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Chapter 1

Probability spaces

It is universally accepted, and intuitively understood, that the probability associated with
the occurrence of a certain event can be expressed by a number between 0 and 1. For
example, we may be informed by a meteorological service that the probability that it will
snow tomorrow is 70%. In fact, in many settings we can easily assess the probabilities
associated with certain events. Thus, stating that the probability of observing heads after
tossing a fair coin is 50% is normally taken to be self-evident. In this chapter we develop
a mathematical framework that will allow a formal treatment of the notions of event and
probability. The development of this framework, which relies on concepts and results from
measure theory, leads us to the concept of a probability space, foundational to all subsequent

topics in this monograph.

1.1 o-algebras

A set formed by subsets of a given set X is called a system of sets associated with X. Systems
are commonly described by certain properties that involve taking unions, intersections and
differences of their elements. In what follows, we will introduce several systems that will be
useful in constructing probability spaces. We start with the definition of the most important

of these systems in the study of probability, it is called a o-algebra.



Definition 1.1. Let X be an arbitrary set. A o-algebra F is a system of subsets of X having

the following properties:
1. X eF,
2. Ae F = A°e F,

3. AiEFfOTiGIN — UAZG.F

ieN
In this context we say that F is a o-algebra associated with X. It is evident from this
definition that many o-algebras may be associated with a set X. As a matter of terminology,
if A € F it is said to be an F-measurable set and the pair (X, F) is called a measurable
space. The word “measurable,” in this very general setting, suggests that a notion of measure
(or size) will be subsequently attached to the sets in F, but for now it is just a label given

to the members of F.

Remark 1.1. 1. Since X € F, by property 2, X¢ = X — X = () € F. Hence, every
o-algebra contains the empty set. Note that complementation is taken with respect to

the set X.

2. By de Morgan’s Laws ( U Ai) = () AS and by properties 2 and 3, if A; € F fori € N,
i€N i€N
then AS € F and () AS € F. Hence, countable intersections of sets in a o-algebra are
€N
measurable sets.
3. Given Definition 1.1 and Remark|[1.112 we say that F is “closed” under complementa-

tion, countable unions and countable intersections.

4. For Ay, Ay € F, and given that Ay — Ay = As N A we have that Ay — Ay € F. Also,
denoting the symmetric difference between sets Ay and Ay by AjAAy = (A — Ay) U
(Ay — A1), we have that AjAAy € F. Hence, F is closed under set difference and

under symmetric difference.



5. A system associated with X is said to be an algebra if properties 1 and 2 in Definition
hold and if A; € F fori =1,--- ,m implies | J;-, A; € F with m € N. Clearly,

every o-algebra is also an algebra.
We now provide examples of important o-algebras.

Example 1.1. 1. For any X, F := {X,0} is a o-algebra. It is called the minimal o-

algebra.

2. For any X, the collection 2% of all subsets of X is a o-algebra. It is called the maximal

o-algebra.
3. Let AC X. Then, F :={X, A, A¢,0} is a o-algebra.

4. Let S C X and F a o-algebra associated with X. Then, Fg := SNF = {SNF : F € F}
1s a o-algebra associated with S. It is called the trace o-algebra. We verify that Fs is

a o-algebra by establishing that it satisfies the properties of Definition [1.1]
1. S e Fs.
Note that since X € F, then SNX =S € Fg.

2. A€ Fs = A° € Fg (note that A= S — A, i.e., complementation is relative to

S).

Ae Fs — dJF € F 5 A=SnNF € Fg. Since F € F then F¢ € F and
SNF° e Fs. Furthermore, S = (SNF)U(SNF°) = AU(SNF°). But by definition,
AUA =S, hence A= SNF°e Fg.

3. AZ'G.stOT’Z'G]N — UAins.

i€IN

A€ Fs = JF, € F> A, =SNFE,. Hence, |JA; = U(SHE):SH(UE).
ieN N ieN
But since F; € F, we have |J F; € F, hence |J A; € Fs.

i€IN €N



5. Let f: X =Y be a function, Y be a o-algebra associated with Y and f~1(S) :={zx €

X : f(x) € S} denote the inverse image of the set S under f. Then, F = f~HY) =
{f71(S) : S € YV} is a o-algebra associated with X. F is called the inverse image
o-algebra. Again, we verify that F is a o-algebra by establishing that it satisfies the

properties of Definition|1.1|:
1. X e F.

Since Y is a o-algebra associated with Y, Y € Y. f71(Y)={z e X: f(z) e Y} =X.
Thus, X € F.

2. Ac F — A e F.

AeF = IS4, €Y 23 A=f1S4). Now, Sx€Y = S,:=Y—-S,€Y and
FUY = S4) = X — f1(Sa). Thus, fN(Y —S4) =X — A= A° € F.

3.Ai€]—_f0ri€]N:> UAZEf
1€N
AZ‘G}_ — HSAiGyBAi:ffl(SAi). Now, SAiGy,ViEIN — USAZ.EJJ

1€IN

ond 1 (Usa) = Ursa) = Uaie 7

i€IN i€IN 1€IN

The following theorem shows that the intersection of an arbitrary collection of o-algebras

associated with X is itself a o-algebra.

Theorem 1.1. Let F := {F : F is a o-algebra associated with the set X}. Then, T :=

) F is a o-algebra associated with X, i.e., T € F.

FeF

Proof. We verify that Z satisfies Definition [1.1]

1. Since X € FV F e Fthen XeZ.

2.A€el = Ae€e FVY FeF. Then, A°e FVY F € F. Consequently, A° € 7.

3. Let A; € Z fori € N. Then, A; € FV F € F. Hence, |JA; € FV F € F, which implies

€N

UdieZ 1

i€IN



By the fact that Z is an intersection of o-algebras, Z C F V F € F, and we can say that
7 is the “smallest” o-algebra in F'.

It is often instructive to consider c-algebras that are obtained from smaller systems
associated with X by expanding these systems in such a way that the defining properties
in Definition are met. In this context it is possible to consider the smallest o-algebra

generated by such a system. This motivates the following definition.

Definition 1.2. Let C be a system of X. The o-algebra generated by C, denoted by o(C), is

a o-algebra satisfying:
1. CCo(C)
2. If F is a o-algebra such that C C F, then o(C) C F.

Property 2 of Definition characterizes o(C) as the smallest o-algebra containing C. The

existence of this o-algebra is showed in the next theorem.

Theorem 1.2. For an arbitrary collection of subsets C of X, there exists a unique smallest

o-algebra containing C.

Proof. Let F = {F : F is a o-algebra associated with X and C C F} be the set of all o-
algebras containing C. F' # () since 2% is a o-algebra. By Theorem , (] F is a o-algebra.

FeF

Since C isin all 7, C € (| F. Thus, (| F € F. But by construction it is the smallest
FEF FEF

o-algebra in F'. B

Evidently, if C is a o-algebra then o(C) = C. The generation of the smallest o-algebra
associated with a collection of subsets C of X is “monotonic” in a sense demonstrated in the
following theorem.

Theorem 1.3. Let C and D be two nonempty systems of X. If C C D then o(C) C o(D).
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Proof. Let Fe := {H : H is a o-algebra associated with X and C C H} be the collection of

all o-algebras that contain C and Fp := {G : G is a o-algebra associated with X and D C G}

be the collection of all o-algebras that contain D. Since, C C D C G, G is a o-algebra that

contains C, therefore G € F¢. Hence, Fp C Fe and () H C () G. By definition,
HeFe GEFp

cC)= NHC NG=0oD). N

HeFe GeFp

Example [I.1}4 shows that if F is a o-algebra associated with X and S C X, we can
easily obtain a o-algebra associated with S by taking S N F. The next theorem shows that
if 7 :=0(C), then FNS=0c(CNS).

Theorem 1.4. Let S C X, C be a collection of subsets of X andCNS={ANS:AeC}.

Then, c(CNS) =0c(C)N S is a o-algebra associated with S.

Proof. First, note that since C C o(C) we have CNS C o(C)NS. From Example[L.1]4, o(C)NS
is a o-algebra associated with S. Then, it follows from Theorem|[L.3|that o(CNS) C o(C)NS.
We need only show that ¢(CN.S) D o(C) NS to conclude that o(CNS) =a(C)NS. To this
end, consider the collection of subsets of X (not necessarily in C) such that their intersection
with S'isin o(CNS),ie. G:={BCX:BNSea(lCnNSI)}.

By construction, C C Gsince A e C = ANSeCnS ColCnS). Thus, A e g
by definition. We will show that G is a o-algebra associated with X. If this is the case,
o(C) C G. But from the definition of G, if A € ¢(C) then ANS € ¢(CNS). This means that
aglC)nsS cao(CnS).

1. XegGsinceXNS=Seag(CnS).

2. AcG, A=X—-Aand A°NS=X-A4A)NS=5—-(ANS). But since A € G,
ANS € o(CNS) which implies that S — (ANS) € o(CNS), so A° € G.

3. Let A; € G,i € N and note that

(UAZ) nS=|JAins).

1€IN 1€N



Since, ;NS ea(CNS), JA;NS)ea(CnNS)and |JA; €G.

€N 1€lN

Thus, G is a g-algebra associated with X. l

In what follows, we often have X = R" for n € IN. In this case, an important o-algebra
is the one generated by the collection Or~ of open sets of R"™, denoted by o (Orn). The
elements of this o-algebra are called the Borel sets of R" and o (Og») is called the Borel
o-algebra, which is commonly denoted by B(R™).

If dx is a metric on X we say that
OcCcXisopen <= VreO3de>0 3 B(z,¢e) CO,

where B(z,€) := {y € X : dx(z,y) < €}. In this more general setting, we denote by Ox the
collection of open sets of X. When X = R™ a usual choice of metric is drn(x,y) := ||z —y|| =
O (= yi)z)l/ ?  called the Euclidean metric. The next theorem shows that B(R") can
be generated by systems of rectangles in R"™. Before we prove the theorem we define these
rectangles. But first, recall that an open interval on R is a set (a,b) := {z € R:a < z < b},
a closed interval is a set [a,b] := {z € R : a < x < b} and a half-open interval is a set
la,0) ={r € R:a <z <b}or (ab] :={r e R:a<x<b}. They are said to be finite if

a,b € R and infinite if a = —o0 or b = oo.

Definition 1.3. Let a;,b; € R fori=1,--- ,n, n € N. Then,
1. R™° := X" (a;,b;) is called an open rectangle in R™,
2. Rvh = x"_la;,b;) is called a half-open rectangle in R™.

If b; < a; for some i, R™® = R™" = 0. When a; and b; are restricted to be rational numbers,
i.e., a;, by € Q we write Rao and R%’h. The collections of all open and half-open rectangles
in R" are denoted by T° and IT™". Similarly, T&° and Ig’h denote the collections of all

open and half-open rectangles in R™ having rational endpoints.
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Theorem 1.5. B(R") = o(2"°) = o(I"") = o(13°) = o(Z5").

Proof. We start by noting that R™° is an open set. To verify this, choose any =z € R™°.
Since (a;,b;) is open for all 4, there exists § > 0 such that (z; — d§,z; +J) C (a;,b;). Let
B(z,0) = {y : |ly — z|| < 8} and note that ||y —z|| <0 <= >0 (i —x;)* < §* =
(yi =) <8 =370y — ;) < 0% = |yi —w| <0 = yi € (1 — 6,2 +0) C (az, ;)
for all i. Hence, B(z,d) C R™°. Since, Zy° C I™° C Ogn, we have 0(Zy°) C o(I™°) C
0(Ogrn) := B(R™).

Let O € Ogn and consider the set |J Ry Ifx € | Rg” then x € RG® C O.

Ry°CO RG°CO
Hence, |J Rg”CO.
RG°CO

Now, choose x € O. Since O is open, there exists B(z,e¢) C O. Let R™° = {y € R™:
a; <y; <b; fori=1,--- n} be an open rectangle that contains x. Then, |y; — z;| < b; — a;
and i (yi — )% < Yoi (b — a;)? < nm?2 where m, = max (b; — a;). If m,, < Jm» then

1<i<n "

S (yi — 2:)* < € and we conclude that R™° C B(z,¢€). Since the set of all points in R”

with rational coordinates is a dense subset of R”, we can find Rg’o C R™® C B(x,e¢). Hence,

every v € O belongs to a rectangle R C O and, consequently, z € U Rg°. Hence,

RTL,OCO
Q
oc u Rgo. Combining this set containment with the one in the previous paragraph we
Rn,OCO
Q
O= U Ry
R °CO

Since the open rectangles in nLOJ R%’O have rational endpoints, the union has countably
many elements. Furthermore, si]lececg—algebras are closed under countable unions, we have
that O € 0(Zg”). Hence, 0(Ogn) C 0(Zgy”). Combining this set containment with o(Zg”) C
o(I™°) C o(Ogn) := B(R"), we conclude that 0(Zy°) = 0(Z™°) = 0(Orn) := B(R").

Lastly, note that if a;, b; € @ for all i, Rgh = (N (ag —1/i,by) x -+ % (a, — 1/i,b,) and

i€N
Ry’ = igN[al +1/i,b1) X -+ X [ay,+1/i,b,). Similarly, if a;,b; € R, R™" = iQN(al —1/i,by) x
<X (a, —1/i,b,) and R = |J a1 +1/i,by) X - - x [an +1/i,b,) we have o(Z°) = o(Z™")

i€N
and 0(Zy°) = O’(I(g’h), which completes the proof. B
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The collections of rectangles in Definition [1.3|are not the only systems of R™ that generate
the Borel sets. The next theorem shows that the collection of closed sets of R™, denoted by

Cr», and the collection of compact sets of R", denoted by Kr=, also generate the Borel sets.

Theorem 1.6. Let Crn, Krn be the collections of closed and compact subsets of R". Then,
B(R™) = 0(Crn) = o(Kgn).

Proof. Let A C R"™. Then, A compact <= A closed and bounded. Thus, Kgn C Cgn.
Hence, by Theorem [L.3] ¢(Kgn) C 0(Crn).

Now, if C' € Cr» and B(0,k) = {z € R" : ||z]| < k, k € IN} is a closed ball with
radius k centered at 6 = (0,---,0)T € R", then Cy := C N B(6, k) is closed and bounded.
Boundedness follows by construction and closeness follows from the fact that complements
of open sets are closed, De Morgan’s Laws and the fact that arbitrary unions of open sets
are open. Hence, Cy € Kgn for all £ € IN. By construction, C' = |J Cy, thus C € o(Kgn)
and 0(Crn) C 0(Kgrn). Hence, combining this set containment WiktelllNa(lCRn) C o(Cgrn) we
obtain o(Crr) = o(Kgn).

Since Crn = (ORrn )¢, we have that Cr» C 0(Ogrn) and consequently o(Cgrn) C 0(Ogn).

The converse o(Ogrn) C 0(Cgrn) follows similarly to give o(Crn) = 0(Ogn). B

1.2 The structure of R and its Borel sets

Definition 1.4. Let S be an open subset of R. An open finite or infinite interval I is called

a component interval of S if I C S and if P an open interval J such that I C J C S.

Theorem 1.7. Let I denote a component interval of the open set S. If x € S, then 31 >

xel. Ifxel, thenx & J where J is any other component interval of S.

Proof. Since S is open, for any x € S there exists an open interval I such that x € [

and I C S. There may be many such intervals, but the largest is I, = (a(z),b(x)), where
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a(z) = inf{a : (a,z) C S}, b(x) = sup{b: (z,b) C S}. Note, a may be —oco and b may be
+00. There is no open interval J 5 I, C J C S and by definition I, is a component interval
of S. If J, is another component interval containing x, I, U J, is an open interval with
I,cl,JUJ,CSandJ, CI,UJ, CS. By definition of a component interval I, U J, = I,

and [,UJ, =J,,s0l,=J,. 1

Theorem 1.8. Let S C R be open and nonempty. Then, S = |J I, where {I,}nen is a
nelN

collection of component intervals of S.

Proof. By Theorem if v € S, then x belongs to one, and only one, component interval
I,. Note that |J I, = S and by the definition of component intervals and the proof of the
previous theorgrens: the collection of component intervals is disjoint (if  belongs to I, and J,,
both component intervals, I, = J,). Let {q1, s, -} be the collection of rational numbers
(countable). In each component interval, there may be infinitely many of these, but among
these there is exactly one with smallest index n. Define a function F', F'(I,) = n if I, contains
the rational number ¢,. If F(I,) = F(I,) = n then I, and I, contain ¢, and I, = I,,. Thus,

the collection of component intervals is countable, since F' is a bijection between a subset of

IN and the intervals I,. W

Remark 1.2. Several collections of subsets of R generate B(R). In particular, we have:

1. Let Ay = {I : I = (a,b) with —oo < a < b < oo}. Since (a,b) is open in R, Ay C O

and 0(A;) C 0(Or) := B(R). Every nonempty open set O C R can be written as

O = | I, where I, is a component interval of O. I,, € A; ¥n and I,, € o(Ay), hence
n€N

O € o(Ay). Thus, Or C o(Ay) and 0(Or) C o(Ay). Together with o(A;) C o(Or)
gives o(ORr) = o(Ay).

2. Since [a,b] = () (a —1/n,b+ 1/n), we have [a,b] € o(A;). Hence, the collection

nelN

of closed intervals Ay = {I : I = [a,b],a,b € R} is such that Ay C o(A;). Hence

10



o(Az) C o(Ay). Also, since (a,b) = |J [a+1/n,b—1/n], we have that (a,b) € o(As).

nelN
Hence, the collection of open intervals Ay is such that Ay C 0(As) and o(A;) C o(As).

Hence, 0(Ay) = o(Az). But since, 0(A;) = o(Or), 0(Az) = o(OR).

. Let Ay ={I:1=(a,b]: —00o <a<b<oo}. Note that since (a,b) = U (a,b— %]

n
nelN

we have that (a,b) € o(As). Consequently, Ay C o(As) and o(A;) C o(A;). Also,

since (a,b] = | (a,b+ 2) we have that (a,b] € o(A;). Consequently, As C o(A;) and
nelN

o(A3) C o(Ay). Thus, o(As) = a(Ay).

. Let Ay ={I : I = (—00,a] : a € R}. Note that (—o0,a] = () (—o0,a+ 1) € o(Ay).

nelN

Hence, Ay C 0(A;) and 0(A4) C 0(A1). Now, fora <b

(a,b) = (—o00,b) N (a,00) = (—00,b) N (—00,al’
_ (U (—o0,b— %]) A (=00, d]° € o(Ay).

Hence, Ay C o(Ay) and o(A;y) C o(Ay). Together with the reverse set containment

and item 1. in this remark, we have o(Ogr) = 0(A1) = o(Ay).

1.3 Measures

Given a measurable space (X, F), we will now define what is meant by a measure. The

goal is to associate with a measurable set a non-negative number that conveys an idea of

its “size.

” This general idea of size must inherit the properties we intuitively associate to

measures of length, area or volume. For example, if we are interested in measuring the area

of two surfaces on a plane that don’t intersect, the area of the two surfaces should be the

sum of the areas of each of the surfaces. Similarly, if we are interested on the length of two

line segments that don’t intersect, the length of the two segments should be the sum of the

length of each segment.
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Definition 1.5. Let (X, F) be a measurable space. A measure u is a function u : F — [0, o]

having the following properties:
1. p(0) =0,

2. if {A;}iew C F is a disjoint collection, i.e., AiNA; =0Vi#j, u (U Ai) = > u(4;).

ieN ieN
The triple (X, F, u) is called a measure space. We note that the definition of y requires
the specification of F, and that knowledge of F implies knowledge of X, its largest element.
Hence, knowledge of u is equivalent to knowledge of the measure space.
A pre-measure is a set function that satisfies the properties of a measure but is defined
on a system that is not a o-algebra. In this case, it must be that () and J A; are elements

ieN
of the system whenever A; is in the system for i € IN .

Remark 1.3. 1. Property 2 in Definition|1.5]is called o-additivity or countable additivity
of .

2. If u(X) < oo, the measure u is called a finite measure. In this case, (X, F, p) is called

a finite measure space.

3. A sequence {A; }iew C F such that Ay C Ay C -+ is said to be exhausting if |J A; = X.
iEN
A measure p is called o-finite if there is an exhausting sequence {A;}iew C F such that

w(A;) < oo, Vi.
4. If we assume that for at least one set A € F we have u(A) < oo, then property 1 in
Definition follows from property 2 by letting Ay = A and Ay = A3 = --- = ().

We are now ready to provide the definition of a probability space and, introduce notation

and terminology that will be used henceforth.

Definition 1.6. Let (2, F, P) be a measure space such that P(Q) = 1. We call (2, F,P) a

probability space and P is called a probability measure.

12



In the context of probability spaces, €2 is called the outcome space and the elements of F
are called events. The construction of useful measure, or probability, spaces requires some
effort as we will soon discover. What follows are simple examples of measure or probability

spaces.

Example 1.2. 1. Let (X, F) be a measurable space and F' € F. Define py(F) = oo if
F' has infinitely many elements and py(F) = number of elements (cardinality) of F
(denoted by #F') if F' has finitely many elements. iy is called the counting measure

and (X, F, py) is a measure space.

We wverify that pu satisfies the defining properties in Definition [1.5. It is evident
that for any F € F, pgp(F) € {0,00,IN} C [0,00], and since the empty set has no
elements (14(0) = 0. For property 2 in Definition|1.5, consider {A;}iew C F, a disjoint
collection. There are three cases to consider: a) for at least one i, A; has infinitely

many elements. In this case, j14(A;) = 0o and since |J A; has infinitely many elements
iEN

i (U Ai) = o00. Also, ‘ZH(AZ-) =#A1+---+o0o+---=00; b) Vi, A; has finitely
mangf]:lements and therezefjre only N of these sets that are non-empty. Relabel the
sets such that the first N are non-empty. Then, iz (U Ai) =pp (A U---UAN) =
Zﬁ\il pa(Ai) =D ooy e (Ay); ¢) Vi, A; has finitely m;izngj elements and there are only
N of these sets that are empty. Then, as in case a) fi4 (U Ai) =00 and > u(A;) =

i€IN 1€IN
#A1+#A2+ = Q.

2. Let (X, F) be a measurable space and for x € X and F € F let p,(F) =1 ifx € F
and p,(F) =0 if ¢ ¢ F. This is called the unit mass at x or Dirac’s delta measure.

(X, F, i1y) is a probability space.

Clearly, for fized x € X and any F € F, p(F) € {0,1} C [0, 00]. Also, since the empty

set has no elements, x & 0, hence p,.(0) = 0. For property 2 in Deﬁmtion consider

13



{A;}iew C F, a disjoint collection. If x € |J A;, then it must be that it belongs to one,
iEN

and only one, A;. Then, fi, (U Ai) =1land > 2 pe(A;) =140+0+---=1. Ifz ¢

i€IN

\J A;, then it does not belong to any A;. Thus, ji, (U Ai) =0and ) 2, p(A;) =0.

i€N i€N
. Let Q = {w;}iew and p; € [0,1] fori € N with Y, pi = 1. Let (Q,2%) be a measurable
space, then the set function

P(A) = Z pi = ZpiMW¢(A)7 AcCQ

Lw;EA i€IN

1s a probability measure.

Since every A € 2% is a finite or infinite collection of w;’s and YoienPi =1,

0<P(A) = Z Di = Zpi,uwi(A) <1,

Lw;EA i€IN

where i, s Dirac’s delta measure. Hence, we vmmediately have that

P0) = 3 piss, (0) = 0.

i€IN

For property 2 in Definition consider {A; }iew € F, a disjoint collection. Then,

P (UAz) S (UAz) S Y b () = 3 b (4)

1€lN JEN 1€IN JEN i€N i€IN jeIN

=> P(4)

1€IN

The second equality follows from the properties of the Dirac measure, and the third

follows from the possibility of interchanging infinite sums in this context.

. Consider tossing a coin, and define the possible outcomes as heads H or tails T'. Hence,
the outcome space is Q = {H, T} and associate with it the following o-algebra, F =
{0,,{H},{T}}. Now, define P:F — [0,1] as follows

P(0) = 0, P({H}) = 05, P({T}) = 0.5,
implying by that P()) =1 by o-additivity. (2, F, P) is a probability space.
pLying by Y Y p Y Sp
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1.3.1 Properties and characterization of measures

The following theorem gives properties of measures that follow directly from Definition

and basic operations with sets.
Theorem 1.9. Let (X, F,u) be a measure space and {A;}iew C F. Then,

1. Ay C Ay = u(As) < p(Ay) (monotonicity) and if pu(As) < oo, pu(A; — As) =

(A1) — p(Az).

2. (AL U As) = (A1) + p(Az) — p(Ar N Ay)
3. < UA1> < ST u(A;) (sub-additivity)
€N €N
Proof. 1. Note that A; = Ay U (A; — As) and that Ay and A; — Ay are disjoint sets. Hence,
w(Ay) = p(As U (A — Ay)) = u(As) + p(Ay — As), which implies p(As) < p(A;). Now, if
1(As) < 00, p(Ar) — p(Az) = u(Az2) — p(Az) + p(Ar — As) = p(A; — As).
2. AUA; = Ay U (A] — Ap) and Ay = (A2 N Ap) U (A — As). By the second equality, given
that (A2 N A;) and (A; — Ag) are disjoint, u(Ay) = p(Ax N Ay) + (A — As). By the first,
(A U Ay) = pu(As) + u(Ay — Ay). Hence, u(Ay) = p(As N Ay) + pu(As U Ay) — p(Asz), which
gives 2.
3. Let B, = Ay, By = Ay — Ay, B3 = A3 — U?ZlAj,--- {B;}ien is a disjoint collection
and B; C A; for all . Since, |JA4; = U B, u (UA,) = U (U Bi) = D ew i(Bi) <
iEN iEN i€N iEN

Diew H(A;). B

Theorem [1.9| establishes for measurable sets and arbitrary measures what seems intuitive
for intervals of R and their lengths. Hence, if we “measure” open or half-open intervals of
the type (a,b) or (a,b] by their length, [ = (b — a), then it is easily verified [ satisfies all
properties in Theorem [1.9]

15



Measures have continuity properties that will play an important role in our study of
probability spaces. For this purpose we define what is meant by the limit of a sequence of

sets.
Definition 1.7. Let {A;}iew be a sequence of sets.

1. If Ay C Ay C A3 C -+ then limA; .= J A;,

2. if Ay D Ay D A3 D -+ then limA; .= () Ay,

3. if {A;}iew is an arbitrary sequence of sets and n € N, let B, = () A; (note that

>n
By C By C---)and C, = |JA; (note that Cy D Cy D --- ). Then, let B := lim B,, =
>n n— 00
U NAi and C := lim C, = (| UAi. We say that A = lim A,, exists if B = C,
nelN i>n n—00 nelN i>n n—ro0

and we write A = B = C. B is called the limit inferior of {A;}iew and denoted by

liminf A; and C is called the limit superior of {A;}ien and denoted by limsup A;.

1—00 1—00

Theorem 1.10. Let (X, F, 1) be a measure space. Then,

1. if Ay C Ay C -+, p(A) = lim p(A,), where A= lim A, and

n—o0 n—oo

2. if Ay D Ay D -+ and u(Ay) < oo, u(A) = lim p(A,), where A = lim A,.
n—oo

n—oo
Proof. 1. Let B = Ay, By = Ay— Ay, By = A3— A, - - - and note that A, = U?Zl B;. Hence,
p(Ay) = p (U, Bi). Since BN B; =0 for all i # j, u(A,) = >, pu(B;). Taking limits
on both sides of the last equality gives,
B ) = i 38 = o) - ()
i=1 iEN €N
where the last equality follows from o-additivity of p. Since, |J B; = |J 4; = A, we have
iEN €N
lim g (An) = M(A)
n—oo
2. Since A; is the largest set in the sequence {4, },en, consider complements relative to

Ay putting AS = A; — A, and note that A C A5 C A C ---. Since A = () A4,, by

nelN
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de Morgan’s Laws A; — A = A° = [J A¢ and, consequently, u(A; — A) = p ( U A%) =

nelN ne€lN
1 (hm A;) = lim p(AS) = lim pu(A; — A,), where the next to last equality follows from
n—o0

n—oo n—o0

part 1. By monotonicity of measures, u(A;) < oo = pu(A4,), un(A) < coVn, and by part 1

of Theorem [1.9] we have

p(Ar = A) = p(Ar) — p(A) = lim p (A — Ap) = lim (u(Ar) — p(An)) = p(Ar) — lim p(A,),

n— 00 1—00 n— o0

giving u(A) = lim u(A,). &

n—oo

As a matter of terminology, we say that part 1 of Theorem [1.10] establishes continuity of
measures from below, whereas part 2 establishes continuity of measures from above.
The next theorem gives necessary and sufficient conditions for a set function m : F —

[0, 0] to be a measure.

Theorem 1.11. Let (X, F) be a measurable space. A function m : F — [0,00] is a measure

if, and only if,
1. m(0) =0,
2. for Ay, Ay € F disjoint m(A; U As) = m(A;) + m(Asy),

3. for {An},ew CF and Ay C Ay C -+ with A= lim A, we have m(A) = lim m(A,).

n—oo n—oo

Proof. ( = ) If m is a measure then conditions 1 and 2 in this theorem follow directly
from properties 1 and 2 from the definition of measure. Condition 3 follows from part 1 of
Theorem [1.10]

(«<=) Now, assume that m satisfies conditions 1-3 in this theorem. Since condition 1 in
this theorem is the same as property 1, we need only show that m satisfies property 2 from

the definition of measure. Let {B,},en be any pairwise disjoint sequence in F and define

17



A, = Uj_, Bj. Then, Ay C Ay C -+ and A:= lim A, = (J A, = | B;. By condition 2,
n—o0 neN JEN
we have m(A,) = >_7_, m(B;) and from condition 3 we conclude that

m <UBj> =m(A) = nli_)ngom(An) = nh_)n;O (Z m(Bj)> =

jeN j=1

m(B;),

o0
j:

establishing that m is o-additive.ll

Remark 1.4. Condition 3 in Theorem can be replaced by the assumption that m is
continuous from above if m(X) < co. To see this, note that if m is a measure, it is continuous
from above by part 2 of Theorem [1.10. Now, assume that m is continuous from above
and consider a sequence {B;}jen of disjoint sets in F. Put A, = U?Zl B; and note that

A D A5D -+ andm(A;):m(X—An):m(X—U?ZIBj)

=

nh_)rlgom(An) =m (X — U Bj> =m(X) — nh_}rrolom < Bj) since m(X) < oo

Jj=1 1

&,
Il

I
=
A

|

LE
]

3
C

I
=
A

|
hE

m (B;) by additivity of m.  (1.1)
1

Jj=1 J

Now,

lim m(AS) =m <ﬂA§> by continuity of m from above
n—oo

=m <<UAJ> ) by de Morgan’s Laws
:m(X)—m<UAj> = m(X) —m (UBJ). (1.2)

Similarly, condition 3 in Theorem can be replaced by the assumption that m s

continuous at ) if m(X) < oo. Continuity at ) means that if Ay D Ay D -+ and lim A, = ()

n—oo

with u(A;) < oo, then lim u(A,) = () = 0.

n—oo
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Since probability measures are finite, Theorem and Remark provide character-
izations for probability measures. Consequently, we state the following theorem without

proof.

Theorem 1.12. Let (2, F) be a measurable space. A function P : F — [0,1] is a probability

measure if, and only if,
1. P(0) =0,
2. for Ay, Ay € F disjoint P(A1 U Ay) = P(Ay) + P(As),

3. for {Ap}new C F with Ay C Ay C -+ and A = lim A,, we have

n—o0

P(A) = lim P(A,).

n—oo

Condition 8 can be substituted by either

3" for { A nen C F with Ay D Ay D -+ and A = lim A,, we have P(A) = lim P(A,)

n—0o0 n—00

or

37 for {Ap}new C F with Ay D Ay D -+ and lim A, = 0 we have lim P(A,) = P(}) =

n—oo n—oo

0.

In addition, since in probability spaces P(€2) = 1, P has properties that general measures

do not have. In the next theorem we establish some of these properties.
Theorem 1.13. Let (2, F, P) be a probability space. Then,
1. P(A)=1—-P(A)VA€eF,

2. ACB = P(A) < P(B)VA, Be F,
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3. if {A;}, C F forn € N then

P (O Ai> = iP<Ai> — Z P(A;, N Ay) + Z P(A;, NA, NA;)

1<11<i2<n 1<i1<i2<i3<n
o (DR (ﬂ AZ) (1.3)
=1

Proof. 1. Q= AU A°. Hence, 1 = P(Q) = P(A) + P(A°) = P(A°)=1—- P(A).
2. follows from Theorem [L9]1.
3. Let n = 2. Then, from Theorem [1.92 we have

P(AUAy) = P(A;)+ P(Ay) — P(A; N Ay). (1.4)

].\IOVV7 let Bl :Al, BQ :B1UA2 :A1UA2, Bg :BQUA3 :A1UA2UA3, try Bn—l =
B, UA, 1 =AU---UA,_1. Now, suppose

P(B,_1) =P (U Ai) - ni: P(A)— ) P4, NAy)

=1 1<i1<i2<n~1

+ > P(A;, NAy, NA)+ -4+ (=1)"P(A NAN---NA,1). (L5)

1<y <ig<iz<n—1

We will show that ((1.4) and (1.5)) imply ((1.3)), establishing 3. by induction. From ((1.4)) we
have that
P(B,) =P (U A;) =P(B,-1UA,) =P(B,_1)+ P(A,) — P(B,-1 N A,)
= P(B,—1) + P(4,) — P(UIZ'A4) N A,)
= P(Buy) + P(Ay) — PUS(A; 0 A,)

But,
n—1
P(UZC) =) _P(C)— > PC,NC,)+ > P(CyNC,NCy)+
=1 1<i1<iz<n-—1 1<i1<ig<iz<n-—1

-4 (—1)”P(Cl ﬂCgﬂ an—1)7
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with

M1

n—1
ZP(CD = P(A;NA,)
n=1 i=1
Y P(CNCy,) = ). PA,NANA,NA)
1<i1<i9<n—1 1<i1<2<n—1

= ) P(A,NA,NA,)

Y PC,NC,NCL) = > PA NA,NA,NA)

1<i1<12<i3<n—1 1<i1<i3<i3<n—1

Then, we have

n—1
P(B,) =Y P(A)— > PA,NA)+ > PANANA)+
=1 1<i1<i2<n—1 1<i1<i2<i3<n—1

4 (=D)"P(AiNAyN---N A1)+ P(A)
n—1
=) P(ANA)+ Y P(A,NA,NA)

i=1 1<41 <ig<n—1

— > P(A;, NAy, NA, NA) +- + (=D P(A, NN A

1<i1<ig<iz<n—1

= iP(Ai) =Y P(ANAL) + > P(A, N A, NA,) + -
i=1

11 <12 11 <t2<13

+ (=1)" T PN Ay).
|
Remark 1.5. Note that the terms on the right side of (1.3) alternate in sign.

The next theorem shows that probability measures are continuous set functions.

Theorem 1.14. Let (Q, F, P) be a probability space, { Ay, }new C F and suppose A = lim A,
n—oo
exists. Then, A € F and P(A,)) — P(A) as n — oc.
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Proof. Since {A,},en C F has a limit, there exist C; D Cy D C3 D --- and By C By C
Bs C --- as in Definition Furthermore, since F is closed under countable unions and

intersections, B,,C, € FVn € N. Since A exists, B= |JB, = ((C, = C = A and

nelN nelN
A € F. By construction, B = ByU(By— B)U(B3— By)U--- = x;Ux2U- . The collection

{x1, X2, -+ } is pairwise disjoint. By c-additivity of measures we have P(B) = Y P(y;) =
i€

lim " P(x;). But, > | P(x;) = P(By), where B,, = BiU(By— B)U---U(B,, — B,_1).

n—oo

Hence, P(B) = lim P(B,).

n—o0
By De Morgan’s Laws C' = () C; = ( U C’f) . Therefore, P(C) =1—-P ( U C’f) Now,
i€N i€N i€N
UCr=Cu(Cs—CHHu(Cs—C5)---=6,UbUbs---, where the collection {6;,0s,---}
i€N
is pairwise disjoint. Hence, P ( U Cf) = > P(0;) = lim > P(6;). But >.. , P(6;) =
n—o0

€N €N

P(C¢) and P(C;) = 1— P(C,). Hence, P (U Cf) = lim (1 — P(C,)) = 1 — lim P(C,).

Consequently, P(C) =1 — (1 — lim P(Cn)> = lim P(C,).
n—oo n—oo
Finally, by construction, B,, C A,, C C,, for all n. Therefore, P(B,,) < P(A,) < P(C,)
and lim P(B,) < lim P(4,) < lim P(C,) or P(B) < lim P(A,) < P(C) and consequently
n—o00 n—00 n—00 n—00

since A= B =C, lim P(A,) =P(A). &

n—oo

1.4 Null sets and complete measure spaces

Definition 1.8. Let (X, F,u) be a measure space. N € F is called a p-null set or, simply,

a null set if u(N) = 0. The collection containing all p-null sets in F is denoted by N,.

Since @ € F and p(0) = 0 we have that ) € NV,. Also,if N € N,, M C N and M € F,
by monotonicity of measures 0 < p(M) < u(N) = 0. Hence, M € N,. In addition, if
{N;}jen C N,, by sub-additivity of measures 0 < pu (U Nj) < 2 u(N;) = 0. Hence,
U, €A jEN jEN

jEN
Note that there might be subsets M of p-null sets that are not in F. This motivates the
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following definition.

Definition 1.9. A measure space (X, F, ) is said to be complete if every subset of p-null

sets is an element of F.

The next theorem shows that any measure space can be “completed” in such a way that

the resulting measure space is complete.
Theorem 1.15. Let (X, F, u) be a measure space and define:

1. F={FUM:F € F and M € S} where S is the collection of all subsets of pu-null

sets,
2. ji: F — [0,1] such that ji(F U M) = u(F).
(X, F, i) is a complete measure space and F C F.

Proof. First, note that since () € S, we have V F € F that FU) = F € F. Hence, F C F.

Now, we verify the that F satisfies the defining characteristics for o-algebras.

1. X € F: this follows from the fact that X € F C F.

2. AcF = A°c¢F: AcF = A=FUM where F€ Fand M € Sand M C N €
N, A° = FNM°¢ = FNMNX = FFNMN(NUN) = (FC NM°NN)U(F*NM°NN).
Since M C N, M¢ D N¢ and therefore A° = (F°N N°) U (F°N M°N N). But since

(F°NN¢) € Fand F*NM°N N C N, by definition A¢ € F.

3. {A;}jew CF = U A; € F: since A; € F, A; = F;UM, where F; € F and M; € S.

jEN
Now,
Ua=UE v = (Uﬂ) U (UMy) :
jEN jEN jEN jEN
Now, JF; € Fand UM; € UN; where N; € N,. Hence, |JN,; € N, and
jEN jEN jeN T jEN
U M; € S. Then, by definition (J A; € F.
jEN jEN
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We now show that i is a measure on F. Note that A € F is not uniquely represented
as we may have GUO = A = F U M. Note that for i to be well-defined we need u(G) =
GUO) =p(A) = p(FUM) = pu(F), ie, u(G) = p(F). Now,

F C FUM = GUO C GUN where N € N, and G C GUO = FUM C FUN' where N' € N,,.

Consequently, u(F) < p(G) + p(N) and p(G) < p(F) + p(N'). Since pu(N) = p(N') = 0 we
have u(F) = p(G).

Now, we verify that i satisfies the defining properties of measures.
1. Since @ = QU € F, we have () = u() = 0.

2. Let {A;};ew C F be a pairwise disjoint collection. Since A; = F; U M;, it must be

that {F};};en is a pairwise disjoint collection.

() = (o) =a((ye) o (Um)

= pu (Uﬂ) =D plFy) =) A(FUM;) = j(4).

jEN JEN JEN JEN

Hence, (X, F, i) is a measure space. We now verify that it is complete. Take N € A} and
A C N. We need to show that A € F. Note that A C N = FUM where F € Fand M € S.
Since 0 = i(IN) = u(F) and M is a subset of a p-null set (N’), then

ACN=FUMCFUN € F and u(FUN') < pu(F)+ u(N') = 0.

Hence, A is a subset of a p-null set and therefore A € S. In particular, A = AU () and
Aernm

1.5 Independence of events and conditional probability

We start by defining probabilistic independence of events.
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Definition 1.10. Let (2, F, P) be a probability space, 2 < n € N and {E;}1<i<n C F. The

events Ey,--- | E, € F are said to be independent if
P (ﬂEm> = [[ P(Ew) for all T C {1,--+ ,n} with #I >2 . (1.6)
mel mel

" ) = 2" —n — 1 equations. All of them

Remark 1.6. Note that (1.6) contains 2?22( ;

must hold to characterize independence of the events Ey,--- , E, € F.

If two events are independent, their complements are independent and so are any of the

events with the complement of the other.

Theorem 1.16. Let (2, F, P) be a probability space. If Ey, Es € F are independent, then:
1. Ey and ES are independent (or Ef and Es are independent).
2. LY and ES are independent.

Proof. 1. Recall that Ey U Ey = Ey U (Ey N ES) and P(E, U Ey) = P(E2) + P(E; N ES).
The last equality together with Theorem [1.9)2 gives P(E;) — P(Ey N Ey) = P(E; N E).
Now, by independence of E; and Fy we have P(E; N ES) = P(E,) — P(E,)P(E,). Hence,
P(Ey N E3) = P(Ey)(1 — P(Ey)) = P(Er)P(E3).

2. Note that
E{N ES = (Ey U Ey)° by DeMorgan’s Laws. Hence,
P(ETN E3) = P((Ex U E5)°)
P(E{NE5) =1— P(E, U E,) by Theorem [L.13]
=1— (P(Ey) + P(E2) — P(E1)P(E>)) by independence of E; and E,

= (1= P(E1))(1 - P(Ez)) = P(EY)P(E),

as desired. H
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There is a useful probability measure that can easily be defined from knowledge of
(Q, F, P), given a certain event E. It is called conditional probability on E. What fol-

lows is a definition.

Definition 1.11. Let (2, F, P) be a probability space. Given any E € F such that P(E) > 0,
we define P(-|E) : F — [0,1] as

P(ANE)

PE) VA e F.

P(AIE) =

Note that P(Q|E) = P(0NE)/P(E) = P(0)/P(F) = 0and P(QE) = P(QNE)/P(E) =

P(E)/P(E) = 1. In addition, if {E;};en forms a pairwise disjoint collection of events

P(E)

P(E) P(E)

((4s)r) (ymor)
P(UEj|E>: = S S S PELE) S pp ).

JoN jEN jEN
Hence, P(-|E) is a probability measure on (€2, F) and P(A|E) is called the probability of A
conditional on E.

The notion of independence between two events is related to the notion of conditional
probability. In fact, as the next theorem demonstrates, if knowledge of event E does not

change the probability of event A, i.e., if P(A|E) = P(A), then A and E are independent.

Theorem 1.17. Let (2, F, P) be a probability space and Ey, Es € F such that P(E3) > 0.
Ey and Ey are independent <= P(E\|Es) = P(E}).

Proof. (=) Since E; and E, are independent P(E1NE,) = P(E,)P(E,) and since P(E,|Es) =
P2 we have P(Ey|By) = S22 — P(Ey).
(<) P(E1|Ey) = P(F,) = P(F,N Ey)/P(E;) = P(E;). Hence, P(Ey, N E,y) =

P(E,)P(E;) = E; and FE, are independent. W
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Theorem 1.18. Let (2, F, P) be a probability space and { E; }1<j<n, C F. If P ( N Ej> >

1<j<n—1

0 then

P ( N Ej) = P(E\)P(Ey|E)P(Es|Ey N Ey) - P(Eo|Ey N Ea - -N Ey_y). (1.7

1<j<n

Proof. Note that if P (N E;| >0then P{ () E;] >0 forall m <n— 1. Hence,

1<j<n—1 1<j<m

all conditional probabilities on the right-hand side of (|1.7]) are well defined.
For n = 2, we have that if P(E;) > 0, P(E»|E,) = P(E, N Ey)/P(E;) which implies

P(E\ N Ey) = P(Ey)P(Es|Ey). (1.8)
Now, assume that

P ( N Ej> = P(E\)P(Ey|E))P(Es|Ey N Ey) - P(Ey 1|Ex N Ey N+~ N E,_y)  (1.9)

1<j<n—1

and define B, = (Ey N Ey---E,_1) N E,. Then,

P(B,) = P(Ey N+ 0 By )P(E|E 00 E,p) by (T8)

= P(E,\)P(E3|Ey) - - P(E, 1 |ExNEyN---NE, o)P(E,|E;N---NE,_1) by (1.9).
The result follows by induction. W

The next theorem provides the total probability formula for an event. It is the foundation
for Bayes” Theorem, which plays an important role in statistics. First, we define a partition

of a set €.

Definition 1.12. {Ey, E,,---} is a partition of Q if ‘U]NEi = Q and E;NE; =0, for all
i 7. N

Theorem 1.19. Let (2, F, P) be a probability space and {FEy, Ey,---} € F be a partition of

Q with P(E;) >0 foralli € N. If A € F,

P(4) = Y P(A|E)P(E)).

1€IN
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Proof. A=ANQ=AnN ( U EZ) = J(ANE;). The collection {(ANE}),(ANEy),---}is
i€N i€N
pairwise disjoint. Therefore, P(A) =), .y P(ANE;) = .. P(A|E;) P(E;). B

Theorem 1.20. (Bayes” Theorem) Let (Q2, F, P) be a probability space and {E;};enw C F be
a partition of Q with P(E;) > 0 for alli € N. Let A € F such that P(A) > 0. Then,

P(A|E;)P(E;)
> P(A|E;)P(E;)’

jEN

P(Ei|A) =

Proof. By Theorem (1.19) P(A) = > P(A|E;)P(E;) # 0. Hence,

JEN

_ P(E.nA)  P(A|E)P(E)

which establishes the desired result. B

In the context of Bayes’ Theorem, P(E;) is called the prior probability of E; and P(E;|A)
is called the posterior probability of E; given the event A. The following example illustrates

how posterior probabilities can be obtained from priors.

Example 1.3. Suppose that each student in a class can be classified as good G or bad B.
The probability of selecting a good student from a class is P(G) = 0.7 and, consequently, the
probability of selecting a bad student is P(B) = 0.3. A student may pass A or fail F' a class.
The probability that a good student will pass is P(A|G) = 0.9 and the probability that a bad
student will pass is P(A|B) = 0.4. We are interested in the probability that a student that
fails is a good student, i.e., P(G|F). From Bayes’ Theorem,

P(F|G)P(G) 0.1 % 0.7

(FIGP(G) + P(FIB)P(B) _ 01x07+06x03 %

PGIF) =

Taking the prior probabilities as given, minimization P(G|F) involves mazimizing P(F|B)

and minimizing P(F|G).
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1.6 Exercises

1. Let f: INxIN — R be a double sequence with typical value given by f(m,n). Assume

that

(a) for every n € N, f(my,n) < f(mg,n) whenever m; < ms,

(b) for every m € N, f(m,ny) < f(m,ny) whenever n; < ns.

Show that lim ( lim f(m, n)) = lim (hm f(m, n)) = Jgr{.lof(n,n)

n—oo \m—oo m—o0 \n—0oo

As a corollary, show that if f(m,n) > 0then > > f(m,n)= > > f(m,n).

nelN melN meN nelN
2. Let X be an arbitrary set and consider the collection of all subsets of X that are
countable or have countable complements. Show that this collection is a o-algebra.

Use this fact to obtain the o-algebra generated by C = {{z} : x € R}.

3. Denote by B(z,r) an open ball in R"™ centered at x and with radius r. Show that the

Borel sets are generated by the collection B = {B,(z) : x € R", r > 0}.

4. Let (§2, F) be a measurable space. Show that: a) if y; and uy are measures on (2, F),
then p.(F) == cipn(F) + coue(F) for F' € F and all ¢;,¢co > 0 is a measure; b) if
{1i}tien are measures on (€2, F) and {«;}ien is a sequence of positive numbers, then

oo E) = Y e ipts(F') for F € F is a measure.

5. Let (2, F, 1) be a measure space and G C F be a o-algebra. In this case, we call G a
sub-g-algebra of F. Let v := pulg be the restriction of x to G. That is, v(G) = u(G)
for all G € G. Is v a measure? If y is finite, is v finite? If y is a probability, is v a

probability?

6. Show that a measure space (§2, F, i) is o-finite if, and only if, there exists { F}, }nenw € F

such that U,enF,, = Q and p(F,) < oo for all n.
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10.

11.

12.

Let (2, F, P) be a probability space and {E,, },ew C F. Show thatif ">, P(E,) < oo
then P <limsupEn> = 0.

n—oo
Let {E;};es be a collection of pairwise disjoint events. Show that if P(E;) > 0 for

each 5 € J, then J is countable.

Consider the extended real line, i.e., R := R U {—occ} U {oc}. Let B := B(R) be
defined as the collection of sets B such that B = BU S where B € B(R) and S €
{0, {—o00},{o0},{—00,00}}. Show that B is a g-algebra and that it is generated by a

collection of sets of the form [a, oc] where a € R.

If £y, Es,--- , E, are independent events, show that the probability that none of them

occur is less than or equal to exp (— >, P(E;)).

Let {A,}nen and {B,}nenw be events (measurable sets) in a probability space with
measure P with limA,, = A, limB,, = B, P(B,),P(B) > 0 for all n. Show that
P(A,|B) = P(A|B), P(A|B,) — P(A|B), P(A,|B,) — P(A|B) as n — .

Let (X,.F,ji) be the measure space defined in Theorem and C = {G € X :
JA, BE F>ACGC Band u(B— A) =0}. Show that F =C.

30



	Probability spaces
	-algebras
	The structure of R and its Borel sets
	Measures
	Properties and characterization of measures

	Null sets and complete measure spaces
	Independence of events and conditional probability
	Exercises

	Construction of probability measures
	, Dynkin systems, semi-rings and -algebras
	Carathéodory's Extension Theorem
	Lebesgue measure on (Rn,B(Rn))
	Distribution functions and probability measures on (R,B(R))

	Measurable functions
	Integration
	Simple functions
	Integral of simple functions
	Integral of non-negative functions
	Integral of functions

	Lebesgue's convergence theorems and Lp spaces
	Convergence theorems
	Lp spaces
	Abstract and Riemann integrals

	Independence of random variables
	Product measures
	Random elements

	Convergence of random variables
	Convergence almost surely and in probability
	Convergence in Lp 
	Convergence in distribution

	Laws of large numbers
	Conditional expectation
	Inner product spaces
	Conditional expectation for random variables in L2(,F,P)
	Conditional expectation for random variables in L(,F,P)
	The Radon-Nikodým Theorem

	Central limit theorems
	Characteristic functions
	A central limit theorem for independent random variables

	Estimation of Parametric Statistical Models
	Set algebra


