
2 Nonparametric regression

2.1 Introduction

The last chapter considered nonparametric estimation of densities and distributions. We

now turn to the estimation of conditional expectations, commonly referred to as regres-

sions. We start with a suitable definition of conditional expectation. Let (Ω,F , P ) be a

probability space and D ∈ N.

Recall that ifX : (Ω,F , P )→ (RD,B(RD) := BD) is a random vector, thenX−1(BD) ⊂
F is a σ-algebra and we write X−1(BD) := σ(X), the σ-algebra generated by X. Now,

consider a random variable Y : (Ω,F , P ) → (R,B). It is legitimate to ask when Y

is a random variable with respect to σ(X).1 The following theorem provides a useful

characterization.

Theorem 1. Let X : (Ω,F , P ) → (RD,BD) be a random vector and Y : (Ω,F , P ) →
(R,B) be a random variable. Y is σ(X) − B measurable if, and only if, there exists

m : (RD,BD)→ (R,B) such that Y = m(X), and m is BD − B measurable.

Proof. ( ⇐= ) We want to show that for every B ∈ B we have Y −1(B) ∈ σ(X). But

Y −1(B) = X−1(m−1(B)) and by measurability of m, m−1(B) ∈ BD and since X is a

random vector X−1(m−1(B)) ∈ σ(X). Thus, Y is σ(X)− B-measurable.

( =⇒ ) Suppose Y −1(B) ∈ σ(X) for all B ∈ B. First, assume that Y is a simple function.

Then, for k ∈ N we have Y (ω) =
∑k

i=1 aiIAi(ω) for ai distinct and {Ai}ki=1 pairwise-

disjoint. In this case, Y −1({ai}) = Ai and by assumption Ai ∈ σ(X). Hence, there exists

Bi ∈ BD such that X−1(Bi) = Ai by definition of σ(X). Hence,

Y (ω) =
k∑
i=1

aiIX−1(Bi)(ω) =
k∑
i=1

aiIX∈Bi(ω).

Define m(x) =
∑k

i=1 aiIBi(x), then Y = m(X), m is BD-measurable. Thus, the implica-

tion is proved for every Y simple that is σ(X)-measurable.

If Y : (Ω,F , P )→ [0,∞) then, by Lemma 8, there exist Yn(ω) simple such that

Y (ω) = lim
n→∞

Yn(ω), 0 ≤ Yn(ω) ≤ Yn+1(ω).

If each Yn is σ(X)− B measurable and Yn := mn(X) as in the proof when Y is a simple

function, set m(x) = lim supn→∞mn(x) and note Y = limn→∞ Yn = limn→∞mn(X).

Given that m(X) := (lim supn→∞mn)(X) = lim supn→∞mn(X), m(x) is BD − B-

measurable. For general Y , write Y = Y +− Y − which reduces to the preceding case.

1More generally, if G is a σ-algebra and G ⊂ F , we say that X is G − B measurable if for all B ∈ B,
X−1(B) ∈ G. If G denotes the collection of all such σ-algebras, then it can be easily shown that
σ(X) =

⋂
G∈G
G.
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Let L2(Ω,F , P ) be the space of random variables X : (Ω,F , P ) → (R,B) such that∫
X2(ω)dP <∞. Let X be a random vector taking values in RD defined in the same prob-

ability space with σ(X) ⊂ F . Then, L2(Ω, σ(X), P ) ⊂ L2(Ω,F , P ) is a (Hilbert) space

with the same inner product (
∫
X(ω)X ′(ω)dP ) and L2(Ω, σ(X), P ) is a closed subspace

of L2(Ω,F , P ). By the Projection Theorem, we next define conditional expectation.

Definition 1. Let Y ∈ L2(Ω,F , P ). The conditional expectation of Y given X is the

unique element Ŷ ∈ L2(Ω, σ(X), P ) such that

E((Y − Ŷ )s) = 0, for all s ∈ L2(Ω, σ(X), P ).

We write Ŷ = E(Y |X) or Ŷ = E(Y |σ(X)).

Remark 1. 1. Again, by the Projection Theorem,

‖Y−E(Y |X)‖2 :=

(∫
Ω

|Y − E(Y |X)|2dP
)1/2

≤ ‖Y−s‖2 for all s ∈ L2(Ω, σ(X), P ).

Hence,

E(Y |X) := arg inf
s∈L2(Ω,σ(X),P )

‖Y − s‖ := arg inf
m∈M

‖Y −m(X)‖.

where M is the set of Borel measurable functions from RD to R.

2. Since E(Y |X) is σ(X)-measurable, by Theorem 1, there exists m : RD → R which

is Borel measurable such that E(Y |X) = m(X) and m is unique. Hence, we can

write E[(Y − m(X))g(X)] = 0, for all g : RD → R Borel measurable such that∫
g2dP <∞.

3. The requirement that Y be square integrable is not necessary for the definition of

conditional expectation. It is convenient here because the Projection Theorem can

be used to obtain existence and uniqueness of E(Y |X). However, Y ∈ L1(Ω,F , P )

is sufficient to obtain existence and uniqueness of E(Y |X).

4. We may write

Y = E(Y |X) + U = m(X) + U (1)

where U = Y − E(Y |X) = Y −m(X) and by definition of conditional expectation

E(Ug(X)) = 0 for any g that is BD − B measurable. Note, in particular, that

E(UX) = 0 and by definition E(U |X) = 0.

Let Z =
(
Y XT

)T
be a (1 +D)-dimensional random vector defined on (Ω,F , P )

having distribution F . Assume that we observe a random sample {Zi = (Yi X
T
i )T}ni=1
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where XT
i =

(
Xi1 · · · XiD

)
with D ∈ N. We call Y the regressand and the com-

ponents of X the regressors. Our objective is to estimate the regression m(x) for

some x ∈ S ⊂ RD. We write Ui = Yi −m(Xi) and call it the regression error. As

{Ui}ni=1 is a sequence of measurable functions of {Zi}ni=1, an IID sequence of random

vectors, it is itself an IID sequence of (unobserved) random variables.

2.2 The Nadaraya-Watson estimator

Assuming that Z has a density denoted by fZ(z) := f(y, x) and the existence of fX(x) =∫
f(y, x)dy with fX(x) 6= 0, the conditional density of Y given X = x exists and is

denoted by fY |X=x(y) = f(y,x)
fX(x)

. Thus, we write

m(x) := E(Y |X = x) =

∫
yfY |X=x(y)dy =

1

fX(x)

∫
yf(y, x)dy. (2)

Hence, it is natural to propose the following estimator for m(x).

Definition 2. The Nadaraya-Watson estimator for m(x) is defined as

m̂(x) =
1

f̂X(x)

∫
yf̂(y, x)dy, (3)

where f̂ and f̂X are Rosenblatt kernel density estimators. That is,

f̂(y, x) =
1

n det(Gn)

n∑
i=1

K
(
G−1
n (Zi − (y, x′)′)

)
and f̂X(x) =

1

n det(Hn)

n∑
t=1

K
(
H−1
n (Xi − x)

)
where Gn and Hn are bandwidth matrices and K and K are D + 1 and D dimensional

kernels.

Remark 2. 1. Let hy,n be the bandwidth associated with the first component of Zi and

h1,n, · · · , hD,n be the bandwidths associated with the regressors. We note that∫
yf̂(y, x)dy =

1

n det(Gn)

∫
y

n∑
j=1

K
(
G−1
n

(
Yj − y
Xj − x

))
dy

=
1

nhy,nh1,n · · ·hD,n

n∑
j=1

∫
yK

(
G−1
n

(
Yj − y
Xj − x

))
dy

=
1

n

n∑
j=1

∫
(Yj − uhy,n)(hy,n . . . hD,n)−1K

(
u,H−1

n (Xj − x)
)
hy,ndu

= (nh1,n . . . hD,n)−1

n∑
j=1

∫
(Yj − uhy,n)K

(
u,
Xj1 − x1

h1,n

, . . . ,
XjD − xD
hD,n

)
du

= (nh1,n . . . hD,n)−1

n∑
j=1

(
Yj

∫
K
(
u,
Xj1 − x1

h1,n

, . . . ,
XjD − xD
hD,n

)
du

− hy,n

∫
uK
(
u,
Xj1 − x1

h1,n

, . . . ,
XjD − xD
hD,n

)
du

)
.
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If
∫
K(u, x1, · · · , xD)du = K(x1, · · · , xD) and if

∫
uK(u, x1, · · · , xD)du = 0, then∫

yf̂(y, x)dy = (nh1,n . . . hD,n)−1

n∑
j=1

YjK
(
H−1
n (Xj − x)

)
and the Nadaraya-Watson estimator can be written as

m̂(x) =

∑n
j=1 K (H−1

n (Xj − x))Yj∑n
j=1K (H−1

n (Xj − x))
=

n∑
j=1

wjn(x)Yj,

where wjn(x;X1, · · · , Xn) =
K(H−1

n (Xj−x))∑n
i=1K(H−1

n (Xi−x))
. Thus, m̂(x) can be written as a

linear combination of the observations Y1, · · · , Yn on the regressand Y with coeffi-

cients wjn(x;X1, · · · , Xn). In addition,
∑n

j=1wjn(x;X1, · · · , Xn) = 1. Hence, the

Nadaraya-Watson estimator is a weighted average of the observations on the regres-

sand.

2. In this context it is convenient to work with product kernels, where K(x1, . . . , xD) =∏D
j=1 k(xj) and k is a univariate kernel centered at zero.

The Nadaraya-Watson estimator can also be obtained from a different perspective that

will motivate an entire new class of estimators. Hence, consider the following estimator.

Definition 3. The local constant estimator for m(x) is denoted by m̂0(x) and given by,

m̂0(x) := argmin
c

n∑
j=1

(Yj − c)2K
(
H−1
n (Xj − x)

)
:= argmin

c
(Y − 1nc)

TP (x)(Y − 1nc)

:= argmin
c

Sn(c)

where P (x) = diag{K(H−1
n (Xj − x))}nj=1, 1n =

(
1 · · · 1

)T
, Y = (Y1, · · · , Yn)T and c

is a scalar.

Remark 3. Taking the first derivative of Sn(c) with respect to c and finding ĉ := m̂0(x)

that sets it equal to zero gives −21′nP (x)Y + 2m̂0(x)1′nP (x)1n = 0 and

m̂0(x) =

∑n
j=1K (H−1

n (Xj − x))Yj∑n
j=1 K (H−1

n (Xj − x))
.

The second derivative of Sn(c) with respect to c is 1′nP (x)1n =
∑n

i=1K(H−1
n (Xi − x)).

For a minimum, we need
∑n

i=1K(H−1
n (Xi−x)) > 0, which is true if K(H−1

n (Xi−x)) > 0

for all i.
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2.3 Local Polynomial Estimation

The optimization in the definition of the local constant estimator suggests a class of

estimators that uses more flexible functions for the local approximation of m(x). Taylor’s

Theorem suggests the following estimator, known in the literature as the local polynomial

estimator.

Definition 4. Let α ∈ RD with αi ∈ {0, 1, · · · }, |α| =
∑D

i=1 αi and for x ∈ RD, xα =

xα1
1 · · ·x

αD
D (x). In addition, let βα := ∂αm(x) = ∂|α|

∂x
α1
1 ···∂x

αD
D

m(x) and define the vector

βp,D ∈ Rc where c =

(
D + p
p

)
such that

βp,D =
(
β(0,··· ,0) β(0,1,··· ,0) · · · β(0,0,··· ,1) · · ·

)T
.

The local polynomial estimator of order p for m(x) is given by m̂p(x) :=
(

1 0 · · · 0
)
β̂p,D,

where

β̂p,D := arg min
β

n∑
i=1

Yi −∑
|α|≤p

1

α!
(Xi − x)αβα

2

K
(
H−1
n (Xi − x)

)
:= arg min

β
Sn(β).

(4)

Remark 4. 1. A much studied version of this estimator takes p = 1. m̂1(x) is called

the local linear estimator and in this case

β1,D =
(
β(0,··· ,0) β(0,1,··· ,0) · · · β(0,0,··· ,1)

)T
:=
(
β(0,··· ,0) βT1

)T
,

where β1 ∈ RD. Then, if X :=
(
X1 · · · Xn

)T
and ⊗ denotes the Kronecker

product

Sn(β) :=
n∑
i=1

Yi −∑
|α|≤1

1

α!
(Xi − x)αβα

2

K
(
H−1
n (Xi − x)

)
=

n∑
i=1

(
Yi − β(0,0,··· ,0) − (Xi − x)Tβ1

)2
K
(
H−1
n (Xi − x)

)
=

(
Y −

(
1n X− (1n ⊗ xT )

)( β(0,0,··· ,0)

β1

))T
P (x)

×
(

Y −
(

1n X− (1n ⊗ xT )
)( β(0,0,··· ,0)

β1

))
If R(x) =

(
1n X− (1n ⊗ xT )

)
the vector β̂1,D :=

(
β̂(0,··· ,0)

β̂1

)
that minimizes

Sn(β) = (Y −R(x)β)T P (x) (Y −R(x)β) is given by

β̂1,D =

(
β̂(0,··· ,0)

β̂1

)
=
(
R(x)TP (x)R(x)

)−1
R(x)TP (x)Y (5)
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whenever det
(
R(x)TP (x)R(x)

)
) 6= 0. Hence, the local polynomial estimator of order

1 for m(x) is therefore given by

β̂(0,··· ,0) := m̂1(x) =
(

1 0 · · · 0
) (
R(x)TP (x)R(x)

)−1
R(x)TP (x)Y := W (x)Y.

where W (x) :=
(

1 0 · · · 0
) (
R(x)TP (x)R(x)

)−1
R(x)TP (x).

2. Note that estimators for ∂1

∂x
α1
1 ···∂x

αD
D

m(x) = ∂
∂xd

m(x) for d = 1, · · · , D can be ob-

tained directly from equation (5) by selecting the appropriate element from the vector(
β̂(0,··· ,0)

β̂1

)
. Hence, we can define the estimator

∂̂

∂d
m(x) :=

(
0 · · · 1 · · · 0

)( β̂(0,··· ,0)

β̂1

)
,

where the number 1 appears on the d+1 position of the vector
(

0 · · · 1 · · · 0
)
.

3. Let IN denote the identity matrix of dimension N and note that R(x)


1
0
...
0

 = 1n.

Then, since (R(x)TP (x)R(x))−1R(x)TP (x)R(x) = ID+1 and

(
1 0 · · · 0

)
ID+1


1
0
...
0

 = 1

we have

1 =
(

1 0 · · · 0
)

(R(x)TP (x)R(x))−1R(x)TP (x)R(x)


1
0
...
0


=
(

1 0 · · · 0
)

(R(x)TP (x)R(x))−1R(x)TP (x)1n = W (x)1n

Hence, m̂1(x) can be expressed as a weighted average of the observations on Y . The

conclusion easily generalizes to any polynomial estimator of order p.

3 Asymptotic properties of the Nadaraya-Watson es-

timator

3.1 The case where D = 1

We start with consistency.
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Theorem 2. Let
{(

Yi Xi

)T}n
i=1

be a sequence of IID random vectors distributed as(
Y X

)′
and assume that a) |K(u)| ≤ C for all |u| ∈ R; b)

∫
|K(u)|du < ∞ and∫

K(u)du = 1; c) |u||K(u)| → 0 as u→∞. In addition, assume that the marginal density

of X, fX(x) > 0 and x is a point of continuity of fX and m with |m(x)|, f(x) < C. If

V (Y |X) = σ2, hn → 0 and nhn →∞ as n→∞,

m̂(x)−m(x)
p→ 0 as n→∞.

Proof. By definition

m̂(x) =

∑n
j=1K

(
Xj−x
hn

)
Yj∑n

j=1 K
(
Xj−x
hn

) =
1

1
nhn

∑n
j=1 K

(
Xj−x
hn

) 1

nhn

n∑
j=1

K

(
Xj − x
hn

)
Yj

=
1

f̂X(x)

1

nhn

n∑
j=1

K

(
Xj − x
hn

)
Yj,

where f̂X(x) = 1
nhn

∑n
j=1K

(
Xj−x
hn

)
. From chapter 1, under the conditions in this theorem

f̂X(x)
p→ fX(x). Hence, it suffices to show that

ĝ(x) =
1

nhn

n∑
j=1

K

(
Xj − x
hn

)
Yj

p→ m(x)fX(x).

Here, we show that E(ĝ(x)) → m(x)fX(x) and V (ĝ(x)) → 0 as n → ∞. By the Law of

Iterated Expectations and the IID assumption

E(ĝ(x)) =
1

hn
E

(
K

(
X − x
hn

)
Y

)
=

1

hn
EX

(
K

(
X − x
hn

)
E(Y |X)

)
=

1

hn
EX

(
K

(
X − x
hn

)
m(X)

)
=

1

hn

∫
K

(
u− x
hn

)
m(u)fX(u)du =

∫
K(v)m(x+ hnv)fX(x+ hnv)dv.

Now, given that K ∈ L1 and provided |m(x)|, fX(x) < C and x is a point of continuity

of fX and m, we we conclude by dominated convergence that

E(ĝ(x))→ fX(x)m(x)

∫
K(u)du = fX(x)m(x).

provided
∫
K(u)du = 1. Now, given that V (Y |X) = σ2, by the Law of Iterated Expecta-

tions

V (ĝ(x)) = σ2 1

nh2
n

∫
K2

(
u− x
hn

)
fX(u)du+

1

nh2
n

V

(
K

(
X − x
hn

)
m(X)

)
.
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Note that V
(
K
(
X−x
hn

)
m(X)

)
= E

(
K2
(
X−x
hn

)
m2(X)

)
−
(
E
(
K
(
X−x
hn

)
m(X)

))2

. Fur-

thermore,

E

(
K2

(
X − x
hn

)
m2(X)

)
= hn

∫
K2(u)m2(x− uh)fX(x− uh)du

and

E

(
K

(
X − x
hn

)
m(X)

)
= hn

∫
K(u)m(x− uh)fX(x− uh)du.

Then,

V (ĝ(x)) = σ2 1

nhn

∫
K2 (u) fX(x− uh)du+

1

nhn

∫
K2(u)m2(x− uh)fX(x− uh)du

+
1

n

(∫
K(u)m(x− uh)fX(x− uh)du

)2

.

Given the bounds on |m| and fX we have by dominated convergence that as n→∞ the

integrals in the previous equation display converge. Hence, if nhn → ∞ we have that

V (ĝ(x))→ 0.

We now give sufficient conditions for asymptotic normality of m̂(x) under suitable

centering and normalization.

Theorem 3. Let
{(

Yi Xi

)T}n
i=1

be a sequence of IID random vectors distributed as(
Y X

)′
and assume that a) |K(u)| ≤ C for all u ∈ R; b)

∫
|K(u)|du < ∞ and∫

K(u)du = 1; c) |u||K(u)| → 0 as |u| → ∞. In addition, assume that the marginal

density of X, fX(x) > 0 and x is a point of continuity of fX and m with |m(x)|, f(x) < C.

If V (Y |X) = σ2, E(|Y −m(X)|2+δ|X) < C <∞ for some δ > 0, hn → 0 and nhn →∞
as n→∞,

(nhn)1/2(m̂(x)− E(m̂(x)|X))
d→ N

(
0,

σ2

fX(x)

∫
K2(u)du

)

Proof. Since m̂(x) =
(nhn)−1

∑n
j=1K(h−1

n (Xj−x))Yj

(nhn)−1
∑n
j=1K(h−1

n (Xj−x))
and the denominator converges in proba-

bility to fX(x) > 0, we are mainly concerned with the convergence in distribution of the

numerator, denoted by ĝ(x). Let X = {X1, · · ·Xn} and note that

E(ĝ(x)|X ) =
1

nhn

n∑
j=1

K

(
Xj − x
hn

)
E(Yj|X )

=
1

nhn

n∑
j=1

K

(
Xj − x
hn

)
m(Xj) by the fact that {(Yi, Xi)}ni=1 is IID.
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Then,

ĝ(x)− E(ĝ(x)|X ) =
1

nhn

n∑
j=1

K

(
Xj − x
hn

)
(Yj −m(Xj)).

Let Zjn =
K
(
Xj−x
hn

)
(Yj−m(Xj))

nhn
and note that E(Zjn) = 0 and

V (Zjn) = E(Z2
jn) =

σ2

n2h2
n

E

(
K2

(
Xj − x
hn

))
=

σ2

n2h2
n

∫
K2(h−1

n (u− x))fX(u)du

Now, let s2
n =

∑n
j=1E(Z2

jn) = σ2

nhn
1
hn

∫
K2(h−1

n (u− x))fX(u)du and

Xjn =
Zjn
sn

=
Zjn

(nhn)−1/2
(
σ2

hn

∫
K2(h−1

n (α− x))fX(α)dα
)1/2

=
K(h−1

n (Xj − x))(Yj −m(Xj))

(nhn)1/2
(
σ2

hn

∫
K2(h−1

n (α− x))fX(α)dα
)1/2

By Liapounov’s CLT
∑n

j=1Xjn
d→ N(0, 1) provided that limn→∞

∑n
j=1 E

(
|Xjn|2+δ

)
= 0

for some δ > 0. Note that |Xjn| =
|K(h−1

n (Xj−x))||Yj−m(Xj)|
(nhn)1/2c(n)1/2

with c(n) = σ2

hn

∫
K2(h−1

n (α −

x))fX(α)dα and |Xjn|2+δ =
|K(h−1

n (Xj−x))|2+δ|Yj−m(Xj)|2+δ
(nhn)1+δ/2c(n)1+δ/2

. c(n) is nonstochastic, therefore

E(|Xjn|2+δ) = (nhnc(n))−1−δ/2E
(
|K(h−1

n (Xj − x))|2+δ|Yj −m(Xj)|2+δ
)

and

n∑
j=1

E(|Xjn|2+δ) = (nhnc(n))−1−δ/2
n∑
j=1

E
(
|K(h−1

n (Xj − x))|2+δ|Yj −m(Xj)|2+δ
)
.

Now, if E(|Yj −m(Xj)|2+δ|Xj) < C

E
(
|K(h−1

n (Xj − x))|2+δ|Yj −m(Xj)|2+δ
)

= E
(
|K(h−1

n (Xj − x))|2+δE(|Yj −m(Xj)|2+δ|Xj)
)

≤ C

∫ ∣∣∣∣K (α− xhn

)∣∣∣∣2+δ

fX(α)dα.

Consequently,

n∑
j=1

E(|Xjn|2+δ) ≤ (nhnc(n))−1−δ/2nC

∫ ∣∣∣∣K (α− xhn

)∣∣∣∣2+δ

fX(α)dα

= (nhn)−δ/2(c(n))−1−δ/2C

∫
|K(u)|2+δfX(x+ hnu)du

≤ (nhn)−δ/2(c(n))−1−δ/2C C1+δ

∫
|K(u)|fX(x+ hnu)du.

9



By dominated convergence, as n → ∞, c(n) → σ2fX(x)
∫
K2(u)du and

∫
|K(u)|fX(x +

hnu)du→ fX(x)
∫
|K(u)|du < C. Since nhn →∞ we have that lim

n→∞

∑n
j=1E(|Xjn|2+δ) =

0. Hence,∑n
j=1K(h−1

n (Xj − x))(Yj −m(Xj))

(nhn)1/2
(
σ2h−1

n

∫
K2(h−1

n (α− x))f(α)dα
)1/2

=
(nhn)1/2(ĝ(x)− E(ĝ(x)|X ))

c(n)1/2

d→ N(0, 1),

which implies that (nhn)1/2(ĝ(x)− E(ĝ(x)|X ))
d→ N

(
0, σ2fX(x)

∫
K2(u)du

)
.

Now, since

m̂(x)− E(m̂(x)|X ) =
ĝ(x)− E(ĝ(x)|X )

f̂X(x)
,

we have that

(nhn)1/2(m̂(x)− E(m̂(x)|X )) =
(nhn)1/2(ĝ(x)− E(ĝ(x)|X ))

f̂X(x)

d→ 1

fX(x)
Zn,

where Zn ∼ N
(
0, σ2fX(x)

∫
K2(u)du

)
. Consequently,

(nhn)1/2(m̂(x)− E(m̂(x)|X ))
d→ N

(
0,

σ2

fX(x)

∫
K2(u)du

)
.

Remark 5. We write√
nhn(m̂(x)−m(x)) =

√
nhn(m̂(x)− E(m̂(x)|X )) +

√
nhn(E(m̂(x)|X )−m(x))

and observe that

E(m̂(x)|X )−m(x) =
1∑n

i=1 K
(
Xi−x
hn

) n∑
i=1

K

(
Xi − x
hn

)
(m(Xi)−m(x))

=
1

f̂X(x)

1

nhn

n∑
i=1

K

(
Xi − x
hn

)
(m(Xi)−m(x)).

Hence, to establish the asymptotic distribution of
√
nhn(m̂(x) − m(x)) it is necessary

to investigate the order (in probability) of the conditional bias of the Nadaraya-Watson

estimator, which will be done in subsection 3.3. First we state our results for consistency

and asymptotic normality for the case where D > 1.

3.2 The case where D > 1

Theorems 2 and 7 extend easily to the case where D > 1. Hence, we state the next two

theorems without proof.
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Theorem 4. Let
{(

Yi XT
i

)T}n
i=1

be a sequence of IID random vectors distributed as(
Y X

)′
and assume that a) |K(u)| ≤ C for all u ∈ RD; b)

∫
|K(u)|du < ∞ and∫

K(u)du = 1; c) ||u||1|K(u)| → 0 as ||u||1 →∞. In addition, assume that the marginal

density of X, fX(x) > 0 and x is a point of continuity of fX and m with |m(x)|, f(x) < C.

If V (Y |X) = σ2, hd,n > 0 for all n and hd,n → 0 as n → ∞ and n det(Hn) → ∞ as

n→∞,

m̂(x)−m(x)
p→ 0 as n→∞.

Theorem 5. Let
{(

Yi XT
i

)T}n
i=1

be a sequence of IID random vectors distributed as(
Y X

)′
and assume that a) |K(u)| ≤ C for all u ∈ R; b)

∫
|K(u)|du < ∞ and∫

K(u)du = 1; c) ||u||1|K(u)| → 0 as ||u||1 →∞. In addition, assume that the marginal

density of X, fX(x) > 0 and x is a point of continuity of fX and m with |m(x)|, f(x) < C.

If V (Y |X) = σ2, E(|Y − m(X)|2+δ|X) < C < ∞ for some δ > 0, hd,n → 0 and

n det(Hn)→∞ as n→∞,

(n det(Hn))1/2(m̂(x)− E(m̂(x)|X))
d→ N

(
0,

σ2

fX(x)

∫
K2(u)du

)
.

Remark 6. As in the case of density estimation, the multivariate Nadaraya-Watson es-

timator converges in distribution at a rate that is slower than the parametric rate. In

addition, the speed of convergence decays exponentially with D. Hence, the curse of di-

mensionality manifests itself again in the case of the Nadaraya-Watson estimator.

3.3 Bias of the Nadaraya Watson Estimator

Recall that a sequence of random variables {Zn}n∈N is said to be bounded in probability

if for all ε > 0 there exists Cε > 0 such that for all n ≥ Nε

P (|Zn| > Cε) ≤ ε

and we write Zn = Op(1). If {an}n∈N is a nonstochastic sequence sequence of positive real

numbers, we say that Zn = Op(an) if Zn
an

= Op(1). It is a direct consequence of Markov’s

Inequality that: a) if E(|Zn|) = O(an) then Zn = Op(an) and b) E(Z2
n) = O(an) then

Zn = Op(a
1/2
n ).

Theorem 6. Let
{(

Yi Xi

)T}n
i=1

be a sequence of IID random vectors distributed as(
Y X

)T
and assume that a) |K(u)| ≤ C for all u ∈ R; b)

∫
|K(u)|du < ∞ and∫

K(u)du = 1; c) |u||K(u)| → 0 as |u| → ∞; d)
∫
uK(u)du = 0,

∫
u2K(u)du := µ2. In

addition, assume that the marginal density of X, fX(x) > 0, x is a point of continuity of
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fX and m with |m(x)|, f(x) < C and f,m ∈ C2
b . If hn → 0 and nhn → ∞ as n → ∞,

then for In(x) = 1
nhn

∑n
i=1K

(
Xi−x
hn

)
(m(Xi)−m(x)) we have

a)E(In(x)) =
h2
n

2
µ2fX(x)

(
m(2)(x) + 2

m(1)(x)f
(1)
X (x)

fX(x)

)
+ o(h2

n) and V (In(x)) = O(hn/n),

b) In −
h2
n

2
µ2fX(x)

(
m(2)(x) + 2

m(1)(x)f
(1)
X (x)

fX(x)

)
= Op

(
h2
n +

h
1/2
n

n1/2

)
.

Proof. a) First, note that

E(In(x)) =

∫
K(u)(m(x+ hu)−m(x))fX(x+ hu)du

=

∫
K(u)(m(x+ hu)fX(x+ hu)−m(x)fX(x) +m(x)fX(x)−m(x)fX(x+ hu))du

=

∫
K(u)(m(x+ hu)fX(x+ hu)−m(x)fX(x))du

−m(x)

∫
K(u)(fX(x+ hu)− fX(x))du

=

∫
K(u)

(
[mfX ](1)(x)hnu+

1

2
[mfX ](2)(x+ λhnu)h2

nu
2

)
du

−m(x)

∫
K(u)

(
f

(1)
X (x)hnu+

1

2
f

(2)
X (x+ λhnu)h2

nu
2

)
du

for λ ∈ (0, 1), since m, f ∈ C2
b

=
h2
n

2

(∫
K(u)[mfX ](2)(x+ λhnu)u2du−m(x)

∫
K(u)f

(2)
X (x+ λhnu)u2du

)
since

∫
uK(u)du = 0.

Also, since m, f ∈ C2
b and

∫
u2|K(u)|du = µ2, by Lebesgue’s Dominated Convergence

Theorem we have

1

h2
n

E(In(x)) =
1

2

(
µ2[mfX ](2)(x) + o(1)−m(x)(µ2f

(2)
X (x) + o(1))

)
=

1

2
µ2fX(x)

(
m(2)(x) + 2

m(1)(x)f
(1)
X (x)

fX(x)

)
+ o(1).

Second, given that V (In) = E(I2
n)− E(In)2 we investigate E(I2

n).

E(I2
n) =

1

n2h2
n

(
n∑
i=1

E

(
K2

(
Xi − x
hn

)
(m(Xi)−m(x))2

)

+
n∑
i=1

n∑
j=1,j 6=i

E

(
K

(
Xi − x
hn

)
(m(Xi)−m(x))K

(
Xj − x
hn

)
(m(Xj)−m(x))

))
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where

E

(
K2

(
Xi − x
hn

)
(m(Xi)−m(x))2

)
= hn

∫
K2(u)(m(x+ hu)−m(x))2fX(x+ hu)du.

By the fact that the sequence {Xi}i∈N is IID

E

(
K

(
Xi − x
hn

)
(m(Xi)−m(x))K

(
Xj − x
hn

)
(m(Xj)−m(x))

)
= h2

n

(∫
K(u)(m(x+ hu)−m(x))fX(x+ hu)du

)2

.

Consequently,

E(I2
n) =

1

nhn

∫
K2(u)(m(x+ hu)−m(x))2fX(x+ hu)du

+

(
1− 1

n

)(∫
K(u)(m(x+ hu)−m(x))fX(x+ hu)du

)2

,

and

V (In) =
1

nhn

∫
K2(u)(m(x+ hu)−m(x))2fX(x+ hu)du

− 1

n

(∫
K(u)(m(x+ hu)−m(x))fX(x+ hu)du

)2

= In1 − In2

where In2 = h4n
n

(
1
2
µ2fX(x)

(
m(2)(x) + 2

m(1)(x)f
(1)
X (x)

fX(x)

)
+ o(1)

)2

. By the Mean Value The-

orem, for λ ∈ (0, 1), m(x+ hu)−m(x) = m(1)(x+ λhnu)hnu. Hence,

In1 =
h2
n

nhn

∫
u2K2(u)(m(1)(x+ λhnu))2fX(x+ hnu)du,

and given that m, f ∈ C2
b , by Lebesgue’s Dominated Convergence Theorem we have∫

u2K2(u)(m(1)(x+ λhnu))2fX(x+ hnu)du→ (m(1)(x))2fX(x)

∫
u2K2(u)du

and nhn
h2n
V (In) = O(1).

b) Let B(x) = 1
2
µ2fX(x)

(
m(2)(x) + 2

m(1)(x)f
(1)
X (x)

fX(x)

)
and In = In − h2

nB(x). Then, I2
n =

(In − E(In) + E(In)− h2
nB(x))2 and

E(I2
n) = V (In) + (E(In)− h2

nB(x))2

= O

(
h2
n

nhn

)
+ o(h4

n).

Thus, by Markov’s Inequality In = Op

((
h2n
nhn

+ h4
n

)1/2
)

= Op

(
h
1/2
n

n1/2 + h2
n

)
.
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Remark 7. Note that,

E(m̂(x)|X ) = m(x) +
1

f̂X(x)
In = m(x) +

In

f̂X(x)
− In
fX(x)

+
In

fX(x)

= m(x) +

(
1

f̂X(x)
− 1

fX(x)

)
In +

In
fX(x)

= m(x) + (1 + op(1))
In

fX(x)

= m(x) +
1

fX(x)
(1 + op(1))(In − h2

nB(x) + h2
nB(x))

= m(x) +
h2
nB(x)

fX(x)
+ op(h

2
n) + (1 + op(1))

In
fX(x)

.

Consequently,√
nhn (m̂(x)− E(m̂(x)|X )) =

√
nhn

(
m̂(x)−

(
m(x) +

h2
nB(x)

fX(x)
+ op(h

2
n)

))
−
√
nhn (1 + op(1))

In
fX(x)

.

Since In = Op

(
h
1/2
n

n1/2 + h2
n

)
and (1 + op(1))Op(1) = Op(1), we have

√
nhn (m̂(x)− E(m̂(x)|X )) =

√
nhn

(
m̂(x)−

(
m(x) +

h2
nB(x)

fX(x)
+ op(h

2
n)

))
−
(
hn + (nh5

n)1/2
) 1

fX(x)
Op(1).

If nh5
n → 0 then hn + (nh5

n)1/2 → 0 and√
nhn (m̂(x)− E(m̂(x)|X )) =

√
nhn

(
m̂(x)−

(
m(x) +

h2
nB(x)

fX(x)
+ op(h

2
n)

))
+ op(1).

We immediately have the following Theorem.

Theorem 7. Let
{(

Yi Xi

)T}n
i=1

be a sequence of IID random vectors distributed as(
Y X

)T
and assume that a) |K(u)| ≤ C for all u ∈ R; b)

∫
|K(u)|du < ∞ and∫

K(u)du = 1; c) |u||K(u)| → 0 as |u| → ∞; d)
∫
uK(u)du = 0,

∫
u2K(u)du = µ2.

In addition, assume that the marginal density of X, fX(x) > 0 and x is a point of

continuity of fX and m with |m(x)|, f(x) < C, and m, fX ∈ C2
b . If V (Y |X) = σ2,

E(|Y − m(X)|2+δ|X) < C < ∞ for some δ > 0, hn → 0, nhn → ∞ and nh5
n → 0 as

n→∞,√
nhn

(
m̂(x)−

(
m(x) +

h2
nB(x)

fX(x)
+ op(h

2
n)

))
d→ N

(
0,

σ2

fX(x)

∫
K2(ψ)dψ

)
.
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and, equivalently, √
nhn (m̂(x)−m(x))

d→ N

(
0,

σ2

fX(x)

∫
K2(ψ)dψ

)
.

4 Asymptotic properties of the Local Linear Estima-

tor

4.1 Algebraic results

Before we study the asymptotic behavior of the local linear estimator we give some useful

algebraic facts. We start by noting that since

R(x) =


1 X11 − x1 · · · X1D − xD
1 X21 − x1 · · · X2D − xD
...

... · · · ...
1 Xn1 − x1 · · · XnD − xD

 and P (x) = diag
{
K
(
H−1
n (Xt − x)

)}n
t=1

matrix multiplication gives

1

n det(Hn)
R(x)TP (x)R(x) := S(x) =


s0(x) s1(x) · · · sD(x)
s1(x) s(1,1)(x) · · · s(1,D)(x)

...
...

...
...

sD(x) s(D,1)(x) · · · s(D,D)(x)


=

(
s0(x) S1(x)T

S1(x) S2(x)

)
where

s0(x) =
1

n det(Hn)

n∑
t=1

K
(
H−1
n (Xt − x)

)
, sj(x) =

1

n det(Hn)

n∑
t=1

K
(
H−1
n (Xt − x)

)
(Xtj − xj)

and

s(i,j)(x) =
1

n det(Hn)

n∑
t=1

K
(
H−1
n (Xt − x)

)
(Xti − xi) (Xtj − xj) for i, j = 1, · · · , D.

Note that s(i,j)(x) = s(j,i)(x). Furthermore,

1

n det(Hn)
RT (x)P (x)Y := τ(x) =


τ0(x)
τ1(x)

...
τD(x)


where τ0(x) = 1

n det(Hn)

n∑
t=1

K (H−1
n (Xt − x))Yt, τj(x) = 1

n det(Hn)

n∑
t=1

K (H−1
n (Xt − x)) (Xtj − xj)Yt.

Hence, if S(x) is invertible we may write the local linear estimator as

β̂1,D(x) = S(x)−1τ(x).
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Lemma 1. Assume that all partial derivatives of order 1 of m(x) exist for x ∈ RD.

Denote these partial derivatives by ∂
∂d
m(x) for d = 1, · · · , D and define

m(1)(x) :=
(

∂
∂1
m(x) ∂

∂2
m(x) · · · ∂

∂D
m(x)

)T
.

In addition, define m :=
(
m(X1) m(X2) · · · m(Xn)

)T
, U :=

(
U1 U2 · · · Un

)T
where Ut = Yt −m(Xt). Also, put

Gn = diag{1, diag{1/h2
d}Dd=1}

and

Nn = diag{
√
n det(Hn), diag{

√
n det(Hn)hd}Dd=1},

both D + 1-diagonal matrices. Then, letting β1,D(x) =
(
m(x) · · · m(1)(x)T

)T
Nn

(
β̂1,D(x)− β1,D(x)− (GnS(x))−1 1

n det(Hn)
GnR

T (x)P (x) (m−R(x)β(x))

)
= Nn(GnS(x))−1 1

n det(Hn)
GnR

T (x)P (x)U

Proof. We can immediately write

β̂1,D(x)− β1,D(x) = S(x)−1 1

n det(Hn)
RT (x)P (x)Y − S(x)−1 1

n det(Hn)
RT (x)P (x)R(x)β1,D(x)

= (GnS(x))−1 1

n det(Hn)
GnR

T (x)P (x) (m + U−R(x)β1,D(x))

= (GnS(x))−1 1

n det(Hn)
GnR

T (x)P (x) (m−R(x)β1,D(x))

+ (GnS(x))−1 1

n det(Hn)
GnR

T (x)P (x)U.

Consequently,

Nn

(
β̂1,D(x)− β1,D(x)− (GnS(x))−1 1

n det(Hn)
GnR

T (x)P (x) (m−R(x)β1,D(x))

)
= Nn(GnS(x))−1 1

n det(Hn)
GnR

T (x)P (x)U.

4.2 The case where D = 1

If D = 1, we have from the previous subsection that

R(x) =


1 X1 − x
1 X2 − x
...
1 Xn − x

 , P (x) = diag
{
K
(
h−1
n (Xt − x)

)}n
t=1
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and matrix multiplication gives

1

nhn
R(x)TP (x)R(x) := S(x) =

(
s0(x) s1(x)
s1(x) s(1,1)(x)

)
=

(
s0(x) S1(x)T

S1(x) S2(x)

)
where

s0(x) =
1

nhn

n∑
t=1

K

(
Xt − x
hn

)
, s1(x) =

1

nhn

n∑
t=1

K

(
Xt − x
hn

)
(Xt − x) , and

s(1,1)(x) := s2(x) =
1

nhn

n∑
t=1

K

(
Xt − x
hn

)
(Xt − x)2 .

Furthermore, Gn = diag{1, 1/h2
n}, Nn = diag{

√
nhn,

√
nhnhn} and

GnS(x) =

(
s0(x) s1(x)

s1(x)/h2
n s(1,1)(x)/h2

n

)
.

From chapter 1 we know that s0(x) = fX(x) + op(1). The next lemma gives the order of

the remaining terms.

Lemma 2. Assume fX ∈ C2
b , K ≥ 0,

∫
K(u)du = 1,

∫
uK(u)du = 0,

∫
u2K(u)du = µ2,∫

u2K2(u)du <∞ and
∫
u4K2(u)du <∞. If hn → 0, nh3

n →∞ we have

GnS(x) =

(
fX(x) 0

µ2f
(1)
X (x) µ2fX(x)

)
+

(
op(1) Op(h

2
n)

op(1) op(1)

)
= Q+

(
op(1) Op(h

2
n)

op(1) op(1)

)
.

Proof. Note that E(s1(x)) = hn
∫
uK(u)fX(x+ hnu)du and

V (s1(x)) =
hn
n

∫
K2(u)u2fX(x+ hnu)du− h2

n

n

(∫
K(u)ufX(x+ hnu)du

)2

.

Hence, V (s1(x)) = O
(
hn
n

)
. Also, for λ ∈ (0, 1)

1

h2
n

E(s1(x)) =
1

hn

∫
uK(u)fX(x+ hnu)du =

1

hn

∫
uK(u)[fX(x) + hnuf

(1)
X (x+ λhnu)]du

=

∫
u2K(u)f

(1)
X (x+ λhnu)du→ f

(1)
X (x)

∫
u2K(u)du := µ2f

(1)
X (x) as n→∞.

Now,

V

(
1

h2
n

s1(x)

)
=

1

nh3
n

∫
K2(u)u2fX(x+ hnu)du− 1

nh2
n

(∫
K(u)ufX(x+ hnu)du

)2

→ 0 if nh3
n →∞.

Hence, s1(x) = Op(h
2
n) and h−2

n s1(x)− µ2f
(1)
X (x) = op(1).
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Lastly, E(s(1,1)(x)) = h2
n

∫
K(u)u2fX(x+ hnu)du and

V (s(1,1)(x)) =
h3
n

n

∫
K2(u)u4fX(x+ hnu)du− h4

n

n

(∫
K(u)u2fX(x+ hnu)du

)2

.

Hence, 1
h2n
E(s(1,1)(x)) =

∫
K(u)u2fX(x+ hnu)du→ fX(x)µ2 as n→∞ and

V (h−2
n s(1,1)(x)) =

1

nhn

∫
K2(u)u4fX(x+ hnu)du− 1

n

(∫
K(u)u2fX(x+ hnu)du

)2

.

Then, h−2
n s(1,1)(x)− fX(x)µ2 = op(1).

Remark 8. 1. If fX(x) > 0 and µ2 > 0, Q is invertible.

2. It follows immediately from Slutsky Theorem and invertibility of Q that (GnS(x))−1−
Q−1 = op(1).

3. Recall the formula for the inverse of a partitioned matrix: if A11, A22 and the Schur

complements A11 − A12A
−1
22 A21 and A22 − A21A

−1
11 A12 are invertible, then(

A11 A12

A21 A22

)−1

=

(
(A11 − A12A

−1
22 A21)−1 −A−1

11 A12(A22 − A21A
−1
11 A12)−1

−A−1
22 A21(A11 − A12A

−1
22 A21)−1 (A22 − A21A

−1
11 A12)−1

)
.

Applied to Q, this gives

Q−1 =

(
1

fX(x)
0

− f
(1)
X (x)

fX(x)2
1

µ2fX(x)

)
.

Applied to GnS(x), with A11 = s0(x), A12 = s1(x), A21 = s1(x)/h2
n and A22 =

s(1,1)(x)/h2
n (all conditions hold with probability approaching one), and using Lemma

2 ,

A11 − A12A
−1
22 A21 = s0(x)− s1(x)2

s(1,1)(x)
= s0(x) +Op(h

2
n) = fX(x) + op(1),

A22 − A21A
−1
11 A12 =

s(1,1)(x)

h2
n

− s1(x)

h2
n

s1(x)

s0(x)
= µ2fX(x) + op(1),

A−1
11 A12 =

s1(x)

s0(x)
= Op(h

2
n), A−1

22 A21 =
s1(x)

s(1,1)(x)
=
f

(1)
X (x)

fX(x)
+ op(1).

Therefore,

(GnS(x))−1 = Q−1 +

(
op(1) Op(h

2
n)

op(1) op(1)

)
.

The (1, 1) error term is only op(1) because the Lemma 2 gives s0(x)−fX(x) = op(1),

not Op(h
2
n).
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4. Note that if m ∈ C2
b , the ith element of m−R(x)β1,1(x) is given by m(Xt)−m(x)−

m(1)(x)(Xt − x) = 1
2
m(2)(x+ λ(Xt − x))(Xt − x)2

Theorem 8. Let
{

(Yi, Xi)
T
}n
i=1

be a sequence of IID random vectors distributed as

(Y,X)T , with m(x) := E(Y |X = x), U := Y −m(X) and β1,1(x) :=
(
m(x), m(1)(x)

)T
.

Assume that

a) K is symmetric about zero, has compact support and |K(u)| ≤ C for all u ∈ R;

b)
∫
K(u) du = 1, µ2 :=

∫
u2K(u) du > 0 and put ν2 :=

∫
u2K2(u) du;

c) m, fX ∈ C2
b and fX(x) > 0, where fX is the marginal density of X;

d) V (Y |X) = σ2 and E
(
|U |2+δ

∣∣X) ≤ C <∞ for some δ > 0;

e) hn → 0, nh3
n →∞ and nh5

n = O(1) as n→∞.

Then, with Nn = diag
{√

nhn,
√
nhn hn

}
,

Nn

(
β̂1,1(x)− β1,1(x)−

(
1
2
h2
nµ2m

(2)(x)
0

))
d→ N

(
0,

σ2

fX(x)

( ∫
K2(u) du 0

0 ν2
µ22

))
.

Proof. Write the last equality in Lemma 1 (with D = 1) as

Tn := Nn

(
β̂1,1(x)− β1,1(x)−Bn

)
= Nn(GnS(x))−1Gnvn,

where Bn := (GnS(x))−1 1
nhn

GnR(x)TP (x) (m−R(x)β1,1(x)) and

vn :=
1

nhn
R(x)TP (x)U =

 1
nhn

∑n
i=1K

(
Xi−x
hn

)
Ui

1
nhn

∑n
i=1K

(
Xi−x
hn

)
(Xi − x)Ui

 :=

(
vn1

vn2

)
.

Step 1: moments of vn. By assumption, E(vn) = 0, and the change of variables Xi =

x+ hnu gives

V (vn1) =
σ2

nhn

∫
K2(u)fX(x+ hnu) du, V (vn2) =

σ2hn
n

∫
u2K2(u)fX(x+ hnu) du,

E(vn1vn2) =
σ2

n

∫
uK2(u)fX(x+ hnu) du.

Hence
√
nhn vn1 = Op(1) and vn2 = Op

(
(hn/n)1/2

)
, that is,

√
nhn vn2 = Op(hn) and

√
nhn vn2/hn = Op(1).

Step 2: decomposition of Tn. Let En := (GnS(x))−1 − Q−1. By Remark 8.3, En =(
op(1) Op(h

2
n)

op(1) op(1)

)
, and Gnvn = (vn1, vn2/h

2
n)
T

. Then

Tn = NnEnGnvn +NnQ
−1Gnvn := Tn1 + Tn2,
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with

Tn1 =

(
op(1)

√
nhn vn1 +Op(1)

√
nhn vn2

op(1)hn
√
nhn vn1 + op(1)

√
nhn vn2/hn

)
= op(1)

by Step 1. Furthermore,

Tn2 =

 1
fX(x)

√
nhn vn1

−hn
f
(1)
X (x)

f2X(x)

√
nhn vn1 + 1

µ2fX(x)

√
nhn
hn

vn2

 = T ∗n2+

(
0

op(1)

)
, T ∗n2 :=

(
1

fX(x)

√
nhn vn1

1
µ2fX(x)

√
nhn
hn

vn2

)
,

since hn
√
nhn vn1 = Op(hn) = op(1). Hence Tn = T ∗n2 + op(1).

Step 3: asymptotic normality of T ∗n2. Let

Σ :=
σ2

fX(x)

(∫
K2(u) du 0

0 ν2
µ22

)
.

By the Cramér–Wold device it suffices to show that aTT ∗n2
d→ N(0, aTΣa) for every a =

(a1, a2)T ∈ R2, a 6= 0. Write aTT ∗n2 =
∑n

i=1 ξni, where

ξni :=
1√
nhn

K

(
Xi − x
hn

)(
a1

fX(x)
+

a2

µ2fX(x)

Xi − x
hn

)
Ui.

For each n the ξni are i.i.d. with E(ξni) = 0. By Step 1,

V (aTT ∗n2) =
a2

1

f 2
X(x)

nhnV (vn1) +
2a1a2

µ2f 2
X(x)

nE(vn1vn2) +
a2

2

µ2
2f

2
X(x)

n

hn
V (vn2)

→ a2
1

f 2
X(x)

σ2fX(x)

∫
K2(u) du+ 0 +

a2
2

µ2
2f

2
X(x)

σ2fX(x) ν2 = aTΣa,

where the cross term vanishes because
∫
uK2(u) du = 0 by the symmetry of K. Moreover,

by assumption,

n∑
i=1

E|ξni|2+δ ≤ Cnhn
(nhn)1+δ/2

∫
|K(u)|2+δ

∣∣∣∣ a1

fX(x)
+

a2u

µ2fX(x)

∣∣∣∣2+δ

fX(x+ hnu) du

= O
(
(nhn)−δ/2

)
→ 0,

so Liapunov’s condition holds. Since aTΣa > 0, Liapunov’s CLT gives aTT ∗n2
d→ N(0, aTΣa).

Therefore T ∗n2
d→ N(0,Σ) and, by Step 2, Tn

d→ N(0,Σ).

Step 4: the bias term. By Remark 8.4, the ith element of m−R(x)β1,1(x) is 1
2
g(Xi)(Xi−

x)2, where

g(Xi) :=
2
[
m(Xi)−m(x)−m(1)(x)(Xi − x)

]
(Xi − x)2

= m(2)
(
x+ λi(Xi − x)

)
, λi ∈ (0, 1).

Thus |g| ≤ sup |m(2)| < ∞ and g(x + hnu) → m(2)(x) for every u as hn → 0. Hence
1
nhn

GnR(x)TP (x) (m−R(x)β1,1(x)) = 1
2
(zn1, zn2)T with

zn1 =
1

nhn

n∑
i=1

K

(
Xi − x
hn

)
g(Xi)(Xi−x)2, zn2 =

1

nh3
n

n∑
i=1

K

(
Xi − x
hn

)
g(Xi)(Xi−x)3.
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By dominated convergence,

E(zn1) = h2
n

∫
u2K(u)g(x+ hnu)fX(x+ hnu) du = h2

n

(
µ2m

(2)(x)fX(x) + o(1)
)
,

E(zn2) = hn

∫
u3K(u)g(x+ hnu)fX(x+ hnu) du = hn

(
m(2)(x)fX(x)

∫
u3K(u) du+ o(1)

)
= o(hn),

since
∫
u3K(u) du = 0. Also,

V (zn1) ≤ 1

nh2
n

E
[
K2
(
Xi−x
hn

)
g2(Xi)(Xi − x)4

]
= O

(
h3
n

n

)
= o(h4

n), V (zn2) = O

(
hn
n

)
= o(h2

n),

because nhn →∞. Consequently, zn1 = h2
n

(
µ2m

(2)(x)fX(x) + op(1)
)

and zn2 = op(hn).

Now write

NnBn =
1

2
NnEn

(
zn1

zn2

)
+

1

2
NnQ

−1

(
zn1

zn2

)
:= Bn1 +Bn2.

Using the orders of En, zn1 and zn2,

Bn1 =
1

2

(√
nhn [op(1)zn1 +Op(h

2
n)zn2]

hn
√
nhn [op(1)zn1 + op(1)zn2]

)
=

(
op
(√

nh5
n

)
op
(√

nh5
n

)) = op(1),

and

Bn2 =
1

2


√
nhn

zn1
fX(x)

hn
√
nhn

[
−f

(1)
X (x)

f2X(x)
zn1 + 1

µ2fX(x)
zn2

] =

(
1
2

√
nhn h

2
nµ2m

(2)(x) + op
(√

nh5
n

)
Op

(√
nh7

n

)
+ op

(√
nh5

n

) )
.

Since nh5
n = O(1), letting bn :=

(
1
2
h2
nµ2m

(2)(x), 0
)T

we obtain NnBn = Nnbn + op(1).

Conclusion. Combining Steps 3 and 4,

Nn

(
β̂1,1(x)− β1,1(x)− bn

)
= Tn +Nn(Bn − bn) = Tn + op(1)

d→ N(0,Σ),

that is, √
nhn

(
m̂(x)−m(x)− 1

2
h2
nµ2m

(2)(x)
) d→ N

(
0,

σ2

fX(x)

∫
K2(u) du

)
,√

nh3
n

(
m̂(1)(x)−m(1)(x)

) d→ N

(
0,

σ2

fX(x)

ν2

µ2
2

)
,

jointly, with asymptotically independent components.
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4.3 The case where D ≥ 1

Let K : RD → R be a product kernel such K(u) = k(u1) · · · k(uD) and k is a univariate

kernel.

Lemma 3. Let Hn = diag{h1, . . . , hD}, h̄n := maxd hd and ηn := n det(Hn). Assume that

{Xi}ni=1 is IID with density fX ∈ C2
b ; K : RD → R is bounded, has compact support and

satisfies K(u1, . . . ,−ud, . . . , uD) = K(u) for every d;
∫
K(u) du = 1 and

∫
u2
dK(u) du =

µ2 for d = 1, . . . , D; h̄n → 0, h̄n/hd ≤ C for all d and n, and ηnh̄
2
n →∞. Then, with 0 a

D × 1 vector of zeros and ID the D ×D identity,

GnS(x) = Q+

(
op(1) Op(h̄

2
n)

op(1) op(1)

)
, Q :=

(
fX(x) 0T

µ2f
(1)
X (x) µ2fX(x)ID

)
,

where f
(1)
X (x) is the gradient of fX at x and each entry of a block of the second matrix has

the indicated order.

Proof. Note first that the symmetry of K implies
∫
udK(u) du = 0 and

∫
udujK(u) du = 0

for d 6= j; the ratios hj/hd ≤ h̄n/hd ≤ C are bounded; and ηn → ∞. Write GnS(x) =(
s0(x) S1(x)T

G̃nS1(x) G̃nS2(x)

)
with G̃n := diag{1/h2

d}Dd=1. All expectations below follow from

the change of variables Xi = x+Hnu, and all limits from dominated convergence, which

applies because K has compact support and fX and its first derivatives are bounded and

continuous.

As for the Nadaraya–Watson estimator, E(s0(x)) =
∫
K(u)fX(x + Hnu) du → fX(x)

and V (s0(x)) ≤ 1
ηn

∫
K2(u)fX(x+Hnu) du→ 0, so s0(x) = fX(x) + op(1).

Next, E(sj(x)) = hj
∫
ujK(u)fX(x+Hnu) du. With

fX(x+Hnu) = fX(x) +
D∑
k=1

hkuk
∂

∂xk
fX(x+ λHnu),

λ = λ(u) ∈ (0, 1), and
∫
ujK(u) du = 0,

1

h2
j

E(sj(x)) =
D∑
k=1

hk
hj

∫
ujukK(u)

∂

∂xk
fX(x+ λHnu) du→ µ2

∂

∂xj
fX(x),

since the term k = j converges to µ2
∂
∂xj
fX(x), while for k 6= j the integral converges to

∂
∂xk

fX(x)
∫
ujukK(u) du = 0 and hk/hj is bounded. Also,

V

(
1

h2
j

sj(x)

)
≤ 1

ηnh4
j

h2
j

∫
u2
jK

2(u)fX(x+Hnu) du = O

(
1

ηnh2
j

)
→ 0,

because ηnh
2
j ≥ ηnh̄

2
n/C

2 →∞. Hence h−2
j sj(x)− µ2

∂
∂xj
fX(x) = op(1) and, in particular,

sj(x) = Op(h
2
j) = Op(h̄

2
n).
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Lastly, E(s(d,j)(x)) = hdhj
∫
udujK(u)fX(x+Hnu) du, so that

1

h2
d

E(s(d,j)(x)) =
hj
hd

∫
udujK(u)fX(x+Hnu) du→ µ2fX(x)1{d = j},

again because hj/hd is bounded and
∫
udujK(u) du = 0 for d 6= j. Moreover,

V

(
1

h2
d

s(d,j)(x)

)
≤ 1

ηnh4
d

h2
dh

2
j

∫
u2
du

2
jK

2(u)fX(x+Hnu) du = O

(
1

ηn

)
→ 0.

Hence h−2
d s(d,j)(x)− µ2fX(x)1{d = j} = op(1), which completes the proof.

Remark 9. 1. If fX(x) > 0 and µ2 > 0, then det(Q) = µD2 fX(x)D+1 6= 0 and

Q−1 =

(
1

fX(x)
0T

− f
(1)
X (x)

fX(x)2
1

µ2fX(x)
ID

)
.

2. By Lemma 3, GnS(x)
p−→ Q, so GnS(x) is invertible with probability approaching

one and, by the continuous mapping theorem, (GnS(x))−1 −Q−1 = op(1).

3. Applying the partitioned inverse formula of Remark 8.3 with A11 = s0(x), A12 =

S1(x)T = Op(h̄
2
n), A21 = G̃nS1(x) = µ2f

(1)
X (x) + op(1) and A22 = G̃nS2(x) =

µ2fX(x)ID + op(1) gives A11 − A12A
−1
22 A21 = fX(x) + op(1), A22 − A21A

−1
11 A12 =

µ2fX(x)ID + op(1) and A−1
11 A12 = Op(h̄

2
n). Therefore

En := (GnS(x))−1 −Q−1 =

(
op(1) Op(h̄

2
n)

op(1) op(1)

)
,

with each entry of a block of the indicated order.

4. If m ∈ C2
b , with Hessian m(2), the ith element of m−R(x)β1,D(x) is

r(Xi) := m(Xi)−m(x)−m(1)(x)T (Xi − x)

=
1

2
(Xi − x)Tm(2)

(
x+ λi(Xi − x)

)
(Xi − x), λi ∈ (0, 1).

Theorem 9. Let
{

(Yi, X
T
i )T
}n
i=1

be a sequence of IID random vectors distributed as

(Y,XT )T , where X ∈ RD, with m(x) := E(Y |X = x), U := Y −m(X) and β1,D(x) :=(
m(x), m(1)(x)T

)T
. Let Hn = diag{h1, . . . , hD}, h̄n := maxd hd and ηn := n det(Hn).

Assume that

a) K : RD → R has compact support, |K(u)| ≤ C for all u ∈ RD, and

K(u1, . . . ,−ud, . . . , uD) = K(u)

for every d = 1, . . . , D;
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b)
∫
K(u) du = 1,

∫
u2
dK(u) du = µ2 > 0 and

∫
u2
dK

2(u) du = ν2 for every d =

1, . . . , D;

c) m, fX ∈ C2
b and fX(x) > 0, where fX is the marginal density of X;

d) V (Y |X) = σ2 and E
(
|U |2+δ

∣∣X) ≤ C <∞ for some δ > 0;

e) h̄n → 0, h̄n/hd ≤ C for all d and n, ηnh̄
2
n →∞ and ηnh̄

4
n = O(1) as n→∞.

Then, with Nn = diag
{√

ηn, diag{√ηn hd}Dd=1

}
and

bn :=

(
1
2
µ2

∑D
d=1 h

2
d
∂2

∂x2d
m(x)

0

)
,

Nn

(
β̂1,D(x)− β1,D(x)− bn

)
d→ N

(
0,

σ2

fX(x)

( ∫
K2(u) du 0T

0 ν2
µ22
ID

))
.

Proof. Throughout, Ki := K (H−1
n (Xi − x)). Recall that the symmetry of K implies∫

udK(u) du = 0,
∫
udujK(u) du =

∫
udujK

2(u) du = 0 for d 6= j,
∫
udK

2(u) du = 0

and
∫
udujukK(u) du = 0 for all d, j, k, since in each of these integrands some coordinate

appears an odd number of times. Also, hj/hd ≤ C for all d, j.

Write the last equality in Lemma 1 as

Tn := Nn

(
β̂1,D(x)− β1,D(x)−Bn

)
= Nn(GnS(x))−1Gnvn,

where Bn := (GnS(x))−1 1
ηn
GnR(x)TP (x) (m−R(x)β1,D(x)) and

vn :=
1

ηn
R(x)TP (x)U =


1
ηn

∑n
i=1KiUi

1
ηn

∑n
i=1Ki(Xi1 − x1)Ui

...
1
ηn

∑n
i=1 Ki(XiD − xD)Ui

 :=


vn0

vn1
...

vnD

 .

Step 1. By d), E(vn) = 0, and the change of variables Xi = x+Hnu gives

V (vn0) =
σ2

ηn

∫
K2(u)fX(x+Hnu) du, V (vnd) =

σ2h2
d

ηn

∫
u2
dK

2(u)fX(x+Hnu) du.

Hence
√
ηn vn0 = Op(1) and

√
ηn vnd/hd = Op(1) for d = 1, . . . , D.

Step 2. By Remark 9.3,

En := (GnS(x))−1 −Q−1 =

(
op(1) Op(h̄

2
n)

op(1) op(1)

)
,

and Gnvn = (vn0, vn1/h
2
1, . . . , vnD/h

2
D)

T
. Then

Tn = NnEnGnvn +NnQ
−1Gnvn := Tn1 + Tn2.
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The first component of Tn1 is

op(1)
√
ηn vn0 +

D∑
j=1

Op

(
h̄2
n

hj

) √
ηn vnj

hj
= op(1) +Op(h̄n) = op(1),

and, for d = 1, . . . , D, its (d+ 1)th component is

op(1)hd
√
ηn vn0 +

D∑
j=1

op(1)
hd
hj

√
ηn vnj

hj
= op(1),

by Step 1 and the boundedness of h̄n/hj and hd/hj. Hence Tn1 = op(1). Furthermore, by

Remark 9.1, the first component of Tn2 is 1
fX(x)

√
ηn vn0 and its (d+ 1)th component is

−hd
∂
∂xd

fX(x)

f 2
X(x)

√
ηn vn0 +

1

µ2fX(x)

√
ηn

hd
vnd =

1

µ2fX(x)

√
ηn

hd
vnd + op(1),

since hd
√
ηn vn0 = Op(hd) = op(1). Hence Tn = T ∗n2 + op(1), where

T ∗n2 :=


1

fX(x)

√
ηn vn0

1
µ2fX(x)

√
ηn
h1
vn1

...
1

µ2fX(x)

√
ηn
hD
vnD

 .

Step 3: asymptotic normality of T ∗n2. Let

Σ :=
σ2

fX(x)

( ∫
K2(u) du 0T

0 ν2
µ22
ID

)
.

By the Cramér–Wold device it suffices to show that aTT ∗n2
d→ N(0, aTΣa) for every a =

(a0, a1, . . . , aD)T ∈ RD+1, a 6= 0. Put ca(u) := a0
fX(x)

+ 1
µ2fX(x)

∑D
d=1 adud and write

aTT ∗n2 =
∑n

i=1 ξni, where

ξni :=
1
√
ηn
Ki ca

(
H−1
n (Xi − x)

)
Ui.

For each n the ξni are IID with E(ξni) = 0, and

V (aTT ∗n2) = nE(ξ2
ni) = σ2

∫
K2(u)c2

a(u)fX(x+Hnu) du→ σ2fX(x)

∫
K2(u)c2

a(u) du

=
σ2

fX(x)

(
a2

0

∫
K2(u) du+

2a0

µ2

D∑
d=1

ad

∫
udK

2(u) du

+
1

µ2
2

D∑
d=1

D∑
j=1

adaj

∫
udujK

2(u) du

)

=
σ2

fX(x)

(
a2

0

∫
K2(u) du+

ν2

µ2
2

D∑
d=1

a2
d

)
= aTΣa,
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where the cross terms vanish by the symmetry of K. Moreover, by a), c) and d),

n∑
i=1

E|ξni|2+δ ≤ Cn det(Hn)

η
1+δ/2
n

∫
|K(u)|2+δ|ca(u)|2+δfX(x+Hnu) du

= O
(
η−δ/2n

)
→ 0,

so Liapunov’s condition holds. Since aTΣa > 0, Liapunov’s CLT and Slutsky’s theorem

give aTT ∗n2
d→ N(0, aTΣa). Therefore T ∗n2

d→ N(0,Σ) and, by Step 2, Tn
d→ N(0,Σ).

Step 4: the bias term. By Remark 9.4,

1

ηn
GnR(x)TP (x) (m−R(x)β1,D(x)) = (zn0, zn1, . . . , znD)T

with

zn0 =
1

ηn

n∑
i=1

Ki r(Xi), znd =
1

ηnh2
d

n∑
i=1

Ki(Xid − xd) r(Xi), d = 1, . . . , D.

LetM := sup ‖m(2)‖. Then |r(x+Hnu)| ≤ 1
2
Mh̄2

n‖u‖2 and r(x+Hnu) = 1
2
(Hnu)Tm(2)(x)(Hnu)+

ρn(u), where

|ρn(u)| ≤ 1

2
h̄2
n‖u‖2 sup

‖z−x‖≤h̄n‖u‖

∥∥m(2)(z)−m(2)(x)
∥∥ ,

so that supu∈suppK |ρn(u)| = o(h̄2
n) by the continuity of m(2). By dominated convergence

and the moment properties of K,

E(zn0) =

∫
K(u) r(x+Hnu)fX(x+Hnu) du

=
1

2

D∑
d=1

D∑
j=1

hdhj
∂2m(x)

∂xd∂xj

∫
udujK(u)fX(x+Hnu) du+ o(h̄2

n)

= fX(x)
1

2
µ2

D∑
d=1

h2
d

∂2

∂x2
d

m(x) + o(h̄2
n),

E(znd) =
1

hd

∫
udK(u) r(x+Hnu)fX(x+Hnu) du

=
1

2hd

D∑
j=1

D∑
k=1

hjhk
∂2m(x)

∂xj∂xk

∫
udujukK(u)fX(x+Hnu) du+ o

(
h̄2
n

hd

)
= o(h̄n),

since
∫
udujK(u)fX(x + Hnu) du → µ2fX(x)1{d = j},

∫
udujukK(u)fX(x + Hnu) du →

fX(x)
∫
udujukK(u) du = 0 and h̄n/hd ≤ C. Also,

V (zn0) ≤ 1

ηn

∫
K2(u) r2(x+Hnu)fX(x+Hnu) du = O

(
h̄4
n

ηn

)
= o(h̄4

n),

V (znd) ≤
1

ηnh2
d

∫
u2
dK

2(u) r2(x+Hnu)fX(x+Hnu) du = O

(
h̄4
n

ηnh2
d

)
= o(h̄2

n),
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because ηn →∞ and hd ≥ h̄n/C for every d. Consequently, with bn0 := 1
2
µ2

∑D
d=1 h

2
d
∂2

∂x2d
m(x) =

O(h̄2
n),

zn0 = fX(x)bn0 + op(h̄
2
n) and znd = op(h̄n), d = 1, . . . , D.

Now write zn := (zn0, . . . , znD)T and

NnBn = NnEnzn +NnQ
−1zn := Bn1 +Bn2.

Using the orders ofEn and zn, the first component ofBn1 is
√
ηn

[
op(1)zn0 +

∑
j Op(h̄

2
n)znj

]
=

op
(√

ηnh̄4
n

)
and its (d+ 1)th component is

√
ηn hd

[
op(1)zn0 +

∑
j op(1)znj

]
= op

(√
ηnh̄4

n

)
,

so Bn1 = op(1) by e). Similarly, the first component of Bn2 is

√
ηn

zn0

fX(x)
=
√
ηn bn0 + op

(√
ηnh̄4

n

)
=
√
ηn bn0 + op(1),

and its (d+ 1)th component is

√
ηn hd

[
−

∂
∂xd

fX(x)

f 2
X(x)

zn0 +
1

µ2fX(x)
znd

]
= Op

(√
ηnh̄6

n

)
+ op

(√
ηnh̄4

n

)
= op(1).

Hence NnBn = Nnbn + op(1), with bn = (bn0,0
T )T as in the statement.

Combining Steps 3 and 4,

Nn

(
β̂1,D(x)− β1,D(x)− bn

)
= Tn +Nn(Bn − bn) = Tn + op(1)

d→ N(0,Σ).
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5 Uniform orders of the local linear coefficient vector

The objective in this subsection is to establish that for the vector

β1,D(x) =
(
m(x),∇m(x)T

)T
, sup

x∈C

∥∥∥β̂1,D(x)− β1,D(x)
∥∥∥ p−→ 0,

on a fixed nonempty compact set C ⊂ RD. The dimension D is fixed. Vector norms are

Euclidean; matrix norms are their induced operator norms.

5.1 Assumptions and main result

Write Ui = Yi −m(Xi) and, using the notation of the notes, put

Hn = diag(h1,n, . . . , hD,n), ηn = n det(Hn), hn = min
d
hd,n, hn = max

d
hd,n.

The following conditions are sufficient.

A1. The observations (Yi, Xi) are IID, m(X) = E(Y | X), and for some q = 2 + δ > 2,

E(|U |q | X) ≤ CU <∞ almost surely. (6)

This is the error-moment condition already used in Theorem 9 of the notes.

A2. For some ρ > 0, let Cρ = {z : dist(z, C) ≤ ρ}. The density fX is continuous and m

is twice continuously differentiable on an open neighborhood of Cρ. Also fX(x) > 0

for every x ∈ C. In particular,

f∗ := inf
x∈C

fX(x) > 0. (7)

These local smoothness conditions follow from the notes’ stronger m, fX ∈ C2
b as-

sumptions, with positivity imposed throughout the set on which convergence is

sought.

A3. The kernel K : RD → R is bounded, supported in {u : ‖u‖ ≤ B} for a finite B,

symmetric separately in each coordinate, and satisfies∫
K(u) du = 1,

∫
u2
dK(u) du = µ2 > 0 (d = 1, . . . , D).

In addition, for some α ∈ (0, 1] and LK <∞,

|K(u)−K(w)| ≤ LK ‖u− w‖α (u,w ∈ RD). (8)

Only (8) is an additional kernel condition. A Lipschitz kernel has α = 1. Nonnega-

tivity and a product representation are not required.
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A4. The bandwidths are deterministic and positive, hn → 0, and hn/hn ≤ CH . Replace

the bandwidth conditions used for pointwise asymptotic normality by

log n

n det(Hn)h2
n

−→ 0, (9)

(log n/n)1−1/q

det(Hn)hn
−→ 0. (10)

The second condition allows for unbounded errors under the existing finite qth

moment. These are explicit sufficient conditions; no optimality of their logarithmic

factors is claimed.

Define the deterministic sequence

an =

√
log n

n det(Hn)
+

(log n/n)1−1/q

det(Hn)
. (11)

Conditions (9)–(10) say exactly that an/hn → 0. For R(x) and P (x) as defined on page

15 of the notes, write

β̂1,D(x) = {R(x)TP (x)R(x)}−1R(x)TP (x)Y =
(
m̂1(x), β̂1(x)T

)T
on the event that the weighted Gram matrix is positive definite for every x ∈ C. For

definiteness, set the entire estimated function to zero on the complementary event. This

gives a continuous random function on C, and the theorem shows that this extension

affects an event whose probability tends to zero.

Theorem 10. Under A1–A4,

P
(
R(x)TP (x)R(x) is positive definite for every x ∈ C

)
−→ 1. (12)

Thus the local weighted least-squares minimizer exists uniquely throughout C with proba-

bility tending to one. Moreover,

sup
x∈C
|m̂1(x)−m(x)| = Op(h

2

n + an), (13)

sup
x∈C

∣∣∣β̂1,d(x)− ∂dm(x)
∣∣∣ = Op

(
h

2

n + an
hd,n

)
, d = 1, . . . , D. (14)

In particular,

sup
x∈C

∥∥∥β̂1,D(x)− β1,D(x)
∥∥∥ = Op

(
hn +

√
log n

n det(Hn)h2
n

+
(log n/n)1−1/q

det(Hn)hn

)
= op(1).

(15)

The proof follows after the supporting lemmas. It uses a symmetric rescaling of the

Gram matrix, which isolates the factor 1/hd,n required to recover each unscaled derivative

coefficient.
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5.2 A uniform bound for kernel sums

Lemma 4. Let C be compact and let fX be bounded on a fixed neighborhood of C. Suppose

hn → 0 and (9) holds. Let (Zi, Xi) be IID with E(|Z|q | X) ≤ C for a fixed q > 2. For a

bounded, compactly supported, globally α-Hölder function L : RD → R, put

Tn,L,Z(x) =
1

n det(Hn)

n∑
i=1

ZiL
(
H−1
n (Xi − x)

)
.

Then, with an in (11),

sup
x∈C
|Tn,L,Z(x)− ETn,L,Z(x)| = Op(an). (16)

The result holds simultaneously for any fixed finite collection of such functions L. If Z is

bounded, the right side improves to Op(
√

log n/(n det(Hn))).

Proof. Constants below may depend on C, L,D, q, but not on n or x. All kernel windows

lie in the specified neighborhood for sufficiently large n.

Step 1: Let `n = log n, τn = (n/`n)1/q and Z
(n)
i = ZiI{|Zi|≤τn}. Put

Fn(x) := Tn,L,Z(x)− ETn,L,Z(x), Sn(x) := Tn,L,Z(n)(x)− ETn,L,Z(n)(x).

Note that Fn(x)− Sn(x) = Tn,L,Z−Z(n)(x)− ETn,L,Z−Z(n)(x). Since L is bounded we have

for Zi − Z(n)
i

|Fn(x)− Sn(x)| =
∣∣Tn,L,Z−Z(n)(x)− ETn,L,Z−Z(n)(x)

∣∣
≤ ‖L‖∞

det(Hn)

{
1

n

n∑
i=1

|Zi| I{|Zi|>τn} + E
[
|Z| I{|Z|>τn}

]}
.

For any τ > 0 and q > 1, |Z| > τ is equivalent to |Z|q−1 > τ q−1 or |Z| < τ 1−q|Z|q. Hence,

|Z|I{|Z|>τ} ≤ τ 1−q|Z|q. Now, since E|Z|q = E[E(|Z|q | X)] ≤ C we have

E
[
|Z|1{|Z|>τn}

]
≤ Cτ 1−q

n .

Let Bn = ‖L‖∞
det(Hn)

{
1
n

∑n
i=1 |Zi|I{|Zi|>τn} + E

[
|Z|I{|Z|>τn}

]}
, and because the Zi have the

same distribution as Z, taking expectations gives

EBn =
2‖L‖∞
det(Hn)

E
[
|Z|1{|Z|>τn}

]
≤ C ′τ 1−q

n

det(Hn)
,

where C ′ := 2‖L‖∞C is independent of n. Substituting τn = (n/`n)1/q,

τ 1−q
n =

(
n

`n

)(1−q)/q

=

(
`n
n

)1−1/q

,
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and C ′τ 1−q
n / det(Hn) = C(`n/n)1−1/q/ det(Hn). Markov’s inequality gives

Bn = Op((`n/n)1−1/q/ det(Hn)).

Hence, supx∈C |Fn(x)− Sn(x)| ≤ Bn = Op

(
(logn/n)1−1/q

det(Hn)

)
. By the triangle inequality

sup
x∈C
|Fn(x)| ≤ sup

x∈C
|Sn(x)|+ sup

x∈C
|Fn(x)− Sn(x)|.

Step 2: An r-net G ⊂ C is such that for every x ∈ C, there exists x◦ ∈ G with ‖x−x◦‖ ≤ r.

Because C is compact, we can choose M > 0 such that C ⊂ (−M,M)D ⊂ [−M,M ]D. Set

m =

⌈
2M
√
D

r

⌉
, ` =

2M

m
.

Each coordinate interval [−M,M ] has length 2M , so dividing it into m equal pieces gives

intervals of length `. Since m ≥ 2M
√
D

r
, we have ` = 2M

m
≤ r√

D
. More precisely, let

tj = −M + j`, j = 0, . . . ,m,

and use the intervals

Ij = [tj−1, tj) (j < m), Im = [tm−1, tm].

This convention assigns every boundary point to exactly one interval. The Cartesian

products

Qj1,...,jD = Ij1 × · · · × IjD , jd ∈ {1, . . . ,m},

partition [−M,M ]D into mD cells. If x, y ∈ Qj1,...,jD , then their dth coordinates belong to

the same interval of length `. Thus

|xd − yd| ≤ `, d = 1, . . . , D.

Consequently,

‖x− y‖2 =
D∑
d=1

|xd − yd|2 ≤ D`2 ≤ D

(
r√
D

)2

= r2.

Taking square roots gives ‖x − y‖ ≤ r. For each cell Q satisfying Q ∩ C 6= ∅, select

gQ ∈ Q ∩ C, and define G = {gQ : Q ∩ C 6= ∅}. The collection is finite, and G ⊂ C. Now

take any x ∈ C. It belongs to a cell Q, which necessarily intersects C. Hence that cell has

a selected representative gQ. Both points lie in Q, so the preceding calculation gives

‖x− gQ‖ ≤ r.

31



Equivalently,

C ⊆
⋃
g∈G

B(g, r),

which is precisely the r-net property. The construction also gives a bound on the cardi-

nality of G

#G ≤ mD ≤

(
1 +

2M
√
D

r

)D

≤ C0(1 + r−1)D, C0 = max{1, 2M
√
D}D.

Now, let r := rn = hn(det(Hn)/n)1/α and choose an rn-net Gn ⊂ C, with #Gn ≤ C(1 +

r−1
n )D.

x1

x2

−M M

M

−M

C

x
gQ

gQ′

‖x− gQ‖ ≤ r

`

` =
2M

m

length 2M

Figure 1: Constructing a grid associated with a r-net G

Since we assume that
log n

n det(Hn)h2
n

−→ 0

and hd,n → 0 for all d, for sufficiently large n, log n ≥ 1 and

det(Hn)h2
n ≥

log n

n
≥ 1

n
.

Hence,
1

n
≤ det(Hn)h2

n ≤ det(Hn) =⇒ 1

det(Hn)
≤ n,

and
1

n
≤ det(Hn)h2

n ≤ h2
n =⇒ h−1

n ≤ n1/2.
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Finally, these bounds show that

r−1
n = h−1

n

(
n

det(Hn)

)1/α

≤ n1/2(n2)1/α = n1/2+2/α.

Therefore, #Gn ≤ C(1 + r−1
n )D ≤ CnD(1/2+2/α), and if A := D

(
1
2

+ 2
α

)
<∞

#Gn ≤ CnA. (17)

Now, recall that the truncated sum is

Sn(x) :=
1

n det(Hn)

n∑
i=1

[
Z

(n)
i L

(
H−1
n (Xi − x)

)
− E

{
Z

(n)
i L

(
H−1
n (Xi − x)

)}]
,

where Z
(n)
i = Zi1{|Zi|≤τn}. For each x ∈ C, choose x◦ ∈ Gn with ‖x− x◦‖ ≤ rn, and put

∆i(x) := L
(
H−1
n (Xi − x)

)
− L

(
H−1
n (Xi − x◦)

)
.

Now, by definition,

‖H−1
n ‖ := sup

‖z‖=1

‖H−1
n z‖ ≤ 1

hn
.

Choose an index j with hj,n = hn, and take the unit coordinate vector ej. Then ‖H−1
n ej‖ =∥∥∥ ej

hj,n

∥∥∥ = 1
hn
. Thus ‖H−1

n ‖ = maxd
1

hd,n
= 1

hn
. By Hölder continuity, ‖H−1

n ‖ = 1/hn and

the choice of rn

|∆i(x)| ≤ C
∥∥H−1

n (x◦ − x)
∥∥α ≤ C

(
rn
hn

)α
= C

det(Hn)

n
.

This bound holds for every i, every observation Xi, and every x ∈ C. Now subtract the

centered sums:

Sn(x)− Sn(x◦) =
1

n det(Hn)

n∑
i=1

[
Z

(n)
i ∆i(x)− E

{
Z

(n)
i ∆i(x)

}]
.

Using the triangle inequality, |EV | ≤ E|V |, and |Z(n)
i | ≤ |Zi|, we obtain

|Sn(x)− Sn(x◦)| ≤ 1

n det(Hn)

n∑
i=1

[
|Z(n)

i | |∆i(x)|+ E
{
|Z(n)

i | |∆i(x)|
}]

≤ 1

n det(Hn)

C det(Hn)

n

[
n∑
i=1

|Zi|+ nE|Z|

]

=
C

n

[
1

n

n∑
i=1

|Zi|+ E|Z|

]
.
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The bound is uniform in x because its right-hand side does not depend on x. Thus it also

bounds

Rn := sup
x∈C
|Sn(x)− Sn(x◦)|.

Set

Bn :=
1

n

n∑
i=1

|Zi|+ E|Z|, µ := E|Z| <∞.

The moment assumption guarantees finiteness because

E|Z| ≤
(
E|Z|q

)1/q
<∞.

Since the Zi are identically distributed,

EBn = 2µ.

Now, Rn ≤ C
n
Bn. If Rn > M/n, then its upper bound must also exceed M/n:

Rn >
M

n
=⇒ CBn

n
>
M

n
=⇒ CBn > M.

Hence

{Rn > M/n} ⊂ {CBn > M},

and taking probabilities gives

P(Rn > M/n) ≤ P(CBn > M).

Since

E(CBn) = C

(
1

n

n∑
i=1

E|Zi|+ µ

)
= C(µ+ µ) = 2Cµ.

By Markov’s inequality,

P(CBn > M) ≤ 2Cµ

M
.

Hence,

P
(
Rn >

M

n

)
≤ P(CBn > M) ≤ 2Cµ

M
and sup

x∈C
|Sn(x)− Sn(x◦)| = Op(n

−1).

Then,

sup
x∈C
|Fn(x)| ≤ sup

x∈C
|Fn(x)− Sn(x)|+ sup

x∈C
|Sn(x)− Sn(x◦)|+ max

x◦∈Gn
|Sn(x◦)|

= Op

(
(log n/n)1−1/q

det(Hn)

)
+Op(n

−1) + max
x◦∈Gn

|Sn(x◦)|
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Step 3: Recall that Z
(n)
i = Zi1{|Zi|≤τn}, and now define Wi = Ai − EAi, where Ai =

Z
(n)
i L(H−1

n (Xi − x◦)) . First, note that since |Z(n)
i | ≤ τn, we have

|Ai| ≤ τn‖L‖∞, |EAi| ≤ E|Ai| ≤ τn‖L‖∞.

Therefore, |Wi| = |Ai − EAi| ≤ |Ai| + |EAi| ≤ 2τn‖L‖∞. Because Wi is centered its

variance is

EW 2
i = Var(Ai) = EA2

i − (EAi)2 ≤ EA2
i ≤ E

[
Z2
i L

2
(
H−1
n (Xi − x◦)

)]
,

where the last step uses (Z
(n)
i )2 ≤ Z2

i . To bound this expectation, we use

E(|Zi|q | Xi) ≤ Cq, q > 2.

Since t 7→ t2/q is concave, conditional Jensen’s inequality gives

E(Z2
i | Xi) = E

[
(|Zi|q)2/q | Xi

]
≤ [E(|Zi|q | Xi)]

2/q ≤ C2/q
q .

Thus the conditional second moment is bounded by a constant independent of Xi. Con-

ditioning on Xi

E
[
Z2
i L

2
(
H−1
n (Xi − x◦)

)]
= E

[
E(Z2

i | Xi)L
2
(
H−1
n (Xi − x◦)

)]
≤ C2/q

q

∫
RD
L2
(
H−1
n (z − x◦)

)
fX(z) dz.

Now by a change of variables z = x◦ +Hnu,, dz = det(Hn) du. The integral becomes

det(Hn)

∫
RD
L2(u)fX(x◦ +Hnu) du.

To bound the density here, let supp(L) ⊆ {u : ‖u‖ ≤ BL}. Whenever L(u) 6= 0,

‖x◦ +Hnu− x◦‖ ≤ hnBL −→ 0.

Since x◦ ∈ C, these points lie in the fixed neighborhood where fX is bounded, for all

sufficiently large n. Writing that density bound as Mf , we get

EW 2
i ≤ C2/q

q Mf det(Hn)

∫
RD
L2(u) du = C ′ det(Hn).

The integral is finite because L is bounded and compactly supported. The constant

C ′ = C2/q
q Mf

∫
L2(u) du

is independent of n, i, and x◦. Recall that by Bernstein’s inequality if W1, . . . ,Wn are

independent, centered real random variables with |Wi| ≤ b and
∑

i EW 2
i ≤ s2, then for

z > 0,

P

(
|
∑
i

Wi| > z

)
≤ 2 exp

{
− z2

2(s2 + bz/3)

}
.
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Now for z =
√

2s2t+ 2bt
3

we have

z2 − 2t(s2 + bz/3) =

(√
2s2t+

2bt

3

)2

− 2s2t− 2bt

3

(√
2s2t+

2bt

3

)
=

2bt

3

√
2s2t ≥ 0.

Therefore,
z2

2(s2 + bz/3)
≥ t =⇒ exp

{
− z2

2(s2 + bz/3)

}
≤ e−t.

Hence, we can write

P

(
|
∑
i

Wi| >
√

2s2t+
2bt

3

)
≤ 2 exp {−t} .

Now, letting b = 2‖L‖∞τn := Cbτn and s2 = C ′n det(Hn) we have for any t > 0,

P

(∣∣∣∣∣
n∑
i=1

Wi(x
◦)

∣∣∣∣∣ >√2C ′n det(Hn)t+
2Cbτnt

3

)
≤ 2e−t.

Dividing the terms inside the probability by n det(Hn), and writing

Sn(x◦) := Tn,L,Z(n)(x◦)− ETn,L,Z(n)(x◦),

gives

P

(
|Sn(x◦)| >

√
2C ′t

n det(Hn)
+

2Cbτnt

3n det(Hn)

)
≤ 2e−t.

Now choose t = (A + 2)`n. Since A is fixed, its contribution can be absorbed into a

constant C. Thus

P

(
|Sn(x◦)| > C

{√
`n

n det(Hn)
+

τn`n
n det(Hn)

})
≤ 2n−(A+2).

By Lemma 11 in the Appendix of Chapter 1,

P

(
max
x◦∈Gn

|Sn(x◦)| > C

{√
`n

n det(Hn)
+

τn`n
n det(Hn)

})
≤
∑
x◦∈Gn

2n−(A+2)

≤ CnA · 2n−(A+2) =
2C

n2
−→ 0.

Now,

τn`n
n

=

(
n

`n

)1/q
`n
n

=

(
`n
n

)1−1/q

.

36



Hence the expression in braces equals

an =

√
`n

n det(Hn)
+

(`n/n)1−1/q

det(Hn)
,

and we have proved

P
(

max
x◦∈Gn

|Sn(x◦)| ≤ Can

)
≥ 1− 2C

n2
−→ 1.

Finally,

sup
x∈C
|Fn(x)| ≤ sup

x∈C
|Fn(x)− Sn(x)|+ sup

x∈C
|Sn(x)− Sn(x◦)|+ max

x◦∈Gn
|Sn(x◦)|

= Op

(
(log n/n)1−1/q

det(Hn)

)
+Op(n

−1) + max
x◦∈Gn

|Sn(x◦)|

= Op

(
(log n/n)1−1/q

det(Hn)

)
+Op(n

−1) +Op

(√
log n

n det(Hn)
+

(log n/n)1−1/q

det(Hn)

)
= Op(an).

Remark 10. 1. Suppose |Z| ≤M almost surely, where M <∞. Define

Wi(x) = ZiL
(
H−1
n (Xi − x)

)
− E

[
ZiL

(
H−1
n (Xi − x)

)]
.

Then |Wi(x)| ≤ 2M‖L‖∞,,
∑n

i=1 EWi(x)2 ≤ Cn det(Hn). Applying Bernstein’s in-

equality gives

sup
x∈C
|Tn,L,Z(x)− ETn,L,Z(x)| = Op

(√
log n

n det(Hn)
+

log n

n det(Hn)
+

1

n

)
.

Now put

sn =

√
log n

n det(Hn)
.

If n det(Hn)/ log n→∞, then sn → 0, and

log n

n det(Hn)
= s2

n = o(sn).

Also, 1/n = o(sn). Consequently, supx∈C |Tn,L,Z(x)− ETn,L,Z(x)| = Op(sn).

2. Note that in the order of the bound we obtained the ratio of the second term to the

first is

(log n/n)1−1/q/ det(Hn)√
log n/(n det(Hn))

=
(log n/n)1−1/q det(Hn)−1

(log n/n)1/2 det(Hn)−1/2
=

(
log n

n

) 1−1/q−1/2

det(Hn)−1+1/2

=
(log n/n) 1/2−1/q√

det(Hn)
=

√
(log n/n) 1−2/q

det(Hn)
.
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Consequently, if
(

logn
n

)1−2/q
= O

(
det(Hn)

)
then

sup
x∈C
|Tn,L,Z(x)− ETn,L,Z(x)| = Op

(√
log n

n det(Hn)

)
.

5.3 Uniform invertibility and the Taylor remainder

Use uni(x) = H−1
n (Xi − x), r(u) = (1, uT )T , and

Dn = diag(1, Hn), An(x) =
1

n det(Hn)

n∑
i=1

K(uni(x))r(uni(x))r(uni(x))T .

Here Dn is different from Gn. The exact relation to the matrix S(x) previously defined is

An(x) = D−1
n S(x)D−1

n , R(x)TP (x)R(x) = n det(Hn)DnAn(x)Dn. (18)

The kernel moment matrix is

MK =

∫
K(u)r(u)r(u)T du =

(
1 0T

0 µ2ID

)
. (19)

Coordinatewise symmetry supplies the zero first and mixed second moments.

Lemma 5. Under A2–A3, hn → 0, and (9),

sup
x∈C
‖An(x)− fX(x)MK‖ = op(1). (20)

Let c∗ = f∗min(1, µ2) > 0 and En = {infx∈C λmin(An(x)) ≥ c∗/2}. Then P(En) → 1 and,

on En,

sup
x∈C

∥∥An(x)−1
∥∥ ≤ 2/c∗.

Also,

sup
x∈C

1

n det(Hn)

n∑
i=1

|K(uni(x))| = Op(1). (21)

Proof. The functions K(u), ujK(u), ujukK(u) and |K(u)| are bounded, compactly sup-

ported and globally α-Hölder. Consider F (u) = p(u)K(u), p(u) ∈ {1, uj, ujuk}. Since

F (u) = 0 wherever K(u) = 0,

supp(F ) ⊆ supp(K),

so F has compact support. Define

P = sup
‖z‖≤B+1

|p(z)|, G = sup
‖z‖≤B+1

‖∇p(z)‖.
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Both P and G are finite because p and its derivatives are continuous on a compact ball.

Also,

‖F‖∞ ≤ P‖K‖∞.

To establish global Hölder continuity, consider two cases. 1. Nearby points: 0 < ‖u−v‖ ≤
1. If K(u) = K(v) = 0, then F (u) = F (v) = 0, and the desired inequality is immediate.

Otherwise, at least one point lies in supp(K). Because the points are within distance one,

both belong to the ball of radius B + 1. The segment joining them also lies in this ball,

so the mean value inequality gives

|p(u)− p(v)| ≤ G‖u− v‖.

Now write

p(u)K(u)− p(v)K(v) = p(u)
(
K(u)−K(v)

)
+K(v)

(
p(u)− p(v)

)
.

Consequently,
|F (u)− F (v)| ≤ PLK‖u− v‖α + ‖K‖∞G‖u− v‖

≤ (PLK + ‖K‖∞G)‖u− v‖α.
The last step uses

d ≤ dα when 0 ≤ d ≤ 1, 0 < α ≤ 1.

2. Distant points: ‖u− v‖ > 1. Boundedness alone gives

|F (u)− F (v)| ≤ |F (u)|+ |F (v)| ≤ 2P‖K‖∞ ≤ 2P‖K‖∞‖u− v‖α.

Combining the cases,

|F (u)− F (v)| ≤ Cp‖u− v‖α for all u, v ∈ RD,

where

Cp = max{PLK + ‖K‖∞G, 2P‖K‖∞} <∞.

Finally, |K| has the same support and supremum bound as K. The reverse triangle

inequality gives ∣∣|K(u)| − |K(v)|
∣∣ ≤ |K(u)−K(v)| ≤ LK‖u− v‖α,

so |K| is also globally α-Hölder.

Lemma 4 with Z = 1 therefore gives

sup
x∈C
‖An(x)− EAn(x)‖ = Op

(√
log n

n det(Hn)

)
= op(1).
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Now, since

EAn(x) =

∫
K(u)r(u)r(u)TfX(x+Hnu) du.

EAn(x)− fX(x)MK =

∫
K(u)r(u)r(u)T

[
fX(x+Hnu)− fX(x)

]
du.

By the triangle inequality for matrix-valued integrals,

‖EAn(x)− fX(x)MK‖ ≤
∫
|K(u)| ‖r(u)r(u)T‖ |fX(x+Hnu)− fX(x)| du

=

∫
|K(u)| ‖r(u)‖2 |fX(x+Hnu)− fX(x)| du,

where we used the identity ‖rrT‖ = ‖r‖2 for the Euclidean norm. Now, whenever K(u) 6=
0, we have ‖u‖ ≤ B. Therefore,

‖(x+Hnu)− x‖ = ‖Hnu‖ ≤ ‖Hn‖‖u‖ ≤ Bhn.

Consequently, for every x ∈ C and every contributing u,

|fX(x+Hnu)− fX(x)| ≤ sup
y∈C

‖z−y‖≤Bhn

|fX(z)− fX(y)|.

Hence, uniform continuity of fX on Cρ implies

sup
x∈C
‖EAn(x)− fX(x)MK‖

≤ sup
x∈C

‖z−x‖≤Bhn

|fX(z)− fX(x)|
∫
|K(u)| ‖r(u)‖2 du −→ 0.

This proves (20). Now,

Recall that

MK = diag(1, µ2, . . . , µ2), c∗ := f∗min(1, µ2), f∗ = inf
x∈C

fX(x) > 0.

For a unit vector a = (a0, . . . , aD)T ,

aTfX(x)MKa = fX(x)

(
a2

0 + µ2

D∑
d=1

a2
d

)

≥ f∗min(1, µ2)
D∑
d=0

a2
d = c∗.

Also, for any matrix B, Cauchy-Schwarz and the definition of the operator norm give

|aTBa| ≤ ‖a‖ ‖Ba‖ ≤ ‖B‖ ‖a‖2 = ‖B‖.
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In particular,

aT
(
An(x)− fX(x)MK

)
a ≥ −‖An(x)− fX(x)MK‖.

Adding the two bounds,

aTAn(x)a = aTfX(x)MKa+ aT
(
An(x)− fX(x)MK

)
a

≥ c∗ − ‖An(x)− fX(x)MK‖.

Then, since An(x) is symmetric, its smallest eigenvalue is the minimum of its quadratic

form over unit vectors, i.e.,

λmin(An(x)) = min
‖a‖=1

aTAn(x)a.

Hence,

λmin(An(x)) ≥ c∗ − ‖An(x)− fX(x)MK‖.

Now define the uniform error

∆n := sup
x∈C
‖An(x)− fX(x)MK‖.

We have already shown that ∆n = op(1). Because ∆n ≥ 0, this means that for every fixed

ε > 0,

P(∆n > ε) −→ 0.

Setting En := {∆n ≤ c∗/2} and taking the fixed threshold ε = c∗/2 > 0,

P(En) = 1− P(∆n > c∗/2) −→ 1.

In particular,

P
(

inf
x∈C

λmin(An(x)) ≥ c∗/2

)
≥ P(En) −→ 1.

This proves the uniform eigenvalue bound with probability tending to one. On that same

event, every eigenvalue of every An(x) is positive, so all these matrices are invertible. The

eigenvalues of An(x)−1 are the reciprocals of those of An(x). For a symmetric positive-

definite matrix, this implies

‖An(x)−1‖ = max
j

1

λj(An(x))
=

1

λmin(An(x))
≤ 2

c∗
.

The bound holds simultaneously for all x ∈ C, hence

sup
x∈C
‖An(x)−1‖ ≤ 2

c∗

on an event whose probability tends to one.

Finally apply Lemma 4 with Z = 1, L = |K|; the expectations of these kernel sums

are bounded by supCρ fX
∫
|K|. This proves (21).
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Lemma 6. Under A1–A3, hn → 0, and (9), define

εni(x) = m(Xi)−m(x)−∇m(x)T (Xi − x),

bn(x) =
1

n det(Hn)

n∑
i=1

K(uni(x))r(uni(x))εni(x),

wn(x) =
1

n det(Hn)

n∑
i=1

K(uni(x))r(uni(x))Ui.

Then

sup
x∈C
‖bn(x)‖ = Op(h

2

n), sup
x∈C
‖wn(x)‖ = Op(an). (22)

Proof. For sufficiently large n, Bhn < ρ. If K(uni(x)) 6= 0, the segment joining x to Xi

lies in Cρ. Taylor’s theorem, as used in Remark 9.4 on page 23 of the notes, gives

|εni(x)| ≤ 1

2
sup
z∈Cρ

∥∥∇2m(z)
∥∥ ‖Xi − x‖2 ≤ Ch

2

n.

Also ‖r(uni(x))‖ ≤
√

1 +B2 on the kernel support, since by definition,

r(u) =

(
1
u

)
,

so its Euclidean norm satisfies

‖r(u)‖2 = 1 +
D∑
d=1

u2
d = 1 + ‖u‖2.

The kernel is supported on {u : ‖u‖ ≤ B}. Thus, whenever uni(x) = H−1
n (Xi − x) lies in

the kernel support, we have ‖uni(x)‖ ≤ B. Consequently,

‖r(uni(x))‖ =
√

1 + ‖uni(x)‖2 ≤
√

1 +B2.

Consequently (21) gives the first assertion in (22). For the second assertion apply Lemma 4

with Z = U and L ∈ {K, u1K, . . . , uDK}. Every expectation is zero because E(U | X) =

0.

5.4 Proof of the theorem and interpretation

Proof of Theorem 10. By (18) and Lemma 5, the weighted Gram matrix is positive def-

inite for every x ∈ C on En, proving (12). On this event the quadratic least-squares

objective has a unique minimizer, even if K takes negative values.

The algebra of Lemma 1 on page 16 of the notes, expressed in the symmetric scaling

(18), gives the exact identity

Dn{β̂1,D(x)− β1,D(x)} = An(x)−1{bn(x) + wn(x)}. (23)
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Indeed, the ith row of R(x) is r(uni(x))TDn, and Yi− r(uni(x))TDnβ1,D(x) = Ui + εni(x).

Lemmas 5 and 6 now imply

sup
x∈C

∥∥∥Dn{β̂1,D(x)− β1,D(x)}
∥∥∥ = Op(h

2

n + an).

The first coordinate proves (13). Dividing coordinate d + 1 by hd,n proves (14). Since D

is fixed, hn ≤ 1 eventually, and hn/hn ≤ CH ,

sup
x∈C

∥∥∥β̂1,D(x)− β1,D(x)
∥∥∥ = Op

(
h

2

n + an
hn

)
= Op(hn + an/hn) = op(1).

All bounds extend to the specified estimator because P(Ecn) → 0. The suprema are

measurable: the kernel sums are continuous in x, and on En so is their matrix inverse; a

countable dense subset of the compact set suffices.

Corollary 1 (A common bandwidth). If hd,n = hn for all d, sufficient bandwidth condi-

tions are

hn → 0,
nhD+2

n

log n
→∞, n1−1/qhD+1

n

(log n)1−1/q
→∞. (24)

For example, hn = n−γ satisfies these conditions whenever

0 < γ < min

{
1

D + 2
,

q − 1

q(D + 1)

}
.

Thus a valid bandwidth exists for every fixed D and every q > 2 already allowed by the

notes.

Proof. Substitute det(Hn) = hDn and hn = hn = hn into (9)–(10). Strict positivity of both

powers of n in (24) gives the displayed range of γ.

Corollary 2 (Improved uniform rates). Assume A1–A3. Let the bandwidths be such

that hn → 0, hn/hn ≤ CH , and

log n

n det(Hn)h2
n

−→ 0.

Suppose, in addition, that(
log n

n

)1−2/q

= O
(
det(Hn)

)
, q = 2 + δ > 2, (25)

and put

sn :=

√
log n

n det(Hn)
.
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Then the local linear estimator satisfies

sup
x∈C
|m̂1(x)−m(x)| = Op

(
h

2

n +

√
log n

n det(Hn)

)
, (26)

sup
x∈C

∣∣∣β̂1,d(x)− ∂dm(x)
∣∣∣ = Op

(
h

2

n

hd,n
+

√
log n

n det(Hn)h2
d,n

)
, d = 1, . . . , D. (27)

Consequently, the entire coefficient vector obeys

sup
x∈C

∥∥∥β̂1,D(x)− β1,D(x)
∥∥∥ = Op

(
hn +

√
log n

n det(Hn)h2
n

)
= op(1). (28)

For a common bandwidth hd,n = hn, these bounds become

sup
x∈C
|m̂1(x)−m(x)| = Op

(
h2
n +

√
log n

nhDn

)
, (29)

sup
x∈C

∥∥∥β̂1(x)−∇m(x)
∥∥∥ = Op

(
hn +

√
log n

nhD+2
n

)
. (30)

In this case, sufficient bandwidth conditions are

hn → 0,
nhD+2

n

log n
→∞,

(
log n

n

)1−2/q

= O(hDn ).

For example, hn = n−γ satisfies all three whenever

0 < γ < min

{
1

D + 2
,
q − 2

qD

}
. (31)

No stronger error-moment or smoothness assumption is required for these bounds.

Proof. First, (25) implies

(log n/n)1−1/q/ det(Hn)

sn
=

(log n/n)1/2−1/q√
det(Hn)

=

√
(log n/n)1−2/q

det(Hn)
= O(1).

Thus an = O(sn) in (11). Moreover,

sn
hn

=

√
log n

n det(Hn)h2
n

−→ 0.

It follows that
(log n/n)1−1/q

det(Hn)hn
= O(sn/hn) −→ 0.
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Hence (10) follows from the corollary’s assumptions and need not be imposed separately;

all conditions of Theorem 10 hold.

For completeness, the source of the different intercept and slope rates can be seen

directly from (23). On the event En of Lemma 5, the normalized inverse is uniformly

bounded, while Lemma 6 and an = O(sn) give

sup
x∈C
‖bn(x)‖ = Op(h

2

n), sup
x∈C
‖wn(x)‖ = Op(sn).

Therefore

sup
x∈C

∥∥∥Dn{β̂1,D(x)− β1,D(x)}
∥∥∥ = Op(h

2

n + sn).

The first diagonal entry of Dn is one, yielding (26). Its (d + 1)st diagonal entry is hd,n,

so dividing that coordinate by hd,n yields (27). Since D is fixed and h
2

n/hn ≤ CHhn, the

same bounds imply (28). As in the main theorem, the extension of the estimator outside

En does not affect these probability orders because P(Ecn)→ 0.

Finally, substitute det(Hn) = hDn and hn = hn = hn to obtain (29)–(30). For hn = n−γ,

the two bandwidth ratios are

nhD+2
n

log n
=
n1−γ(D+2)

log n
,

(log n/n)1−2/q

hDn
= (log n)1−2/qnγD−(1−2/q).

Under (31), the first tends to infinity and the second tends to zero, proving the claimed

sufficient range.

Remark 11. The additional substantive conditions are kernel regularity (8), positivity

of the density throughout the chosen compact set, and the two uniform bandwidth condi-

tions. The positive lower bound (7) follows from continuity and compactness; it is not a

separate assumption. The existing q = 2 + δ moment is retained, with no boundedness or

exponential-tail assumption on U .

6 Bandwidth choice

6.1 Preliminaries

As in the case of density estimation, the asymptotic properties of Nadaraya-Watson and

local linear polynomial estimators depend on selecting a nonstochastic bandwith sequences

hn (or Hn) that converge to zero at specified speeds. Consequently, implementation of

these estimators depends crucially on bandwidth selection. We focus initially on the case

where D = 1.
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Following the discussion of density estimation, there are two main criteria for band-

width selection for an arbitrary nonparametric estimator m̃(x;h) that depends on a band-

width h. First, inspired by cross validation in Chapter 1, we consider the minimization

of

ISE(m̃;h) :=

∫
R

(m̃(x;h)−m(x))2 dx (32)

with respect to h. Second, we consider the minimization of

MISE(m̃;h) = E
(∫

(m̃(x;h)−m(x))2dx | χ
)

(33)

with respect to h. Here, χ is the σ-algebra generated by X1, · · · , Xn.

If w is a function defined on the set where X takes values, such that
∫
w(x)dx = 1,

for example, w = fX the density of X, then we could consider different optimands,

WISE(m̃;h) =

∫
(m̃(x;h)−m(x))2w(x)dx

and

WMISE(m̃;h) = E
(∫

(m̃(x;h)−m(x))2w(x)dx | χ
)
.

Note that by Fubini’s Theorem

MISE(m̃;h) = E
(∫

(m̃(x)− E(m̃(x) | χ) + E(m̃(x) | χ)−m(x))2 dx | χ
)

= E
(∫

(m̃(x)− E(m̃(x) | χ))2 dx+

∫
(E(m̃(x) | χ)−m(x))2 dx

+ 2

∫
(m̃(x)− E(m̃(x) | χ)) (E(m̃(x) | χ)−m(x)) dx | χ

)
=

∫
V (m̃(x) | χ)dx+

∫
(E(m̃(x) | χ)−m(x))2 dx.

Consider the an approximation for ISE(m̃;h) given by 1
n

∑n
i=1(m̃(Xi)−m(Xi))

2. Since

m(Xi) = E(Yi|Xi)) we have

1

n

n∑
i=1

(m̃(Xi;h)−m(Xi))
2 =

1

n

n∑
i=1

(m̃(Xi;h)− Yi + (Yi − E(Yi|Xi)))
2

=
1

n

n∑
i=1

(Yi − m̃(Xi;h))2 +
1

n

n∑
i=1

(Yi − E(Yi|Xi))
2

− 2

n

n∑
i=1

(Yi − m̃(Xi;h))(Yi − E(Yi|Xi)).
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Taking conditional expectations on both sides and letting Ui := Yi − E(Yi|Xi)

E

(
n−1

n∑
i=1

(m̃(Xi;h)−m(Xi))
2 | χ

)
=

1

n

n∑
i=1

E
(
(Yi − m̃(Xi;h))2 | χ

)
+ σ2

− 2

n

n∑
i=1

E [(Yi − m̃(Xi;h))Ui) | χ] .

Now, note that in general

E[(Yi − m̃(Xi;h))Ui | χ] = E[(mi + Ui − m̃(Xi;h))Ui | χ]

= σ2
i − Cov(m̃(Xi;h), Yi | χ) 6= 0.

For example, for linear estimators, such as Nadaraya-Watson or local polynomial estima-

tors,

m̃(Xi;h) =
n∑
j=1

wij(χ;h)Yj,

we have
E(YjUi | χ) = m(Xj)E(Ui | χ) + E(UjUi | χ)

= E(UjUi | χ).

For j 6= i, conditional independence and conditional mean zero imply

E(UjUi | χ) = E(Uj | χ)E(Ui | χ) = 0.

For j = i, this expectation is E(U2
i | χ) = σ2. Thus

E(YjUi | χ) =

{
σ2, j = i,

0, j 6= i.

Consequently, by linearity,

E[(Yi − m̃(Xi;h))Ui | χ] = E(YiUi | χ)−
n∑
j=1

wijE(YjUi | χ)

= σ2
i − wiiσ2

i = (1− wii)σ2.

Now let m̃−i(Xi;h) be computed without observation i. Conditional on χ, it is indepen-

dent of Ui. Consequently,

E[m̃−i(Xi;h)Ui | χ] = 0,

and hence

E[(Yi − m̃−i(Xi;h))Ui | χ] = σ2.

Then,

E

(
n−1

n∑
i=1

(m̃−i(Xi;h)−m(Xi))
2 | χ

)
=

1

n

n∑
i=1

E
(
[Yi − m̃−i(Xi;h)]2 | χ

)
− σ2.
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m̃−i(x;h) is called the jackknife estimator associated with m̃(x;h). In the case of the

Nadaraya-Watson estimator m̂(x) with D = 1 the jackknife estimator is

m̂−i(Xi;h) =

∑n
j=1,j 6=iK(h−1(Xj −Xi))Yj∑n

j=1,j 6=iK
(
Xj−Xi

h

)
and for the local linear estimator the jacknife estimator is,

m̂1,−i(Xi;h) =
1

nh

n∑
j=1,i 6=j

(
1 0

)
S−1
J (Xi)

(
1

Xj−Xi
h

)
K

(
Xj −Xi

h

)
Yj

where SnJ(Xi) =

(
s0(Xi) h−1s1(Xi)

h−1s1(Xi) h−2s(1,1)(Xi)

)
where s0, s1 and s(1,1) are defined as in

section 3.1 with D = 1. These developments lead to the following definition.

Definition 5. For an arbitrary linear nonparametric estimator m̃(x;h), the cross-validated

bandwidth hCV is given by

hCV := argmin
h

1

n

n∑
i=1

(Yi − m̃−i(Xi;h))2.

For f,m ∈ C2
b and given our previous results on order for conditional bias and variance

we have for the local linear estimator

MISE(m̂1;h) =
1

4
µ2

2h
4
n

∫
(m(2)(x))2dx

+
1

nhn
σ2

∫
K2(ψ)dψ

∫
fX(x)−1dx+ op(h

4
n) + op((nhn)−1)

and for the Nadaraya-Watson estimator

MISE(m̂;h) = h4
nµ

2
2

∫
λ(x)2dx+

1

4
µ2

2h
4
n

∫
(m(2)(x))2dx

+
1

nhn
σ2

∫
K2(ψ)dψ

∫
fX(x)−1dx+ op(h

4
n) + op((nhn)−1)

where λ(x) =
m(1)(x)f

(1)
X (x)

fX(x)
. Concentrating on terms of order larger than h4

n and (nhn)−1

gives an asymptotic approximation for MISE which we label AMISE.

Definition 6. The plug-in bandwidth hPI that minimizes the asymptotic mean integrated

squared error for m̂1(x) is given by

hPI := argmin
hn

(
1

4
µ2

2h
4
n

∫
(m(2)(x))2dx+

1

nhn
σ2

∫
K2(u)du

∫
fX(x)−1dx

)
.
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Remark 12. 1. It is straightforward to obtain

hPI = n−1/5

(
σ2
∫
K2(u)du

∫
fX(x)−1dx

µ2
2

∫
(m(2)(x))2dx

) 1
5

.

2. Note that if we minimize WMISE with w(x) = fX(x) we have

WMISE(m̂1) = σ2 1

nhn

∫
K2(u)du

∫
dx

+ h4
n

µ2
2

4

∫
(m(2)(x))2fX(x)dx+ op((nh)−1) + op(h

4
n).

In fact, for m̂p(x) we have

MISE(m̂p(x)) = σ2 1

nhn

∫
K2
p(u)du

∫
dx

+ h2p+2

(
µp+1

(p+ 1)!

)2 ∫
(m(p+1)(x))2fX(x)dx

+ op((nh)−1) + op(h
2p+2)

where µp+1 =
∫
up+1K(u)du and Kp(u) = K0,p(u) with

Ks,p(u) = s!
det(Ms,p(u))

det(Np)
K(u),

where Np is a (p+1)×(p+1) matrix having (i, j) entry given by
∫
ψi+j−2K(u)du and

Ms,p(u) = Np except that the (s + 1)th row is given by (1, u, . . . , up). Consequently,

taking derivatives we obtain,

hPI =

(
σ2(p+ 1)(p!)2

∫
K2
p(u)du

∫
dx

2µ2
p+1

∫
(mp+1(x))2fX(x)dx

) 1
2p+3

n−
1

2p+3 .

3. As in the case of density estimation, optimal bandwidth selection via minimization

of AMISE precludes asymptotic normality of (nhn)1/2(m̂1(x)−m(x)). Note that,

(nhn)1/2(m̂1(x)−m(x)) = (nhn)1/2(m̂1(x)− E(m̂1(x)|X1, · · · , Xn))

− (nhn)1/2(m(x)− E(m̂1(x)|X1, · · · , Xn))

and therefore for asymptotic normality of (nhn)1/2(m̂1(x)−m(x)), we need the last

term to be op(1). But given the order of the bias, for this to follow it is necessary

that nh5
n → 0, whereas with optimal smoothing nh5

n → C.
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6.2 Implementation and bandwidth estimation

The expression for hPI involves
∫
dx,

∫ (
m(2)(x)

)2
fX(x)dx and σ2, which are all un-

known and need to be estimated. We start by discussing estimation procedures for∫ (
m(x)(2)

)2
fX(x)dx. We consider the more general case θd,δ =

∫
m(d)(x)m(δ)(x)fX(x)dx,

where d, δ are positive integers and d + δ is an even number. A natural choice is to con-

sider θ̂d,δ = 1
n

∑n
j=1 m

(d)(Xj)m
(δ)(Xj) with m(d)(x) estimated non-parametrically. Hence,

consider the estimator(
m̂(x) m̂(1)(x) · · · m̂(p)(x)

p!

)
:= argmin

β0,··· ,βp

n∑
i=1

(
Yi − β0 − β1(Xi − x)− β2(Xi − x)2

· · · βp(Xi − x)p)2K

(
Xi − x
h

)
which can be written as

m̂(x)
m̂(1)(x)

...
m̂(p)(x)

p!

 = (Rp(x)TP (x)Rp(x))−1Rp(x)TP (x)Y

where Rp(x) = (1n, (X−1nx), (X−1nx)2, · · · (X−1nx)p), Y is the vector of observations

on the regressand and 1Tn = (1, · · · , 1). Let ek be a p + 1 row vector with zeros for all of

its components, except the kth component which is set to 1. Then a natural estimator for

the sth derivative of m(x) based on a p-degree polynomial is,

m̂(s)(x) = s!es+1(Rp(x)TP (x)Rp(x))−1Rp(x)TP (x)Y

where P (x) = diag
{
K
(
Xt−x
gn

)}n
t=1

and gn is a bandwidth. Hence a natural estimator for

θd,δ is

θ̂d,δ =
1

n

n∑
j=1

m̂(d)(Xj)m̂
(δ)(Xj).

Since the estimation of θ̂d,δ depends on gn, an expression for gn that emerges from the

optimization of a suitably defined criterion is necessary. If gn → 0 and ngd+δ+1
n → ∞ as

n→∞, we have the following approximations

E(θ̂d,δ − θd,δ|X1, · · · , Xn) ≈ 1

(p+ 1)!

(
µp+1(Kδ,p)g

p−δ+1
n θd,p+1 + µp+1(Kd,p)g

p−d+1
n θδ,p+1

)
+ n−1g(n)−d−δ−1

(∫
Kd,p(ψ)Kδ,p(ψ)dψ

)
σ2

∫
dx
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where, µl(Kd,p) =
∫
ψlKd,p(ψ)dψ, and

V (θ̂d,δ|X1, · · · , Xn) ≈ 2n−2g−2d−2δ−1
n R(Kd,p ∗Kδ,p)

∫
σ2(σ2 + 2m(x)2)dx

+ 4n−1σ2

∫
((m(x)fX(x))(d+δ))2fX(x)−1dx

where R(L) =
∫
L(ψ)2dψ for an integrable function L.

These approximations for bias and variance allow the construction of an asymptotic

expression for the conditional mean squared error, which we represent by AMSE. We

are interested, in particular, in the situation where d = δ = 2 and p = 3. In this case,

AMSE(θ̂2,2|X) =

(
1

12
µ4(K2,3)g2

nθ2,4 + n−1g−5
n R(K2,3)σ2

∫
dx

)2

+ 2σ2n−2g−9
n R(K2,3 ∗K2,3)

∫
(σ2 + 2m(x)2)dx

+
4σ2

n

∫
(m(x)fX(x))(4)fX(x)−1dx

which produces an optimal gAMSE, given by

gAMSE = C2(K)

(
σ2
∫
dx

|θ2,4|n

) 1
7

, where, C2(K) =

{
CI

2 (K), θ2,4 < 0
CII

2 (K), θ2,4 > 0
,

with CI
2 (K) =

(
12R(K2,3)

µ4(K2,3)

) 1
7
, CII

2 (K) =
(

30R(K2,3)

µ4(K2,3)

) 1
7
.2

The expression for gAMSE depends on θ2,4 and σ2, which are not known. The way

θ2,4 and σ2 are estimated determines a variety of plug in methods. Note that σ2 is an

unknown in the bandwidth formula for gAMSE and it appears also on the expressions for

hPI .

We now turn to the estimation of σ2. Following Hall and Marron (1990) it can be

verified that for a local polynomial estimator of order p, m̂p(x;λn) constructed with a

bandwidth λnwe have that

E

(
n∑
i=1

(Yi − m̂p(Xi;λn))2 | χ

)
= νσ2,

where ν = trace((I − SX)(I − SX)T ), where SX is a matrix whose ith row is

e1(RT
p (Xi)P (Xi)Rp(Xi))

−1RT
p (Xi)P (Xi).

This motivates the pth degree variance estimator

σ̂2
p(λn) = (n− ν)−1

n∑
i=1

(Yi − m̂p(x;λn))2.

2For a Gaussian kernel CI2 (K) = ( 3
8
√
π
)

1
7 , CII2 (K) = ( 15

16
√
π
)

1
7 .
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Implementation of this estimator requires a choice for λn. Ruppert et al. (1995) propose

basing such choice on the conditional AMSE of σ2
p. They show that, if λn → 0, and

nλn →∞ as n→∞, p is odd and m has p continuous derivatives,

E(σ̂2
p(λn)− σ2|X) ≈ λ2p+2

n (
µp+1(K)

(p+ 1)!
)2θp+1,p+1

and

V (σ̂2
p(λn)|X) ≈ n−1σ4V (ε2) + 2(n2λn)−1σ4

∫
dxR(Kp ∗Kp − 2Kp).

It follows that the optimal value of λn (in the sense that it minimizes AMSE) is,

λAMSE = C3(K)

(
σ4
∫
dx

θ2
p+1,p+1n

2

) 1
(4p+5)

,

where C3(K) =
(

((p+1)!)4R(Kp∗Kp−2Kp)

2(p+1)µp+1(Kp)4

) 1
(4p+5)

. If K(ψ) is a standard normal Kernel and

p = 1, C3(K) = {4(0.5+2
√

2−( 4
3

)
√

3√
2π

} 1
9 .

We now provide some recommendations on how to proceed with estimation:

Step 1 : m(x) ∼= m(0) +m(1)(0)x+ 1
2!
m(2)(0)x2 + 1

3!
m(3)(0)x3 + 1

4!
m(4)(0)x4, therefore let

β0 = m(0), β1 = m(1)(0), . . . , β4 = m(4)(0) and define the following quartic regression,

Yt = β0 + β1Xt + β2
X2
t

2
+ β3

X3
t

6
+ β4

X4
t

24
+ ηt, t = 1, 2, ..., n

Obtain OLS estimators β̂0, . . . , β̂4 and σ̂2
Q = (n− 5)−1

∑n
t=1 η̂

2
t . These could, of course,

be used directly on the expression for hPI to produce,

hROT = n−
1
5

 σ̂2
Q

∫
K2(ψ)dψ

∫
dx

µ2
2

(
1
n

∑n
i=1(β̂2 + β̂3Xi + β̂4

X2
i

2
)2
)
 1

5

Step 2 : Use σ̂2
Q, β̂4, β̂2 and the expression for gAMSE to produce

ĝAMSE = C2(K)

(
σ̂2
Q

∫
dx

n| 1
n

∑n
i=1 β̂4(β̂2 + β̂3Xi + β̂4

X2
i

2
)|

) 1
7

Now, use ĝAMSE to estimate m̂(2)(Xj), which is then used to produce 1
n

∑n
j=1 m̂

(2)(Xj)
2

and λ̂AMSE = C3(K)
(

(σ̂2
Q)2

∫
dx

(n−1
∑n
j=1{m̂(2)(Xj)}2)2n2

) 1
9

. λ̂AMSE can now be used to obtain σ̂2
1,

which combined with 1
n

∑n
j=1{m̂(2)(Xj)}2 gives,

ĥDPI = n−
1
5

(
σ̂2

1

∫
K2(ψ)dψ

∫
dx

µ2
2n
−1
∑n

i=1{m̂(2)(Xi)}2

) 1
5

.
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Ruppert et al. (1995) have observed that for p = 1 we have that

gAMSE = C2(K)C1(K)−
5
7{ θ22

|θ24|
}

1
7 (hPI)

5
7 .

By exploring this equation a third estimator for hn, which we label hSTE can be proposed

as the value of h that satisfies

hSTE − n−
1
5{

σ̂2
1

∫
K2(ψ)dψ

∫
dx

µ2
2(n−1

∑n
i=1{m̂(2)(Xi; gAMSE(hSTE))}2)

}
1
5 = 0

where,

gAMSE(h) = C2(K)C1(K)−
5
7

(
n−1

∑n
i=1(β̂2 + β̂3Xi + β̂4

X2
i

2
)2

|
∑n

i=1(β̂2 + β̂3Xi + β̂4
X2
i

2
)n−1β̂4|

) 1
7

h
5
7 .

The motivation here can clearly be traced back to Sheather and Jones (1991) and Park

and Marron (1990) in the context of density estimation. hROT , hDPI and hSTE provide

state of the art plug in estimators for bandwith in the context of univariate nonparametric

regressions. Regarding the properties of these plug in estimators, it can be shown that,

hDPI
hMISE

− 1 = Op(n
− 2

7 ) ,
hSTE
hMISE

− 1 = Op(n
− 2

7 )

where hMISE is the value of h that minimizes MISE. This is far superior to the cross-

validation choice of h which produces hCV
hMISE

− 1 = Op(n
− 1

10 ) as shown in Hardle et al.

(1988).
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Appendix

Lemma 7. Let fn(x) : X → R for n = 1, 2, . . . be measurable. Then sup{f1, . . . , fn},
inf{f1, . . . , fn}, sup

n
fn, inf

n
fn, lim sup

n
fn and lim inf

n
fn are all measurable functions.

Proof. Let h(x) = sup{f1(x), . . . , fn(x)}. Then, Sh = {x ∈ X : h(x) > a} = ∪ni=1{x :

fi(x) > a}. Consequently, since fi is measurable, Sh ∈ F . Similarly if g(x) = sup fn(x),

Sg = {x ∈ X : g(x) > a} = ∪∞i=1{x : f(x) > a} ∈ F . The same argument can be made for

inf. Since lim sup
n→∞

= inf
n

sup
k≥n

fk, lim sup is measurable. The same for lim inf
n→∞

fn.

Lemma 8. Let f : (Ω,F) → (R̄, B̄) be a non-negative measurable function. Then, there

exists a sequence ϕn(ω) : (Ω,F) → (R,B) of simple non-negative measurable functions

such that

a) ϕn(ω) ≤ ϕn+1(ω), for all ω ∈ Ω, n = 1, 2, . . .

b) lim
n→∞

ϕn(ω) = f(ω), for all ω ∈ Ω.

Proof. For each n = 1, 2, . . . define the sets

Ek,n =

{ {
ω ∈ Ω : k

2n
≤ f(ω) < k

2n
+ 1

2n

}
for k = 0, 1, . . . , n2n − 1

{ω ∈ Ω : f(w) ≥ n} for k = n2n.

For each n, the sets {Ek,n : k = 0, 1, . . . , n2n} are disjoint, belong to F and ∪n2n

k=0Ek,n = Ω.

Put ϕn(ω) = k
2n

on Ek,n. Then, by construction 0 ≤ ϕn(ω) ≤ ϕn+1(ω), ∀ω and n =

1, 2, . . . . For any ω ∈ Ω, ϕ1(ω), ϕ2(ω), . . . is a nondecreasing sequence of real numbers

which is bounded above by f(ω). Hence, limn→∞ ϕn(ω) exists as f(ω). Since n is a natural

number, the function ϕn(ω) takes at most n2n values.

Let x =
(
x1 · · · xn

)T ∈ Rn, α =
(
α1 · · · αn

)T ∈ Rn with αi ∈ {0, 1, · · · } for

all i = 1, · · · , n. We define xα = xα1
1 · · ·xαnn , |α| =

∑n
i=1 αi and α! = α1! · · ·αn!.

Lemma 9. (Multinomial Theorem) For any x =
(
x1 · · · xn

)T ∈ Rn and for any

k ∈ N we have

(x1 + · · ·+ xn)k =
∑
|α|=k

k!

α!
xα (34)

Proof. The proof is by induction. First, if n = 2 we have from the Binomial Theorem

(x1 + x2)k =
k∑
j=0

k!

(k − j)!j!
xj1x

k−j
2 =

∑
α1+α2=k

k!

(α1!α2!)
xα1

1 x
α2
2 =

∑
|α|=k

k!

(α!)
xα.

Now, suppose that equation (34) is true for all n < N . We now prove it holds for N .

(x1 + · · ·+ xN)k = ((x1 + · · ·+ xN−1) + xN) = (x̃+ xN)k

=
∑

α1+α2=k

k!

(α1!α2!)
x̃α1xα2

N =
∑

α1+α2=k

k!

(α1!α2!)

∑
|β|=α1

α1!

β!
x̃βxα2

N
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where β =
(
β1 · · · βN−1

)T
. Let α =

(
β1 · · · βN−1 α2

)
, then β!α2! = α! and

x̃βxα2
N = xα. Thus,

(x1 + · · ·+ xN)k =
∑
|α|=k

k!

α!
xα.

Let ∂
∂j
f be the partial derivative operator with respect to the jth argument of a function

f : Rn → R and ∂αf(x) = ∂|α|

∂x
α1
1 ···∂x

αn
n
f(x).

Lemma 10. (Multivariate Taylor’s Theorem) Suppose f : Rn → R is k + 1 times con-

tinuously differentiable in an open and convex subset S of Rn. If a, a+ h ∈ S, then

f(a+ h) =
∑
|α|≤k

1

α!
hα∂αf(a) +Ra,k(h)

where the remainder Ra,k(h) is given by

Ra,k(h) =
∑
|α|=k+1

1

α!
hα∂αf(a+ ch) for some c ∈ (0, 1)

or

Ra,k(h) = (k + 1)
∑
|α|=k+1

1

α!
hα
∫ 1

0

(1− t)k∂αf(a+ th)dt

Proof. Let S be a convex open subset of Rn containing x and a and x∗ = a + th for

h = x− a and t ∈ (0, 1). Let g(t) = f(a+ th) and note that

d

dt
g(t) = h ·

(
∂
∂1
f(a+ th) · · · ∂

∂n
f(a+ th)

)
=

n∑
j=1

∂

∂j
f(a+ th)hj = h · ∇f(a+ th)

d2

dt2
g(t) =

n∑
j=1

hj
d

dt

∂

∂j
f(a+ th)

=
n∑
j=1

hj

n∑
i=1

∂2

∂ji
f(a+ th)hi

=
n∑
j=1

hjh ·
(

∂2

∂j1
f(a+ th) · · · ∂2

∂jn
f(a+ th)

)
=

n∑
j=1

hj(h · ∇
∂

∂j
f(a+ th))

= h · ∇(h · ∇f(a+ th)) = (h∇)2f(a+ th).

Repeating the argument we have dj

dtj
g(t) = (h∇)jf(a+th). Now, by the univariate version

of Taylor’s Theorem we have

g(1) = g(0) +
d

dt
g(0) +

1

2!

d2

dt2
g(0) + · · ·+ 1

k!

dk

dtk
g(0) +Rk
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where Rk denotes a remainder. Using g(t) = f(a + th) and dj

dtj
g(t) = (h∇)jf(a + th) we

have

f(a+ h) =
k∑
j=0

1

j!
(h∇)jf(a) +Ra,k(h)

By Lemma 9 we write

f(a+ h) =
k∑
j=0

1

j!

∑
|α|=j

j!

α!
hα∂αf(a) +Ra,k(h)

=
∑
|α|≤k

1

α!
hα∂αf(a) +Ra,k(h).

The structure of the remainder follows from the univariate version of Taylor’s Theorem.

Lemma 11. (Markov’s Inequality) Let E(|X(ω)|) <∞. Then, for a > 0

P (|X(ω)| ≥ a) ≤ 1

a
E (|X(ω)|) .

Proof. Note that, aI{|X|≥a} ≤ |X(ω)| and a
∫
I{|X(ω)|≥a}dP ≤

∫
|X(ω)|dP . Therefore,

P (|X(ω)| ≥ a) ≤ 1

a
E (|X(ω)|) .
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