2 Nonparametric regression

2.1 Introduction

The last chapter considered nonparametric estimation of densities and distributions. We
now turn to the estimation of conditional expectations, commonly referred to as regres-
sions. We start with a suitable definition of conditional expectation. Let (€2, F, P) be a
probability space and D € IN.

Recall that if X : (Q, F, P) — (RP, B(RP) := BP) is a random vector, then X ~1(BP) C
F is a o-algebra and we write X 1(BP) := o(X), the o-algebra generated by X. Now,
consider a random variable Y : (Q,F,P) — (R,B). It is legitimate to ask when Y
is a random variable with respect to o(X).! The following theorem provides a useful

characterization.

Theorem 1. Let X : (Q,F,P) — (R?,BP) be a random vector and Y : (Q, F,P) —
(R,B) be a random wvariable. Y is o(X) — B measurable if, and only if, there exists
m : (RP,BP) — (R, B) such that Y = m(X), and m is BP? — B measurable.

Proof. ( <= ) We want to show that for every B € B we have Y !(B) € ¢(X). But
Y~YB) = X Y(m~Y(B)) and by measurability of m, m™(B) € B and since X is a
random vector X ~}(m™1(B)) € ¢(X). Thus, Y is o(X) — B-measurable.

(=) Suppose Y 1(B) € ¢(X) for all B € B. First, assume that Y is a simple function.
Then, for k£ € IN we have Y (w) = Zle aila,(w) for a; distinct and {A;}¥_; pairwise-
disjoint. In this case, Y1 ({a;}) = A; and by assumption A; € o(X). Hence, there exists
B; € BP such that X~!(B;) = A; by definition of ¢(X). Hence,

k

k
Y(w) = Z ailx-1(p,)(w) = Z ailxep, (w).
i=1 i=1
Define m(z) = S35, a;lp,(x), then Y = m(X), m is BP-measurable. Thus, the implica-
tion is proved for every Y simple that is o(X)-measurable.

Y :(Q,F,P)—[0,00) then, by Lemma 5, there exist Y,,(w) simple such that

Y(w) = limY,(w), 0 <Y,(w) <Y,11(w).

n—oo
If each Y, is 0(X) — B measurable and Y,, := m,,(X) as in the proof when Y is a simple
function, set m(z) = limsup,,_,,, m,(z) and note Y = lim,,_, Y, = lim,,_, oo m,(X).
Given that m(X) := (limsup,,_,.. m,)(X) = limsup,,_,.. m,(X), m(x) is BP — B-

measurable. For general Y, write Y = Y+ — Y~ which reduces to the preceding case. [

More generally, if G is a o-algebra and G C F, we say that X is G — B measurable if for all B € B,
X~YB) € G. If G denotes the collection of all such o-algebras, then it can be easily shown that
oX)=NG.
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Let £%(Q, F, P) be the space of random variables X : (2, F, P) — (R, B) such that
J X?(w)dP < oo. Let X be arandom vector taking values in R” defined in the same prob-
ability space with o(X) C F. Then, £L*(Q,0(X),P) C £L*(Q, F, P) is a (Hilbert) space
with the same inner product ([ X (w)X'(w)dP) and £*(Q,0(X), P) is a closed subspace
of £2(Q, F, P). By the Projection Theorem, we next define conditional expectation.

Definition 1. Let Y € L*(Q2, F, P). The conditional expectation of Y given X is the
unique element Y € L2(Q, 0(X), P) such that

~

E((Y —Y)s) =0, forall s € L*(Q,0(X), P).
We write Y = E(Y|X) or Y = E(Y|o(X)).

Remark 1. 1. Again, by the Projection Theorem,
1/2
[V =B X))l = ( fiv- E<Y|X>|2dp> < Vsl for all s € £, 0(X), P).
Q

Hence,

E(Y|X)i=arg __ inf V=] = arg fnf ¥ = m(X)]|

where M is the set of Borel measurable functions from RP to R.

2. Since E(Y|X) is o(X)-measurable, by Theorem 1, there exists m : RP — R which
is Borel measurable such that E(Y|X) = m(X) and m is unique. Hence, we can
write E[(Y — m(X))g(X)] = 0, for all g : RP? — R Borel measurable such that
[ g*dP < .

3. The requirement that Y be square integrable is not necessary for the definition of
conditional expectation. It is convenient here because the Projection Theorem can
be used to obtain existence and uniqueness of E(Y|X). However, Y € LY(Q, F, P)

is sufficient to obtain existence and uniqueness of E(Y|X).

4. We may write

Y = B(Y|X)+ U =m(X)+U (1)

where U =Y — E(Y|X) =Y —m(X) and by definition of conditional expectation
E(Ug(X)) = 0 for any g that is B — B measurable. Note, in particular, that
E(UX) =0 and by definition E(U|X) = 0.

Let Z=(Y X7 )T be a (1+ D)-dimensional random vector defined on (2, F, P)

having distribution . Assume that we observe a random sample {Z; = (Y; X7},
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where XiT = ( Xa - Xip ) with D € N. We callY the regressand and the com-
ponents of X the regressors. Our objective is to estimate the regression m(z) for
some x € S C RP. We write U; = Y; — m(X;) and call it the regression error. As
{U;}1_, is a sequence of measurable functions of {Z;}?_,, an IID sequence of random

vectors, it is itself an ITD sequence of (unobserved) random variables.

2.2 The Nadaraya-Watson estimator

Assuming that Z has a density denoted by fz(z) := f(y,x) and the existence of fx(z) =
[ f(y,x)dy with fx(z) # 0, the conditional density of ¥ given X = z exists and is

denoted by fy|x=.(y) = ]}iy—(xx)) Thus, we write

mta) = BN =) = [ufriesoddy =5 [ sty )

Hence, it is natural to propose the following estimator for m(x).

Definition 2. The Nadaraya-Watson estimator for m(z) is defined as

() = — / yf(y,2)dy, (3)

fx(x)
wheref and fX are Rosenblatt kernel density estimators. That is,
/
f(y,) mm 2}: (y.2'))) and fx(x) @tnEZK

where G,, and H,, are bandwidth matrices and K and K are D + 1 and D dimensional

kernels.

Remark 2. 1. Let hy, be the bandwidth associated with the first component of Z; and

Rip, -, hpy be the bandwidths associated with the regressors. We note that

/yf(y,ﬂf)dy = ndet / Z/C< . (X B ))dy
= nhynhln--- 7Z/le< ( X; — 30))@

_ _Z/ g -+ o) K (1, H (X — 7)) By il

hD,n

. Xp—m  Xjp—up
= (nhlm.--thm,) 1Z(E/K(U’JhT”thT)du

J=1

X'l—fﬂl X‘D—Z'D
— hy,n/ulC(u, thn . th,n )du>
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If [K(u,1,--+ ,zp)du = K(z1,--- ,xp) and if [uK(u,z1, -+ ,zp)du =0, then
[ i)y = i o) VK (X - )
j=1

and the Nadaraya-Watson estimator can be written as

oy = i K01, -
)= S R W, Z“’”

. _ K(Hy'(X5-w))

where wi,(; Xy, , X)) = R (%)
linear combination of the observations Yi,--- .Y, on the regressand Y with coeffi-
cients wjn(x; X1, -+, Xy). In addition, Z?’:l Win(z; X1, , X,) = 1. Hence, the

Nadaraya- Watson estimator is a weighted average of the observations on the regres-

Thus, m(z) can be written as a

sand.

2. In this context it is convenient to work with product kernels, where (1, ..., zp) =

Hle k(z;) and k is a univariate kernel centered at zero.

The Nadaraya-Watson estimator can also be obtained from a different perspective that

will motivate an entire new class of estimators. Hence, consider the following estimator.

Definition 3. The local constant estimator for m(z) is denoted by mo(z) and given by,

mo(x) = argcmin Z(Y] —¢)’K (H,'(X; — 2)) == argmin (Y — 1,¢)" P(z)(Y — 1,¢)

[

= argmin S,(c)

c

where P(z) = diag{ K (H,"(X; —x))}'_;, L, =(1 --- 1 )T, Y = (Y, ,Y,)" and ¢
s a scalar.

~

Remark 3. Taking the first derivative of S,(c) with respect to ¢ and finding ¢ := mg(x)
that sets it equal to zero gives —21!, P(x)Y + 2mg(x)1, P(z)1, = 0 and

oty = S KX = 0) Y,
LK (G )

The second deriwative of Sy(c) with respect to ¢ is 1,P(x)1,, = > | K(H Y (X; — x)).
For a minimum, we need Y | K(H, '(X;—x)) > 0, which is true if K(H, (X;—z)) >0
for all i.



2.3 Local Polynomial Estimation

The optimization in the definition of the local constant estimator suggests a class of
estimators that uses more flexible functions for the local approximation of m(x). Taylor’s
Theorem suggests the following estimator, known in the literature as the local polynomial

estimator.
Definition 4. Let a € R” with oy € {0,1,---}, |a| = S22, i and for x € RP, 2* =

it - xFP (). In addition, let B = 0“m(z) = %m(m) and define the vector

Bp.p € R where c = ( D;p ) such that

/BpD = ( /6(07"'70) ﬁ(ovlv"'vo) o e /6(0707"'71) [ )T .

The local polynomial estimator of order p for m(z) is given by my,(z) = ( 10 --- 0 ) BP,D,

where
2

Bp,D = argmini Y; — Z 5()(1- —2)*B* | K (H,'(X;—x)) := argmin S, ().
B B
(4)

Remark 4. 1. A much studied version of this estimator takes p = 1. 1y (x) is called

=1 lal<p

the local linear estimator and in this case

Bl,D — ( /8(07"'70) /8(0717"'70) .. /8(0’07'"71) )T = ( 5(07"'70) 6%—‘ )T’

where 81 € RP. Then, if X = ( X, - X, )T and ® denotes the Kronecker

product
2

Sn(B) = Z =Y é(xi —x)°B* | K (H (X, — )

=> (Vi g0 — (X, - x)Tﬁl)Q K (H'(X; — x))

n

5(0,0,--- ,0)

:(Y—(ln X—(1n®xT))< 8, ))TP(x)
X <Y—( 1, X—(1,®27)) ( 6(0’;1'“’0) ))

A

~ (07"'70)
If R(x) = ( L, X—(1,®2") ) the vector By p = < b Bl ) that minimizes

Sn(B8) = (Y = R(x)8)" P(x) (Y — R(x)B) is given by

3 - 3(07”.70) — X T T €T -1 T T T
b= (7)) = (R P@R@) " RGP 5

b}



3.1

whenever det (R(z)"P(z)R(z))) # 0. Hence, the local polynomial estimator of order

1 for m(z) is therefore given by

BOO =iy (z) = (1 0 -~ 0) (R@)"P(x)R(z))” R(x)"P(z)Y := W(z)Y.
where W(z):= (1 0 --- 0) (R()"P(z)R(z))”" R(x)"P(x).
Note that estimators for 836?1,..131(;,3 m(x) = %m(a:) ford =1,---,D can be ob-

tained directly from equation (5) by selecting the appropriate element from the vector

B(OV" )0) .
A . Hence, we can define the estimator

i
a/\ - B(o,...,o)
a—dm(g;)._(o SEIES S 0)( 3 )

where the number 1 appears on the d+1 position of the vector ( o - 1 -+ 0 )
1
0
Let Iy denote the identity matriz of dimension N and note that R(x) . =1,.
0
Then, since (R(x)" P(z)R(z)) ' R(z)" P(z)R(z) = Ip.1 and
1
0
(10 -« 0)Ipu]| . | =1
0
we have
1
0
1=(1 0 -+ 0)(R(x)"P(z)R(z))"'R(z)"P(x)R(x)
0
=(10 -+ 0)(Rx)"P()R(x))"R(x)"P(z)1, = W(z)1,

Hence, my(x) can be expressed as a weighted average of the observations on'Y . The

conclusion easily generalizes to any polynomial estimator of order p.

Asymptotic properties of the Nadaraya-Watson es-
timator

The case where D =1

We start with consistency.



Theorem 2. Let {( Y, X; )T} be a sequence of IID random vectors distributed as
i=1

(Y X ), and assume that a) |[K(u)] < C for all |u| € R; b) [|K(u)ldu < oo and
[ K(uw)du=1; ¢) |u||K(u)] = 0 as u — oo. In addition, assume that the marginal density
of X, fx(z) > 0 and x is a point of continuity of fx and m with |m(x)|, f(x) < C. If
V(Y|X) =02, h, — 0 and nh, — oo as n — oo,

m(z) —m(z) 5 0 as n — co.

Proof. By definition

n X:i—x
) 7zj:1K(—im>in 1 L (X,
m(x N no X;—x g oo X;—z \ nh Z h J
2 i1 hon o 21 hon "=t "

fX(x) nhn = hn

where fx(z) = ﬁ Y K (X;L;x> . From chapter 1, under the conditions in this theorem

Fx(x) B fx(x). Hence, it suffices to show that

i) = 2 2K () B o).

Here, we show that E(g(z)) — m(x)fx(x) and V(g(z)) — 0 as n — oco. By the Law of

Iterated Expectations and the IID assumption
. 1 X —=x 1 X —x
= (s (25)7) - (352 o)
1 X —x
o (< (55 o)
1 U—x
= h_/K ( - ) m(u) fx(u)du = /K(v)m(az + hyv) fx (z + hyv)dv.

Now, given that K € £' and provided |m(z)|, fx(z) < C and x is a point of continuity

of fx and m, we we conclude by dominated convergence that
E(3(e)) > fx(am(z) [ K(u)du = fx(apm(a)

provided | K(u)du = 1. Now, given that V(Y|X) = ¢, by the Law of Iterated Expecta-

tions

Viala) =t [ 1 (“ - ) )it 1V (K (Xh—n x) m<x>) |



Note that V (K <X*x> m(X)) —F (Kz (Xh—

hn
thermore,
(K2 (th ) ) = h, /K2 (2 — uh) fx(x — uh)du
" <K (X - ) )) ~ by / K (u)m(z — uh) fx(z — uh)du.
Then,

V(g(z)) = /K2 ) fx( m*(z — uh) fx(x — uh)du

v ( / K (u)m(z — ub) fx (z — uh)du) |

Given the bounds on |m| and fx we have by dominated convergence that as n — oo the

integrals in the previous equation display converge. Hence, if nh,, — oo we have that
V(g(z)) — 0. O

We now give sufficient conditions for asymptotic normality of m(z) under suitable
centering and normalization.
Theorem 3. Let {( Y, X; )T}n ) be a sequence of IID random vectors distributed as
(Y X ), and assume that a) |Zl_((u)] < C forallu € R; b) [|K(u)|du < oo and
[ K(uw)du = 1; ¢) |u||K(u)] = 0 as |u| — oco. In addition, assume that the marginal
density of X, fx(x) > 0 and x is a point of continuity of fx and m with |m(z)|, f(x) < C
IfV(Y|X) =02, E(]Y —m(X)*|X) < C < oo for some § >0, h, — 0 and nh, — oo

as n — 0o,
u)du)

and the denominator converges in proba-

(nha) Y2 (12(z) — E(n(z)| X)) % N (o, -

(nhn) ' 3771 K(hn ( i—2)Y;
(nhn) =1 3271 K (he' (X —2))
bility to fx(z) > 0, we are mamly concerned with the convergence in distribution of the

numerator, denoted by g(x). Let X = {X,--- X,,} and note that

Bal) = - Yk (

1 — X, _
= nh, ;K ( Jhn x) m(X;) by the fact that {(¥;, X;)}, is IID.

Proof. Since m(z) =

2 B




Then,

i) - BG@ID) = - Sk (H70) 0 - mOx,)

K (SE5) (G -m(Xy))

nhny

V(Zy) = E(Z},)= g;E(KZ (%))

_ thz/Kz Y — ) fx(u)du

Let Zjn =

and note that E(Z;,) = 0 and

Now, let s7 =" E(Z7,) = 5= [ K*(h, " (u — x)) fx(u)du and

Zin Zin
Xjn="= = . P

T ) (£ [ K20 e - @) fx(a)da)
K (hy (X, = )(¥; = m(X,))

(nh 1/2(02 [ K2(hs (a—x))fx(a)da>

By Liapounov’s CLT 7" Xy, LN N(0,1) provided that lim, anl E(|X;n[*") =0

for some § > 0. Note that |X;,| = K (R (ﬁfn)lfg)‘("”)”?(x D with c(n) fK2 Ya —
7)) fx(a)da and | X, |0 = |K(h;1§f}f_)ﬁ)(!j:j(%;?/g{j)lﬂg. c(n) is nonstochastlc, therefore

E(|Xja***) = (nhe(n)) ™' 2 E (|K (hy ' (X5 — 2))PF1Y; = m(X;) )

and
> E(1X*") = (nhne(n)) ™" ‘WZE | K (hs, — )P — m(X;)[**) .
j=1

Now, if B(|Y; - m(X,)[***|X;) < C

E (|K (b (X; = 2)) PPN, —m(X) ) = E(|K(h,' (X5 — 2) PP E(Y; — m(X;)*] X))

o — 2\ |2
< C'/ K : fx(a)da
Consequently,
n i 246
SOE(X ) < (e e [ |1 (“20)| sslada
j=1 "

= (nh) R (e(n)2C / K ()P fx (o + h)du

< (nhn) "2 (c(n))192C Cl+5/|K(u)|fX(x + hpu)du.
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By dominated convergence, as n — 0o, ¢(n) — o?fx(z) [ K*(u)du and [ |K(u
hpu)du = fx(z) [ |K(u)|du < C. Since nh, — oo we have that lim 377 | E(|
n—oo

0. Hence,

> K(h' (X — 2)) (Y — m(X;)) (nh,)'?(§(x) — E(§(=)|X)) a

Nfx(z +

Xjnl?*0) =

= % N(0,1),

(nha) V2 (02h; ! [ K2(hyY (o — 2)) f(a)da) ' c(n)'/?

which implies that (nh,)"?(g(z) — E(§(z)|X)) 4N (0,02 fx(z) [ K*(u)du).

Now, since

(@) — B(i(2)|X) = g(x) —AE(Q(x)IX)7

X(x

~—

we have that

(nhn)'2(9(x) = E(§()|X)) 4 1

nh Y2 () — E(m(x
(nha) /2 () — E(n(x)| X)) = I (o)

where Z, ~ N (0,0%fx(z) [ K*(u)du). Consequently,

(nhy) 2 (110(z) — E(i(2)| X)) % N (0, f;—(zx)/KQ(u)du) .

Remark 5. We write

Vnh,(m(z) —m(z)) = \/nh,(m(z) — z)|X)) + v/ nhy,(E(m(x —m

and observe that

R 1 - X, —=x
B =) = ey DK (X)) = e

1 1 & X
_fx<x>TM;K(

Hence, to establish the asymptotic distribution of \/nh,(m(x) — m(x)) it is n

2 (m(x) ~ m(e)),

to investigate the order (in probability) of the conditional bias of the Nadaraya-

estimator, which will be done in subsection 5.5. First we state our results for con

and asymptotic normality for the case where D > 1.

3.2 The case where D > 1

(z))

ecessary
Watson

sistency

Theorems 2 and 7 extend easily to the case where D > 1. Hence, we state the next two

theorems without proof.
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Theorem 4. Let {( Y; XI )T}n ) be a sequence of IID random vectors distributed as
(Y X ), and assume that a) |_;(_(u)| < C for allu € RP; b) [|K(u)|du < oo and
[ K(uw)du = 1; ¢) ||u|[1] K (u)| = 0 as ||u|| = co. In addition, assume that the marginal
density of X, fx(x) > 0 and z is a point of continuity of fx and m with |m(z)|, f(z) < C.
If V(Y|X) = 6%, hgn > 0 for all n and hg, — 0 as n — oo and ndet(H,) — oo as
n — oo,

m(x) —m(z) 5 0 as n — oo.

Theorem 5. Let {( Y, X[ )T}n be a sequence of IID random vectors distributed as
i=1

(Y X )/ and assume that a) |K(u)] < C for all u € R; b) [|K(u)|du < oo and
[ K(u)du =1; ¢) ||ul|1|K(uw)| = 0 as ||ul|y — co. In addition, assume that the marginal
density of X, fx(x) > 0 and z is a point of continuity of fx and m with |m(zx)|, f(z) < C.
IfV(Y|X) = o2, E(JY — m(X)]*"|X) < C < oo for some § > 0, hg,, — 0 and
ndet(H,) — oo as n — oo,

(ndet(H,))*(m(z) — E(m(z)]| X)) 4N (0, f;—(z)/KQ(u)du) :

Remark 6. As in the case of density estimation, the multivariate Nadaraya-Watson es-
timator converges in distribution at a rate that is slower than the parametric rate. In
addition, the speed of convergence decays exponentially with D. Hence, the curse of di-

mensionality manifests itself again in the case of the Nadaraya-Watson estimator.

3.3 Bias of the Nadaraya Watson Estimator

Recall that a sequence of random variables {Z, },en is said to be bounded in probability
if for all € > 0 there exists C, > 0 such that for all n > N,

P(|Z,| > C,) <e¢

and we write Z,, = O,(1). If {a, }nen is a nonstochastic sequence sequence of positive real
numbers, we say that Z,, = O,(a,,) if f—: = 0,(1). It is a direct consequence of Markov’s
Inequality that: a) if E(|Z,|) = O(a,) then Z, = Oy(a,) and b) E(Z2) = O(a,) then
Iy = Op(a,ll/g).

Theorem 6. Let {( Y, X, )T} be a sequence of IID random vectors distributed as
i=1

(Y X )T and assume that o) |K(u)] < C for all u € R; b) [|K(u)|du < oo and
[ K(uw)du=1; ¢) [ul]|K(u)] = 0 as |u| = o0; d) [uK(u)du =0, [v’K(u)du:= ps. In

addition, assume that the marginal density of X, fx(x) > 0, x is a point of continuity of
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fx and m with |m(x)|, f(z )<C’cmdmeC2 If h, = 0 and nh, — oo as n — oo,
then for I,(v) = =37 K ) (m(X;) — m(z)) we have
m“ mO@R @) e
0 BUL(=) = 2o P ) ofh) and V(1a)) = Ol ).
ha ) X (x) _ 2 h!?
b) I T H fx(@ )( fX($ ) =0y (hn+n1/z)'
Proof. a) First, note that
/K m(z + hu) —m(z)) fx(x + hu)du
/K m(x + hu) fx(x + hu) — m(x) fx(x) + m(z) fx(x) — m(z) fx(xz + hu))du
/ K (u)(m(x + h) fx (x + hu) — m(z) fx ())du

/K <me 1D (@) hpu + = [me](Q)(:c—l—Ahnu)hQ 2) du

—m(x /K < z)hau + = fX (z + Ahpu)h? 2)alu
for A € (0,1), since m, f € C}

_ (/K Mmfx]® (x + Ahpu)u*du —m /K (& + Aryu) 2du>
smcequ )du = 0.

Also, since m, f € Cf and [u?|K(u)|du = pa, by Lebesgue’s Dominated Convergence

Theorem we have

hi%Eum)) = % (el fx]® (@) + 0(1) = m(@) (2 f & () + 0(1))

1

mW (2) FO (x
= Luafx(@ <m<2><x> + 2%) +o(L).

Second, given that V(I,)) = E(12) — E(I,)? we investigate E(I2).
BU2) = o (Z B (5 (S0 tnx) - mio))
#3028 (i (B ) - meaie (B2 (i) - m<x>>)>

i=1 j=1,j#i "
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where

E (K2 (Xih; x) (m(X;) — ) — hn /K2 m(@ + ) — m(@)) fx (x + hu)du,

By the fact that the sequence {X;};en is IID
B (% ) () = ma) i () () = m(e)) )

= h? (/ K (u)(m(z + hu) — m(z)) fx(z + hu)du) .

Consequently,
/K2 (@ + hu) — m(@)) fx (@ + hu)du
(1 _ _> (/K m(z + hu) — (x))fx(x—i—hu)du)z,
and
m(z + hu) — m(x))? fx(z + hu)du

1) nh
1 (/K m(@ + hu) — (m))fx(x—i—hu)du)zzfnl—fm

2
)

where I,,5 = % < pa fx () (m(z)(x) + 2%) + 0(1)> . By the Mean Value The-

orem, for A € (0,1), m(z + hu) — m(z) = m®(x + A\h,u)h,u. Hence,

h—i /uQKQ(u)(m(l)(x + M) fx (z + hou)du,

I, =
! nhy,

and given that m, f € C?, by Lebesgue’s Dominated Convergence Theorem we have

/u2K2(u)(m<l>(x+Ahnu))2fx( + hou)du — (mD(2))2fx (2 )/u2K2(u)du

and 222V (1,)) = O(1).
b) Let B(z) = Lusfx(2) (m<2>( )+ 2 %) and T, = I, — h2B(z). Then, I? =
(I, — E(I,,) + E(I,,) — h2B(z))? and

E(Z;) =V (I.)




Remark 7. Note that,
1 In [’I’L [n

BOm@h =mia) 5 oy =m0 T Rw @

1 1 I,
—mot (fxm - fx<x>) bt R

= m(a) + (14 0,(1)) 7
— m(z) + f%@u + o)) (I — K2B(x) + h2B(x))
=m(x i B(2) 0, (h? 10 L
Consequently,
W i(a) = EG(0)0) = vk () = (o) + 22 1 0,02)) )
+ nhan—&).

Since L, = O, ((nhh# + hi) we have

Wl ((2) — E(i(@)|x)) = /il (m(x) — (m(x) + h2B(z) + O;D(hi)))

Ix(x)
S W
+ \/n_hn <n1/2 + hn) fX(SU) OP<1)'
If nh — 0 then,
i (a() — E(R(@)x)) = v, (m<x> - (m<x> " hfxi(()) " op<hi>))
+ op(l).

We immediately have the following Theorem.

Theorem 7. Let {( Y, X; )T}n be a sequence of IID random vectors distributed as
i=1

(Y X )T and assume that a) |K(u)] < C for all uw € R; b) [|K(u)|du < oo and

[ K(u)du =1; ¢) |u||K(u)] = 0 as |u| = oo; d) [uK(u)du =0, [w*K(u)du = ps. In

addition, assume that the marginal density of X, fx(x) > 0 and x is a point of continuity

of fx and m with |m(x)|, f(x) < C. If V(Y|X) = o%, E(|Y — m(X)*"|X) < C <

for some 6 >0, h, — 0, nh,, — oo and nh?> — 0 as n — oo,
. h2 B(z) d o?
nhy, (m(:):) - (m(x) + (o) + op(hi))> — N (0, fX—(x)/K2(¢)d1/;) .
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4 Asymptotic properties of the Local Linear Estima-
tor
4.1 Algebraic results

Before we study the asymptotic behavior of the local linear estimator we give some useful

algebraic facts. We start by noting that since

1 Xll—xl XlD_-TD

1 Xon — e Xop—2xa n
Ray=| . " T | and Pla) = diag {K (H, (X0 - @)}

1Xn1—SU1 XnD_xD

matrix multiplication gives

SOESC; sl(x(') | SD(x(') |

1 T L . S1(& ST S@1,0)(%

W(HH)R(Q:) P(x)R(x) := S(z) = f _
SD(x) S(D,1)($) S(D,D)<17)

where

n n

so(x) = m;[( (H,'(X; —2)), sj(z) = m;[{ (H, ' (X — 2)) (Xyy — x5)
and

K (Hgl(Xt - x)) (X4 — ;) (Xyy — ) fori,j=1,---,D.

t=1

1
S(ig)(T) = W(Hn)

Note that s(; ;(x) = s (). Furthermore,

To(iL')

1 T B B 7'1(513')
P @POY =) = |
()

where 79(z) = WZK (H Y Xy —2)) Yy, 75(2) = MZK (H Y (X, —2)) (X — xj) Vi
(Hn) (A (Hn) =

Hence, if S(z) is invertible we may write the local linear estimator as

Brp(x) = S(z) " r(z).

15



Lemma 1. Assume that all partial derivatives of order 1 of m(x) ewist for x € RP.

Denote these partial derivatives by %m(:ﬁ) ford=1,--- D and define

mW(z) = ( Zm(z) Zm(z) - Lm(x))" .
In addition, define m := ( m(X;) m(Xy) -+ m(X,) )T, U=(U, U, -+ U, )T
where Uy =Y, — m(X,). Also, put
G, = diag{1, diag{1/h3}7 .}
and
N, = diag{\/n det(H,),diag{\/n det(H,)hq}"_,},
both D + 1-diagonal matrices. Then, letting f1p(z) = ( m(z) - mW(z)" )T
3 _1; T(z)P(z) (m — R(z)B(x
N, (o) = 5uo(o) — (GuS(a)) ™+t Gl (@) PLe) ( — R(2) (o) )
_ Nn(GRS(x))—lmGnRT(;p)P@)U
Proof. We can immediately write
Bip(x) = Bip(z) = 5($)_1#<H7JRT(1’)P($)Y - 5(1’)_1mRT@)P(l’)R(m)BLD@)
-1 1 T
= (GnS(x)) W(HN)G"R (z)P(z) (m+ U — R(z)f1,p(x))
-1 1 T
= (GnS(x)) MG"R (z)P(z) (m — R(z)f1,p(x))
-1 1 T
+ (G,S(2)) W(Hn)GnR (x)P(x)U.
Consequently,
N, (B () = Pro(x) — (G S(fﬁ))*l;G R'(z)P(z) (m — R(x)f (33)))
n 1,D 1,D n n det(Hn) n 1,D
—1 1 T
= N, (G,S(x)) W(HUGNR (x)P(x)U.
O

4.2 The case where D =1

If D =1, we have from the previous subsection that

1 X1 — X

1 X — X n
Ry = | 7 | P@) = diag {K (0 (X =)}

1 X,—=

16



and matrix multiplication gives

1 T — _ ( solx)  si(2)
R PR = () = (2 )

where

Furthermore, G,, = diag{1,1/h%}, N,, = diag{+/nh,, /nh,h,} and

So(x) s1(z)
GnS(r) = :
0= (athiie samie
From chapter 1 we know that so(z) = fx(x) + 0,(1). The next lemma gives the order of

the remaining terms.

Lemma 2. Assume fx € CZ, K >0, [ K(u)du =1, [uK(u)du =0, [u*K(u)du = po,
J W K?*(u)du < oo and [u*K?*(u)du < oo. If h, — 0, nh3 — co we have

65 = (100 o )+ () T3 ) =+ (o) %))

Proof. Note that E(si(z)) = h,, [ uK(u)fx(x + hyu)du and

Vi(si(z)) = % / K2 (u)u? fx (z + hou)du — %’21 ( / K(u)ufx(z + hnu)du>2.

Hence, V(s1(z)) = O (22). Also, for A € (0,1)

,%E(sl( ) = hi/ K (u) fx(z + hou)d z—/uK Wix (@) + howf O (2 + M) du
- /uzK(u)fg)(ij)\hnu)du — fx (:v)/u K(u)du := p,gf;(l)(x) as n — 00.
Now,

v(hi%&( ) nhg/K2 Y fx (2 -+ hot) ot — 2% (/K(u)ufx(x+hnu)du)2

— 0 if nh3 — oo.
Hence, s,(z) = O,(h2) and h;2s1(x) — paf V) (x) = 0,(1).

17



Lastly, E(sq1)(z)) = hZ [ K(u)u® fx(z + hyu)du and

Visan(x) = %2 / K?(u)u fx (@ + hou)du — %ﬁ ( / K (u)u? fx(z + hnu)du>2 :

Hence, 55 E(s = [ K(u)u*fx(x + hou)du — fx(z)pe as n — oo and
1 2
V(h;25(1’1)(:c)) = w)u fx(z + hpu)du — - (/ K (u)u? fx(z + hnu)du> )
Then, h,?sq1)(x) — fx(x)pus = 0,(1). O

Remark 8. 1. If fx(z) > 0 and py > 0, Q is invertible.

2. 1t follows immediately from Slutsky Theorem and invertibility of Q that (G, S(x)) ™1 —
Q™' =o0,(1).

3. Recall the formula for the inverse of a partitioned matrix: if Ay, Asy and the Schur

complements Ay — A12A521A21 and Ay — AglAfllAlg are invertible, then

( All A12 )1 _ ( (All - A12A A21) _Au AlQ(A22 - A21A A12> >
A21 A22 _A22 A21 (All - A12A22 1421)71 (AQZ A21A11 A12) '

Applied to Q, this gives

1
— 0
-1 _ fx ()
Q= ( _f;((l)(w) 1 ) )
fx ()2 p2fx(z)

Applied to G,S(x), with A;y = so(x), As = s1(x), Aoy = si1(x)/h? and Ay =
say(x)/h2 (all conditions hold with probability approaching one), and using Lemma

2,
A = Azt = sola) = 25— so(a) 4 0,02) = fr(a) + ,(0).
Az = A Ay Ay = = ;l;fx) - Sl,ff : j;g § = i fx(2) + 0,(1).
At Ay = % —0,(h2),  AptAy = Sill(;’gi 5 = f)(i )((x)) + 0,(1).

Therefore,

wrt-a (28 %459

The (1,1) error term is only o,(1) because the Lemma 2 gives so(x) — fx(z) = 0,(1),
not Op(h2).

18



4. Note that if m € C?, the i'" element of m — R(x)B;1(z) is given by m(X;) —m(z) —
mM(z)(Xy — z) = Im® (z + M X, — 2))(X; — z)?

Theorem 8. Let {(Yi,Xi)T}?:l be a sequence of IID random vectors distributed as
(Y, X)T, with m(z) :== E(Y|X =2), U :=Y —m(X) and B1,(z) := (m(z), m(l)(x))T.

Assume that
a) K is symmetric about zero, has compact support and |K(u)| < C for all u € R;
b) [K(u)du=1, ps:= [v’K(u)du >0 and put vs := [u?*K?(u) du;
c) m, fx € C} and fx(x) > 0, where fx is the marginal density of X ;
d) V(Y|X)=0% and E (JU]*"| X) < C < oo for some § > 0;
e) hy, — 0, nh3 — oo and nh? = O(1) as n — oo.

Then, with N, = diag {\/nhn, vnh, hn},

R 2 2(
N" (B“@) ~ o ( g )) o (0’ @ < e E )) |
Proof. Write the last equality in Lemma 1 (with D =1) as
Ty := Ny (Bll(l') — Bia(z) — Bn) = No(GS(2)) ™ Gan,
where B,, := (GnS(x))*lﬁGnR(x)TP(x) (m — R(z)B11(x)) and

i i K (522 ) U "
Up = nh ——R(z)" P(2)U = ﬁzh?dK &X;l_ﬁ)h(x?x)m - <z”;) .

Step 1: moments of v,. By assumption, E(v,) = 0, and the change of variables X; =

x + hpu gives

o’h,,

V(vp1) = u) fx(z + hpu) du, V(vn2) = w? K?(u) fx (z + hpu) du,

2

E(vp1vn2) = % /uKQ(u)fX(x + hyu) du.

Hence /nh, vy = O,(1) and vne = O,((hy/n)Y?), that is, v/nh, v,e = O,(h,) and

Vb Una /ey = Op(1).
Step 2: decomposition of T,,. Let E, := (G,S(z))™' — Q7. By Remark 8.3, E, =

o) O\ o
(op(l) 0,(1) >’ d Gpvp = (Vn1, vn2/h;)" . Th

Tn = NnEnGnvn + NnQ_lGnvn = Tnl + Tn27

19



with

0p(1) hpv/nhy, Vp1 + 0p(1)/nhy, Ua /b,

by Step 1. Furthermore,

T, — ( 0, (1)v/nhy, a1 + Op(1)v/1hy, Vg ) o)1)

1 1
. . e VI Va1 o +( 0 ) —_ (fx(x)‘/”h
n2 — 1 = 1p2 ) 2 = V/
(z) / vnhy n 1 nhy,
hn f2( nh Uni + HQfX( ) . Un2 Op(l) HZfX(x) hn

since hy,v/nhy, var = Op(hy,) = 0,(1). Hence T,, = Tiy + 0,(1).
Step 3: asymptotic normality of T),. Let

_o? [ K*(u)du 0

- fx(@) ( 0 Q) '

13
By the Cramér-Wold device it suffices to show that a’T7, 4N (0,a’Xa) for every a =
(a1,a2)" € R?, a # 0. Write a' T}y = Y1 | &, where

L 1 XZ—,I aq a9 Xl—l' 4
o=k (55) (Rt e )

For each n the &,; are i.i.d. with E(&,;) = 0. By Step 1,

2 9 )

V(a"T) = g mhaV (v) + 2;};:22) nE (Vn1tna) + %%V@"?)
2

f;( ) o’ fx(x /K2 Ydu+ 0+ ———— zfx( ) o fx(x) vy = a’ Sa,

where the cross term vanishes because [ uK?(u)du = 0 by the symmetry of K. Moreover,

by assumption,

= Cn h,,
> Bleul < ol / K () P+
=1

=0 ((nhn)—5/2) — 0,

2+4
fx(z + hyu) du

ay asu

fx(z ) szX( )

so Liapunov’s condition holds. Since a’¥a > 0, Liapunov’s CLT gives a’ T, A N(0,a"Xa).

Therefore T%, -5 N(0,%) and, by Step 2, T, % N(0,%).

Step 4: the bias term. By Remark 8.4, the i element of m — R(z)f1,1(z) is 59(X;)(X; —

r)?, where

2 [m(Xi) —m(x) — mW(z)(X; — 1:)]
(Xi — )

9(X;) == = m® (z 4+ N(Xi—=x), X e(0,1).

Thus |g| < sup|m®| < oo and g(z + hp,u) — m®(z) for every u as h, — 0. Hence
ﬁGnR(x)TP(x) (m — R(z)B1,1(x)) = 2 (2n1, 2n2)” with

1 « X, —x 1 « X
nl = K - Xi)(Xi— 2 n2 — ~7 o K
I e E e e

20
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By dominated convergence,

E(2n1) = hi/UZK(U)g(iﬂ + htt) fx (2 + hou) du = B2 (pam™ (z) fx () + 0(1))

E(zp2) = hn/u?’K(u)g(x + hpu) fx(x + hyu) du = hy, (m(Q)(x)fX(m) /u3K(u) du + 0(1))
= O(hn)a

since [u*K (u)du = 0. Also,

2 [K2 (32) 2000 - '] = 0 (5) = o), Vi) = 0 (22) = o)

=t n n

1
<
V(an) ~ nh

because nh, — co. Consequently, z,1 = h2 (2m® (z) fx(z) + 0,(1)) and zp2 = 0,(hy,).

Now write

1 1
Nan = _NnEn (inl) + §NnQ71 (an) = Bnl + BnZ'
n2

2 Zn2

Using the orders of E,,, z,1 and 2,2,

o1 (Jn_im[op(1>znl+0p(hg)zn2]> B (op(\/n_hg;)
nl — — )

R/ 1hy, [0 (1) 21 + 0,(1) 20] op(\/nh3
and
B Vi (AT (@) + o (/)
“ 2 \ vk, [ an + uzf;(w) 2”2} - Op(y/nh};) + 0p(+/nh}) '

Since nh) = O(1), letting b, := (3h%pam®@ (z), O)T we obtain N, B,, = N,,b,, + 0,(1).
Conclusion. Combining Steps 3 and 4,

Nn (Bl,l(x) - 51,1(1') - bn) - Tn + Nn(-Bn - bn) = Tn + Op(l) i) N(07 Z)v

that is,
A 2 () d o’ 2
nhy, (m(z) — m(z) — hipom(z)) = N O,fX—(x) K*(u)du ),
2
Vnh3 (mW(z) —mW(x 4N (0,0—2) :
( (@) ( )) fx (@) 3
jointly, with asymptotically independent components. O
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