Chapter 2

Construction of probability measures

In the previous chapter we assumed the existence of measures. In this chapter we consider

their existence and construction.

2.1 1w systems, Dynkin systems, semi-rings and o-algebras
We start by introducing two additional systems that may be associated with a set X.

Definition 2.1. 1. A system P associated with X is called a © system if A,B € P —

ANBeP.
2. A system D associated with X is called a Dynkirﬂ system if:

a) XeD
b)) AeD = A°eD

C) {Aj}je]NCDandAiUAjZ(bVi%j, i,jGIN — UAJ'ED.
jeN

It is evident from part 2. of this definition that a o-algebra associated with X is also a
Dynkin system associated with X. As in the case of o-algebras, there exist smallest Dynkin

systems generated by subsets of X.

!'Eugene Borisovich Dynkin was a Russian mathematician that made important contributions to algebra
and probability. He was a student of Andrei Kolmogorov.
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Theorem 2.1. Let C C 2X. There exists a smallest Dynkin system 6(C) such that C C §(C).

It is called the Dynkin system generated by C. In addition, 6(C) C o(C).

Proof. Existence and characterization of §(C) is proved as in Theorem [1.2] Since ¢(C) is a
Dynkin system 6(c(C)) = o(C). Since C C o(C), 6(C) C §(c(C)) = o(C) as in Theorem [1.3]
|

The next theorem shows that a Dynkin system is a o-algebra if, and only if, it is a 7

system.
Theorem 2.2. A Dynkin system D is a o-algebra <— A, B€D — ANB e D.

Proof. ( = ) If D is a o-algebra, then A,B € D — AN B € D, since o-algebras are
closed under countable intersections.

(«<=) If D is a Dynkin system it satisfies requirements 1 and 2 for o-algebras in Definition
H. Let A; € D for ¢« € IN, we must show that U A; € D. Define By := Ay, By .= Ay — B, =
Ay N BS, By := A3 — UL | B; = A3N (UL, By)° .Z-E-]NBR = A, —U"'B; = A,N(U'B;)°. The
collection {B; };cw is pairwise disjoint, and since each B; is the intersection of two sets in D,

using closeness under finite intersections, |JB; = |JA; € D. R
i€N i€N

Theorem 2.3. If P is a w system associated with X, then 6(P) = o(P).

Proof. From Theorem 2.1} §(P) C ¢(P) and from Theorem[2.2if §(P) is a 7 system it is a o-
algebra. Since o(P) is the smallest o-algebra generated by P, it must be that 6(P) = o(P),
so it suffices to show that 6(P) is a w-system. For any D € 6(P),let Dp ={A C X : AND €
d(P)}. First, we show that Dp is a Dynkin system. We verify conditions a), b) and ¢) in
Definition [2.1]

a) Note that X N D = D € §(P), hence X € Dp,.
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b)If A € Dp, then AND € 6(P). Now, A°ND = (A°UD°)ND = (AND)‘ND = ((AND)UD®)*
where AND and D¢ are disjoint. Also, since D € 6(P), we have D¢ € §(P), and AND € 6(P)
by assumption, so ((AN D) U D) € §(P). Thus A° € Dp.

c) Let A; for i € IN be pairwise disjoint with A; N D € §(P) and note that {(A; N D)}ien
forms a disjoint collection. Thus, U (A;NnD)=Dn U A; and U A; € Dp. Thus, Dp is a
Dynkin system. - - -

Fix G € P. Then, G € §(P) and we can define Dg = {A C X: ANG € 6(P)}. Now,
consider G’ € P. Since, P is a m-system, G' NG € P C §(P). Hence, G' € Dg, showing
that P C Dg for all G € P. But D¢ is a Dynkin system and consequently, by definition
(P) C Dg, VG € P.

Thus, we have that if D € §(P) and G € P, then GND € §(P) and P C Dp (by
definition of Dp). Then, §(P) C Dp for all D € §(P) implying that §(P) is a m system by
definition of Dp. A

Definition 2.2. A semi-ring, denoted by S, is a non-empty system associated with X having

the following properties:
1. 0es,
2. ABeS = ANBES,

3. for all A, B € § there exists m € N and {S;}72, C S that is pairwise disjoint such

Remark 2.1. 1. A semi-ring is a w system in view of condition 2.

2. Property 3 in Definition s equivalent to the following:

3. ifA,Be Sand AC B, then B= AU (U;n:l Sj) where the collection {A, Sy, Sy} C

S 1s pairwise disjoint.
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To verify that 3 = 3’ note that AC B — B=AU(B—A)=AU (U;”:l Sj) by
3, where {A,S1,--- S} C S is pairwise disjoint. Now, to verify that 3> = 3 note
that B = (BN A)U (B — A). Since (BNA) C B, by 9 B = (BN A)U (U;.":lsj)
Thus, (BNA)U(B—A)=(BnNA)U (U;nzl Sj) which implies that B — A= Jj_, S;

where {S;}7L, C S is pairwise disjoint.

3. A ring R is a non-empty system of sets associated with X such that A,B € R —
AUBeRand A—BeR. IfAc R thenA—A=0&R. Also, if A,B € R, and
noting that ANB = A— (A— B), we have that ANB € R. Nowlet AC B, A,B € R.
Since B= AU (B — A) and (B — A) € R, we conclude that every ring is a semi-ring

using property 3.

4. If A is an algebra, then for A, B € A we have that AU B, AN B, B¢ € A, and since

A—B=ANB°e€ A, an algebra is a ring.
It follows from these remarks that we have the following hierarchy of systems: A (algebras)

are R (rings) are S (semi-rings) are 7 systerms.

2.2 Uniqueness of measures

The following theorem shows that under some conditions, measures that coincide on some

generating class G coincide on o(G).

Theorem 2.4. Let (X, 0(P)) be a measurable space and P a collection of subsets of X, such

that:
1. P is a7 system,

2. there exists {Pj}jew C P with P, C Py C -+ such that |J P; := lim P; = X (the

jeN j—ro0
sequence {P;};en is exhausting).
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If i and v are measures that coincide on P and, are finite for all P;, then p(A) = v(A) for
all A € o(P).

Proof. For j € Nlet D; ={A € o(P): p(ANP;) =v(ANP;)}. First, we show that D; is a

Dynkin system.
1. X € D; since (XN P;) = p(P;) =v(P) =v(XNPF).

2. Let A € D;. Note that P; = (AN P;) U (A°N P;) and note that the two sets in
the union are disjoint. Since p is a measure p(P;) = p(AN P;) + p(A°N P;). Hence,
n(ANP;) = p(Pj)—p(ANP;). Since 1 and v coincide in P we have that v(P;) = u(P))

and since A € D; we have that u(AN P;) = v(AN P;). Hence,
WA 0 P) = u(Py) — (AN Py) = o(P)) = v(A N P) = o(A° N\ ).
Thus, A° € D;.
3. Let Ay, Ay, --- be a pairwise disjoint collection in D;.

(o) (e

1(Ai N P;)

2 11

v(A; N P;) since A; € D;

=1

. (L% (BN Az‘>) - (Pj i (L{Q )

Since P is a m-system, by Theorem [2.3|and the definition §(P), we have P C §(P) = o(P) C

and consequently, |J A; € D;.
iEN

D;. But by construction D; C o(P) and we conclude that D; = o(P). So, for all A € o(P)
and j =1,2,---,
WA P) = v(AN P 2.1)
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By continuity of measures from below and noting that (AN P) C (AN P,) C ---, letting

j — oo in (2.1)) we have for all A € o(P),

Jlim p(ANFy) = p (jlgrglo(A N Pj)) = p (jgm(fl N Pj))
(

Similarly, lim; .. v(A N P;) = v(A) and we conclude that u(A) =v(A4). B

2.3 Existence of measures - Carathéodory’s Extension
Theorem

We take the following path to construct a measure on F. We start with a class of subsets
S of X, such that F = o¢(S§), and define a pre-measure p on §. If S and p satisfy the
requirements of Theorem [2.4] then p will extend uniquely to F, provided we are able to
extend it from S to F. The result that provides the conditions and possibility for such an

extension is known as Carathéodory’s Extension Theorem.

Theorem 2.5. (Carathéodory) Let S be a semi-ring of subsets of X and p: S — [0, 00] be a
pre-measure. Then, p has an extension to a measure 1 on o(S). If there exists {E;}jen € S

with Ey C Ey--- such that lim E; — X and p(E;) < oo for all j, then the extension is

J—00

unique.

Proof. Step 1. We start by defining the set function p* : 2%X — [0,00]. For any A C X

define the collection of countable covers for A that are composed of sets in & by
O(A) = {{Sj}je]N CS:AC jg]NSj}‘

If A cannot be covered by some 'U]NS]-, then C'(A) = (). Now, define
je

p*(A) := inf {Z 1(S;) : {Sj}jenw € C(A)} a

JEN
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where inf () := co. Note that,
a) u*(0) = 0, by taking Sy = Sh=--- =0

b) A C B implies that every cover for B is also a cover for A, ie., C(B) C C(A).
Therefore,
p*(A) = inf {Z u(S;) = {Si}jen € C<A>} < inf {Z w(Ty) AT }jew € 0<B>} = 1*(B).
jEN jEN
c) Let A, C X for n € IN and, without loss of generality, assume that p*(A,) < oo (that
is C(A,) # 0). Choose € > 0 and let {S,x}rew € C(A,) be such that

ZM(Snk) <t (An) +e€/2m.

kelN

Now, U A, C U U S, and by the definition of infimum and sub-additivity of
neN neEN keN

pre-measures

w (ng]NAn> <Y lSu)

nelN keIN
< Z (1" (An) +€/2") = ZN*(AH) + e
nelN nelN

Hence, p* ( U]NA"> < S u(Ay). If w(A,) = oo for some n, then the last inequality
ne neN

holds trivially.

Since p* satisfies properties a)-c), it is called an outer-measure on 2X,
Step 2. We now show that p* extends p (defined on S) to 2¥. By this we mean that
W (S) = p(S) for S € S.

First, let Sy = {9 : S = UjL5;,8; € §,5N8; = 0Vi # jandm € IN} be the
collection of sets that can be written as disjoint finite unions of elements of S and let
i(S) = >0, 1(S;)) for S € Sy. Note that ji(S) is invariant to the pairwise disjoint finite

union used to represent S. To see this, suppose S = U7 ,S; and S = Up_, T} for m,n € IN.
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Then, UJL,S; = Up_ Ty and S; = S; N (Up_ Tx) = Ui, (S; N Ty) and S; N'T} € S, since a
semi-ring is a m-system. Since u is a pre-measure on S, and {7} }}_, is a pairwise disjoint
collection, pu(S;) = > r_, (T N'S;). Then,
aS) = ulS) =D > wTenS;) => pu(Tk).
j=1 k=1 j=1 k=1
We now show that Sy is closed under (arbitrary) finite intersections and unions. If
A, B € Sy then AN B = (UjL,5;) N (Up_,T)) where the two unions are over pairwise disjoint

sets. Then, ANB = UL, Up_, (S;NT},) € Sy since S;NT}, € S for all j, k and {S;NTy}0
is pairwise disjoint.

Also, since S, T}, € S, their difference can be written as a finite union of pairwise disjoint

elements of S. Hence, S; — T}, € Sy. Now,
A-B= U;‘nzlsj - UZ:ITk = UTzl ﬂZ:1 (Sj A ch> = UT:l ﬁZ:1 (Sj - Tk>'

Since, S; =T} € Sy and given that we have shown that Sy is closed under finite intersections,

R 1(S; —Tk) € Sy. Hence, A — B is the finite union of pairwise disjoint elements in Sy

and we conclude that A — B € Sy, since Sy is closed under pairwise disjoint unions. Lastly,

since AUB =(A—B)U(ANB)U (B — A) and all sets in the union are disjoint and in Sy,
we conclude that AU B € Sp.

We now show that i is o-additive on Sy, i.e., a pre-measure. Let {T}}rew C Sy such that

{T) }rew is pairwise disjoint and such that T := kLEJ]NTk € Sy. Since T}, € Sy, by definition

there exist {S;}jew € S and a sequence of 0 = ng < ny < --- of integers such that
Tk = Sn(k—l)""l U S"(k—1)+2 U---u Snk for k € ]N,

where the collection {.Sy,,_, 41, Sn;_, +2,°** ,Sn, } is pairwise disjoint and

7= D S;.

kelN j:’n(k71>+1
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Also, since T' € Sy, it can be written as T = Uf\; U; where N € N with U; € § and {U;}iY,

a pairwise disjoint collection. Hence,

N ng
Ju-U U s
=1

kelN j:n(k,1)+1

Defining disjoint subsets Ji,--- , Jy of IN such that U{ilJl = IN we write U; = |J S; and
JEJ
note that U; € S. Now, T'= |J T}, = U ,U; and
kEN

=
=

I
M=

w(U;) by definition of

N
= Z 1(S;) by p being a pre-measure on S
=1 jeJ,
ng
= () =Y iT).
kelN ]:n(k_1)+1 kelN

Now, for any S € S and any S-covering of S, i.e., {S5;};en € C(95)

u(S) = i(S) Q<Usjms> since S €S = SeSy

JEN

< Z A(S; N.S) since fi is a pre-measure and sub-additive
jEN

D_ i8NS <y ulS).

JEN

Taking the infimum over C(S), we have u(S) < p*(S). Now, taking (S,0,---) € C(S) gives

1 (S) < p(S). Combining the two inequalities, we have
p*(S) = pu(S) for all S € S.
Step 3. We will show that S C A* where
A" ={ACX: " (Q) = (QNA) + 1 (QNAY)VQC X} (2.2)

Let S,T € S and note that T'= (T'NS)U(T'NS°) = (T'NS)U(T —S5) = (T'NS)U(UJ,S;)

with {S;}7, disjoint, m € IN and where the last equality follows from the third defining
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property of semi-rings. Since u is a pre-measure on S we have

m

W(T) = (T S)+ 3 uls)).

Jj=1

Since p* and p coincide on § and TN S € S, and since p* is sub-additive, from c) in Step
1, we have p*(T' = 8) = p*(UjLy8;) < 3275, w'(S;) = 3271, (). Consequently,

m

w(T) = p(TNS)+ Y u(Sy) > p(TNS)+ (T = ). (2:3)

=1

Take @ C X and {T}}jen € C(Q). Using p*(T) = p(T;) and summing (2.3) over j taking
T=T,

D W(SNT) + Y i (T = 5) < Y p(T).

jeN jeEN JjeN

Sub-additivity and monotonicity of p* together with @@ C |J 7} give
jEN

pH(QNS) + p(Q = 5) < p'(Ujen(T; N 5)) + 1" (Ujen(Ts = 5))

<D (T =) ulTy).

jEN jEN
Taking the infimum over C(Q), p*(Q NS) + p*(Q — S) < p*(Q). The reverse inequality
follows easily from sub-additivity of u*. Consequently, if S € S we have that S € A*.
Step 4. We show that A* is a o-algebra and u* is a measure on (X, .A*).
1. Forall Q c X, QN X =Q and Q N X = (. Since p*(P) = 0 we have that X € A*.

2. For all Q C X suppose A € A*, i.e.

pH(Q) = p(QNA) + 1 (Q N AY).

But by symmetry of the right hand side of the equality due to (A°)¢ = A, we have A° € A*.
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3. A A € A% forall Q C X

p(QN(AUA)) +p7(Q — (AU A))
=1 (Q@N (AU (A = A))) +p"(Q - (AU A))
= ((QNA)UQN (A = A)) +17(Q - (AU A'))
Sp(@NA) +pi(QN (A = A))+p(Q — (AU A))
using subadditivity of z*
= (QNA) +p (@ —A)NA) +p ((Q—A) - A
= (R@NA)+p'(Q—A)=p"(Q)

using the defining expression for A* twice, once for ) — A and once for Q.

Thus,
pH(QN(AUA)) +p"(Q — (AUA)) < p(Q). (2.4)

Now, Q@ ={QnN(AUA)}Uu{Q@nN (AU A")°}. By sub-additivity of p*
H(Q) < H(Q N (AUAY) + 1(Q — (AU A). (2.5)

Combining inequalities (2.4)) and (2.5 we conclude that p*(Q) = p*(QN(AUA")) + pu*(Q —
(AU A’)) and consequently A* is closed under finite unions.

If A, A’ € A* such that AN A’ =0, then for Q = (AU A") N P with P C X the equality
p(Q@NA)+p(Q — A) = p*(Q) becomes
p((AUAYNP)=p* (PNA) +up(PNA)YPCX.

For a disjoint collection {A;}72, € A,

p (U A) N P) =) p'(PNA;).

Jj=1

If A= U, enA4;, where {A;} is a disjoint collection,

W(PAA) 2 (PA(ULA)) = S wt (P Ay).

=1
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Since UL, A; € A" we have that

W (P) = 17 (PO (UP A) + it (P = Uy Ay)

> p (PN (UL 4)) + p' (P — A)

m

=Y w(PNA) +p'(P—A).
j=1
Let m — oo, to conclude
pH(P) =Y (PNAG) +p'(P—A) > p*(PNA) + (P — A)
j=1

The reverse inequality follows directly from sub-additivity of p*. Thus,
w(P)=p(PNA)+pu(P—A),VPCX.

Consequently, A = UjewA; where the collection {A;};en is pairwise disjoint is in A*. Con-
sequently, A* is a Dynkin system that is closed under finite unions. By DeMorgan Laws, A*
is closed under finite intersections, and by Theorem A* is a o-algebra.

Now, we show that p* is a measure on ¢(S). From above, S C A*, so o(S) C A*. Also,
w* is a measure on A* and on ¢(S§), which extends p on S. By Theorem , and under the
conditions in the enunciation of this theorem, any two extensions y* and v* of u coincide on

o(S). |

Remark 2.2. (X, A* u*) is a complete measure space. To verify completeness, let E € A*
such that p*(E) = 0, and consider B C E. We must verify that B € A*, i.e., for any

Q C X, it must be that

pH(Q) = p(QNB)+u(QNB°).
Now, QN BCQNECFE — p*(QNB) < pu*(E)=0 and, consequently 1*(QQ N B) = 0.
Also, QN B C Q = p*(QN B°) < u*(Q). Hence,

p(Q) =z pH(Q N BY) + p*(Q N B). (2.6)
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By sub-additivity

1(Q) < (QNBY)+u@nN B) (2.7)

Given (2.6) and (2.7) we have p*(Q) = p*(Q N B¢) + p*(Q N B). In addition, p*(B) =0

follows from monotonicity of measures.

2.4 Lebesgue measure on (R”, B(R"))

In this section, we use Carathéodory’s Theorem to construct a measure on (R”, B(R™)). The

first step is to show that Z™" is a semi-ring.

Theorem 2.6. Let R™" = x_[a;,b;) for n € N be a half-open rectangle in R™ and I™" be

the collection formed by all such rectangles with real endpoints. ™" is a semi-ring.
Proof. Let Z%" = {[a;, b;) : a; < b; where a;, b; € R} and note that:

1. if bz = Qy, [ai,bi) = @,

0 e Ihh

) o [a-,bi) S Il’h

2. if [ai,bi), [aj,bj) el " then [aivbi) N [aj>bj) = [CL] b) e Il,h’
iy Vg

[CLi,bi) € Il’h

3. if [a1,b1) C [ag, by) then [ag, by) = [az, a1) Ular, by) U [by, by), where the members in the

union are all disjoint.

Hence, Z'" is a semi-ring.
Now, suppose Z™" is a semi-ring. We will verify that Z"*%" is a semi-ring. First, note
that Zn+1h = 7k x T and since () € Z™" we immediately conclude that ¢ € Z"*%". The

intersection of two rectangles in Z"*1" is given by

(Rn,h % Rl’h) N ([n,h X [1,h) — (Rn,h N In,h) % (Rl’h N [1,h)

43



where I™" is a half-open rectangle in R™ and the righthand side of the equality is an element

of I+ Also, (R™" x RVh) — (I™h x [Vh) = (R™" x RV N (1" x TY")¢ and note that

(I™h o I"Me = {(2,9) cax g Iy g IV, or z € I and y € IV, or o ¢ I™" and y € TV"}

— ((In’h)c % (]1,h)c) U (In’h % (Il’h)c) U ((In,h)c % ]1’h)
where the components of the union are disjoint. Thus,

(R x RY) = (17 T00) = [(RM x R 1 (4 x (IO U[(R™ x M) 1 (17 ¢ (1))
U[(R™ x RY™) N ((I™") x T"M)]
= (R — 1) (BY = FY9)] U (R 0 1) (R — 1)

U KRn,h o In’h) % (Rl’h N ILh)].

By the induction assumption, R™" — I"™" and R'" — I'""* can be expressed as finite unions

of disjoint rectangles, which completes the proof. Il

Definition 2.3. Let A" : ™" — [0,00) be defined as \"(R™") = []’_,(b; — a;) whenever

J=1

bj >a; forj=1,--- n and \"(R™") =0 if b; < a; for some j.
Theorem 2.7. \" is a pre-measure on Z™".

Proof. We start by showing that A! is a pre-measure on Z'". Let [a,b) € Z%" and [a,b) =

U, [ai, bi) with a1 = a, ag = by, a3 = bg, -+ ,a, = b,—1,b, = b. Then,

n

Z M([ai, b)) = (by —ay) + (by — ag) + -+ + (bp_1 — an_1) + (b — an)

! — (a2 — @) + (a3 — @) + -+ (an — ap1) + (b= a,) =b—a

— N ([a,5) = A (U2 [ai, b))

Therefore, \! is finitely additive. For o-additivity, we need to show that for [a,b) = | [as, b;),
i€N
where {[a;, b;) }iew 1s a pairwise disjoint collection we have b —a = Y2, (b; — a;).
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For any n € N, let {[a;,b;)}", be a pairwise disjoint collection. Then, since Z"" is a
semi-ring, we can write

[a> b) - U?:l[ah bZ) = U;‘nzllj’

where the last set is the finite union of pairwise disjoint half-open rectangles. Thus, since \!

is finitely additive on Z'"
M (o 5) = SN (b)) + DOAT) = 30N (i, b))
i=1 j=1 i=1

Thus, AM'([a,b)) = b—a > lim, e iy A(Jai b)) = > oo A([ai, b;)). We need only show
that b —a < 372, A([ai, b;)) to complete the proof.
Let 0 < € < b — a and consider a pair-wise disjoint collection {[a;, b;)}iew such that
la,b) = | [as, ;). Note that
i€
[a,b—¢€) Cla,b—¢€ CUZ (a; —2 %, b))
C U™ (a; — 27", b;) for some n € N, by the Heine-Borel Theorem
C U [a; — 27", by).

But A ([a;, b;)) = M ([a; — 277, b;)) — 2-¢. Hence,

- 1
M([a,b—¢€)) < Z Al ([ai — 5 bl)> by subadditivity
i=1

=> (bi—ai+ %e)

i=1
b—a—egi(bi—ai)—i—ei%or
i=1 i=1
b—agi(bi—ai)—ke(l%—i%).
i=1 i=1

Taking limits as n — oo on both sides of the last inequality gives b —a < > o2, (b — a;),
which combined with the previously obtained reverse inequality gives b—a =Y oo, (b — a;).

Hence, \! is a pre-measure on Z".
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Clearly, A"(()) = 0. The proof is completed by using induction on n, the dimension of
the space. Hence, we assume that A" is o-additive on Z™" for some n and show that A\"*! is

o-additive on Z"*%". This final step is left as an exercise. W

Theorem 2.8. There exists a unique extension of \* from I™" to a measure on the Borel

sets B(R™). This extension is denoted by \" and is called Lebesque measure.

Proof. We know that B(R") = o(Z"") from Theorem [L.5, Since, [k, k)" = [~k k) x
[—k,k)--- x [-k,k) T R™ as k — oo is an exhausting sequence of n-rectangles, and since

AN'([=k, k)™) = (2k)™ < o0, all conditions of Carathéodory’s Theorem are fulfilled. B

Remark 2.3. Let (R,0(Z%") = B(R)) be a measurable space. From Theorem if we
set S =[0,1) and consider T = I'" NS = {[0,1)NA: A€ I""} then o(Z"" N [0,1)) =
B(R)N[0,1) is a o-algebra associated with [0,1). Thus, we define By1y := o(Z"" N [0,1))
and note that

([0, 1), By = o(Z))
is a measurable space where T = {[a,b) : 0 < a < b < 1}. Define the set function A : T —
0, 1] such that A(0) = 0 and A\([a,b)) = b — a. Since X is o-additive (pre-measure) on I (a

semi-ring), using Carathéodory’s Theorem, we can state that
([07 1)7 B[O,l) = 0(1)7 )‘*)

is a measure space, where \* is the unique extension of X\ from T to o(Z). In addition,

A*([0,1)) = 1. Thus, we have constructed a specific probability space.

2.5 Distribution functions and probability measures on
(R, B(R))

We will now construct probability measures on (R, B(RR)). This will be done using distribu-

tion functions.
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Definition 2.4. Let F : R — [0, 1] be a function with the following properties:

1. l}%lF(:v—i—h) = F(z+)=F(z) for allz € R and h > 0,

2. x<y = F(zx) < F(y),

3. lim F(z) =1, lim F(z)=0.

T—r00 T—r—00

F is called a (proper or non-defective) distribution function (df). If only conditions 1 and 2

are met, F' is called a defective df .

Remark 2.4. 1. Let F(z—) := l]g{)l F(x—nh) for h > 0. The left jump of F' at x is defined as
LJp(z) = F(x)— F(xz—) and the right jump of F at x is defined as RJp(x) = F(x+)— F(x).
The jump of F' at x is defined as Jp(x) = LJp(z)+ RJp(x) = F(z+) — F(z—). If F is a df,
RJp(z) =0 for allz € R and Jp(x) = F(x)— F(xz—). In addition, since F' is nondecreasing
Jr(x) > 0. If Jp(x) = 0 then F is continuous at x.

2. For any two x <y € R we have that 0 < F(y) — F(x) < 1.

Definition 2.5. Let S(p) = {x € R: F(x) > p} forp € [0,1]. The left (generalized) inverse
of a df F, denoted by F~, is defined as F~(p) := inf S(p), for p € [0, 1].

Remark 2.5. Note that when p =0, S(0) = R, which is nonempty but not bounded below.
As such, inf S(0) is not defined as a real number. In this case, we put F~(0) = —oo.
Also, when p = 1, either S(1) = [a,00), which is nonempty and bounded below by a, in
which case F~(1) = a € R or S(1) = 0, in which case we put F~(1) = oo. Hence,
F~:[0,1] = R:=RU{o0} U{—0}.

Theorem 2.9. Let S(p) = {x: F(x) > p} for p € (0,1]. Then,
1. S(p) is a closed set.

2. t<F(p) <= F(t)<porF(p) <t < p< F(t).
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Proof. 1. 1If s, € S(p) and s,, | s, bp right continuity of F' we have p < F(s,,) | F(s). Thus,
p < F(s)and s € S(p). If s, € S(p) and s,, T s, we have p < F(s,) T F(s—) < F(s). Thus,
p < F(s) which implies that s € S(p). Consequently, by a characterization of closed sets,
S(p) is closed.

2. Since S(p) is closed, its infimum F~(p) € S(p) and therefore F(F~(p)) > p. t <

F~(p) = t¢ S(p) = F(t) < p. The reverse implications all apply. B

Theorem 2.10. Let A C R, Sp(A) = {p € (0,1] : F~(p) € A} and I' = {(a,b] : —c0 <
a<b< OO} ]fA S B(R), then SF(A) S 8(071] = O'(Il) N (0, 1]

Proof. Let G = {A C R :Sp(A) € B} Note that

Sr((a,b]) = {p € (0,1] : F~(p) € (a,0]} = {p € (0,1] : a < F"(p) < b}
={pe€ (0,1]: F(a) < p < F(b)} by Theorem 2.9

= (F(a), F(b)] € Bio,y-

Hence, (a,b] € G and Z' C G. If G is a o-algebra, o(Z') = B(R) C G. Hence, A € B(R)
implies Sp(A) € B(o,1. Consequently, we need only show that G is a o-algebra associated

with R.

1. SF(R) = {p € (0, 1] : F_(p) S R} = (O, 1) = U (0, 1— n_l} S 8(071], thus R € G.

nelN

2. By definition of Sp

Sp(A°) = {pe(0,1]: F (p) € At ={pe (0,1]: F(p) ¢ A}

= (Sr(A))° € By

where the last inclusion statement follows if A € G and the fact that B ;) is a o-algebra.
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3. If {A,}new € G we have by definition of Sg

F<UAn) = {p (0, UA}—{pE (0,1] : F~(p) € A,, for some n}

nelN nelN

= U{pG(O,l] ( EA}—USF 68(01 (28)

nelN nelN

where the last inclusion statement follows since A, € G and the fact that B, is a

o-algebra.
|

Definition 2.6. Let A € B(R) and define Pp(A) = \(Sr(A)) where \' is the Lebesque

measure on B 1.

Theorem 2.11. Let Pp be given in Definition [2.6. Then, (R,B(R), Pr) is a probability

space.
Proof. First, note that
Pp(0) = M (Sp(0) = X' ({p € (0,1] : F~(p) € 0}) = X'(D) = 0.

Second, if {A,}new is a pairwise disjoint collection of sets in B(R) then

PF(gmAn) =\ (SF(U An)) :>\1<U Sp(A ) by (2.8)
Z A(Sr(A Z P (A
where the next to last equality follows from the fact that A! is a measure and {Sp(A,) fnew

is a pairwise disjoint collection.
Lastly,
Pp(R) = X(Sr(R)) = M ({p € (0,1] : F~(p) € R}) = A'((0,1))
=\ (U (0,1 — n—1]> =A((0,1/2]U(1/2,2/3]U(2/3,3/4]U---)

=1/24(2/3-1/2)+ (3/4—2/3) +--- = 1.

49



[ |
Remark 2.6. Note that

Pp ((—00,7]) = X! (Sp((—00,2])) = A'({p € (0,1] : F(p) € (—o00,2]})

=X ({pe(0,1]: p < F(x)}) = A((0, F(2)]) = F(x).
2.6 Exercises

1. Let p be a measure on (R, B(R)) such that u([—n,n)) < oo for all n € IN. Define,
w([0, z)) if x>0,
F,(z):=< 0 it x =0,
—u([z,0)) ifz <O.

Show that F), : R — R is monotonically increasing and left continuous.

2. Let F), be defined as in question 1 and let vg, (([a,b)) = F,(b) — Fj(a) for all a < b,

a,b € R. Show that vp, extends uniquely to a measure on B(R) and vg, = p.

3. If F'is a distribution function, show that it can have an infinite number of jump

discontinuities, but at most countably many.
4. Show that A!'((a,b)) =b—a for all a,b € R, a < b. State and prove the same for A\™.

5. Consider the measure space (R", B(R"), \"). Show that for every B € B(R™) and = €
R™, x+ B € B(R") and that A"(z+B) = \"(B). Note: x+B :={z:2z=2x+b, b € B}.
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