
72
Zl hdhj 0$d8 /udqu(u)fX(x + H,u) du + o(h:)

1
2
d=1j

MQ Z hd ) + o(R2),

1
E(2zna) o /udK(u) r(x + Hou) fx(z 4+ Hyu) du
D D .
= 2_d ; kz:; hjhkm /udujukK(u)fX(x + Hnu) du+ o (h_d)
= o(hy),

since [ uqu; K(u) fx(x + Hyu)du — pofx(2)1{d = j}, [uqujuK(u)fx(x + Hyu) du —
z) [ ugujurK (u) du = 0 and h,,/hq < C. Also,

h .
V (2no) <—/K2 :U—i—Hu)fX(:v—l—Hu)dU—O(n—")zo(hf;),
74
V(zna) < Unhd/ wAK?(u) r*(z + Hyu) fx (o + Hyu) du = O (U:L;li) = o(h?),
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because 1, — oo and hg > h,,/C for every d. Consequently, with b, := % Lo 25:1 hﬁaa—;m(x) =
_ d
O(h2),
Zno = fx()bpo + op(ﬁi) and  z,q = 0,(hy,), d=1,...,D.

Now write z, 1= (2n0, ..., 2np)? and
Nan = NnEnZn + NnQilzn = Bnl + Bn2-

Using the orders of E,, and z,, the first component of B, is /1, [Op(l)Zn[) + Zj O,(h2) an} =
0p(v/nnhl) and its (d+1)"™ component is /7, hy [op(l)zno +2; op(l)znj] = 0,(v/muhi),

so B, = 0,(1) by e). Similarly, the first component of B, is

Vi 5o = b + 05\ 1) = /i b + 05(1),

and its (d + 1) component is

o x\Z A —
\/mhd [_%ZHO + mznd] - Op( nnhg) + Op( T]nhé) = Op(l)'

Hence N, B, = N,b, + 0,(1), with b, = (buo,07)T as in the statement.
Combining Steps 3 and 4,

Nn (BI,D(QZ) - Bl,D(x> - bn) - Tn + Nn(Bn - bn) - Tn + Op(l) i} N(07 E)
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5 Uniform orders of the local linear coefficient vector
The objective in this subsection is to establish that for the vector

Bip(z) = (m(x),Vm(x)T)T, sup 20,

zeC

Bp(@) = Bip(a)]

on a fixed nonempty compact set C C R”. The dimension D is fixed. Vector norms are

Euclidean; matrix norms are their induced operator norms.

5.1 Assumptions and main result
Write U; = Y; — m(X;) and, using the notation of the notes, put
H, =diag(hin,...,hpn), nn=ndet(H,), h,= mdin Rin, hn= max han.
The following conditions are sufficient.
A1l. The observations (Y;, X;) are IID, m(X) = E(Y | X), and for some ¢ =2+ 6 > 2,
E(JU|? | X) < Cy < oo almost surely. (6)
This is the error-moment condition already used in Theorem 9 of the notes.

A2. For some p > 0, let C, = {z : dist(z,C) < p}. The density fx is continuous and m
is twice continuously differentiable on an open neighborhood of C,. Also fx(z) >0

for every x € C. In particular,

f. = inf fx(z) > 0. (7)

zeC

These local smoothness conditions follow from the notes’ stronger m, fx € C? as-
sumptions, with positivity imposed throughout the set on which convergence is

sought.

A3. The kernel K : R? — R is bounded, supported in {u : ||ul| < B} for a finite B,

symmetric separately in each coordinate, and satisfies
/K(u)du:l, /u?lK(u)du:,ug>0 (d=1,...,D).
In addition, for some « € (0,1] and Ly < oo,
K (u) = K(w)| < L [lu = w||*  (u,w € R). (8)

Only (8) is an additional kernel condition. A Lipschitz kernel has o = 1. Nonnega-

tivity and a product representation are not required.
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A4. The bandwidths are deterministic and positive, h, — 0, and h,,/h, < Cy. Replace

the bandwidth conditions used for pointwise asymptotic normality by

logn
— — 0, 9
ndet(H,)h> (9)
(logn/n)! /4
———— — 0. 10
det(H,)h, (10)

The second condition allows for unbounded errors under the existing finite ¢th
moment. These are explicit sufficient conditions; no optimality of their logarithmic

factors is claimed.

Define the deterministic sequence

B logn (logn/n)'~1/a
A\ ndet(d,) T det(H,) (11)

Conditions (9)—(10) say exactly that a,/h, — 0. For R(z) and P(z) as defined on page

15 of the notes, write
Bip(x) = {R()" P(z)R(x)} ' R(2)" P(2)Y = (i (x), Bi(x)T)"

on the event that the weighted Gram matrix is positive definite for every z € C. For

definiteness, set the entire estimated function to zero on the complementary event. This
gives a continuous random function on C, and the theorem shows that this extension

affects an event whose probability tends to zero.

Theorem 10. Under A1-A4,
P(R(z)" P(z)R(z) is positive definite for every x € C) — 1. (12)

Thus the local weighted least-squares minimizer exists uniquely throughout C with proba-

bility tending to one. Moreover,

sulc) |my(z) — m(z)| = Op(ﬁi + ay,), (13)
TE

E2 +a
sup | Bra(z) — adm(l’)‘ =0, ( ”h ”> , d=1,...,D. (14)
zeC d,n

In particular,

sup HBLD(J") - Bl,D(IL‘)H =0, (ﬁn +

zeC

logn (logn/n)t—1/a 0

=0,(1).
ndet(H,)h> det(H,)h,, P

(15)

The proof follows after the supporting lemmas. It uses a symmetric rescaling of the

Gram matrix, which isolates the factor 1/hg, required to recover each unscaled derivative

coefficient.
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5.2 A uniform bound for kernel sums

Lemma 4. Let C be compact and let fx be bounded on a fixed neighborhood of C. Suppose
hn — 0 and (9) holds. Let (Z;, X;) be IID with E(|Z|? | X) < C for a fived ¢ > 2. For a
bounded, compactly supported, globally a-Hélder function L : RP — R, put

Torz(v) = — det Z Z,L(H — ).
Then, with a,, in (11),
su%::) |Th.0.z(x) = ET, 1 z(x)| = Op(an). (16)
e

The result holds simultaneously for any fized finite collection of such functions L. If Z is
bounded, the right side improves to O,(y/logn/(ndet(H,))).

Proof. Constants below may depend on C, L, D, ¢, but not on n or x. All kernel windows
lie in the specified neighborhood for sufficiently large n.
Step 1: Let £, = logn, 7, = (n/f,)"/? and Zi(n) = Zil{z,<ry- Put

Fo(x) :=Torz(x) =BT 1z(x),  Sa() =T, 1 z00(2) = BT, o0 ().

Note that F,(z) — Sy(z) =T, 1.z zm(x) —ET, ; 7 zm(x). Since L is bounded we have
for Z; — 7™

[Fo(2) — Sp(x)] = ‘Tn,L,Z—ZW)(x) - ETn,L7Z—Z(”> (35)‘

Ll J15
SN o Zi| Iy 2,5 E\Z| I 21>~ )
= det(H,) | n ;‘ | {1 zi>my + U | I z1> n}]

For any 7 > 0 and ¢ > 1, |Z| > 7 is equivalent to |Z|9™' > 797! or |Z| < 7'74|Z|9. Hence,
|Z1g1 215,y < 7179 Z]%. Now, since E|Z|? = E[E(|Z]|? | X)] < C we have

E[|Z[1gz15r,] < CT 7%

Let B, = dlﬂ;) {250 N Zillyzsmy + E[|Z|I2/5m3] }» and because the Z; have the

same distribution as Z, taking expectations gives

2|| L oc C'ri=
EB, = E[|Z|1¢ 75 n__
det(H,,) [1Z1L4z15m] < det(H,)

where C’ := 2||L||sC is independent of n. Substituting 7,, = (n/£,)"/4,

- <n )(1—q)/q <€n)1—1/q
Th == - - - ’
l, n
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and 't~/ det(H,) = C({,/n)' "Y1/ det(H,). Markov’s inequality gives
B, = O,((£n/n)' "/ det(H,)).
Hence, sup ¢ |F(z) — Su(2)| < B, = Op(%> . By the triangle inequality
sup [F, (x)| < sup |5, ()] + sup [F,(x) = Sn()].
zeC xeC xeC

Step 2: An r-net G C C is such that for every x € C, there exists 2° € G with ||z —z°|| <.
Because C is compact, we can choose M > 0 such that C C (=M, M)P C [-M, M]P. Set

m = |72M\/Ew g:ﬂ

r

m

Each coordinate interval [—M, M| has length 2M, so dividing it into m equal pieces gives

intervals of length ¢. Since m > M, we have ¢ = % < \/Lﬁ. More precisely, let
tj =—M+ j¢, j=0,...,m,
and use the intervals
I =[tj-1,t;) (G<m), I =[tm-1,tm].

This convention assigns every boundary point to exactly one interval. The Cartesian

products
Qj17~~~:jD :IJI Xooee Xij? jd S {17"'7m}7

partition [—M, M]” into m? cells. If z,y € Q. then their dth coordinates belong to

.JD>

the same interval of length ¢. Thus
]md—yd\gf, dzl,,D

Consequently,

D 2
,
|z —yl|* = Z lzg —yal> < D < D (ﬁ) =2
d=1

Taking square roots gives ||z — y|| < r. For each cell @ satisfying @ NC # &, select
go € QNC, and define G = {gg : QN C # @}. The collection is finite, and G C C. Now
take any x € C. It belongs to a cell (), which necessarily intersects C. Hence that cell has

a selected representative gg. Both points lie in (), so the preceding calculation gives
[z = goll <
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Equivalently,
ccJBr),

geg

which is precisely the r-net property. The construction also gives a bound on the cardi-

nality of G
2MyD\ "
#G <mP < (1 + > < Co(1+rHP, Cy = max{1,2MvD}?.
r
Now, let r := 7, = h, (det(H,)/n)"* and choose an 7,-net G, C C, with #G,, < C(1 +
rHD.
Z2
A
L
| M
C

length 2M

Figure 1: Constructing a grid associated with a r-net G

Since we assume that
logn

— —0
ndet(H,)h>
and hg, — 0 for all d, for sufficiently large n, logn > 1 and
1 1
det(H,)h2 > 81 >~
n n
Hence,
1

1 —
— < det(H,)h? < det(H =
- < det(Hy)h;, < det(H,) det(H,) — b

and
<det(H,)h) <h, = h,'<n'%
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Finally, these bounds show that

1/o
-1 -1 n 1/2/, 2\1/a 1/242/c
=h < = )
n " <det(Hn)> () "

Therefore, #G, < C(1+r, )P < CnP1/2H2/%) and if A:= D (54 2) < o0

«

#G, < Cn?. (17)
Now, recall that the truncated sum is
Sulz) = — zn: [Z.“‘)L(H—l(x- — 1)) - E{ZF”)L(H*(X — 1)) H
" ndet(H,) ! mo ’ mo ’

i=1
where Zi(n) = Zi1{|z,<r,}- For each x € C, choose 2° € G, with ||z — 2°|| < r,, and put

Ai(z) .= L(H,"(X; — z)) — L(H, " (X; — 2°)) .

Now, by definition,
_ _ 1
[H ) o= sup |7 <
llzll=1 Ln

Choose an index j with h;, = h,,, and take the unit coordinate vector e;. Then || H, e;|| =
.

h;n

the choice of r,

= bin Thus |H | = maxdﬁ = in By Holder continuity, ||H,}|| = 1/h, and

det(H,)

n

1Ai(z)] < C||H (2 —a)||" < C (%) =C

n

This bound holds for every i, every observation X;, and every z € C. Now subtract the
centered sums:

n

5,(0) = 5,0) = s 3 [27 M) ~ {2 Aw)}].

=1

Using the triangle inequality, [EV| < E|V|, and |Z™| < |Zi|, we obtain

. L N~ [m (n)

_ < - - { . { .
5:(2) = $ul") < ey 2 A7 11 + B 271842
1 COdet(H,) |«
< Z; E|Z
~ ndet(H,) ;’ il +nE|Z]

C 1
== =) _|Z|+E|Z||.
n nizl
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The bound is uniform in x because its right-hand side does not depend on x. Thus it also
bounds
R, :=sup|S,(z) — Sp(z°)].

zeC
Set

1 n
B,:=- |Z|+E|Z|, =E|Z| < 0.
PRIV EEE

The moment assumption guarantees finiteness because
E|Z| < (B]Z])" < o

Since the Z; are identically distributed,

Now, R, < %Bn. If R, > M/n, then its upper bound must also exceed M /n:

M B, M
R,>— = ¢ >— = (CB,>M.
n n n

Hence
{R, > M/n} C {CB,, > M},

and taking probabilities gives
P(R, > M/n) <P(CB, > M).

Since
1 n
E(CB,) = — E|Z; = =2Cu.
(CB.) C(n£1|!+u> Clp+p) 1t

By Markov’s inequality,
2C

P(CB M) < ——.

Hence,

2
PO%>%)gmm%>Mngﬂkmam&@p&@m:@mﬂ.
n

zeC
Then,
sup | F(x)| < sup [Fy(z) — Sp(x)| + sup |Su(x) — Sn(2°)| + max |5y, (2°)]
zeC xeC zeC z°€Gn
_ (Qogn/n)t—1/ - o
=0, (B ) 4 0,0) + e 15,6
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Step 3: Recall that ZZ-(n) = Zil{z,<r.}, and now define W; = A; — EA;, where A; =
Zi(n)L(Hgl(Xi — z°)) . First, note that since |Zl-(n)| < 7,, we have

[Ail < TallLlleo,  [BA| < E[Ai] < 7| Lo

Therefore, |W;| = |A; — EA;| < |Ai| + |EA;| < 27,||L||. Because W is centered its

variance is
EW? = Var(4;) = EA? — (EA;)? <EA? < IE[ZEL2 (H;l(Xi — xo))] ,
where the last step uses (Z™)2 < Z2. To bound this expectation, we use
E(|Z;|7 | X;) < Cy, q> 2.
Since t +— t?/7 is concave, conditional Jensen’s inequality gives
B(Z? | X,) = B[(|1Z7)%/7 | X.] < [B(Z" | X" < c2la.

Thus the conditional second moment is bounded by a constant independent of X;. Con-
ditioning on X;
E[Z2L*(H, ' (Xi — 2°))] = B[E(Z] | X;)L*(H, ' (Xi — 2°))]

< C'qZ/q /]RD L*(H, ' (z — 2°)) fx(2) d=.
Now by a change of variables z = z° + H,u,, dz = det(H,) du. The integral becomes
det(H,,) /D L*(u) fx (2° + Hyu) du.
R
To bound the density here, let supp(L) C {u : ||u|| < Br}. Whenever L(u) # 0,
|2° + Hyu — 2°|| < h,By, — 0.

Since x° € C, these points lie in the fixed neighborhood where fx is bounded, for all
sufficiently large n. Writing that density bound as My, we get
EW? < C29M; det(H,,) /]R . L*(u) du = C"det(H,,).

The integral is finite because L is bounded and compactly supported. The constant
C'= C’g/qu / L*(u) du

is independent of n, 7, and x°. Recall that by Bernstein’s inequality if Wy,..., W, are
independent, centered real random variables with |[W;| < b and Y, EW? < s?, then for

z >0,
2

P(;ijm\ >z> g2exp{—m}.
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Now for z = v/2s2t + %bt we have

20t \ * 2bt 2bt\ 20t
2? — 2t(s® + bz/3) = (\/ 252t + ?> — 25t — 5 (\/23225 + —) =5V 252t > 0.

3
Therefore,
G >t = & <et
_ expl —————— e "
2(s2+0b2/3) — P 2(s2+02/3) ) —

Hence, we can write

2bt
P <| g Wi > v2s%t + —) < 2exp{—t}.
- 3
Now, letting b = 2||L||ooTn := Cy7, and s? = C'ndet(H,) we have for any ¢ > 0,

0

> Wi(z°)

20yt B
> /2C'n det(H,)t + CST ) < 2e

Dividing the terms inside the probability by ndet(H,), and writing

Sp(z°) :

n,L,Z(") (xo) - IE,-Z_;L,L,Z(") (x0)7

gives

20"t 2C, Tt
P| S, (z° - < 27t
<| (@)l > ndet(H,) * Bndet(Hn)> ==

Now choose t = (A + 2)/,.
constant C. Thus

/ Tk
o n ntn < op~(A+2)

By Lemma 11 in the Appendix of Chapter 1,

14 Tl
P Sy (z° C - -
<§?§g}i| (@) > { ndet(H,) * ndet(H,) })

z°€Gn

Since A is fixed, its contribution can be absorbed into a

< OnA . op—a+y _ 2C
< g

Tl (00 0\ T
RONEON
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Hence the expression in braces equals
/¢ 1-1/q
a, = n i (£n/n) ’
ndet(H,) det(H,,)

]P(max 15(2°)] < C’an) 12X
n

z°€Gn

and we have proved

Finally,
sup | ()] < sup [Fy(z) — Sp(x)| + sup [Sp(z) — Sn(z%)] + max [ Sy (2°)]

zeC zeC zeC z°EGn

B (logn/n)t~—1/a 1 o
=0, (M) O™+ a8,

_ Op(—(logn/n)l_l/q) +0,(n N+ 0, < logn_, <log"/n)1_1/q) = Oy(an)-

det(H,) ndet(H,) det(H,)
O
Remark 10. 1. Suppose |Z| < M almost surely, where M < oo. Define
Wi(o) = ZL(H; (X, = ) — BIZL(H; (% - 0)].

Then |Wi(z)] < 2M|| Lo, Y1y EWi(2)? < Cndet(H,). Applying Bernstein’s in-

equality gives

logn logn 1
Sp |T.1.2(@) r.2()| p( ndet(H,) | ndet(H,) n)

. _ logn
"\ ndet(H,)

If ndet(H,)/logn — oo, then s, — 0, and

Now put

logn
ndet(H,)

=52 = 0(s,).
Also, 1/n = o(s,,). Consequently, sup,cc|Tn.r,z(x) —ET, 1z(x)] = Op(sy).

2. Note that in the order of the bound we obtained the ratio of the second term to the
first is

(logn/n)'=Y/det(H,) (logn/n)'~'7det(H,)™* _ <logn

Vlogn/(ndet(H,)) (logn/n)Y/2 det(H,, )1/

1-1/g—1/2
) det(Hn)—1+1/2
n

(logn/n)'/27Ya  [(logn/n)1~?/

Vdet(H,) det(H,)
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Consequently, if (lo%)liz/q = O(det(H,)) then

logn
T, —ET, =0\ oy |-
sup |To,1,2() 1,z(2)] b ( n det(Hn))

5.3 Uniform invertibility and the Taylor remainder

Use up(z) = HY(X; — ), r(u) = (1,u")T, and

n

n

1

D,, = diag(1, H,), An() = ndet(H,) Z
n) i

B (tng ()7 (i () ) (i (2))

Here D,, is different from G,,. The exact relation to the matrix S(x) previously defined is
An(z) = D 'S(x)D;t,  R(z)'P(x)R(z) = ndet(H,)D,A,(x)D,. (18)

The kernel moment matrix is

M _/K T (b0 (19)
K 0 ,MQID '

Coordinatewise symmetry supplies the zero first and mixed second moments.

Lemma 5. Under A2-A3, h, — 0, and (9),

sup | An (@) — fx (@) M|l = 0,(1). (20)

zeC

Let ¢, = fomin(1, o) > 0 and &, = {inf,ec Amin(An(2)) > ¢i/2}. Then P(E,) — 1 and,
on &,,

sup || An(z) || < 2/

zeC

Also,
sup ————— Z | K (uni(x))| = Op(1). (21)

zee N det

Proof. The functions K (u), u; K (u), ujupK(u) and |K(u)| are bounded, compactly sup-
ported and globally a-Hélder. Consider F(u) = p(u)K(u), p(u) € {1,u;, ujui}. Since
F(u) =0 wherever K(u) =0,

supp(F') € supp(K),
so F' has compact support. Define

P= sup [p(z)l, G= sup [[Vp(2)|.
Iz <B+1 l|z||<B+1
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Both P and G are finite because p and its derivatives are continuous on a compact ball.
Also,
[F]loc < Pl K|

To establish global Holder continuity, consider two cases. 1. Nearby points: 0 < ||[u—v]|| <
1. If K(u) = K(v) =0, then F(u) = F(v) =0, and the desired inequality is immediate.
Otherwise, at least one point lies in supp(K’). Because the points are within distance one,
both belong to the ball of radius B + 1. The segment joining them also lies in this ball,

so the mean value inequality gives
Ip(u) = p(v)| < Gllu —vl.

Now write

p(u) K (u) = p(v) K (v) = p(u) (K (u) — K (v)) + K (v)(p(u) — p(v)).

Consequently,
|F(u) = F(v)] < PLgllu = 0||* + [| K[| Gllu — o]

< (PLg + [KloG)lu = v]|*.

The last step uses
d<d* when0<d<1, O0<a<l.

2. Distant points: ||u — v|| > 1. Boundedness alone gives
|F(u) = F(o)| < [F(u)] + [F(v)] < 2P| Koo < 2P[|K[oc | — v[|*.
Combining the cases,
|F(u) — F(v)| < Cpllu—v||* for all u,v € R”,

where

C, = max{PLx + | K]]G, 2P||K||s} < oo.

Finally, |K| has the same support and supremum bound as K. The reverse triangle

inequality gives
1K (w)| = |K (v)]| < [K(u) = K(v)] < L|lu = v]|,

so | K| is also globally a-Holder.

Lemma 4 with Z = 1 therefore gives

zeC

sup [|An(2) — EA,(z)[ = O, ( Lﬂ)) = 0p(1).
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Now, since

/K (u)? fx(x + Hyu) du.

By (z) ~ fe(@)Mic = [ K(@r(wpr(w)! [fx(o+ Ho) = fx(@)] du

By the triangle inequality for matrix-valued integrals,
[EA (z) — fx (2) Mkl < /\K(U)I Ir(w)r (W) [ fx (2 + Hou) = fx(2)] du
= / [K () r(@)|* | fx (z + Hau) — fx(2)] du,

I =

where we used the identity ||rr |7]|? for the Euclidean norm. Now, whenever K (u) #

0, we have |lul| < B. Therefore,
(2 + Hyu) — o|| = | Hyul| < [[Hull[lu]l < Bhy.
Consequently, for every z € C and every contributing u,

fx(e+ Hy) = fe(@) < sup o [fx(2) = fx(y)l
IIZszSBEn

Hence, uniform continuity of fx on C, implies

sup [[EA, () — fx (2) Mk||

zeC

< sup  |fx(z) — fx(x |/]K ) | (u 2 du — 0.

zeC
|z—z||<Bh,

This proves (20). Now,
Recall that

My = diag(1, po, . . ., p2), ¢ = famin(1, ps), fe=1nf fx(x) > 0.

zeC

For a unit vector a = (aq,...,ap)?,

anX( YMga = fx(x (ao—{—uQZad)

D
> fomin(l,m) 3 d = c.
d=0
Also, for any matrix B, Cauchy-Schwarz and the definition of the operator norm give
la” Ba| < |||l | Ba|l < ||B] |lal* = ||B.
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In particular,
a’ (An(x) = fx(z)Mg)a > —||An(x) — fx () Mgl
Adding the two bounds,
" An(x)a = a” fx (x)Mica + a” (An(z) — fx (x)Mx)a
> o — [|[An(r) — fx (o) Mk||.

Then, since A, (z) is symmetric, its smallest eigenvalue is the minimum of its quadratic
form over unit vectors, i.e.,
Amin(An (7)) = ”rrhin1 a’ A, (r)a.
all=
Hence,

Amin(An(2)) > ¢ — ||An(z) — fx(2) Mk

Now define the uniform error

A = sup [|An(2) = fx () M-

zeC

We have already shown that A,, = 0,(1). Because A,, > 0, this means that for every fixed
e >0,
P(A, >¢) — 0.

Setting E, := {A, < ¢,/2} and taking the fixed threshold ¢ = ¢,/2 > 0,
P(E,) =1-P(A, > c¢/2) — L

In particular,
P (in(f: Amin (A4 (2)) > c*/2) >P(E,) — 1.
re

This proves the uniform eigenvalue bound with probability tending to one. On that same

event, every eigenvalue of every A, (x) is positive, so all these matrices are invertible. The

-1

eigenvalues of A, (x)~! are the reciprocals of those of A, (z). For a symmetric positive-

definite matrix, this implies
1 1
| An(2) || = max =

Ai(An(2))  Amin(An (7))
The bound holds simultaneously for all z € C, hence

IN

2
Co

_ 2
sup || Aq (2) 7| < =
zeC Cy

on an event whose probability tends to one.
Finally apply Lemma 4 with Z = 1, L = |K]|; the expectations of these kernel sums
are bounded by supe fx [ |K|. This proves (21). O
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Lemma 6. Under A1-A3, h,, — 0, and (9), define

ffni(w):m(Xi)— ( ) = Vm(2)" (X; — z),

K(
wn( ndet Z um Um( ))Ul
Then
—2
sup [|bn(2)|| = Op(hy,),  sup |lwn(z)|| = Op(an). (22)
zeC zeC

Proof. For sufficiently large n, Bh, < p. If K(umi(x)) # 0, the segment joining = to X;

lies in C,. Taylor’s theorem, as used in Remark 9.4 on page 23 of the notes, gives

()] < 2 sup | V2m(2) | 1, — 2| < OF.
2 zeCp

Also ||7(uni(2))|| < v/1+ B? on the kernel support, since by definition,

=),

D

(@) =1+ ug=1+]ul®

d=1

The kernel is supported on {u : ||ul| < B}. Thus, whenever u,;(z) = H,'(X; — x) lies in

n

so its Fuclidean norm satisfies

the kernel support, we have ||u,;(x)|| < B. Consequently,

|7 (uni(2)) || = \/1 + [Juni(z)[|2 < V1+ B2

Consequently (21) gives the first assertion in (22). For the second assertion apply Lemma 4
with Z =U and L € {K,w K,...,upK}. Every expectation is zero because E(U | X) =
0. O

5.4 Proof of the theorem and interpretation

Proof of Theorem 10. By (18) and Lemma 5, the weighted Gram matrix is positive def-
inite for every = € C on &,, proving (12). On this event the quadratic least-squares
objective has a unique minimizer, even if K takes negative values.

The algebra of Lemma 1 on page 16 of the notes, expressed in the symmetric scaling

(18), gives the exact identity

Do{Br,p(x) = Bio(@)} = An(x) " {bn(@) + wa(@)}. (23)
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Indeed, the ith row of R(z) is 7(uni(x))T D, and Y; — r(uni(2))? Dpfrp(x) = Ui + £i().

Lemmas 5 and 6 now imply

up|| Da{Br.n (@) = Bro(@)}]| = Op(Fr + an).

zeC

The first coordinate proves (13). Dividing coordinate d 4+ 1 by hg, proves (14). Since D
is fixed, h, < 1 eventually, and h,,/h, < Cy,

sup

xeC On

@ﬂ@—mm%=Q<M;%>:%@ﬁ%MJ:MH

All bounds extend to the specified estimator because P(ES) — 0. The suprema are
measurable: the kernel sums are continuous in x, and on &, so is their matrix inverse; a

countable dense subset of the compact set suffices. O

Corollary 1 (A common bandwidth). If hy, = h, for all d, sufficient bandwidth condi-

tions are
nhD+? nl=1/apD+1

hy, — 0, — 00. (24)

— 00, —r
logn (logn)i-1/q
For example, h,, = n™" satisfies these conditions whenever

1 qg—1
0 <7y < min , .
v {D+2 q(D+1)}

Thus a valid bandwidth exists for every fized D and every q > 2 already allowed by the

notes.

Proof. Substitute det(H,,) = h? and h,, = h,, = h,, into (9)-(10). Strict positivity of both
powers of n in (24) gives the displayed range of ~. O

Corollary 2 (Improved uniform rates). Assume A1-A3. Let the bandwidths be such
that hy, — 0, hy/h, < Cy, and

1
_logn
ndet(H,)h;
Suppose, in addition, that
1 1-2/q
( Og”) = O(det(H,,)), — 2452, (25)
n

and put
logn
Sp =g ———.
ndet(H,)
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Then the local linear estimator satisfies

sup [ (z) —m(z)| = Op

zeC

zeC

sup B\l,d(a:) — adm(x)‘

=2 logn
7 S5
( nt ndet(Hn)> ’

—2
h
_o, <hd" +

Consequently, the entire coefficient vector obeys

sup
zeC

zeC

ilég H/B\l(x) - Vm(x)” =0, (hn + 4/ %) :

1
supvﬁg$)—7n@g|:<z,<hi+- ogn

logn

h,, these bounds become

D
nhk

In this case, sufficient bandwidth conditions are

h, — 0,

D+2
nh,;

logn

— 0OQ,

n

For example, h,, = n™" satisfies all three whenever

1 -2
0<7<min{ q }

No stronger error-moment or smoothness assumption is required for these bounds.

Proof. First, (25) implies

(logn/n)'=11/ det(H,)

D+2" ¢D

(logn/n)!/2~1/4

Sn

Thus a,, = O(s,) in (11). Moreover,

It follows that

det(H,)

_ \/ (log n/n)1-2/1
det(H,)

)

logn
d=1,...,D.
\/n det(Hn)hfm) ’ Y

‘@D@) - /@1,D($)H =0y (En + m) = 0,(1).

For a common bandwidth hg, =

1-2/q
(logn> _ oDy,

= 0(1).

(28)

(29)

(30)



Hence (10) follows from the corollary’s assumptions and need not be imposed separately;
all conditions of Theorem 10 hold.

For completeness, the source of the different intercept and slope rates can be seen
directly from (23). On the event &, of Lemma 5, the normalized inverse is uniformly

bounded, while Lemma 6 and a,, = O(s,,) give

sup b (2)| = Op(Br),  sup [wn(@)]| = Oplsn).

zeC zeC

Therefore
sup HDn{ELD(x) - /Bl’D(x)}H = Op(ﬁi + 8p)-

zeC
The first diagonal entry of D, is one, yielding (26). Its (d + 1)st diagonal entry is hgp,
so dividing that coordinate by hg, yields (27). Since D is fixed and Ei /h,, < Cghy, the
same bounds imply (28). As in the main theorem, the extension of the estimator outside
&, does not affect these probability orders because P(ES) — 0.
Finally, substitute det(H,,) = h” and h,, = h, = h,, to obtain (29)(30). For h,, = n™",

the two bandwidth ratios are

nh£+2 nlf'y(DJrQ) (10g n/n)172/q

1 1-2/q,vD—=(1-2/q)
logn logn ' hb (logn) "
Under (31), the first tends to infinity and the second tends to zero, proving the claimed

sufficient range. |

Remark 11. The additional substantive conditions are kernel regularity (8), positivity
of the density throughout the chosen compact set, and the two uniform bandwidth condi-
tions. The positive lower bound (7) follows from continuity and compactness; it is not a
separate assumption. The existing ¢ = 2+ & moment is retained, with no boundedness or

exponential-tail assumption on U.

6 Bandwidth choice

6.1 Preliminaries

As in the case of density estimation, the asymptotic properties of Nadaraya-Watson and
local linear polynomial estimators depend on selecting a nonstochastic bandwith sequences
hy, (or H,) that converge to zero at specified speeds. Consequently, implementation of
these estimators depends crucially on bandwidth selection. We focus initially on the case
where D = 1.
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Following the discussion of density estimation, there are two main criteria for band-
width selection for an arbitrary nonparametric estimator m(z; h) that depends on a band-
width h. First, inspired by cross validation in Chapter 1, we consider the minimization

of
ISE(: h) == /R (m(a: ) — m(z))? da (32)

with respect to h. Second, we consider the minimization of

MISE(m;h) =E ( / (m(x; h) — m(x))%dr | x) (33)

with respect to h. Here, x is the o-algebra generated by Xy, -+, X,,.
If w is a function defined on the set where X takes values, such that [w(z)dx = 1,

for example, w = fx the density of X, then we could consider different optimands,
WISE(m;h) = /(fn(w, h) — m(z))*w(z)dx

and

WMISE(m;h) =E (/ (m(z; h) — m(z))* w(z)dz | x) .

Note that by Fubini’s Theorem

MISE(m;h) — E ( [ ) = Blinte) |0 + EG(a) | 1) —m(a) e x)

Consider the an approximation for ISE(m; h) given by 1 >°"  (m(X;) — m(X;))?. Since
m(X;) = E(Y;|X;)) we have

—Z (Xiih) —m(X)? = —Z (Xiih) = Yi+ (i — E(Yi X))*

n

. —Z (X )+ (Y~ BV

i=1

_ _Z m(X;; h))(Y; — E(Yi]X5)).
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Taking conditional expectations on both sides and letting U; :=Y; — E(Y;| X))

E(n‘lz(m(Xi;h)—( ) ZE m(Xi; h)? | x) +o”

_z ZE (Y — (X5 W)U | x] -

Now, note that in general
El(Y; = m(X;; h)U; | X] = E[(mi + Ui — m(X;; 1)) U; | x|
=02 — Cov(m(X;; h),Yi | x) #0.

For example, for linear estimators, such as Nadaraya-Watson or local polynomial estima-

tors,

m(X;; h) Z wi;(x; h)Y;,

E(Y;Ui | x) = m(X;)EU; | x) + E(U;U; | x)
=EU;U; | x).

For j # i, conditional independence and conditional mean zero imply

E(U;Ui | x) = E(U; | X)E(U; | x) = 0.

we have

For j = i, this expectation is E(U? | x) = o%. Thus
2

o, J=1,
E(Y}Ui|X):{0 jAi

Consequently, by linearity,

E[(Y; — (X;; ))Us | x] = B(YiU; | x) — wa (Y;Ui | x)

=07 —wyo? = (1 — wy) o’

Now let m_;(X;; h) be computed without observation i. Conditional on Y, it is indepen-
dent of U;. Consequently,
E[m_i(Xi;h)U; | x] =0,

and hence
E[(Y; = m—i(Xs; h))U; | x] = o®,
Then,
E (n S (X ) — m(X0)? x) ZE LR 1)~ o
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m_;(x;h) is called the jackknife estimator associated with m(z;h). In the case of the
Nadaraya-Watson estimator 7 (z) with D = 1 the jackknife estimator is

T4L_ K h_l X—XZ Y.
S K (2

and for the local linear estimator the jacknife estimator is,

1 X — X;
ml —1 Xlah’ nh Z (Xl) ( Xj*Xi > K (JT> Y]

J=Li#g h

SO(Xi) hilSl(Xi)
h_lsl(Xi) h_25(1,1) (Xz
section 3.1 with D = 1. These developments lead to the following definition.

where S, ;(X;) = ( ) ) where s, s1 and sq 1y are defined as in

Definition 5. For an arbitrary linear nonparametric estimator m(z; h), the cross-validated

bandwldth hCV Z.S given by
hey = argmain — En (}—m_(Xh)) .
h n i—1 ‘ ‘ v

For f,m € C} and given our previous results on order for conditional bias and variance

we have for the local linear estimator

1
MISE(sig; ) = 3130 / (m® (2))%dz

7t [ K2 w)do [ o) o+ o,(b) + oyl (b))
and for the Nadaraya-Watson estimator
1
MISE(m;h) = hnu2/)\(:z:)2dx + Z/L%hi /(m@)(x))2dx

o / K () dy / F(@) N+ op(h1) + op((nha) )

mO (2)f P (z .
where A\(z) = % Concentrating on terms of order larger than h} and (nh,)™!

gives an asymptotic approximation for MISE which we label AMISE.

Definition 6. The plug-in bandwidth hp; that minimizes the asymptotic mean integrated

squared error for mq(x) is given by
1
hp; := argmin (Z’u%hi /( @ (1)) da:'—l— /K2 du/fX 1d:1:'>
hn
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Remark 12. 1. [t is straightforward to obtain

_ U o? [ K*(u)du [ fx(z) 'dx 5
e (e )

2. Note that if we minimize WMISE with w(x) = fx(z) we have

WMISE(m,) = 02% / K?*(u)du / dx
1t [ (02 (@)do + op(nh) 1) + oy (h).

In fact, for m,(x) we have

MISE(,(z)) = o — / K2 (u)du / do

nh,

2p+2 Hp+1 ? m®+D (N2 o () da
wier (L) [0 (o
+0p((nh) ™) + 0, (hP*?)

where pipp1 = [P K (u)du and K,(u) = Ko p,(u) with

K (det (M, (u))

S7p(u> =S det(Np> K(u)’

where N, is a (p+1) x (p+1) matriz having (i, j) entry given by [ " 2K (u)du and
M, ,(u) = N, except that the (s + 1) row is given by (1,u,...,u?). Consequently,

taking derivatives we obtain,

(PR D0 [ K wdu [ d\FS
h”‘( 20241 [ (mP 1 (@) fx (w)da ) '

. As in the case of density estimation, optimal bandwidth selection via minimization
of AMISE precludes asymptotic normality of (nhy,)'/?(my(z) — m(z)). Note that,

(nha)'2 (i (2) — m(2)) = (nha)"? (i (2) — EQin (2)| X1, -, X))
= (nhy)*(m(2) — E(ia(2)| X1, X0))

and therefore for asymptotic normality of (nhy,)'?(m(z) —m(z)), we need the last
term to be o,(1). But given the order of the bias, for this to follow it is necessary

that nhS — 0, whereas with optimal smoothing nh3 — C'.
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6.2 Implementation and bandwidth estimation

The expression for hp; involves [dz, [ (m(z)(a:))2 fx(z)dx and o2, which are all un-
known and need to be estimated. We start by discussing estimation procedures for
Ik (m(:v)(z))2 fx(z)dz. We consider the more general case 45 = [ m@ (z)m© (z) fx(z)dz,
where d, § are positive integers and d 4 0 is an even number. A natural choice is to con-
sider g5 = %2?21 m D (X;)m®(X;) with m@(z) estimated non-parametrically. Hence,

consider the estimator

( m(z) mO(z) - ) (z) ) = eILBrgminZ (Yi = Bo — Bi(X; — z) — Bo(X; — )

e 7/81? i=1

By(X; — 2)P)P K (th_ x)

which can be written as

m(l) x)
| = (Ry(2)"P(x)Ry(x)) " Ry(x)" P(2)Y

(P) ()
p!

where R,(z) = (1,, (X — 1,2), (X — 1,2)2,- - - (X — 1,2)?), Y is the vector of observations
on the regressand and 17 = (1,--- | 1). Let ¢}, be a p + 1 row vector with zeros for all of
its components, except the k'* component which is set to 1. Then a natural estimator for

the s derivative of m(z) based on a p-degree polynomial is,
M (x) = sleg1(Ry ()" P(2)Ry(2)) "' Ry(2) " P(2)Y

where P(z) = diag {K <%) }n and g, is a bandwidth. Hence a natural estimator for
n ) S =

ed,é is

. 1
O ==Y mD(X)m(X;).
d,5 nj:1m ( ])m ( ])

Since the estimation of HAM depends on g,, an expression for g, that emerges from the
optimization of a suitably defined criterion is necessary. If g, — 0 and ngd+**! — oo as

n — oo, we have the following approximations

1 _ _
S]] (1pi1 (Ks) 92 0 i1 + pipir (Kap) g2~ 0541)

bty ([ KK ) o [ o

E(éd,é —Ous| X1, . X))
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Where, Ml(Kd,p) - fled,p(w)d¢7 and

V(0as X1, X,) = 20 2g 2 W IR(K ) % Ky ) / o?(o? + 2m(x)?)dx

n

dn o / ((m) fx () @92 f () d

where R(L) = [ L(v)?dy for an integrable function L.

These approximations for bias and variance allow the construction of an asymptotic
expression for the conditional mean squared error, which we represent by AMSE. We
are interested, in particular, in the situation where d = § = 2 and p = 3. In this case,

~ 1 2
AMSE(0272|X) = (EM4(KQ73)920274—f-n_lg;BR(KQ,g,)O'Q/dQ?)

+20°n"2g, ' R(Ko 3 * Ky3) /(02 + 2m(x)?)dx

+ 22 [ ) ) ()

which produces an optimal gapsg, given by

o2 [ dx 7 CHK), 6y4<0
gAMSE —= CQ(K) < |92£|n ) 5 Where, CQ(K) == { Cz[[((f()') ezi > O Y

with CL(K) = (12R<K2,3>>7’ CI(K) = <30R(K2,3)> .

pa(K2,3) pa(K2,3)
The expression for gayse depends on 654 and o?, which are not known. The way
2

=

2

054 and o? are estimated determines a variety of plug in methods. Note that o2 is an
unknown in the bandwidth formula for gsysr and it appears also on the expressions for
hpr.

We now turn to the estimation of o2. Following ( ) it can be
verified that for a local polynomial estimator of order p, m,(z;\,) constructed with a

bandwidth A, we have that

E (Zm ity (Xis M) | x> —vo?,

i=1

h

where v = trace((I — Sx)(I — Sx)T), where Sx is a matrix whose ' row is

e1(Ry (Xi)P(X)Ry(X,)) 'R, (X)) P(X;).

This motivates the p* degree variance estimator

n

G (An) = (n— 1) (Vi — 1w An)).

=1

2For a Gaussian kernel C}(K) = (8\3/;)%,0211(1() = (57,

o1



Implementation of this estimator requires a choice for \,,. ( ) propose
basing such choice on the conditional AMSE of ag. They show that, if A\, — 0, and

n\, — oo as n — 0o, p is odd and m has p continuous derivatives,

. pp1(K)
B630) — o?1) AP,

and

V(E2(A)X) ~ n o'V (e H&@U@*&/ﬁﬂng&—zmy

It follows that the optimal value of A\, (in the sense that it minimizes AMSE) is,

4 [ dy \ @D
Mamvse = C3(K) <#> ,

2 2
Opi1piam

1
where C5(K) = <((P+21()]jf§£ffff§§p;2Kp)) T If K(1) is a standard normal Kernel and

p=1, Cy(K) = {M}

We now provide some recommendations on how to proceed with estimation:
Step 1 : m(z) = m(0) + mM(0)z + Lm®(0)2? + Lm®(0)2* + Lm¥(0)2*, therefore let
By = m(0), By = mM(0),..., B8, = mP(0) and define the following quartic regression,

X2 X3} X4
BO _'_BlXt +62_ +63_ +B4_ +7h7 = 1727”'7n

Obtain OLS estimators Sy, ..., 3 and 64 = (n—>5)"" 31, 7. These could, of course,

be used directly on the expression for hp; to produce,
o [ K*(Y)dy [ dx
T 5 X2
143 <% Y1 (Bo 4 B3 X + Bu )2>
Step 2 : Use (322, 34, Bg and the expression for g4y/sg to produce

)( 62 [ do >%
n|fy", Bu(B + B3 X + 54)(712”

Tt

hror =n

Gamse = Co(K

Now, use gamse to estimate m®(X;), which is then used to produce %2?21 m?(X;)?

and S\AMSE = (3(K) ((n*lzﬂ(f?m@’f)?;j)}%?n?) ’ XAMSE can now be used to obtain 6%,
r

which combined with 27" | {m® (X;)}? gives,

(S

hppr =n

( 52 [ K2 () [ da >é
B S (X))
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Ruppert et al. (1995) have observed that for p =1 we have that

922
|04

~lo

garrse = Co(K)Cy(K)™#{ 237 (hpy)7.

By exploring this equation a third estimator for h,,, which we label hgrg can be proposed

as the value of h that satisfies

— o1 | K*(¢)dy [ da
STE 12(n1 Z?:l{m(Z)(Xi; gamse(hsre))}?)

where,
WU G X A5 )
gamse(h) = 02(K)01(K)_% ( - Zf_l( % i — 12 )A .
| D i (Ba 4 B3 X + Ba-)n =1 By
The motivation here can clearly be traced back to ( ) and

( ) in the context of density estimation. hgror, hppr and hgrg provide
state of the art plug in estimators for bandwith in the context of univariate nonparametric

regressions. Regarding the properties of these plug in estimators, it can be shown that,

hppr _2. hsre _2
. —1=0,(n 7),h —1=0,(n"7)
MISE MISE

where hysrgg is the value of h that minimizes MISE. This is far superior to the cross-

validation choice of h which produces hZICI‘S/E -1 = Op(n_%) as shown in
(1988).
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Appendix

Lemma 7. Let f,(z) : X = R forn = 1,2,... be measurable. Then sup{fi,..., fn},

inf{f1,..., fu}, sup fn, inf f,, limsup f,, and liminf f,, are all measurable functions.

Proof. Let h(z) = sup{fi(z),..., fu(z)}. Then, S, ={z € X : h(z) > a} = U {2z :
fi(x) > a}. Consequently, since f; is measurable, S, € F. Similarly if g(x) = sup f,.(z),
Sy ={reX:g(z) >a} =UL {z: f(x) > a} € F. The same argument can be made for

inf. Since limsup = inf sup fi, limsup is measurable. The same for lim inf f,. ]
n—o0 n k>n n—00

Lemma 8. Let f : (2, F) — (R, B) be a non-negative measurable function. Then, there

exists a sequence pp(w) : (Q, F) — (R, B) of simple non-negative measurable functions

such that
a) on(w) < opi1(w), forallw e Q,n=1,2,...
b) lim ¢, (w) = f(w), for allw € Q.
n—oo
Proof. For each n =1,2,... define the sets
B, = fweQ: E<flw)<L£+L} fork=0,1,...,n2" -1
{weQ: f(w) >n} for k = n2".
For each n, the sets {Ex,, : kK =0,1,...,n2"} are disjoint, belong to F and U Ekn = Q.
Put ¢, (w) = 2% on Ej,. Then, by construction 0 < ¢,(w) < ¢pi1(w), Vw and n =
1,2,.... For any w € Q, ¢1(w), p2(w),... is a nondecreasing sequence of real numbers

which is bounded above by f(w). Hence, lim,, .+ ¢n(w) exists as f(w). Since n is a natural

number, the function ¢, (w) takes at most n2™ values. O
Let z = ( Ty o T )TE]R”, o= ( ap o Qp, )TE]R” with oy; € {0,1,---} for
alli=1,---,n. We define 2* = 27" --- 22", |a| =Y ", ; and a! = oy!- - - ay,.
Lemma 9. (Multinomial Theorem) For any x = ( Ty o Ty )T € R" and for any
k € N we have "
(w14 +w) = > = (34)
laj=k

Proof. The proof is by induction. First, if n = 2 we have from the Binomial Theorem

k
k! ki k! k!
k _ j k-3 a1 a2 a
(l’l + 1‘2) = - mxl@ = E (—1’111’22 — —x .
J= =

Now, suppose that equation (34) is true for all n < N. We now prove it holds for N.

(:c1+--~+xN)’“:((x1+---+xN,1)+xN):(:E+xN)’“

_ k! a1 .0 041 B az
- N’ IN T (o)
(Oél.Oég.) &2

a1tas=k a1+a2_k |/B‘
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where = ( B oo By-a )T. Let a = ( b o Bn-1 Qo ), then Slay! = a! and
#P25? = 2. Thus,

k!
(14 +ay) = Z—'xa.
al
|a|=k
O

Let g f be the partial derivative operator with respect to the j* argument of a function
J
f:R"— R and 0*f(z) = alalaa‘ anf( ).
Lemma 10. (Multivariate Taylor’s Theorem) Suppose f : R" — R is k + 1 times con-

tinuously differentiable in an open and convex subset S of R". If a,a+ h € S, then

fla+h)= Z —h®9 f(a) + Rax(h)
\a|<k !
where the remainder R, (h) is given by

Ro(h) = Z $haaaf(a + ch) for some c € (0,1)

lo|=k+1

Rop(h) = (k+1) Y —ha/ fla+ th)dt

lo|=k+1

or

Proof. Let S be a convex open subset of R" containing x and a and x* = a + th for
h=xz—aandte (0,1). Let g(t) = f(a+ th) and note that

d "0
Eg(t) = h-(aﬁlf(a+th) %f(aﬂh))_jzla—jf(a+th)hj_h-Vf(a+th)
d? "L do
T50(t) = Zh a5t
n n 82
- Zhjzif(a+th)h,
j=1 i=1 I*

= Z h;(h - Vaf(a +th))
= h-V(h-Vf(a+th)) = (hV)*f(a+th).

Repeating the argument we have jTjj g(t) = (hV)? f(a+th). Now, by the univariate version

of Taylor’s Theorem we have

d 1 d? 1 d

T Ot a0

x ﬁg(O) + Ry,
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where Ry, denotes a remainder. Using g(t) = f(a + th) and dt]g( ) = (hV) f(a + th) we

have

tlﬂ»

Iy
o
<

CL+h +Rak(h)

By Lemma 9 we write

k .
fla+h) = Z % > i—!!haﬁ"‘f(a) + Rax(h)

Ia\:j

= 37 K0 (@) + Ruslh).

\a|<k !

The structure of the remainder follows from the univariate version of Taylor’s Theorem.

[
Lemma 11. (Markov’s Inequality) Let E(| X (w)]) < oco. Then, for a >0
1
P(IX(w)] 2z a) < —E(|X(w)]).
Proof. Note that, alfjx|>qy < |X(w)| and a [ I{jx(w)za}dP < [ | X (w)|dP. Therefore,
1
P(IX(w)| = a) < —E(|X(w)])-
[
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