Chapter 5

Lebesgue’s convergence theorems and L”
spaces

In this chapter we prove the monotone and dominated convergence theorems and apply
them to parameter-dependent integrals. Introduce LP spaces, Lebesgue-Stieltjes measures

and compare Riemann and Lebesgue integrals.

5.1 Convergence theorems

We start by proving Markov’s Inequality, which will be used in the proof of several theorems

that follow.

Theorem 5.1. (Markov’s Inequality) Let (X, F, pn) be a measure space and f € Lg. Then,
for all E € F and a > 0

i@l 2 B) < 7 [ Ifide

Proof. Note that, alf¢(z)>a)nE = 0d{z:|f@)>a} e < |f(2)|Ig and consequently, integrating
both sides, ap({z : | f()| > a} N E) < [, |f|du. Therefore,

e 1) =} E) < 5 [ [ fla
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Remark 5.1. Note that if E = X we have p({z : |f(z)] > a}) < L [([fldu. When

(X, F, p) = (0, F, P) a probability space and f := X a random variable, we have
P(fw: [X()] 2 a}) < - Bp(1X)).
Also, note that if f(w) = (X(w) — Ep(X))? and f € Ly we have
P({ s (X(w) = Bp(X) 2 a}) = P{w: [X(w) — Bp(X)| 2 a2} < S Ep((X — En(X))),

and letting b = a'/? we have

PHw: |X(w) — Ep(X)| >b}) < bizEp((X — Ep(X))?) = 512 (Ep(X?) — Ep(X)?)

which is known as Chebyshev’s Inequality. Note that fQ X2dP must exist as a real number.

Recall that for a measure space (X, F,u), N is a null set if N € F and pu(N) = 0. If
a certain property P(x) that depends on = € X holds for all z € X except z € Np C N,
where N is a null set, we say that the property is true almost everywhere (a.e.) or almost
surely (a.s.). Note the set Np where the property does not hold need not be a measurable

set.

Theorem 5.2. Let (X, F, ) be a measure space and f : (X, F, ) — (R, B) be measurable.
Then,

1. Inf € Lg for all N e N, :={N € F: u(N) =0} and [, fdu=0
2. JxIfldp=0 <= |f]| =0 a.e.
Proof. 1. For j € IN, let f; = min{|f],j} and note 0 < f; < fo < --- with lim f; = |f].
j—00

Hence, by Theorem

Jj—o0

/INIf\du = lim [ Infjdp= 1im/fzvmin{|f|7j}du§ 1im/jfzvdu
Jj—o0

= limj/ Indp = lim ju(N) = 0.
X j—o00
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Hence, Iy [ is integrable. Furthermore, since | [ Infdu| < [ In|fldp = 0, we have that

[y fdu=0.

2. (<) |f] = 0 a.e. means that p({z : [f(z)] # 0}) = 0. [ |fldu = f{\f|:0}|f|d,u N
Jisizoy 11 = [qg 20y |f1dp = 0 by item 1.

(=) Note that by the fact that u is a measure

pl{e: [f(@)]>0}) = p (U{\fl > 1/9'}) <> ul{lfl = 1/5})

jEN JEN

Z]’/lelduzo

JEN

IN

by Markov’s Inequality and the assumption that [ |f|dy =0. W

Remark 5.2. 1. If f, g > 0 are measurable and f = g p-a.e. then fX fdu = f{x:f(x#g(m)} fdu+
f{z:f(z):g(:r)} fdu. But by Theorem .1, the first integral in this sum is equal to zero.
Consequently, fx fdit = Jio.sioy—gtany JH = Jio ooy 9 = Jiaisortatary 994 +
S p =gty 991 = Jx 912

2. If f € Lz, g is measurable and f = g p-a.e. then g € Li. To see this, note that
f =g p-a.e. implies [+ =g* and f~ = g~ p-a.e. Using the previous remark on f+
and [~ we have [ fTdp = [y gTdp and [ f~dp = [y g~dp. Hence, g € Ly and
Jx fdw = Jx gdp.

3. If f is measurable and 0 < g € Ly with |f| < g a.e., then
P <lfI<gae and [~ <|f| < g ae.

Hence, [ fTdp < [y gdp, [ [7dp < [ gdp and f is integrable.

Theorem 5.3. Let f : (X, F,u) — (R,B) be integrable. Then f is real valued almost

everywhere.
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f(z) = o0} U{z: f(z) = —o0} € F. Let

N {z:|f(z)] >n}:= () B, with By D By D -+, then lim B, = () B, = N. Also, note
neN n—reo neN

nelN
that by Markov’s Inequality and integrability of f

w(By) = p({x: |f(2)] > 1)) < /X Fldu < oo.

Hence, by continuity of measures from above, and Markov’s Inequality

p(N) = lim (B, = lim p({z ¢ ()| = n) < lin - [ |fldu=0.
X

n—oo

Proof. Note that N := {x : |f(z)| = o0} = {2 :

Theorem 5.4. (Lebesgue’s Monotone Convergence Theorem) Let f,
< and f = hm fn = sup f,. Then,
nelN

(X, F,n) — (R,B)

for n € IN be integrable functions such that fi < fo

feLglp <:>sup/fnd,u<oo

nelN

In this case,
sup / fndp = / sup fndp = / fdp.
X X

nelN JX nelN
- we have that 0 < f,, — f1 € L forms an increasing

Proof. Since f, € Lg and f; < fo <
sequence of nonnegative measurable functions/'| Hence, by Theorem [4.5]

0 < sup/ Jndp — / fidp = ilelﬂr;/ (fn — fr)dp = L:ﬁ%ﬁ — fi)dp = /X(:gﬂg Jn — fr)dp.
(5.1)

nelN

Now, suppose f € L and note that from the left side of equation ([5.1)

sup / fuddpt — / fadps = / f = fdu, or

; Sup/ fnduzfxfldwr/x(f—fl)du

o :/Xfldwr/xfdu—/xfldu:/xfdu<oo

J1 may not be defined (e.g. oo —oc). But since f, is integrable replacing f, by fnl{z:|f(a)|=oc}

1 f _
n
does not impact any of the integrals given Theorem
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If sup,,e fx fndp < 0o, then from equation ((5.1)) we have fx(f — f1)du < oo and since f; is

integrable f = (f — f1) + f1 is integrable. Therefore,

/f@ri/ﬁ—fmw+/}du—$%éﬁﬂu<w~

Theorem 5.5. (Lebesgque’s Dominated Convergence Theorem) Let (X, F, 1) be a measure

space and { fn }nen be a sequence of integrable functions such that for each n, |f,| < g p-a.e.

where g is some integrable nonnegative function. If lim f,(x) = f(z) exists p-a.e. in R, and
n—oo

f is measurable, then f is integrable and

lim fndp = / lim f,dy = / fdu.
neo Jx X o X
Proof. We start by observing that since the f,, and g are measurable, the set
N={z: Tim fn(z) does not exist} U (U {z:|fu(z)] > g(x)})
neN
is measurable and p(N) = 0. Thus, the functions fIy. and f,Iy. satisfy the conditions on
the theorem at every z € X — N with majorant glye.. And their integrals coincide with
those of f and f,,. Hence, we proceed as if the conditions on the theorem held everywhere
on X.
By the pointwise limit of the sequence f,,, for any € > 0 there exists N, € IN such that

for all n > N4

Sg+|f=fal by [fal <9

<g+e

which implies that | f| < g. Therefore, [, fdpu < oo provided g € Lg(p1). Also, |f,| < g <=
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—g < f. < g. Hence, f, + g > 0. By Fatou’s Lemma,

[ it + g)d = [+ g)dn < timint [ (£, + )

—llmlnf/fndu+/gdu

/fdugligggf/fndu. (5.2)

Also, g — f, > 0 and again by Fatou’s Lemma,

0< /ligg}f(g—fn)duz/gdu—/fdu

< hmmf/(g fn)dp

:/gd,u+liminf—/fnd,u
n—oo

:/gdu—limsup/fnd,u.
n—oo

The second inequality together with the last equality imply that

Therefore,

n—o0

fdp > lim sup/fndu. (5.3)
Combining (5.2)) and (5.3]) completes the proof. B

We now consider a measurable function that is indexed by a parameter 6 € S, where S is
an open, nonempty subset of R? for p € IN. Assuch, we define f(x,0) : (X, F, u)xS — (R, B)

where f is measurable for any 0 € S.

Theorem 5.6. Let f : (X, F,u) x S — (R,B) where [ is F — B measurable for every
0 € S and f € Lgr. Also, assume that for any v € X, f(z,0) is continuous on S and

|f(z,0)] < g(z) for every (x,0) € X x S and some nonnegative integrable function g. Then,

:Aﬂaww
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Proof. The function h is well defined because of integrability of f(x,6) for any 6 € S.
It suffices to show that for any sequence {6,},en C S such that 6, — 6 € S we have
h(6,) — h(#). By continuity of f(z,6) on S for every x, we have f(z,6,) — f(z,0) and

|f(z,6,)| < g(x). By Lebesgue’s Dominated Convergence Theorem,

lim h(6,) = /hmfx@ Ydp = /fx&du h(#),
n—oo Xn—>00
establishing continuity of ~ on S. B

Theorem 5.7. Let f : (X, F,u) x (a,b) — (R,B) where f is measurable and f € Ly
for all 6 € (a,b). Also, assume that for any x € X, f(x,0) is differentiable on (a,b) and
]d%f(m,e)\ < g(x) for all (z,0) € X x (a,b) and some nonnegative integrable function g.

Then, the function h : (a,b) — R given by

_ /X £, 0)dy

is differentiable and its derivative is given by

d d
g0 = | =5 f(w,0)du
Proof. For 0, 0,, € (a,b) with §,, — 6 as n — oo and 6,, # 0 for all n

T f(x70n>_f(x70)
a0 = lim ——p—

for all z € X and consequently d% f(z,0) is measurable. By the Mean Value Theorem, there
exists 0., = cf,, + (1 — c)f with ¢ € (0,1) such that f(z,60,) — f(z,0) = & f(z,0.,) (0, — ).

Consequently,

—=f (@, 0cn)

f(w,0,) — f(z,0) ‘ d < g(x),

0, — 0 do

and since g is integrable and f is measurable by assumption, we have by Theorem that

f($79n)—f($,9)

g is integrable. Thus,

h(6 f(z ,0)
9 —9 / 9 —9 -




Hence, by the Lebesgue’s Dominated Convergence Theorem

lim 1(6:) — 1(0) - ih(@) / lim f(x,0,) — f(x,0)

d

x o0 Qn—Q Xd

5.2 LP spaces

Definition 5.1. The collection of measurable functions f : (X, F,pu) — (R, B) such that

Jx [fIPdp < oo for p € [1,00) is denoted by LY, L5 (1) or L5 (X, F, ).

Let f,g € LH(X,F,u) and define s : (X, F,pn) — (R,B) as s(x) = f(z) + g(x) for all

x € X. Then, s is measurable and |s(z)| < |f(z)| + |g(z)| < 2max{|f(z)|, |g(z)|} and

[s(2)|P < 2P max{|f(z)], |g()|}* = 2" max{[f(x)]", lg(=)["} < 2°(|f (@) + [g(x)[").

Consequently, [y |s|Pdp < 2°( [y | fIPdu+ [ |9Pdp) < oo. Also,ifa € Rand m : (X, F,u) —
(R, B) is defined as m(x) = af(z) for all z € X, m is measurable and we have |m(x)|P =
lafP|f(x)[P and [y [m[Pdp = |af? [ |f]Pdp < oo. Lastly, if we take 0(z) = 0 for all z € X to
be the null vector in L} (X, F, u), then £F (X, F, i) is a vector space.

For every f € Lh(X,F,u) we define |fl, = (fy [f’du)"” and prove the following

inequality.

Theorem 5.8. (Hdlder’s Inequality) If 1 < p < oo, p ' +q ' =1, f € L, g€ LL, then

fg €Ly and [ |fgldp < || flllglls-

Proof. If || f]|, = 0 then, by Theorem |f|P = 0 ae. and |f| = 0 a.e. Hence, |fg| =0
a.e. and fg is measurable. Hence, [|fgldu = 0 and the inequality holds. Likewise for
lgllq = 0. So, assume ||l llgllq # 0. Let z = f/|fllp, y = g/llgll; and note that [lz[|, =1

and ||y||, = 1. It suffices to prove [ |zy|dp < 1.
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Now, note that for any a,b >0 and 0 < a < 1,
a®b™* < aa+ (1 — a)b. (5.4)

To see this, divide by b to obtain (§)* < af 4 (1 —a). It suffices to show u® < au+(1—a),

for u > 0.

«

The inequality holds for u = 1. Now, Lu® = au®~! = a—. Since a € (0,1) we have

that '~ < 1if u < 1. Consequently, in this case, u*~! > 1 and Lu® > . Also, using the
same arguments, if © > 1 we have that %ua < «. By the Mean Value Theorem, for some

A€ (0,1) and u > 1

u —l=aQu+1-N)) " u—-1)<alu-1) = uv*<1l—a+au
Also, for u < 1

u* —l=adu+1-2))*" u—-1) < —a(l —u) = u*<1+au—oa.

Thus, u* < au + (1 — «) for u > 0. Note that if a = 0 or b = 0 the inequality (5.4 holds
trivially.
Now, let o = 1/p, a(w) = |z(w)|P, b(w) = |y(w)|? and 1 — a = 1/q. Then,

([ @) (ly(@)|)* < alz(@)” + (1 = a)ly(w)[?, or
[z(W)y(W)| < afz@)[" + (1 = a)ly(w)|*.

Thus, integrating both sides of the inequality we obtain [ |zy|du < af|z|b+ (1—a)l|y[|? = 1.
|

Theorem 5.9. (Minkowski Inequality) For 1 < p < oo, if f and g are in LP we have
L+ glly < [1f1lp + llgllp-

Proof. Note that || f + gl|t = [ |f + gl|f + g["~"dp and by the triangle inequality
I£49lp< [ 1A11F +gP~ +1gllf 4+ do

= / \fIIf + glP~tdu + / lg||f + g[P~'du, and if p = 1 the proof is complete.

87



If p > 1, we can apply Hélder’s Inequality since |f + g|® V7 = |f +g[P and 1/p+1/q =1

and
L+ glls < AN+ g g + gl lLf + gl g
Thus,
1F -+ glle < WML+ 9l la + Ngllolllf + gl = (L1l + ol I+ gl g (5.5)
Now,

1/q 1/q
1 + g7/, = ( / (|f+9|’”/q)qdu) _ ( / |f+g|pdu)

p—1

= ([1rara) = 1r+ o 59

Substituting (5.6) in (5.5) and dividing by || f+g|[>~" on both sides of (5.5) when || f+g|[5~" #
0 we obtain || f + gl = |If +gllp < | fllp+ llgll, I [1f + gl = 0, there is nothing to

prove. H

Remark 5.3. 1. The Minkowski Inequality and the fact that for a € R, ||laf]l, = |al| fll,
and ||f|l, > 0 shows that || - ||, has almost all of the properties of a norm. The

exception is that || f||, = 0 does not imply that f(x) =0 for all x € X. It only implies
that f(x) =0 a.e.

2. f,g € LYK, F,pn) are taken to be equivalent if they differ at most on a p-null set, i.e.,
f~giful{z: f(z) # g(x)}) =0. ~ is an equivalence relation (reflexive, symmetric)
and transitive in that {z : f(x) # h(x)} C {z : f(z) # g(z)} U{z : g(x) # h(z)}.
Then, for every f € Ly (X, F,u) we can define an equivalence class denoted by [f],.
The space of all equivalence classes [f], of functions f € L% is denoted by LY with
norm | [flpllp == nt{lgly < g € L5 and g ~ £} = |fllp. (L% | figlly) is @ norm vector
space and in what follows we will dispense with these technicalities and identify [f],

with f.
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A commonly encountered case for Holder’s Inequality, treated in the next theorem, has

p=2and X,Y : (Q,F, P) = (R, B) being random variables such that X,Y € £%(Q, F, P).

Theorem 5.10. Let X|Y : (Q,F,P) — (R,B) be random wvariables such that X,Y €
L£2(Q, F, P).
/2

1. XY € L, F,P) and | [,XYdP| < [,|XY]dP < ([, X2dP)"?(f,Y2dP)"* =
[ X2 [[Y |2

2. X € L(O,F, P) and ([, XdP)* < [, X?dP,
3. L2(Q, F, P) is a vector space.

Proof. 1. This is just a special case of Holder’s Inequality with p = g = 2.
2. Let X € £? and note that I € £? with fQ IqdP = fQ dP. Then,

1/2 1/2
/X[de' < / | X Ig|dP < (/ deP) </ dP> .
Q Q Q Q

Since [, dP =1, we have

/QXdP' < (/Q XQdP)l/z or (/Q XdP>2 < /QXQdP.

3. follows from the comments after Definition [5.1. W

Remark 5.4. If X € £* we define Vp(X) = [(X — Ep(X))?dP = [, X?dP — (|, XdP)?

and call it the variance of X (under P).

Theorem 5.11. Let X be a random variable defined on the probability space (2, F, P) taking
values in (R, B) and h : (R, B) — (R, B) be measurable.

1. f:=hoX is integrable in (Q,F, P) if, and only if, h is integrable in (R, B(R), Px),
where Px is as defined in Example 3.2
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Proof. First, let h(x) = Z;n:o y;Ip, be a non-negative simple function with B; = {z €
R : h(z) = y;} € B and observe that ho X = 37" jy;Ix-13,) = D1 oYjla,, Aj € F.

Consequently,

Ip(f) = /QfdP = Z%P(Aj) = ZyjP(X_l(Bj)) = Z?Jj(PO XH(B;)

= ZyJPX<B]) = / thX = ]px(h)
=0 R

Second, let h > 0, not necessarily simple. Then, by Theorem [4.4] there exists a nondecreasing
sequence of nonnegative simple functions ¢, such that ¢, — h as n — oo. Hence, if we
define f,(w) = ¢n(X(w)) = (¢n 0 X)(w), it is a sequence of increasing simple functions that

converges to f.

/QfdP:/Q(hoX)dP:/Q lim (¢, o X)dP

n—o0

= lim [ (¢, o X)dP by Beppo Levi’s Theorem

n—oo 0

= lim [ ¢,dPx by the first part of the argument for simple functions
R

n—o0

= / hdPx, by Beppo Levi’s Theorem.
R

This proves 2. for simple and nonnegative h. If h takes values in R, consider |h| and let

¢, be a sequence of increasing nonnegative simple function such that ¢, — |h| as n — co.

/Q|f|dP:/R|h|dPX.

But from Remark if |h| is integrable in (R, B, Px) then h is integrable in (R, B, Px),

Then, we have from above that

establishing 1. Now, for arbitrary h we can prove the rest of part 2 by applying the same

arguments to A and h~ and using the fact that h =h* —h~. B

Clearly, taking h(z) = x in the previous theorem gives Ep(X) := [, XdP = [, xdPx(x)

where in the last integral we emphasize that the “variable” in integration is taking values in
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R. In this proof, there is no requirement that P({2) = 1. Hence, we can take (€2, F, P) to

be an arbitrary measure space.

Definition 5.2. The density of a probability measure Px associated with a random variable
X defined on a probability space (2, F, P) is a nonnegative Borel measurable function fx

that satisfies for all a € R

Px((-cc.d) = [

(—OO,CL]

frih = [ I fxdh
R
where X is Lebesgue measure on R.

Theorem 5.12. (a) If fx is a density of Px, then [; fxd\ =1 and Px(A) = [, fxdX
for every A € B(R). (b) Conversely, if f > 0 is Borel measurable with [, fd\ = 1, then
vi(A) == [, fdX defines a probability measure on B whose density is f. (c) If fx and gx

are densities of the same Px, then fx = gx A-a.e.

Proof. (a) fx a density implies that for alln € N, Px((—oo,n]) = f(—oo,n] fxd\ =[5 fxT(—oomdA.
By Lebesgue’s Monotone Convergence Theorem nan;lOPX((—OO, n))=1= [ ,}E{}jXﬁ—ooml d\ =
Jg [xd.

Now, let m(A) := [, fxd\ be a measure on B. m and Py are finite and coincide on the
collection P = {(—o0,a] : a € R}. P is a m-system that generates B and tlliTrono(—oo, a)] = R.
Hence, by Theorem 2.4, m and Px coincide on B.

(b) Suppose f is a nonnegative Borel measurable function such that f]R fdA = 1. For all

A € B, we put

vp(A) = / fd\ = / LafdA.
A R
By Theorem [4.11] v is a measure on B with v;(R) = 1, by assumption. Taking A = (—o0, al,

vy((—00,a]) = /( i
and f is a density for vy.
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(c) If gx is a density for Py, then, Px(A) = fA gxd\ = fR gxIad\. Let A, = {x: gx(x) >
fx(x) +1/n}. Forall n € N, [, gxd\ > [, (fx + 1)d\ = [, fxd\+ A(A,). Since
fAn fxd\ = fAn gxd\ it must be that A(A,) = 0.

Note that A; € Ay C -+ limys00 A = U2 A, = A = {2z : gx(2) > fx(z)} and
AMA) = lim, 00 A(4,) = 0. Similarly, we have A(B) = 0 for B = {z : gx(x) < fx(z)}. So,
Az :gx # fx}) SAMA) +ANB)=0. 1

Theorem 5.13. Let X : (Q,F,P) — (R,B) be a random variable with density fx and
h:(R,B) = (R,B) be a measurable function such that [, |ho X|dP < oo, i.e., f =hoX is

integrable. Then,

/Q (ho X)dP = /}R hdPy = /]R h(z) fx (z)d\(z)

Proof. Exercise. Apply Theorem 5.11. B
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