Chapter 6

Independence of random variables

We want to speak of independence of random variables, but all we have is the notion of
independence of events. Recall that X : (Q, F, P) — (R, B) is a random variable if V B € B,
X~YB) € F, or equivalently, from a notational perspective X~!(B) C F. In addition,
Example .4 shows that X ~!(B) is a o-algebra associated with 2. Hence, it is appropriate
to refer to X~!(B) as a sub-o-algebra of F. As a mater of terminology, we refer to X ~'(B)
as the o-algebra generated by X and it is common to write o(X) := X~ (B).

Before we proceed with the notion of independence of random variables we establish the
following theorem, which shows that it is possible to interchange the inverse image and the

generation of the o-algebra of a collection of subsets.

Theorem 6.1. Let X : (Q,F,P) — (T,0(C)) and C a class of subsets of T'. Then,

Proof. From Example [1.1}4 X~1(0(C)) is a o-algebra associated with Q. Since C C o(C),
X7HC) € X !(o(C)) and consequently o(X~(C)) C X (a(C)).

For the reverse of the last set containment, first define U := {U € 27 : XY (U) €
a(X~1(C))}. By definition of U, X 1 (U) C o(X(C)) and if C € C, X }(C) € (X ().
Hence, C C U and X 1(C) C X1 (U) C a(XY(C)). Then, if U is a o-algebra we have that
o(C) CcU and X! (o(C)) C X1 (U) C a(XH(C)).
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We now show that U is a o-algebra. First, T € U since X 1(T) = Q € o(X1(C)).
Second, if U € U, then X 1(U) € o(X~1(C)) and (X1 (U))* = X 1(U°) € o(X 1)),
showing that U € Y. Third, if {U;}ien C U, then X HU;) € o(X(C)) for all i € NN,
which implies that [J X7'(U;) = X (U Ui) € o(X7(C)), showing that |JU; € U, and
completing the pro;;]N [ | - -

Earlier, we defined a finite collection of events {E;}?, C F for 2 < n € N as being

independent if

P <]~QJEJ> = HP(EJ-) for any J C I ={1,--- ,n}. (6.1)
jed
We extend this definition of independence to sub-o-algebras of a probability space and to

random elements.

Definition 6.1. Let 2 < n € N and {C;}_, be a collection of classes of events. That is, each
Ci contains events associated with the probability space (Q, F, P). The collection {C;}I is
said to be independent if for any E; € C; we have that {E;} | is an independent collection

of events.
This definition motivates the following:
Definition 6.2. Let [ ={1,--- ,n}, 2 <n € N and (2, F, P) be a probability space. Then,

(a) Sub-o-algebras F; of F with i € I are independent if for every J C I and all E; € F;
P (Qﬁj) = HP(EJ),
JjeJ
(b) Random variables X; : (2, F,P) — (R,B) for i € I are independent if the sub o-
algebras o(X;) := X, *(B) are independent.

)

As a matter of notation, whenever two o-algebras F; and JF; are independent we write
F1 AL F,. Similarly, whenever two random variables X; and X, are independent we write

Xy 1L X,

98



Remark 6.1. Recall that by definition X 1(B) = {w : X(w) € B}. Hence, when we write
P(X € B) we mean P(X~Y(B)), for B € B.

The following theorem provides a criterion for establishing the independence of g-algebras.

Theorem 6.2. Let (2, F, P) be a probability space. Fori=1,--- n andn € N let C; be a

non-empty collection of events satisfying:

1. C; is a w-system,

2. {C;}1, is an independent collection.
Then, {o(C;)}?_, is an independent collection.

Proof. First, let n = 2. In this case we need to consider C; and Cy. Choose an arbitrary
Ay €Cyand let E={A € F: P(ANAy) = P(A)P(As)}. & is the collection of events that

are independent of As. Now, note that:
1. P(QNAy) = P(Ay) = P(Q)P(Ay) since P(2) = 1. Thus, 2 € £.
2. Suppose A € £. Note that
P(A°NAs) = P((Q—A)NAy))=P(Ay — (AN Ay)) = P(Ay) — P(AN Ay)
= P(Ay) — P(A)P(A,) since A € &
= P(A)(1 - P(A)) = P(A) P(A%).
Thus, if A € £ we have that A° € £.

3. If {A,}new C € is a pairwise disjoint collection

()] - o (gers)

= ZP(An N Ajy) since the sets in the union are disjoint

nelN
= ZP(AH)P(AQ) = P(Ay)P (U An) since the sets A,, are in £.
nelN nelN

99



Thus, if {A,}nen C € is a pairwise disjoint collection, we have that [J A, € &.
nelN

Since 1-3 are the defining properties of a Dynkin system, we conclude that £ is a Dynkin
system. Note also that, by assumption, C; is independent of Cy, every A; € C; isin £. Thus,
C, C £. By Theorem since C; is a m-system € D §(Cy) = o(C;)[Y| Thus, all the events in
o(Cy) are in € and we can conclude that o(C;) is independent of C;. We can also conclude,
by the symmetry of the argument, that o(Cs) is independent of C;.

Now, repeat the argument above by choosing an arbitrary As € o(Cy). Then, £ is a
Dynkin system, and by the fact that (Cy) is independent of C; we have that C; C £ and, as
above, o(Cy) C €. Consequently, o(C;) is independent of o(Cs).

If n = 3, we need to consider o(Cy), 0(Cs), 0(Cs) and establish that for any A; € o(C;):
1. P(M_,A) = [[L, P(4), 2. P(A;NA;) = P(A)P(A;) for 1 < i < j < 3. By
assumption {C;}3_, forms an independent collection. Hence, using the arguments for n = 2,
the conditions in item 2 are met. We now verify item 1.

Fix Ay € Cy, Az € C3 and consider € = {A;, € F: P(M}_,A;) = [[._, P(A;)}. Then,

P(QQN Ay N A;3) = P(Ay N A3)
= P(A2)P(As) by independence of C; and Cs

= P(Q)P(A2)P(Aj3) since P(Q2) = 1.
Hence, we conclude that Q € £. Now, let A € £. Then,

P(A°N Ay N A3) = P(As N A3) — P(AN Ay N Aj)
= P(A2 N Ag) — P(A)P(AQ)P(Ag) since A € £
= P(A3)P(A3) — P(A)P(As)P(A3) by independence of Cy and Cs

— P(A%)P(A;)P(As).

15(Cy) is the smallest Dynkin system generated by Cj.
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Hence, A° € £. Now, let {A, },en C & be pairwise disjoint. Then,

P((UAn> mAQmAg) =P (U(AnﬂAgﬂA3)>

= Z P(A, N Ay N A3) since {A, }ren is pairwise disjoint

nelN

=Y P(A,)P(A3)P(A;s) since A, € €.

nelN

Hence, |J A, € €. Thus, £ is a Dynkin system. Since {C;}3_, is an independent collection,
A € ClnGL Ay € €. Hence, 0(Cy) = 6(Cy) C . Thus, {c(C;),Cs,C3} forms an independent
collection. Now, fix A; € o(C;) and Ay € Cy. Define £ = {A3 € F: P(AsN A NAy) =
P(A3)P(A1)P(A2)}. € is a Dynkin system and A3 € C3 = Az € & since {0(C4),Ca,C3}
forms an independent collection. Hence, 0(Cs) = §(C3) C €. Thus, {c(C;),Cs,0(C3)} forms
an independent collection. Lastly, fix A; € ¢(C;) and A3 € 0(C3). Define € = {Ay € F :
P(AyN AN A;) = P(A2)P(A1)P(A3)}. € is a Dynkin system and As € C; = A € €
since {0(Cy),Ca,0(C3)} forms an independent collection. Hence, o(Cy) = §(Cy) C E. Thus,
{o(C;)}2_, forms an independent. Repeated use of this argument establishes that {o(C;)}7",

is an independent collection. M

Definition 6.3. Let Z be an arbitrary index set (not necessarily finite or even countable).
The collection {C;}icz is independent if for each finite I C I, the collection {C;}icr is inde-

pendent.
Given Definition [6.3], we have the following corollary to Theorem

Corollary 6.1. Let {C;}icz be a collection of non-empty independent w-systems. Then,

{o(C;) }iez is an independent collection.

Theorem 6.3. Let {F;}icr be an independent collection of o-algebras, S be an index set,

{Is}ses be a pairwise disjoint collection of subsets I, C T and

.F[S =0 (UE) .
i€ls
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Then, {Fi.}ses is an independent collection of o-algebras.

Proof. Suppose S is finite. Define C}, := { (B :BeF,TcCl,T ﬁnite}. Ifc,c ey,

teT
then

C’ﬂC”Z( ﬂ Bt>ﬂ< ﬂ Bg) = ﬂ (B; N By) where B;, B, € F;.

teTCls teTCls teTCls

But since F; is a o-algebra, B, N B, € F;, establishing that C}, is a m-system. Now, let
C e, and C" € Cy, for any s # §', 5,8 € S. Then,

P(CNC") =P (ﬂ Bt)ﬂ M B||= 11 pB) [] PB)=PC)PEC,

teT' Cls teT'Cly teTCls teT’'Cly

where the penultimate equality follows from independence of {F;}ier and the fact that
{Is}ses is a pairwise disjoint collection. The last equality follows from independence of
{F:}ier and the definition of C' and C’. Hence, {C}, }scs forms an independent collection of
m-systems.

Now, note that if C' € Cy,, C' = (| B; where B, € F;, T C I,. Hence, B, € |JF € U F:

teT teT tels

and consequently B, € Fj, = o ( U ]-"S). But since Fj, is a o-algebra, it is closed under
sels

countable intersections, and we conclude that C' € F;,. Hence, C, C Fj, and
o(C) C Fu (6.2)

Also, setting T' = {t}, we have that C;, contains B, for t € I;. Hence, o(C},) D B, for t € I.

Since, o-algebras are closed under countable unions, o(C7,) O |J B; and we conclude that
tel,

o(Cr) Do (U3t> = Fu.. (6.3)
tel,

By the set containments in [6.2] and [6.3] we conclude that o(C;,) = F;,. Hence, by Theorem
6.2 we have that {F;_ }ss is an independent collection of o-algebras. Given Definition

and Corollary the index set S can be arbitrary, completing the proof. B

102



Example 6.1. Consider a collection {X;}ien of independent random wvariables. Then, by
definition {o(X;)}iew s an independent collection of o-algebras. Let S = {1,2}, I} =
{1,---,n}and Iy ={n+1,n+2,---}. Then,

o(X,- - Xy —0<U}">J_I_J<U}"> (Xt ).

>n
Since for alli =1,--- n, X; is such that o(X;) C o(Xy,- -+, X,),these random variables are

all o(Xy, -+, X,,) — B measurable. Hence, " | X; is o(Xy, -+, X,,) — B measurable. Sim-

ilarly, for any n; € IN, Z?tﬁl X is 0(Xpi1, + , Xoan,) — B measurable, and consequently
n+niy
IR R
1=n+1

Definition [6.2) can be naturally expanded in accordance to Definition [6.3|to accommodate
an arbitrarily indexed collection of random variables. We now provide some characterizations

for independence of random variables.

Definition 6.4. Let {X;}icz be a collection of random variables defined on the probability
space (2, F, P). For any finite I C I, the finite dimensional distribution function (fddf) is
gien by

Fr(z;,iel)=P <ﬂ{w s Xi(w) < x2}> for x; € R. (6.4)

el
Theorem 6.4. The collection {X;}ier of random variables defined on the probability space
(Q, F, P) is independent if, and only if, for all finite I C Z we have

i(xi, i€ I)=[[P{w: Xi(w) < a:}) for ; € R. (6.5)

el

Proof. From Definition [6.3|it suffices to show that for an arbitrary finite / C Z the collection
{Xi}ier is independent if, and only if, equation (6.5)) holds.
(<=) Let C; := {{w : X;(w) < 2}, x € R} := {X; '((—00,]), z € R} and note that these

are subsets of (2. Furthermore,
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1. C; is a m-system since

{w: Xij(w) <z} n{w: Xij(w) <y} ={w: X;(w) < min{z,y}}.

2. Recall that o({(—o0,z], z € R}) = B. By Theorem X; is a random variable
(X, 1(B) C F) if, and only if,

{X; Y(~o00,2]), v €R} =C; C F.

7

Hence,

o(C) = o({X; ((—o0,a]), x € R})
X, (o({(=00,z], » € R})) by Theorem

2

= X;Y(B) :=0o(X)).

7

Now, equation (6.5)) implies that {C;};c; is independent collection, therefore, by Theo-
rem [6.2] the collection {o(C;) = o(X;)}ier is independent. Consequently, by definition,

{X.}ier 18 an independent collection of random variables.
(=) This follows directly from the definition of independence. W

Remark 6.2. 1. It follows directly from Theorem that a finite collection of random

variables {X;} | is independent if, and only if,

P(Nier{w : Xi(w) < x;}) = HP {w: Xi(w) < a;}), forall I C{1,--- ,n}.

el

2. If each X; has a density {X;}!, are independent if, and only if,

P(Nier{w : Xi(w) < a:}) H/ fx.dA.

el 00, 7]
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6.1 Random elements

The most common cases where we deal with random elements occur when the co-domain of

the element is endowed with a metric, so that the co-domain is a metric space.

Definition 6.5. Let X : (2, F,P) — (T, T = 0(0)), where O are the open sets inT. Then,
X is a random element if

XY B)e F forall BET.

In this definition, 7 is the collection of Borel sets of 7" and we write B(7"). The following

examples include definitions.

Example 6.2. Let X : (Q,F, P) — (R*, B(R*)) where k € N. Then X is a random vector
if X~Y(B) € F forall B € B(R¥). Now, define dp : R* x R* — [0,00) as dg(z,y) =

1/2
<Zf:1(xi — y2)2> . It can be easily verified that dg is a metric on RF.

Example 6.3. Let m : R? — R be given by m(zy, 1) = 1‘f|;fi|2|. Clearly, from the

definition of m, m >0, m = 0 if, and only if, 1 = xo and m(xy,x2) = m(xe,z1). To verify

m(z1,r2)

m Since |$1 — .’L'2| =

that m(xq,x2) < m(x1,2) + m(z,x2) we note that |1 — xo| =
|z1 — 2 4+ 2 — xo| < |1 — 2| + |2 — 23], we have

m(xy, z2) m(xy, 2) m(z, xa)
1—m(zy,29) — 1—m(xy,2)  1—m(z,19)

Let c = m(z1,72), a = m(x1,2) and b = m(z,12). Then, 1% < %a—l—l%b = % and
1
a+sz(1—a)(1—b)+2ab:— (a+b)+—+—(2ab—abc)
1—c 1—c 1—-c 1-c¢
Then,
a+b c 1
> + (2ab — abc) <= a+b>c+ab2—c).

l-c71-¢c 1-c
Since 0 <m <1,ab(2—c¢) >0 and ¢ < a+b. Hence, m(xy,x) < m(xq,z)+m(z,x5). This

shows that m is a metric on R2.
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Now, consider a space of sequences {x;}ienw where x; € R for all i and define me :
R® x R>® — R as moo ({x; }ien, {¥i bienw) = nll_}Iglo > i sm(xy,y;) = 7111_{1;05” Since 0 < 57 <
So < --- is a monotonic sequence, it converges if, and only if, it is bounded. Boundedness
follows from the fact that |S,| < 377 grm(xy, ;) < D07 5 < 3021 5 = 1. Hence, the
limit in the definition of mey exists and 0 < mo, < 1. If moo ({2 }iew, {¥ibiew) = 0 then it
must be that m(x;,y;) = 0 for all j, which implies x; = y; for all j. Clearly, if x; =y, for

all j we have My, ({2 }ien, {¥i tien) = 0.

Since m(z;,y;) < m(xj, z;) + m(z;,y;) we have
> 2 mlag,y) <Y 270 m(xy, ) + Y 270 mz, ;).
j=1 j=1 j=1

Taking limits on both sides asn — 00 gives Moo ({X; biew, {Ui tiew) < Moo ({24 }ien, {2 fien) +

Moo ({Zi }iew, {¥i biew). Hence, mo, is a metric in the space of infinite sequences.

Alternatively, we can define jio : R X R*® — R as

n

: L [ — il N L ; :
pioo ({@itiew, {¥itiew) = lim Z ; = ?}ggloz E“j({%}gzp {yitiz1)

S 21+ 300 i — wil

7=1
= lim S,,.
n—oo
As in the case of me, 0 < 51 < Sy < --- and |S,] < 1. Hence, 0 < o < 1 and

too = 0 if, and only if, x; = y; for all i. Now, write Si(x1,11) = %m(a:l,yl) and since
m(zy,y1) < m(x, 21) + m(z,y1) we have that Sy(v1,y1) < Si(w1,21) + Si(21,41). Now,

Suppose

S ({ziicy fwitiny) < Salfmidiny {zhin) + Se{zdin, {wihiny):
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Then,

n+1

Swon ({25 fdi) = 3 Sy, G = S (g fwdiy)

j=1
1 n n
+ ﬁurﬂrl({xi i:Jrlla{yl H)
S ({zitimy s Azitimy) + S0 ({zitiny  {vitiey)

1 n n
+ Wunﬂ({xi}iilla {vi}i)

Following the same arguments used for m, we have

2n+1u”+1({x Ay < 2n+1u“+1({x1 ) + 2n+1un+1<{21 e () )
1 Zn-H |xZ Zz| 1 Zn-H |Zz yzl
2n+1 1 + Zn—i—l |xz Z| 2n+1 1 + Zn—i—l IZZ yz| .
Hence,

St ({2 {wdis)) < Su (i} {zdim)) + S ({2 s {widin)
1 Zn-H |~Tz - Zz| 1 Zn-H |Zz y2|
on+1 1+ Z?—H |$z Z| on+1 1+ Zn—H |Zz y7,|
= Spnn({z: i)zt + Sen ({2 {ud)

Hence, by induction, and taking limits we have pioo ({7 }iew, {¥i ien) < oo ({Ti }ien, {2i Fiew)+

oo ({2 biew, {¥i bien)-

Example 6.4. Let X : (Q, F, P) — (R>, B(R*)) where R*® = xR and B(R*) = ¢(C)
with C = {C : C = 0;*(B), B € B, §;(z) = (X1,---,X;) : R® — R, i € N}. Then X
is a random sequence if X 1 (B) € F for all B € B(R®) and d : R® x R® — [0,00) is

i 1/2
> =1 lmi—ysl , ‘
d(z,y) =272, 5 (%) is the metric on R>.

Remark 6.3. 1. Let X € R* be a random vector and f : R* — R be measurable. Then,
h:(Q,F,P)— (R,B) with h(w) = f(X(w)) = (f o X)(w) is a random variable since

compositions of measurable functions are measurable by Theorem[3.5. In particular the
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result follows if f is continuous. That is, real valued continuous functions of random

vectors are random variables.

2. In 1, if f(X)=m(X)=X; and X is random vector then X; is a random variable for

i=1,-- k.

Theorem 6.5. X € R¥ is a random vector <= X, is a random variable, where X; is the

ith component of X .

Proof. ( <= ) Suppose X; is a random variable for ¢ = 1,--- k. Let R, = I} x -+ X I,

where I; = [a;, b;) are intervals in R. Then,

X_1<Rk) = {w . XZ(W) € [al,bz)‘v’z}
= {w: X; M ([as, b)) Vi} = N X ().
Since X; is a random variable, X, !(I;) € F. Furthermore, since F is a o-algebra, it is closed

under intersections, and X ~'(Ry) € F. The other direction of the equivalence follows from

the previous remark. Wl

Remark 6.4. 1. Theorem extends to X = {X1,Xs,---}. That is, X is a random
sequence if, and only if, each X; is a random variable. Furthermore, X is a random sequence
if, and only if, (X;--- Xy) is random vector for any k.

2. X7 Y(—o00,a1] x -+ x (—00,ax]) € F and we write P(X~((—o0,ay] x - -+ X (=00, ax])) =
P o X™H(xiLy(—00,a;]) = Px(xiLy(—00,ai)).

Also, if there exists a non-negative Borel measurable function fx : R¥ — R that satisfies

Py (x5, (—o00,ai]) = / FrdF,
C(a)

where C(a) = x¥ (=00, a;] and a = (ay -+ - a)?, we call fx the “joint density” of X. Natu-

)

rally, the joint distribution function associated with X is
Fx(a): RF — [0, 1],
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where Fx(a) = P(C(a)) for a € R*. We can write C(a) = NF_{w : Xi(w) < a;}. That
{w: X;(w) < a;} is an element of F follows from Theorem 6.5,

Theorem 6.6. Consider two random variables X1, X : (Q, F, P) — (R,B). X; and X, are

independent if, and only if, one of the following holds:

CL) P({Xl € Al} N {X2 € Ag}) = P(X € Al,X c Ag) == P(Xl € Al)P(XQ S Ag), fOT’ all
Ay, Ay € B,

b) P(Xl S Al,XQ € Ag) = P(Xl c Al)P(XQ c Ag), fO’I" all Ay € .Al, Ay € Ag, where

A1, Ay are m systems which generate B,
c) f(X1) and g(X2) are independent for each pair (f,g) of measurable functions,

d) E(f(X1),9(X2)) = E(f(X1))E(9(X2)) for each pair of (f,qg) of bounded measurable

(or non-negative measurable) functions.

Proof. First, note that X; and X, independent means that o(X;) = X;*(B) and o(X,) =

X, 1(B) are independent. That is, for all A;, Ay € B,

P(X;' (A1) N X5 (Ar) = P(X7'(A))P(X5'(Ay))

< P(Xy1€ A, Xs€Ay)=P(X;, € A))P(Xy € Ay).

l[a) = b)] Since A, generates B and As generates B, A; C B and Ay C B, and if a) is true
for all A; € B, Ay € B, then b) is true.

) = a)]Let C;, = {A e B:P(X, € A Xy € A) = P(X; € A)P(Xy, € Ay) for a
given As € As}. From the proof of Theorem , C, is a Dynkin system. A; C C) and
6(Ay) = o(A;) = B C C. Analogously, Co = {A € By : P(X; € A, X, € A) = P(X; €
A))P(X;y € A) for a given Ay € Ay} is such that 0(Az) = 0(A2) = B C Cy. Consequently,

b) = a).
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[c) = a)] The identity function is measurable, therefore take f(z) = g(z) =

la) = c¢)] For concreteness, let f : (R,B) — (M;, My) and g : (R,B) — (M,, M,).
f measurable implies that for all M € M;, f~'(M) € B. But X; a random variable
implies that X, '(f~}(M)) € F which we can write as (X; ' o f~1)(M) € F. In addition,
XU (M) = (X7 o) (M) € X;(B). Analogously, X (g (M')) = X5 'og (M) €
X;1(B), for all M' € M,. But by a) X; '(B) and X, '(B) are independent. Therefore f(X,)
and ¢g(X3) are independent.

[d) = a)| Let f =14, and g = I4,. Then,

1 itX;eA 1 itX,eA
) =4 and gy = e
0 if X1 Q Al 0 if Xg Q AQ.

with E(f(X1)) = P(X; € A)) and E(g(X3)) = P(X, € Ay). By d)
E(f(X1)g(Xs)) = P{X1 € A1} n{Xy € As}) = P(X; € A))P(X; € Ay).

Hence, d) = a).

l[a) = d)] From the implication [d) = a)] we see that if f, g are indicator functions
ind) E(f(X1)9(X2)) = P{X: € A1} N{Xy € Ay}), which by independence a) is P(X; €
AN P(Xs € Ay) = E(f(X1))E(9(X2)).

Now, suppose f and g are simple functions of X; and X5. Then,

kg kg
F(X) = D alligcary and B(f(X1) = Y al P(X, € A]),
=0 i=0
kg kg
9(X2) = > allix,eqryy and E(g(X2)) = alP(X; € AY)
i=0 i=0
Consequently,
E(f(X1)g ZZ“Z aJI{XleAf}ﬁ{XzeAg}
=0 7=0
kp kg
Z Z afagP (X, € AHP(X, € Af%) by independence
=0 5=0
= E(f(X1))E(9(X3)) (6.6)



Now, let f be a measurable non-negative function such that {f,},en are simple functions

increasing to f and ¢ is non-negative and simple. Then,

B(f(X1)g(X2)) = B  lim f,(X1)g(Xa))

= lim E(f,(X1)g9(X2)) by Lebesgue’s Monotone Convergence Theorem
n—oo

= lim F(f,(X1))E(9(X3)) by equation

n—oo

= E(f(X1))E(9(X2)) by Lebesgue’s Monotone Convergence Theorem
(6.7)

Now, let f be non-negative and let {g,}n,en be non-negative simple functions increasing to

g measurable and non-negative. Then,

E(f(X1)9(X3))

E (f(Xl)ggogn(XzD
= lim E(f(X1)gn(X3))

n—o0

= lim E(f(X1))E(g9.(X2)) by equation (6.7))

n—o0

= E(f(X1))E(9(X2))
Finally, let f = f* — f~ be bounded and measurable and g bounded and non-negative.
E(f(X1)g(Xz)) = E([f"(X1) — f~ (X1)]9(X2))
= E(f7(X1)9(X2)) — E(f™(X1)g(X2))
= E(f7(X1))E(g9(X2)) — E(f ™ (X1))E(g(X2))
= E(f(X1))E(g(X2)).

To complete the proof, repeat the last argument for g = ¢ — ¢g~. B

6.2 Exercises

1. Let Xl,XQ € ,62 and define COV(Xl,XQ) = E([Xl - E(Xl)][XQ - E(XQ)]) Show
that Cov(X1, Xs) = E(X1Xs) — E(X7)E(X2) and that if X; and X, are independent
Cov(Xy, X3) =0.
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. Let {X,,}new be a sequence of random variables that are independent and share the
same continuous distribution. Let p be a permutation of {1,--- ,n} for n € IN. Show

that (X, -+, X,) and (Xpa), -, Xpm)) have the same distribution.

. Let I be a finite index set and consider the collection of o-algebras {B;};cr. Show
that this collection is independent if, and only if, for every choice of non-negative

B;-measurable random variable X;, we have E ([;c; Xi) = [L;c; E(Xy).

. If E is an event that is independent of the m-system P and E € o(P), then P(F) is

either 0 or 1.
. Let {A;}!, be independent events. Show that P (U, A;) =1 — [[, P(AS).

. We have proved that if X and Y are independent, then f(X) and g(Y") are independent
if f and g are measurable. Is it possible to have X and Y are dependent and f(X)

and ¢g(Y') are independent? If so, give an example, if not, prove.
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