Chapter 5

Lebesgue’s convergence theorems and £P
spaces

In this chapter we study two important convergence theorems and some of their uses and

applications.

5.1 Convergence theorems

Theorem 5.1. (Lebesque’s Monotone Convergence Theorem) Let f, : (X, F,u) — (R, B)

forn € IN be integrable functions such that fi < fo <--- and f := hm fn =sup f,. Then,
nelN

fe€Lirp <:>sup/fndu<oo

nelN

In this case,

SUp/ fnduz/supfnduz/fdu-
nelN JX X nelN X

Proof. Since f, € Lg and f; < fo < --- we have that 0 < f,, — fi € Li forms an increasing

sequence of nonnegative measurable functions. Hence, by Theorem

0 < sup /X (o — f)dp = /X sup(f — fu)dp. (5.1)

nelN nelN
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Now, suppose f € L and note that from the left side of equation ([5.1)

sup [ fudn— [ = [ (7= ), or
igﬂg/xfndMZ/Xfldwr/X(f—fl)du

:/Xfldu—l—/xfdu—/xfldﬂzfxfdﬂ<oo-

If sup,cw [y fadp < 0o, then from equation (5.1)) we have [, (f — f1)dp < oo and since f; is

integrable f = (f — f1) + f1 is integrable. Therefore,

/fdu = /(f — fi)dp + /fldu = igﬂg/andu < 00.

We now prove Markov’s Inequality, which is useful in many settings is useful in many

settings. Our immediate use of this inequality is on the following Theorem

Theorem 5.2. (Markov’s Inequality) Let (X, F,pu) be a measure space and f € Lg. Then,
forall E € F and a >0

pfe s 1@l 2 a0 By < ¢ [ 1w

Proof. Note that, al(y.f@)za}ne = @z f2)>a1 e < |f(2)|/E and consequently, integrating
both sides, ap({z : | f(z)| > a} N E) < [, |f|du. Therefore,

plta s @) = a0 B) < ¢ [ |fld
u

Remark 5.1. Note that if E = X we have p({z : |f(z)] > a}) < L [([fldp. When

(X, F,un) = (2, F, P) a probability space and f := X a random variable, we have

P(fw: [X()] 2 a}) < - Bp(1X)).
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Also, note that if f(w) := (X (w) — Ep(X))? we have
P({: (X() ~ Ep(X)* 2 a}) = P({w £ [X(w) ~ Bp(X)| 2 ")) < LEn((x — Bo())2),

and letting b = a'/? we have

P(fu: 1X(@) ~ Bp(X)| 2 B}) < Ep((X — Bp(X))?),

which s known as Chebyshev’s Inequality.

Recall that for a measure space (X, F,u), N is a null set if N € F and u(N) =0. If a
certain property P(z) that depends on x € X holds for all x € X except x € Np C N, where
N is a null set, we say that the property is true almost everywhere (ae) or almost surely

(as). Note the set Np where the property does not hold need not be a measurable set.
Theorem 5.3. Let (X, F, i) be a measure space and f € Lg. Then,

1. if N s a null set fod,uzo,

2. [ Ifldp=0 < |f| =0 ae.

Proof. 1. For j € N, let f; = min{|f|,j} and note 0 < f; < fo < --- with lim; , f; = |f]
Hence, by Theorem

/Nfdﬂ‘ = /Xfodu‘S/szvlfldu

= lim [ Infidu= 1im/INmin{|f|,j}du§ lim/jINdu
X ] Jx J—oo Jx

0<

j—o0
= 1imj/ Indp = lim ju(N) = 0.
j—00 < j—00

2. (<:) fx |f|d,u = f{m:o} ’f|dﬂ + f{\f#o} |f|d,u = f{m#o} ’f|d,u = 0 by item 1.

(=) Note that by the fact that u is a measure

pIFI>0}) = p (U{Ifl > 1/J'}> <> ul{lfI =1/

jEN JEN

< i [ flau=0

JEN
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by Markov’s Inequality and the assumption that fx |fldp=0. B

Remark 5.2. 1. If f, g > 0 are measurable, integrable and f = g p-ae then fx fdu =

f{x:f(i)#g(x)} fdu + f{x:f(:c):g(x)} fdu. But by Theorem .], the first integral in this
sum is equal to zero. Consequently, fx fdu = f{x:f(x):g(z)} fdu = f{:v:f(:v):g(x)} gdy =

S pwy2atary 99+ Jiapay=g(ay 990 = Jx 9.

2.If f € Lg and f = g p-ae then g € Li. To see this, note that f = g p-ae implies

3.

ft = g¢" and f~ = g~ p-ae. Using the previous remark on f* and f~ we have

Jx frdp = [ gtdu and [ f~dp = [y g~dup. Hence, g € Lg and [y fdu = [ gdp.
If f is measurable and 0 < g € L with |f| < g ae, then

Fr<Ifl <gacand f~ < |fl < g ac.

Hence, [ frdu < [ gdp, [« [-dp < [ gdp and f is integrable.

Theorem 5.4. Let f : (X, F,u) — (R,B) be integrable. Then f is real valued almost

everywhere.

Proof. Note that N := {x : |f(z)| =0} ={z: f(z) =0} U{z : f(z) = —c0} € F. Also, if
N {z:|f(z)| >n}:= (| B, with By D By D ---, then lim B, = () B, = N. Also, note
neN neN n—reo neN

that by Markov’s Inequality and integrability of f

w(By) = p({a: |f(2)] > 1}) < /X fldy < oo.

Hence, by continuity of measures from above, and Markov’s Inequality

W(N) = Tim p(B,) = lim p({x : |f(2)] = n}) < lim © / fldu = 0.

n—oo n—oo n—oon
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Theorem 5.5. (Lebesgue’s Dominated Convergence Theorem) Let (X, F,pu) be a measure
space and { fn}nen be a sequence of integrable functions such that |f,| < g for all n, almost
everywhere, where g is some integrable nonnegative function. If lim, o fn(z) = f(x) exists

almost everywhere in R, then f is integrable and

lim fndu:/ lim f,du ::/fdu.

Proof. We start by observing that since the f,, and g are measurable, the set
N ={z: lim f,(z) does not exist} U (U {z:|fu(x)] > g(x)})
n—oo
nelN

is measurable and p(N) = 0. Thus, we proceed by taking N'= ) as it does not contribute
to any of the integrals in the proof of the theorem. By the point wise limit of the sequence

fn, for any € > 0 there exists N,y € IN such that for all n > N,

Sg+If—fal by lful <g

<g+te

Therefore, [ fdp < oo provided g € Lg(u). Also, |f,| < g <= —g < fu < g. Hence,

fn+ g > 0. By Fatou’s Lemma,

/ligglf(fn+g)du:/(f—l—g)dugliggf/(fn—i-g)du

= liminf [ f.du+ /gd,u.

n—oo
Therefore,
/fd,uﬁliminf/fnd,u. (5.2)
n—oo
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Also, g — f, > 0 and again by Fatou’s Lemma,

os/@gg@—nwuzfmm—/fm
<imt i~ 1
:/gdu+lirrgi£f—/fndu
:/gd,u—lim_)sup/fnd,u.

The second inequality together with the last equality imply that

fdp > limsup [ fodp. (5.3)
/ /

n—o0

Combining (5.2)) and (5.3) completes the proof. B

We now consider a measurable function that is indexed by a parameter 6 € (a,b) for
a < b. As such, we define f(z,0) : (X, F,u) x (a,b) = (R, B) where f is measurable for all
0 € (a,b).

Theorem 5.6. Let f(x,0) : (X, F,pu) x (a,b) = (R, B) where f is measurable and f € Ly
for all® € (a,b). Also, assume that f(x, ) is continuous for every x € X and | f(z,0)| < g(x)

for all (x,0) € X x (a,b) and some nonnegative integrable function g. Then, the function

=Aﬂawm

Proof. The function h is well defined because of integrability of f(x,#). It suffices to show

h: (a,b) = R given by
1S continuous.

that for any sequence {6,},enw C (a,b) such that 6, — 6 we have h(6,) — h(f). By
continuity of f(x,0), for every x, we have f(x,0,) — f(z,0) and |f(z,0,)] < g(z). By

Lebesgue’s Dominated Convergence Theorem,

lim h(6,) = /hmfx@ Ydp = /fx@du h(8).
X

n—o0 n—oo
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Theorem 5.7. Let f(z,0) : (X, F,pu) x (a,b) = (R, B) where f is measurable and f € Ly
for all 0 € (a,b). Also, assume that f(x,0) is differentiable on (a,b) for every x € X and
1L f(z,0)| < g(x) for all (z,0) € X x (a,b) and some nonnegative integrable function g.

Then, the function h : (a,b) — R given by

_ /X f(z,0)dp

1s differentiable and its derivative is given by

d

d
o) = N AL

Proof. For 0, 0,, € (a,b) with 6, — 6 as n — oo and 6,, # 0 for all n

d . f(a:,ﬁn)—f(x,ﬁ)
g/ (@ 0) = hm =

for all z € X and consequently % f(z,0) is measurable. By the Mean Value Theorem, there

exists 6., = cf, + (1 — ¢)f with ¢ € (0,1) such that f(z,6,) — f(z,0) = & f(x,0c.) (6, — 6).

Consequently,

f(:vﬂgz = g(fﬁv@)‘ jef(x Ben)| < g(x),
and since ¢ is integrable and f is measurable by assumption, we have by Theorem that
W is integrable. Thus,

h(6 flx ,0)
9 —9 / 0 —9 -

Hence, by the Lebesgue’s Dominated Convergence Theorem

lim

h(6,) —h(@) d . flz,0,) — f(x,0)
M = @h(ﬁ) /x lim d

~Jx oo 6, — 0 <

d
@f@], 0>d,u
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5.2 LP spaces

Definition 5.1. The collection of measurable functions f : (X, F,u) — (R, B) such that
S |fPdp < oo for p € [1,00) is denoted by L5, L2 (1) or LE(X, F, 1)

Let f,g € L& (X, F, ) and define s : (X, F,pu) — (R, B) as s(z) = f(z) + g(x) for all
z € X, Then, [s(z)] < |f(z)] + |g(2)| < 2max{[f(z)],]g(x)[} and

[s(2) " < 2P max{|f(z)], [g(x)[}" = 2 max{[f(x)[", [g(x)["} < 2°([f (@) + [g(2)[")-

Consequently, [y |s|Pdu < 2°( [ | f|Pdu+ [ |gIPdp) < oo. Also, ifa € Rand m : (X, F, u) —
(R, B) is defined as m(z) = af(x) for all z € X, m is measurable and we have |m(x)|P =
laf?|f(x)[P and [y [m[Pdp = |al? [ |fPdp < oo. Lastly, if we take 0(z) = 0 for all z € X to
be the null vector in LL (X, F, p), then L8 (X, F, i) is a vector space.

If f e LR(X,F,u) we define the function || - ||, : LR(X, F,u) — [0,00) as ||f|l, =

(S If |pd,u)1/ P and prove the following inequality.

Theorem 5.8. (Holder’s Inequality) If 1 < p < oo, p ' +q ' =1, f € L, g€ LL, then

fg € Ly and [y |fgldp <[ fllpllgll,-

Proof. It || f||, = 0 then, by Theorem@ |fl =0ae, so|fg] =0 ae. Hence, [ |fgldu =0 and
the inequality holds. Likewise for ||g||, = 0. So, assume ||f||,, [|g]l; # 0. Let x = f/||fl],,
y = g/|lgll,; and note that ||z||, = 1 and ||y||, = 1. It suffices to prove [ |zy|dp < 1.

Now, note that for any a,b >0 and 0 < a < 1,
a®b™* < aa+ (1 — a)b.

To see this, divide by b to obtain (§)* < af + (1 —a). It suffices to show u® < au+(1—a),
for u > 0.
The inequality holds for u = 1. Now, Lu® = au*™! = a—=. Since a € (0,1) we have

that '™ < 1 if u < 1. Consequently, in this case, u*~* > 1 and %uo‘ > «. Also, using
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the same arguments, if v > 1 we have that d%ua < «. By the Mean Value Theorem, for

A€ (0,1)

u —l=aQu+1-N)) " u—-1)<alu-1) = v*<l—a+auifu>1.
Also,

u —l=adu+1-A)) " u—-1)<alu—1) = u*<1l+aou—a, ifu<l.

Thus, u* < au+ (1 — a) for u > 0.

Now, let a« = 1/p, a(w) = |z(w)|P, b(w) = |y(w)|? and 1 — « = 1/q. Then,

([ @) (ly(@)|) < alz(@)P + (1 - a)ly(w)[?, or

[z(W)y(w)| < alz(@)” + (1 = a)ly(w)].

Thus, integrating both sides of the inequality we obtain [ |zy|dp < of/z|,+ (1—a)||yll, = 1.
|

Theorem 5.9. (Minkowski-Riez Inequality) For 1 < p < oo, if f and g are in LP we have

1F+ gl < 171l + llgllp-

Proof. By the triangle inequality

|If+g|lz=/|f+g||f+g|p—1dus/<|f||f+g|p-1+|g||f+g|p‘1) du

= / \fIIf+glP tdu + / lg||f + g[P~'du, and if p = 1 the proof is complete.

If p > 1, by Holder’s Inequality

< I IF + 9P g + Mgl lILf + gl o,

where 1/p+ 1/g = 1 which implies 1/g=1—-1/p = ¢q= z%' Thus,

1F + gz < UFUIF + gl @lg + alloll1f + gPlly = (L1l + Ngll)ILf + gl (5.4)
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Now,

1/q 1/q
I+l = ( fas +apova) = ([ 17+ gpan)

p—1

= ([irvaban) " =nr o

Using this in inequality (5.4) we obtain ||f + gl[5" """ = || f + gll, < [ fll, + llg]l,- ®

Remark 5.3. 1. The Minkowski-Riez Inequality and the fact that for a € R, |laf], =

la||| fll, and || f]|, > 0 shows that || - ||, has almost all of the properties of a norm. The
exception is that ||f|, = 0 does not imply that f(x) =0 for all x € X. It only implies

that f(x) =0 almost everywhere.

f,9 € LR(X, F,u) are taken to be equivalent if they differ at most on a set of u-
measure zero (null set), i.e., f ~ g if {z : f(x) # g(x)} is a null set. Then, for
every [ € Ly(X, F,u) we can define an equivalence class (reflexive, symmetric and
transitive) of LY, functions induced by f, which will be denoted by [f],. The space of
all equivalence classes [f], of functions f € Ly, is denoted by Ly, with norm ||[f],|l, ==
inf{|\gll, : g € Lk and g ~ f}. (LP,| fipllp) is a norm vector space and in what follows

we will dispense with these technicalities and identify [f], with f.

A commonly encountered case, treated in the next theorem, has p = 2 and X,Y :

(Q, F, P) = (R, B) being random variables such that X, Y € L(Q, F, P).

Theorem 5.10. Let X\ Y : (Q,F,P) — (R,B) be random variables such that X,Y €

L34,

1.

2.

3.

F,P).

XY € L(Q,F, P) and | [, XYdP| < ([, X2dP)"* ([, v2dP)"?,

If X € LX(Q, F, P) then X € L(Q, F, P) and (f,, XdP)* < [, X2dP,
L2(Q, F, P) is a vector space.
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Proof. 1. This is just a special case of Holder’s Inequality with p = ¢ = 2. 3. follows from the
comments after Definition . 2. Let X € £* and note that I € £* with [, [odP = [, dP.

1/2 1/2
/XIQdP‘ < (/ deP) (/ dP) .
Q Q Q

Since fQ dP =1, we have

/QXdP' < (/szdp)l/2 or (/QXdP>2 < /QX2dP.

Then,

Remark 5.4. If X € £* we define Vp(X) = [(X — Ep(X))?dP = [, X?dP — (|, XdP)?

and call it the variance of X (under P).

Theorem 5.11. Let X be a random variable defined on the probability space (0, F, P) taking
values in (R, B) and h: (R, B) — (R, B) be measurable.

1. f:=hoX is integrable in (Q,F, P) if, and only if, h is integrable in (R, B(R), Px),
where Px is as defined in Example (3.2

Proof. First, let h be a non-negative simple function. Then we have that f(w) = > 7" y;l4;(w)

where A; € F. Consequently,

Ip(f) = ) fdpP = ZyjP(Aj) — Zyjmx—l(Bj)) where B; = {z € R: h(z) = y;}
=S (P oXT)B) = Y uiPu(By) = [ dPs = In(h).

Second, let h > 0, not necessarily simple. Then, by Theorem there exists a sequence

of increasing non-negative simple function ¢, such that ¢, — h as n — oco. Hence, if we
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define f,,(w) = ¢n(X(w)) = (¢n 0 X)(w), it is a sequence of increasing simple function that

converges to f.

/QfdP:/Q(hoX)dP:/Q lim (¢, 0 X)dP

n—o0

= lim [ (¢, o X)dP by Beppo-Levi’s Theorem

n—o0 0

= lim [ ¢,dPx by the first part of the argument for simple functions
R

n—oo

= / hdPx, by Beppo-Levi’s Theorem.
R

This proves 2. for simple and non-negative h. If h takes values in R, consider |h| and let

¢, be a sequence of increasing non-negative simple function such that ¢, — |h| as n — co.

/Q|f|dP:/]R|h|dPX.

But from Remark if |h| is integrable in (R, B, Px) then h is integrable in (R, B, Px),

Then, we have from above that

establishing 1. Now, for arbitrary h we can prove the rest of part 2 by applying the same

arguments to At and A~ and using the fact that h =h* —h~. B

Clearly, taking h(z) = z in the previous theorem gives Ep(X) := [, XdP = [ xdPx ()
where in the last integral we emphasize that the “variable” in integration is taking values in
R. In this proof, there is no requirement that P(£2) = 1. Hence, we can take (2, F, P) to

be an arbitrary measure space.

Definition 5.2. The density of a probability measure Px associated with a random variable
X defined on a probability space (S0, F, P) is a non-negative Borel measurable function fx

that satisfies

Px((-ce.d) = [

frid = [ I
(—o00,a] R

where X\ is Lebesque measure on R.
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Theorem 5.12. fx is a density < f]R fxd\ =1, fx is unique almost everywhere.

Proof. (=) fx adensity implies F'x(a) = Px((—00,a]) = f(_oo o Sx A limg o Px((—o00,a]) =
1 =lim, e [ (—co.d] fxdX\, where the first equality follows from Definition and continuity

of probability measures.

(<= ) Suppose fx is a non-negative Borel measurable function such that [ fxd\ = 1. For

all A € B, we put
Px(A) = / fxd\ = / IafxdA.
A R

By Theorem Px is a measure on B with Px(R) = 1, by assumption. Taking A =

(—OO,CL],

Pel(=oe,d) = [ fxan

(—o0,a]
and fx is a density for Fy.

Now, suppose gx is another density for Fx. Then, Px(A) = [, gxd\ = [; gxladA.
Let A, = {7 : gx(v) > fx(z) + 1/n}. Foralln € N, [, gxd\ > [, (fx + Lyd\ =
fAn fxdXA+ EX(A,). Since fAn fxd\ = fAn gxd\ it must be that \(4,) = 0.

Note that A; € Ay C -+ lim, 00 A = U2 A, = A = {2z : gx(z) > fx(z)} and
A(A) = lim,, o A(A,) = 0. Similarly, we have A\(B) = 0 for B = {z : gx(z) < fx(z)}. So,
Mzigx=/fx}) =11

Theorem 5.13. Let X : (Q,F,P) — (R,B) be a random variable with density fx and
h:(R,B) = (R,B) be a measurable function such that [, |ho X|dP < oo, i.e., f =hoX is

integrable. Then,

/Q (ho X)dP — /R hdPy — /}R h(x) fx(2)dA()

Proof. Homework. B

83



5.3 Stieltjes measure

Consider the measurable space (R, B(R)) and a measure p : B(R) — [0, 00] such that for

every n € IN, u([—n,n)) < co. Define Fj,: R — R as

1([0,2)) ifx>0
F,(z)=1¢ 0 ifx=0 .
—u([z,0)) ifx <0

Theorem 5.14. F, : R — R is monotonically increasing and left-continuous.

Proof. Given that p([—n,n)) < oo, F), takes values in R. First, we show that for all + < a,

F,(x) < F,(2"). There are three cases to be considered

. (0<e <) if0<a <o, F(of) — Fu(x) = p([0,2")) — pu([0,2)). Since [0,2') =
0,2) U [z,2'), o-additivity of p gives p([0,2")) = u([0,2)) + p([x,2)) or p([z,2")) =
u((0,2)) = p((0,2)) = Fu(a') = Fy(a) 2 0. 1 2 = 0, Fu(a') — Fu(0) = ([0, /) > 0.

2. (x <0< 2f) fa >0, F(of) — Fu(x) = p([0,2") + p([z,0)) > 0. If 2/ = 0,
Fu(0) = Fu(x) = p([2,0)) = 0.

3. (x <2’ <0): F, (o) = F,(x) = —p([2’,0)) + p([x,0)). Since [z,0) = [z,2") U[2/,0), o-
additivity of u gives u([z,0)) = ([, 2')) + u([2’, 0)) or p([z,0)) — u([z',0)) = Fi(2') -
Ful@) = u([,2")) > 0.

Second, we must show that for h; > 0 and hy > hy > hy > --- with h, | 0 as n — o0,

lim F,(x — h,) = F,(x) for all x € R. There are three cases to consider.
n—oo

1. (x > 0): Choose h; € (0,z) and define A,, = [0,z — h,). Then, A} C Ay C --- and

lim A, = |J 4, = [0,x). By continuity of measure from below,

lim Fy (& — hy) = Tim ([0, — hy)) = ([0,)) = Fy ().

n—oo
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2. (x = 0): Define A,, = [—h,,0). Then, A; D Ay D --- and lim A, = () A, =0. By

continuity of measures from above, and given that pu([—hy,0)) < oo,

lim F,(~h,) = lim pu([~h,. 0)) = u(0) = 0 = F,(0).

n—oo n—oo

3. (z < 0): Define A,, = [x—h,,0). Then, A; D Ay D --- and lim A, =N A, = [z,0).

n—o0

By continuity of measures from above and given that u([z — hy,0)) < oo,

lim F,(z — h,) = lim — p([z — hy,0)) = —p([z,0)) = F,.(z).

n—oo n—o0

Remark 5.5. Note that F), is not right-continuous. Let x > 0, h,, > 0 and A, = [0,z + h,,).
Then Ay D Ay D -+ and nlglgoA" =Ny A, =[0,2] =[0,2)U{z}. Hence, TLILIEOF“(m+h”) =
p([0,z]) = Fu(z) + p({z}). Also, if v < 0,0 < h, < —x and A,, = [z + h,,0). Then,
Ay C Ay C -+ and nh_)rgoAn = U A, = (z,0) = [2,0) — {z}. Hence, JLI{.IOFM(I’ + h,) =
—(5,0)) = Fu(w) + p({e}). Hence, unless u({}) = 0 we have T Fu(o + ha) # Fyfa).
In fact, for any x € R, a point of continuity of F),,

p{a}) = (ﬂ [w+ %)) = et ({* %))

nelN

1
= lim F, (x + —> — F,(x) =0 by right continuity of F),.

n—oo n
Thus, F), is continuous at = if, and only if, p({x}) = 0. Monotonically increasing, left-

continuous functions are called Stieltjes functionsﬂ

Remark 5.6. It follows directly from the proof of Theorem [5.14 and Remark that if

pu((—n,n]) < oco. for everyn € N and we define F, : R — R as

p((0,2]) if x>0
(x)=<2 0 ifx=0,
—p((x,0]) ifw <0

then F,(x) is monotonically increasing and right-continuous.

n honor of Dutch mathematician Thomas Stieltjes (1856-1894).
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Theorem 5.15. Let F, be defined as in Theorem and vg, (([a, b)) = F,(b) —

F,(a) for

alla < b, a,b € R. Then, vy, extends uniquely to a measure on B(R) and vp, = pu.

Proof. 1. Recall that S = {[a,b) :

Given F),, we define vp,

is monotonically increasing, F,(b) — F,(a) > 0 and vg,([a,
Also, vp, is finitely additive since for a < ¢ < b, we have that [a,b) = [a,c)
vr,([a,0)) = Fu(b) — Fu(a) = Fu(c) = Fu(a) + Fu(b) = Fu(c) = v, ([a,

now show that vp, is o-additive, i.e.,

[a,0) =

ne

(an - Enabn) D) [anabn)~

ngﬂV(an

there exists NV € IN such that

UYL [an — €ny0n) D UN_ (an — €0, b0) D [a,b— €] D [a,b—e). (5.5)
Now, since Upen|[dn, bp) = [a, b) we have UY_,[a,,b,) C [a,b) and
N
vr,(la,b)) > vg, (U 1lan, by) Z vp, ([an,by)) by finite additivity.
n=1
Hence, we have
N
0 <wp,([a,0) = > _ vp, ([an. ba))
n=1
N
= VF#([C%b )) +I/F Z Enabn)) _VF#([an _enaan)))
n=1
=vg,([a,b—¢) ZVF — €, by,)) this term < 0 by (/5.5))
+ vr, ( +ZVF — €n, 0n))
N
<wvp,([b—¢€b)) + Z Vi, ([an — €0, a0)) = Fu(b) = Fu(b— €) + > _(Fu(an) = Fu(an — )
n=1 n=1

U]N[an,bn), we have vp, ([a,b)) =
Hence, U (a, —
nelN

— €n, b,) is an open cover for the compact set [a, b —

a) = 0).

a < b, a,b € R} is a semi-ring (if a = b, [a,

: S = [0,00) as vp,([a,b)) = F,(b) — F,(a) for all a < b. Since F),

a) = 0) = F,(a) — F,(a) = 0.
U [¢,b) and
¢)) + vp,(lc,b)). We
for [a,,b,), n € N a disjoint collection such that

Z VE, ([an, bn)).

Enabn) D) ng]N[anabn) =

Fix €,, € > 0 and note that

[a,b) D [a,b— ¢€]. Since

¢], by the Heine-Borel Theorem,



By left-continuity of F),, we can choose € such that F),(b) — F,(b—€) < n/2 and ¢, such that

F.(an) — F,(a, —€,) <27"n/2. Hence,

Letting N — oo we have that vp, ([a,b)) = > vp, ([an, by))-

Since vp, is a pre-measure on a semi-ring, by Carathéodory’s Theorem, it has an extension
to 0(S) = B(R). Furthermore, since for n € N, [-n,n) T R and vg, ([-n,n)) = F,(n) —
F,,(—n) = p([0,n)) + u([—n,0))) < oo, this extension is unique.

To verify that vp, = u, it suffices to verify that vp, = p on S, since vp, extends uniquely to
B(R). There are three cases:

Case 1 (0 < a < b): vg,([a,b)) = Fu(b) = Fl(a) = p((0,0)) = u([0, @) = u([0,a)) + pu(la, b)) —
p((0, @) = pl[a, b)), since [0,0) = [0, a) Ua, b),

Case 2 (a < 0 < b): vp,([a,b)) = Fu(b) = Fu(a) = u([0,0)) + p([a, 0)) = p([a, b)), since
[a,b) = [a,0) U]0,b),

Case 3 (a < b < 0): v, ([0,5) = Fu(b) = Fula) = —u([6,0)) + p([a, 0)) = u([a,b)), since

la,b) = [a,0) — [b,0), which completes the proof. B

Example 5.1. 1. Let o := X the Lebesque measure. Then, F\(x) = { ‘g Zji 7_£8 and
vr,(la,0)) = FA\(b) — F(a) = b — a.
2. Let p := &g the Dirac measure. Then, Fs (x) = 0([0,)) =1 if 2 >0 and
. J22 0 . , 5o 0 fo S 0

vy ([0.0) = Fo0) ~ Pl ={ g T =l

Remark 5.7. Since p = vg,, for f measurable we can write f]R fdu = f]R fdvg, or simply
Je fdw= [y fdF.
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5.4 Abstract and Riemann integrals

The proper Riemann integral is defined for bounded functions over a compact interval [a, b] C

R with —oo < a < b < co. We start with the following definition.

Definition 5.3. 1. Let [a,b] C R and a =ty < t; < -+ < tpp)—1 < tipy = b where

k(P) € N. The set P = {ti}fg) is called a partition of [a,b].

2. If P and P’ are partitions of [a,b] and P C P’, we say that P' is finer than P or a

refinement of P.

3. The mesh of P is m(P) := mz}:(cp)(ti —ti1).
1<i<

If f:[a,b] = R is bounded and P = {t; } 0 is a partition of [a, ], let
m; = inf f(z)and M;:= sup f(z)forj=1,...,k(P). (5.6)

tj_1<xz<t; tj_1<x<t;

Then, the lower and upper Darboux sums are given by

Zm] ) and ST[f] =Y M;(t; — t;-). (5.7)
It is easy to show that if P’ is finer than P, then
Sp(f] < Splf] < 87(f] < S”(f).

Furthermore, since f is bounded on [a, b], there exists 0 < C' < oo such that for all x € [a, b]
we have that |f(z)| < C. Consequently, for any P, |Sp[f]| < Zf(j) Im;|(t; —t;i—1) <
C’Z (t; —t;_1) = C(b— a), and in similar fashion we conclude that |ST[f]| < C(b — a).
Since lower and upper Darboux sums are bounded collections of real numbers, they have

suprema and infima. Hence, we provide the following definitions.
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Definition 5.4. Let f : [a,b] — R be bounded. The lower and upper Riemann integrals of f

over |a,b] are defined as

b b
/f:: sup Sp[f] and/ f= i%fSP[f], (5.8)
a P a
where the supremum and the infimum are taken over all finite partitions of [a,b].

Definition 5.5. A bounded function f : [a,b] — R is said to be Riemann integrable if its

upper and lower integrals are the same. The common value is denoted by

/abf<x>da: - ff =£f

and called the Riemann integral of f over the interval [a,b]. The collection of all Riemann

integrable functions on [a,b] will be denoted R]a,b].

We will show if f is measurable, f € R[a,b] — f € L()\) and f[ 4l fdx = f f(x

To this end, we provide some auxiliary definitions and results.

Lemma 5.1. Let P = {to, - ,typ)} be a partition of [a,b], of(z) := ng) Millti_y )
and T (x) = ng) M;ly, ). Then, iof PP C P, C --- the sequences {Ufj ()} jew and
{Eff (z)}jen are respectively monotonically increasing and decreasing in [a,b). Furthermore,

for all x € [a,b), o7 (x) < f(z) < XF(x).

Proof. First, we note that [a,b) = Ufg) [ti—1,t;). Consider P’ = P U {t} and, without loss

of generality, assume t € [tg,t;). Then,

to<z<t

- Zmil[tifl,ti) + lnf f( )I[tot + lnf f( )I[ttl
=2

Since my < inf f(x) = min{ inf f(x), inf f(x)},

to<x<ty to<x<t t<x<ty
k(P) k(P)

Ujlrj Zmz tiovts) T ML) + Lje ) Zmz Z1t)+m1([[tot)u[tt1))—0f( ).
1=2 1=2
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Similarly, noting that M; > sup f(z) = max{ sup f(z), sup f(ac)}, we have Ef/ (x) <
to<z<ty to<x<t t<z<ty
E]]f (). Hence, associated with partitions P, C P, C - - - there exist increasing and decreasing
monotone sequences of simple functions given by {afj (z)};en and {2? (x)}jen. Note that
. . . P P,
by definition, if x € [a,b)¢, 0’ (z) = ¥}’ (x) = 0.
Furthermore, since m; < f(x) < M, for any = € [t;_1,t;) we have that for any P and for

all z € R
L1y (@)mi < f(2) -1 () < Midy,—14,)(2).
Note that if = ¢ [t;_1,t;), Iji,—1,4)(2) = 0 and both inequalities hold with equality. Hence,

we have
) Z Iy < SF(2), forall z € R. (5.9)
=1
But since {[ti_l,ti)}fg) is a collection of disjoint sets, ng) Iy, 4y = 1if x € [a,b), and
Zfﬁf) I, 1) = 0if x € [a,b)°. Thus,
of (x) < f(z) < Sf(x) for all z € [a,b),
and all members of the inequalities are zero if = € [a, ).l

Remark 5.8. 1. We note that

, ; ti_1,t;) for some i
o o maly ifr e[t t
’0-f (l’)| < Zl |mz|I[t2717tz) { 0’ Zfl‘ € [a, b)c ’

and consequently |Jf($)| < C. In similar fashion, we have that |Z]€($)| < C. Since,
bounded increasing (decreasing) sequences converge do their supremum (infimum), for

PLCPC--- weput

of(x) = hmcrf( )—supafi(a:) and Xy(x) := hmE "(x) = mfZP( ).

1—00 ieN 1—00 €N

2. Since [t;_1,1t;) is a measurable set for any i, i.e., [t;_1,t;) € Br, both af and E are

measurable functions for any P. In addition,

K(P) K(P) K(P)
/ ofd\ = / > midy, g Tndh =Y m; / iy apdX =) mi(ti—tia) = Sp[f].
[a,b) R =1 i=1 R i=1
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Similarly, f[a ) Fdx = S[f].
Theorem 5.16. Let f be measurable and f € Rla,b]. Then, f € L and f[a b fd\ =

Proof. Since f € R|a,b], there exists P C P, C --- such that

1—00

b i
| # 1= sup{Sn [ fhen = Jim Sp ] = lim $" (] =t (S /e 1= [ £
Now, from Lemma [5.1] and Remark [5.81,

of(x) = hmaf"(x) < f(z) < limE?(x) = Xg(x).

1—00 1—00

By Lebesgue’s monotone convergence theorem, given that sup [ afid)\ = sup{Sp,[fl}ienw =

€N
fab f < oo and from Remark we have

b
/f:sgﬂl\?/ afidA:/sgﬂgafidA:/afdA. (5.10)

Following the same argument, we have

Zf = /zfdA. (5.11)

By Riemann integrability of f and (5.10) and (5.11)), we have that [opd\ = [ Xd). Con-

sequently,
/(Zf - Uf)d)\ =0.

Now, note Xy — oy > 0, hence by Theorem .2, Yy = oy A-almost everywhere. Given that

{z: f(2) #Zp()} Ul : f(2) # ()} C{r:op(r) < Typ(2)} € Ny

and that f, oy and X; are measurable, {x : f(x) # X¢(2)}, {z : f(z) # os(x)} € B. Hence,
we have that f = oy = X¢(x) almost everywhere, and since oy (and Xj) is integrable so is

f. Furthermore, by Remark .2 [ fdx= [opd\ = fabf(x)dxl
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An extension of the proper Riemann integral to intervals of the form [a,c0) for a € R
is called the improper Riemann integral. As we will verify later, there are functions that
are improperly Riemann integrable but are not Lebesgue integrable. Hence, although the
Lebesgue integral extends proper Riemann integration, it does not include improper Riemann

integration.

Definition 5.6. If f € R[a,b] for allb € (a,00) and ifblim fabf(x)da: exists and is finite, we
— 00

say that f is improperly Riemann integrable on |a,00) and we write f € Rla,00). This limit

is denoted by [ f(x)dx. Similarly, if f € Rla,b] for all a € (—o0,b] and if lim f f(z

a——00

exists and is finite, we say that f is improperly Riemann integrable on (—oo,b] and we write

f € R(—o0,b).

Theorem 5.17. Let f : [0,00) — R be measurable and f € R[0, N] for all N € IN. Then,

N

fel A}im |f(z)|dx < oo.
—00 0

In this case, fo x)dr = f[o 00) fdA.

Proof. (<) f € R[0,N] = f*, f~ € R[0, N]. Furthermore, since f is measurable, so
are f*, f~. Then, by Theorem [5.16]

N N
/ f+(:v)d:v :/ f+d)\ = /f*][O,N]dA and / f(x)dx = fdX = /f_I[O,N]dA.
0 [0,N] 0 [0,NV]

Since, [ |f(x)|dz = ["(f* () + f~(2))dae = [¥ fH(x)de + [ f~(z)dx, we have that
N N N
lim |f(x)|dx = lim [T (x)dx + lim [ (z)dxr < o,
N—o0 0 N—o00 0 N—o00 0
which implies that A}im fON ft(z)de, hm fo x)dx < oo. Consequently,
—00

. + . —
A}l_tg)/f Ijp, njdX < oo and A}l_t};o I Ijo,njdA < oo.
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Now, {f*1jo, 5} vew and {f~ 1o v} vew form increasing sequences of integrable function with

lim f*Io N = f* and lim f~Ijp N = f~. Then, by the monotone convergence theorem,
N—oo N—oo

lim /f+][07md/\:/f+d)\ and lim /f_][ovN}d/\:/f_d)\.
N—oo N—oo

Since f*,f~ € L <= f € L, the first part of the proof is complete.
(=) f € RIO,N] = |f| € R[0,N], and since f is measurable, by Theorem

fON |f(z)|dx = f[O,N] |fldX = [ |fondN = [o(fTTo,n+ f~ Ljo,n7)dA. By Theorem 4.10}7 for
any a € R, f € L implies f*, f~, flioa, f 10,0, f 1j0,q) € £. Hence,

N
/ |f($)|d$:/f+][0,N]d)\+/f_][0,N]d>"
0 R R

By the monotone convergence theorem,

lim /f*I[O’N]d)\:/ frdX\ and lim /fI[O’N}d/\:/ fdA.
N—o0 [0,00) N—o0 [0,00)
Hence,

N—oo 0

N
lim mmmz/ ﬁﬁ+/ fﬁz/ [ld) < oo,
[0,00) [0,00) [0,00)

Finally, note that since f € R[0, N] for every N € N, f, f*, f~ € R[0,a,] for all a,, € R

such that a, T co. Hence, using the same arguments we have

/OO f(z)dz ;== lim ” f(z)de = / | fld\ < .
0 [0,00)

We now give an example of a function that is improperly Riemann integrable, but is not

Lebesgue integrable.

Example 5.2. Let



and for any a > 0 consider fo x)dx. Note that, for any a > 0 there exists N, € N such
that Nom < a < (No+ V)7 and [ f(x)de = [y _f da:—i—ZN“_l (" HOT £ (2)da. Hence, by

the triangle inequality, the fact that |sinz| < 1 and given that a < (N, + 1)m

(n+1)m a a 1 1 1
- < < ~ldr < —(a — iy
/ f(z)dz /mr f(x)dx _/NM|f(:)3)|0lzzc_/Na7r $‘|dx_ Naﬁ(a N,m) < N

: N,
Hence, as N, — 00 as a — 0o we can write lim fo r)dr = lim ) “0 a, where a,, =
a—00 Ng—o0

fTE:H) f(z)dz. Letting x = nmw +y and changing variables in integration, we have a, =

7 sin(nm+y) . . sin(nm+y) _ sin(y) sin n71'+y) sin(y)
fo prwy ———Ldy. Note that if n is even ity = iy and if n is odd prwy — iy
Thus,

sin(nm + y)

‘ = (_1)n§1n(y)’ and a, = (—1)”/ MY dy forn=0,1,--- /N — 1.
m+ Yy Aty 0 NT+Y

__ [T siny T siny _ 1 [7siny .
Then, |a,| = |, rdy < IN oldy = o5 IN Jidy. Also, since n <n+1,

e T
o m+Dm+y o m+1Dmr+m7 (2+n)T Jo (2+n)T

Note that siny,y — 0 asy | 0. By L

Y = limcosy = 1. Hence,
lim =3¢ = lim cos y f(z) is

continuous on [0, 7], and consequently f € R[0,n]. Then, setting C' = foﬂ sin ydy, we have

o <lanal <l < —=C
—— < aps1] < lan| < ——C.
T2+n . n+1
Ng—1 Na 1 T sin Ng—1 n . 0o n
Now, > ¢ a, =Y n" mf’yd =3 (=)™ ay|. Since|a,| >0, > 7 (=1)"|a,]

is called an alternating series. This is a convergent series if |a,| is decreasing and |a,| = 0]
n—oo
siny

" dy = C' < oo, establishing the im-

: Nao—1 . : (oo
Hence, lim Y. '* " a, is finite and we can write [;
Ng—00 -

a

proper integrability of f(x) over [0, 00).
Now,

Ny—1
fldr = /
/[O,a] Z J(n+1)7]

2See Leibniz convergence test (Apostol, 1974, p. 188).

siny siny

Y

dA.

o
[Ngm,a]
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As above,

Ng—1

; /[nfr,(nJrl)ﬂ]

n

Na—l
siny d)\—Z/ siny z 1
n7r+y - T\2+n)’

which diverges. Hence, the Lebesgue integral does not exist.

5.5 Exercises

1. Prove Theorem 4.2.
2. Prove Theorem 4.10.

3. Use Markov’s inequality to prove the following for a > 0 and g : (0, 00) — (0, 00) that

is increasing:

1
PX() > 0) < - / 9(|X|)dP

4. Let X be arandom variable defined in the probability space (2, F, P) with F(X?) < cc.
Consider a function f : R — R. What restrictions are needed on f to guarantee that

f(X) is a random variable with F(f(X)?) < co?

5. Let X : (Q, F, P) — (R, B) be arandom variable. Show that if V(X) := E (X — E(X)))* =

0 then X is a constant with probability 1.

6. Consider the following statement: f is continuous almost everywhere if, and only if, it
is almost everywhere equal to an everywhere continuous function. Is this true or false?

Explain, with precise mathematical arguments.

7. Adapt the proof of Lebesgue’s Dominated Convergence Theorem in your notes to show
that any sequence {f,},en of measurable functions such that lim, .. fu.(x) = f(2)

and |f,| < g for some g with ¢g” nonnegative and integrable satisfies
lim /|fn — fIPdp = 0.
n—oo
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8.

10.

Let A be the one-dimensional Lebesgue measure for the Borel sets of R. Show that for

every integrable function f, the function

g(x) = f(t)d\, for x >0
(0,2)

1s continuous.

Show that if X is a random variable with E(|X|P) < oo then |X]| is almost everywhere

real valued.

Suppose X : (Q,F, P) — (R, B) is a random variable with F(|X|) < co. Let N € F
be such that P(N) = 0 and define

ro={ " REy

where ¢ € R. Is Y integrable? Is E(X) = E(Y)?

96



	Probability spaces
	-algebras
	The structure of R and its Borel sets
	Measures
	Properties and characterization of measures

	Null sets and complete measure spaces
	Independence of events and conditional probability
	Exercises

	Construction of probability measures
	 systems, Dynkin systems, semi-rings and -algebras
	Uniqueness of measures
	Existence of measures - Carathéodory's Extension Theorem
	Lebesgue measure on (Rn,B(Rn))
	Distribution functions and probability measures on (R,B(R))
	Exercises

	Measurable functions
	Exercises

	Integration
	Simple functions
	Integral of simple functions
	Integral of non-negative functions
	Integral of functions
	Exercises

	Lebesgue's convergence theorems and Lp spaces
	Convergence theorems
	Lp spaces
	Stieltjes measure
	Abstract and Riemann integrals
	Exercises

	Independence of random variables
	Product measures
	Random elements

	Convergence of random variables
	Convergence almost surely and in probability
	Convergence in Lp 
	Convergence in distribution

	Laws of large numbers
	Conditional expectation
	Inner product spaces
	Conditional expectation for random variables in L2(,F,P)
	Conditional expectation for random variables in L(,F,P)
	The Radon-Nikodým Theorem

	Central limit theorems
	Characteristic functions
	A central limit theorem for independent random variables

	Estimation of Parametric Statistical Models
	Set algebra


