Chapter 7

Convergence of random variables

7.1 Convergence almost surely and in probability

Since random variables are measurable functions from a probability space (2, F, P) to (R, B),
ie, X : (QF,P) — (R,B), the most natural way to define convergence of a sequence
{X, }nen is pointwise. In this case, we say that the sequence X,, converges to X for some

w e Qif

lim X, (w) = X (w).

n—oo

That X (w) is a random variable follows from Theorem If the limit holds for all w € €2 we
say that X, converges to X on €2 and write X,, — X on ). A weaker convergence concept

requires
P <{w  lim X, (w) = X(o.z)}) =1

Note that {w : lim X, (w) = X (w)} must be an event (# 2) for the statement to make sense.
n—oo

In this case we say that X,, converges to X almost surely (or almost everywhere) and we

write X, &3 X (or X,, 25 X). Alternatively, we can require the the existence of a set N € F

with P(N) = 0 where if w € N°¢



Note that since NV is an event, N¢ is an event and P(N°¢) = 1 since P(N) = 0 and P(2) = 1.

Hence, we give the following definition.

Definition 7.1. (Convergence as) Let { X, }new be a sequence of random variables defined
on the probability space (€2, F, P). Then, if there exists N € F with P(N) = 0 such that
lim X,,(w) exists for all w € N¢, we denote this limit by X (w) and say that lim X, (w) =

n—oo n—oo

X (w) almost surely (as) and write X, 23 X.

The limit statement in the definition is equivalent to stating that for all ¢ > 0 there exists

N(e) € IN such that for all n > N(e),
P({w:|X,(w) — X(w)| > €}) =0.
Letting F,(¢) = {w : | Xn(w) — X(w)| > €}, we see that

P (‘U Ej((—:)> < Z P (E;(€)) by sub-additivity of P
jzn

jzn

= 0 since P(Ej(€)) =0 for j > n.

Recall that N9, Y E;(e) = limsup E,(e), and
Jj=zn

n—oo

P <1im sup En(e)) = lim P ( U Ej(e)) by continuity of P

n—00 n—00 j>n

= 0.

n—oo

Hence, X, 3 X is often stated as P (lim sup {w : | Xp(w) — X (w)| > e}) =0 for all € > 0.

What follows is an example of a sequence of random variables that converges to 0 as.

Example 7.1. Let (2 = [0, 1], By}, A) where A is Lebesgue measure.

X, (w) = n if0<w<1/n
U 0 ifln<w<

Let N = {0} and note that A\(N) = 0. Ifw € N¢ then X,,(w) — 0 as n — oo, but X,(w) /4 0

everywhere on ) since at w =0, X, (w) — oo.
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An even less demanding convergence concept is that of convergence in probability (con-

vergence ip or convergence in measure #m), which is given in the following definition.

Definition 7.2. Let { X, },en be a sequence of random variables and X be a random variable

defined in the same probability space (2, F, P). We say that X, B X if for all e > 0

lim P{w : | X, (w) — X(w)| > €}) =0.

n—oo

Alternatively, we can state that for all € > 0 and § > 0 there exists N(¢,0) € IN such that

for all n > N(e, ), P{w : | Xn(w) — X(w)| > €}) < 4.

Theorem 7.1. Let { X, },en be a sequence of random variables and X be a random variable

defined in the same probability space (Q, F,P). Then, X, 3 X — X, > X.

Proof. Let E,(¢) = {w : | X,(w) — X(w)| > €} for any € > 0. X,, 3 X implies that there
exists a natural number N(e€) such that for all n > N(¢) we have P(E,(¢)) = 0. Then, from

the comments following Definition

P (lim sup En(e)) —0="P ( lim ugj:nEm(e))

n—00 n—00

= lim P(U;;_, E,.(€)) by continuity of P

n—oo
> lim P(E,(€)).
n—oo

Consequently, lim,,_,o, P(E,(¢)) =0. B

The following theorem, known as the Borel-Cantelli Lemma is the main device used to

establish almost sure convergence.

Theorem 7.2. (Borel-Cantelli Lemma) Let {E,}nen be a sequence of events. If

i P(E,) < o0

n—oo

then P (lim supEn> =0.
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Proof.

n—o00 n—oo

P (lim supEn) = P < lim Umanm)

= lim P (Up>nFEm) by continuity of P

n—o0

< limsup Z P (E,,) by sub-additivity of P

n—oo

= OsmceZP <oounphesZP ) — 0asn— 0.

m=n

Theorem 7.3. Let { X, },en be a sequence of random variables and X be a random variable

defined in the same probability space (2, F, P).
1. X, B2 X <= X, - X, D 0asn,r,s— o0 (Cauchy in probability)
2. X, B X < each subsequence X, contains a further subsequence {Xnk(i)} = X.

Proof. 1. (=) | X, — Xs| =X, — X+ X — X,| < |X, — X| 4+ |X — X,|. For all e >0,
{w: X, —Xs| > e} CH{w : | X, = X|+ | X = X| > ¢} C{w: | X, — X| > €¢/2} U{w :
| Xs — X| > €¢/2}. Consequently,

Pw: | X, = Xs| >€e}) < PHw:|X, — X| >¢€/2})+ P{w: | Xs — X| >¢€/2}).  (7.1)

Taking limits on both sides of the inequality as r, s — oo and given that X,, - X we have
that P({w : | X, — X4| > €}) — 0.
(<=) Let {X,,j}jew be a subsequence of { X, }nen. If X,,;) =5 X, then by equation (7.1

P({w: X, = X| > e}) < PHw : |Xa = Xagy| > ¢/2}) + P({w : | Xoyy — X| > ¢/2}).

Using the fact that {X,},ew is Cauchy in probability P({w : [X,, — X,;)| > €/2}) = 0

as n,n(j) — oo. Also, since X, 2 X implies Xn(j) 2 X and we have that P{w
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| Xng) — X| > €/2}) — 0 as n(j) — oo. Thus, it suffice to show that there exists a
subsequence {X,j }en such that X, ;) = X. We will construct such sequence.

Let n(1) = 1 and define
n(j) =f{N:N>n(j—1),P ({w:|X, — X,|>27}) <27/, forallr,s > N}.

It is possible to define {n(j)} because of the assumption that {X,},en is Cauchy in proba-

bility. Also, by construction, n(1) < n(2) < --- so that n(j) — oo. Consequently,
P({w : [ Xugyr1 = Xagy| > 277}) <277
and 377 P({w : [Xugyr1 — Xy > 277}) < 3072, 277 < oo By the Borel-Cantelli Lemma

P (lim sup{w : [ Xngy11 — Xn@)| > 2j}> =0

00
or

P (lijrgglf{w | Xn()+1 — Xngy| < 2j}> =1
Now, w € liminf; ,oo{w : | Xy(j)+1 — Xn)| < 277} means that w € {w : [ X541 — Xag)| <
277} for all j sufficiently large (j > J). Hence,

Y X (w) = Xngy(w) <D 277 =227

j=J Jj=J
Hence, for all K > J, [Xyx) — Xnn| < 2255 [ Xngyrn — Xugl <2 2=/ Thus, as J — o0,
| Xnk)y — Xny| — 0 establishing that {X,;} is a Cauchy sequence of real numbers with
probability 1. Since R is complete, i.e., every Cauchy sequence in R has a limit in R,
lim;_,o0 Xp;(w) exists with probability 1. Hence, X, (w) — X(w) = ]1Lr£10an (w) as.
2. ( = ) Choose a subsequence {X,)}. Then, since X, 5 X, Xn() 2 X and Xng) 1s
Cauchy in probability by part 1. Hence, there exists X)) = X.

( <) Suppose not. If X, 7/ X then there exists X, ;) and €,0 > 0 such that

P({w: | X, — X| > €}) > 6. (7.2)
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But every X,,(;) has a subsequence X, ;) 22 X and hence X)) LN X, which contradicts

equation (7.2). W

The following theorem is often called Slutsky’s Theorem. It shows that limits in proba-

bility and continuous functions can be interchanged.

Theorem 7.4. (Slutsky’s Theorem) If X,,, X are random elements defined on the same

probability space and X,, 2 X, g : R — RY continuous, then g(X,) 2 g(X).

Proof. Recall that g is continuous at X if and only if for all € > 0 there exists d,x > 0
such that whenever | X, — Xj| < d.x for k =1,.. K, [¢/(X,) —q(X)| <eforl=1,... L.
Let App = {w | Xk — Xi| < dex} and A, = {w : |0(X,) — q(X)| < €} for all .
Note that by continuity N, A, , C A,, which implies that P(NE_, A, ) < P(A,). Thus,
1—P(A,) <1—P(N;, An k) which implies that P(A5) < P((Mi, Ank)®) = P(U, A L) <
S P(A; ). Since X, X, P(A; ) — 0 and therefore P(A5) — 0 or P(4,) — 1. &

Theorem 7.5. Let X,,, X be defined in the same probability space such that X, 5 X.
If there exist a random wvariable 0 <Y € L such that | X, (w)| < Y(w) for all n almost

everywhere, then E(X,), E(X) < oo, and E(X,) = E(X).

Proof. First, note that if Y € £, F|X,| < co and X,, € L. Also, |X| = |X — X,, + X,| <
| Xo| + X, — X <Y 4+ |X, — X] and | X| - Y < |X,, — X|. Consequently, for any ¢ > 0
{w: | X(w)] =Y (w) >e€} C{w:|X,— X| > ¢} and

P{w:|X(w)]=Y(w) >¢€}) < PHw: |X,, — X| > €}).

Taking limits as n — oo, and using the fact that X,, 2 X we obtain P({w : | X (w)| - Y (w) >
€}) = 0. Since this is true for any ¢ > 0 we have P({w : | X (w)| > Y(w)}) = 0. Consequently

| X| <Y almost everywhere and F(X) < oo.
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Since |E(X,) — E(X)| < [, |X, — X|dP, we need only show that [, |X, — X|dP — 0 as
n—oo. If Z, =X, — X, then |Z,| <|X,|+ |X]| <2Y almost everywhere. In addition, for

€ >0,
E\Z,| = E (| Zol 11w 20<e) T E (120l L1 2015¢)) < €+E (| Z0| Lz, 5e1) < €42E (Y jwiza15e}) -

Since X,, & X, P({w : |Z,| > ¢}) — 0 as n — oo. Furthermore, since E(Y) < oo, by

Theorem [4.9), E (Y 1.1z >1) < € and E|Z,| < 3¢, completing the proof.l
{wi|Zn|>€}

The requirement that |X,(w)| < Y(w) for all n almost everywhere may be relaxed. A

weaker requirement is given by the following definition.

Definition 7.3. A sequence { X, }nen of random variables defined on (2, F, P) is said to be

uniformly integrable (u.i.) if for every e > 0 there exists B € [0,00) such that

sup E (| Xl X, (@) 2B.)) < €
nelN

Uniform integrability of the sequence {X,,},en is a weaker condition compared to the
dominating condition in Theorem [7.5. Note that if | X, (w)| < Y (w) for all n almost every-

where on © and E(Y) < oo, then

| X (W) w1 xn@)2B3 < Y wXu@) 283 < Y {wy(w)>B}-

Hence, sup £/ (|Xn(w)|j{w:|Xn(w)\2Be}) <FE (Y[{w;|y(w)|236}). But since E(|Y|) < oo, for any
nelN

€ > 0 there exists B, < oo, F (Y]{w:|Y(w)|zBe}) < e and {X, }ren is u.i.

Theorem 7.6. A sequence { X, }nen of random variables defined on (2, F, P) is uniformly

integrable if, and only if,

1. sup E|X,| < oo,
nelN

2. for all € > 0, there exists 6 > 0 such that for all n, E(|X,|1a) < € for any event A
such that P(A) <.
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Proof. ( =) First, let A,(B) = {w : | X,(w)| > B} and consider

BIXD) = [ XollaondP + [ 1% LindP
/|X |La,mdP + B P(A%(B /|X |La,3ydP + B.

Hence, sup E(|X,|) < sup [, |Xn|la,(5)dP + B, and by uniform integrability of {X,}nen,
nelN nelN

for any € > 0 there exists B < oo such that supE(|X,]) < e + B < .
nelN

Second, let € F. Then,
E(|Xu|Ig) = E(|Xn|Igna. ) + E(1 Xl Ienag 8))-

But E(|Xn|IEﬂAn(B)) S E(|Xn|]An(B)) and E(|Xn|IEﬁA;§(B)) S beIEUA%(b)dP S bP(E)

By uniform integrability of {X, }new, there exists b > 0 such that supE(| X, |14, 1)) < €/2.
nelN

Furthermore, for any F such that P(E) < €/2b, we have E(| X, |[g) < €.

(<=) By Markov’s Inequality

P(A,(0)) < 3 E(Xul i) < 3 E(Xa).

Then, supP (A, (b)) < —supE(|X |) < oo by condition 1. Choose, b such that $supE(|X,|) <
nelN nE]N

J, implying that P(An(b)) < ¢ for all n. Then, by condition 2 it follows that E(|X,|14,r) <
e. A

Remark 7.1. 1. The following results follow directly from Theorem[7.3.
X, 5X, 7,5 = X,+Y, 5 X+Y

X, 5X V753 = X, 5,5 XY.
2. If B(X,,) = pn < 00, V(X,,) = 02 < 00. By Markov’s Inequality

P({w: | Xy — pta] > €}) < o7 /€.
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In particular, if E(X;) = p and V(X;) = o2, letting

1
Xn = E Z(Xt - M)a
t=1

we have E(X,,) =0,

n

V(X)) = BX2) = 5 3 B(X— ) + 3 3 B, — ) (Ko — ).

2
n t=1 t#T
If X;, X, are independent (uncorrelated), E(X?) = o*/n. Then,

2

P{{w: X 2 e}) < —.

Taking limits on both sides,

li_)m P{w:|X,| >¢€})=0.
7.2 Convergence in L?

Definition 7.4. Let X, Y € LP(Q, F, P) and define d,(X,Y) :== || X=Y, = (E (| X — Y]p))l/p
forp € [1,00). We say that a sequence { X, }new € LP(S2, F, P) converges to X € LP(Q, F, P)
in LP, denoted by X, = X, if dp(X,, X) =0 as n = oo.

The limit X in Definition is not unique, only almost everywhere unique. If X and Y

are such that X,, =5 X and X,, 2 Y, then by the Minkowski-Riez Inequality
X =Y, = [|1X = X, + X, = Y|, <X = Xallp + [|[ X0 = Y[,

Taking limits as n — oo we have || X — Y|, = 0, which implies that X and Y are equal
almost everywhere. We note that d,, is a (semi) metric on £?(§2, F, P), induced by the (semi)
norm [ X]l, = (B(X[?)7.

A sequence { X, }nen in £P(Q, F, P) is said to be £P-Cauchy if for all € > 0 there exists

N (€) such that for all n,m > N(e) we have d,(X,, X,,) < €. Note that if X, £ X we have
X5 — Xm”p =[|X, - X+ X - Xm”p < [|Xn - XHp + X - Xm”p'
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Hence, as n,m — oo we obtain d,(X,, X,,) — 0, showing that convergent sequences in L?
are LP-Cauchy. The next theorem shows that every L£P-Cauchy sequence converges to an

element in L7, i.e., LP is a complete (Banach) space.
Theorem 7.7. (Riez-Fisher Theorem) The spaces LP(Q, F, P) for p € [1,00) are complete.

Proof. Consider a £P-Cauchy sequence {X,, },enw C LP(2, F, P). We need to show that this
sequence converges to a limit X in £P(Q, F, P). That is, there exists X € LP(Q2, F, P) such

that

1/p
| X — X, = < \Xn—X\de> — 0 as n — oo.

Since { X, }new is L£P-Cauchy , we can find 1 < n(1) < n(2) < --- such that
1
X1y = Xogllp < 5 for k=1,2,-- (7.3)

Now, note that if we set X,,0) := 0 we have that X, 41) = Z?:O(Xn(jJrl) — X,(;)) are the
partial sums of the series Z;’;O(Xn(jﬂ) — X, (5))- Recall that this series converges absolutely if
the monotone sequence Z?:o | Xn(j+1)— Xn(j)| converges, and in this case the series converges,
that is, Z?ZO(Xn(jH) — X,(j)) converges.

By Minkowski’s Inequality and Beppo-Levi’s Theorem

Y 1 Xogen = Xaglle <D 1 Xnga1) — Xag
=0 7=0

= 1 : o
< X llp + Z 5 = | Xnyllp + 1 < 00 since X,y is in L7 .
j=1

Consequently, || > 7 | Xn¢+1) — Xn(lll5 < 0o and we have that (377 [Xngir1) — Xap )P <
oo almost surely (almost surely real valued) and 372 (Xp(j11) — Xn@) is almost surely

(absolutely) convergent.
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Letting X = 3% ((Xy(j11) — Xn(j)) we have that

IX = Xogle = 1D 1 Xngen) = Xagilllp
=k

[ Xng+1) = Xn@)llp = 0 as k — oo.
j=k

IN

Finally, since

15 = Xlp < [[Xn = Xayllp + [1Xn@m) = Xllp.

and {X,,},—12,.. is Cauchy we have the desired result. B

A complete inner product space is called a Hilbert space. £? is a Hilbert space but £LP
for p # 2 is not, because the Parallelogram Law is not satisfied.
Point-wise convergence of a sequence {X,, },en of random variables in £P(2, F, P) does

not imply convergence in £P. That is,

lim X, (w) = X(w) for allw € Q = X, 5 X

n—oo
However, by Lebesgue’s Dominated Convergence Theorem, if there exist 0 <Y € LP(Q, F, P)

such that | X,| <Y for all n and lim,,_,,, X, (w) = X(w) exists almost everywhere, then
|Xn - X|p < (|Xn| + |X|)p < 2°YF

and X € L2 and X, & X.

The next theorem shows that convergence in £, implies convergence in probability.

Theorem 7.8. Let X, X,,, n=1,2,--- be random variables defined in the same probability
space. If X, £ X, then X, 5 X.

Proof. First, note that if h : R — [0,00) and a > 0, we have h(X) > alpx)>q. Then,
E(h(X)) > aP(h(X) > a) which implies that P(h(X) > a) < w Now, choose
h(z) = |z|P and set x = X,, — X. Then, {w: |X,, — X| > a} = {w : | X,, — X|P > P} and

P({w: X, ~ X| > a}) = P({w: X, - X > 7)) < 2 A1)
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Taking limits on both sides completes the proof.l

Theorem 7.9. Suppose that { X, }nen is a sequence of random variables defined on (2, F, P)
is such that X, 5 X, where X is defined on the same probability space. Then, the following

statements are equivalent,
1. { X, }nen is uniformly integrable
2. E(|X,]) < 0o for alln, E(|X]) < oo and X, £ X
3. E(|X,]) < oo for alln, and E(|X,|) = E(|X]) < co.

Proof. 1

7.3 Convergence in distribution

Let (R, B, d) be a metric space with d(z,y) = |x — y| for all x,y € R and P, P, for n € N be

probability measures defined on B.

Definition 7.5. The sequence of probability measures { P, }new converges weakly to the mea-

sure P, denoted by P, = P if

/fdPn—>/fdP as n — 0o
R R
for all f : R — R that are continuous with |f| < C < oc.

We note that if F,, and F are the distribution functions associated with P, and P, we

can say that
/ fdP, — / fdp / F(@)dFy(z) — / F@)dF(z)
R R R R
and we say that F, = F.
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Definition 7.6. The sequence of probability measures {P,},en converges generally to the

measure P, denoted by P, = P if
P,(E) — P(E) asn — oo for all E € B such that P(OE) = 0,
where OE = E N E¢ is the boundary of E and E is the closure of E.

Theorem 7.10. The following convergence statements are equivalent:

w

1. P, — P,

2. limsupP,(FE) < P(E) if E € B is closed,

n—o0

3. liminfP,(FE) > P(FE) if E € B is open,

n—o0

4. P, = P.

Proof. (1. = 2.) Let z € R and define |z — F| = inf{|lx —y| : y € E}, E(e) = {z :
|z — E| <&} fore >0, f(z) = Ig(z),

1, if x <0
glx)=< 1—z, if0<2x<1
0, ifx>1

and f.(z) = g (L|z — E|). Note that if z € E(¢) then 1|z — E| <1 and f.(z) > 0. Also, if

e} 0 then E(e) | E. Since g is bounded and continuous, so is f.. Now,

/IRfdPn—/RIEPn—Pn(E) S/RfsdPn. (7.4)

The inequality follows because if x € F, e~z — F| = 0 and f.(z) = g(0) = 1 = Ig(x), but
if z ¢ F then e 'z — E| > 0 and f.(z) = g(e !z — E|) > 0 = Ig(z). Then, taking limits
on both sides of equation ([7.4) gives

limsupP, (E <11msup/ f-dP, —/fEdP

n—oo n—0o0



where the last equality follows from the fact that f. is continuous and bounded on R and

the assumption that 1) holds. But

| £ap < | TegdP = P(BE) (7.5)

where the inequality follows from the fact that if x € E(e) then e '|z — E| < 1 and conse-
quently 0 < fo(x) <1 =1Igq). If x ¢ E(e) then f.(x) =0 = Ig). Consequently, combining
equations (7.4 and (7.5) we obtain limsup P,(F) < P(E(¢)). Given that ife L 0, E(¢) | E,

n—o0
by continuity of probability measure we have limsup P, (F) < P(E).
n—o0
(2. = 3.) If F is open, then E° is closed. Thus, from 2) limsup P,(E°) < P(E°). But

n—oo

since P,(E) =1— P,(E) and P(E°) =1 — P(FE) we have

I+limsup (—P,(F)) < 1-P(F) <= 1-liminfP,(E) < 1-P(E) <= liminfP,(F) > P(FE).

n—oo n—oo n—oo

It is evident from this argument that (3. = 2.).
(3. = 4.) The interior of E, denoted by int(FE), is open and int(E) = E — OF. Since, 2.

and 3. are equivalent and int(E) is open and E is closed we have

limsupP,(E) < limsupP,(F) < P(FE), (7.6)
n—oo n—oo

liminfP,(£) > liminfP,(int(E)) > P(int(E)). (7.7)
n—oo n—o0

But if P(OF) = 0 then P(E) = P(int(E)) = P(E) and P,(FE) — P(E) whenever P(OE) =
0, 1ie., P,=— P.

(4. = 1.) Let f be bounded and continuous with |f| < C' and define
D={deR:P{x: f(zx)=d}) >0}

Now, choose {y;}*_, such that yo = —C < y; <--- <y = C. d € D implies P(f~'({d})) >
0. Since f is a function, for any two d # d’ such that d,d’ € D we have f~1({d})nf~t{d'}) =

0, and since P < 1, there can be at most countably many elements in D. Suppose {y;}* , & D
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and B;={r € R:y; < f(x) <yip1} for i =0,1,--- , k — 1. Then,

OBi={zcR:y=fx)}U{r e R:y1 = f(@)} = fF Hy) U F Hyisr)

and P(0B;) = 0 since {y;}F, € D. Since, int(B;) = B; — dB; we have that P(B;) =
P(int(B;)) and by 4) P,(B;) — P(B;) — 0. Consequently,

1=0 i=0
Now,
k—1 k—1 h—1
: ! 3 =0 =0 i=0
k—1
+ |3 yP(B,) - / fap
i=0 R
k—1 k—1
< 20513}_1(%—&-1 —yi) + z; yi P (B;) — z; y; P(B;)

By equation (7.8) and the fact that {y;}%_, are arbitrary we have the result. B

Recall that with a random variable X : (2, F, P) — (R, B) we can associate a distribution

function Fx(z): R — [0, 1] with the following properties:
(i) Fx is non-decreasing,
(ii) Fx is right-continuous,
(iii) limgeo Fix(z) =1, lim,, o Fx(x) = 0.
Let C(Fx) = {x € R : Fx is continuous at 2} and note that C'(Fx)¢ is a countable set.

Definition 7.7. Let F,,, F'x be distribution functions associated with random variables X,,, X

with n € N. We say that X,, converges in distribution to X and write X, END'S if
F,.(z) = Fx(x), for all z € C(Fx).

In this case, we write F,, => F'x and say that F),, converges generally to Fx.
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Theorem 7.11. The following statements are equivalent:
1. P, 5 P,
2. P,— P,
3. F, = F,
4. F, = F.

Proof. We have proved that 1. and 2. are equivalent. In addition, by construction 1. and 3.
are equivalent, so we need only show that 2 and 4 are equivalent.

(2. = 4.) Since P, = P we have, in particular, that
Po((=00,2]) = P((—00, z])

for all # € R such that P({z}) = 0. But this means that F,, = F.

(4. = 2.) We need to prove that P, = P, but since by Theorem we have
that P, = P is equivalent to ligr_l)iorolan(E) > P(E) if E € B is open, this is what we will
establish. Since E is an open set in R it can be written as E' = U, 7; where I, = (ay, by,) are
component intervals (disjoint). Let € > 0 and for each Z; choose Z; = (a}, )] a sub-interval
such that a,, b are points of continuity of F' and P(Z;,) < P(Z;) + 2 %¢. The existence of
these intervals is assured by the fact that F' has at most countable many discontinuities.

Now,

n—oo

liminf P, (E) = lim inf E P,(Zy)
n—oo
k=1

> Z lirrlr_1> glan(Ik) by Fatou’s Lemma
k=

n—oo

> liminfP,(Z}).
k=1
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But by 4. we have that P,(Z;) = F,(b},) — Fu.(a,,) — F(b,) — F(a},) = P(Z},). Hence,
liminfP,(E) > Y P(T;) = Y (P(Tx) —27%) = P(E) —¢.
k=1 —

n—00
k=1

Since € is arbitrary the proof is complete. B

Remark 7.2. 1. Convergence in distribution says nothing about X, (w), rather it focuses
on F,, as n — oo. For example, let X, = (—1)"Z where Z ~ N(0,1). Then, let

fz(z) = (2m) 2 exp{—32?} for all x € R. Forn odd,

Folz)=P{{w: X,(w) <z})=P{w:—-Z<z})=PHw: Z > —x})

:1—P({w:Z<—x}):1—/ fz(y)dy

(700,7I)

= /[—x,oo) fz(y)dy = / fz(y)dy = Fz(z).

(—OO,Z‘]
The next to last equality follows from fz(z) = fz(—z). For n even it is obvious that
F.(x) = Fz(x). Hence, F,(x) = Fz(z), for all n and trivially F,(x) — Fz(x) for all

z € R.

However, if B, = {w : | X,(w) — Z(w)| < €}, then By ={w:| — Z(w) — Z(w)| < €} =
{w:|Z| <¢€/2}, By =Q,---. Hence, there is no limit for {P(Ey)}nen and X, 2> Z
(neither does X, =3 Z). This shows that convergence in distribution is a very weak

mode of convergence relative to the ones we have seen so far.

2. Contrary to other modes of convergence, here there is no need to have the random

variables defined in the same probability space.

Theorem 7.12. (Continuous Mapping Theorem) Let {X,},en be a sequence of random
variables and X be a random variable such that X, 4 X asn — 0o, Leth:R — R be

continuous at every point of a set C' such that P({w : X(w) € C}) = 1. Then,



Proof. For any closed set G let E, = {w : h(X,(w)) € G} = {w : X,(w) € (G} =
X1 (h7Y@G)). Note that P(E,) = P(X ' (h"Y@))) = P,(h"(G)) and

n n

RN G) c h-1{(G) c 1 (G)uCe. (7.9)

The first set containment follows from the fact that every set is a subset of its closure. For

the second set containment, note that

Now, (h"1(G)NC) = (W (G) UL (@)P)nC = (hHG)NC)U ([h"HG)]” N C), where
[h=1(G))” is the derived set of A~ (G) [ If x € [h~1(G)]P there exists a sequence {, } e €
hY(G) < {h(z,)}.~ € G such that x, — x. Furthermore, if x € C, then if z,, — x
we have that h(z,) — h(x) and h(z) € G since G is closed. But z € [h~}(G)]” implies

r ¢ hY(G) < h(z) ¢ G. Hence, [h"(G)]°"NC =0 and h~1(G) C h"1(G) U C“.

Consequently,

limsup P(E,) = limsup P,(h~(G)) < limsup P,(h~1(G))
n—oo n—oo n—oo
< P (177(6))
where the last inequality follows from part 2 of Theorem Since Px(C°) = 0, we have
from (7-9) that Py (h—l(G)) < Py(h™Y(@)) and

limsup P,(h~1(G)) < Px(h™1(@)),
n—oo
which completes the proof by Theorem [7.10, W
Theorem 7.13. Let D be dens in R. Suppose Fp : D — [0, 1] satisfies:

1. Fp is non-decreasing on D.

IThe collection of its limit points. B
2A set S is dense in R if S = R where S = {z € R: SN B(z,¢) # 0 for all € > 0} is the closure of the set
S and B(z,e) ={y € R: |y — z| < €}
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2. lim, , o, Fp(z) =0, lim, .o Fp(x) =1 forxz € D.
Now, for all x € R define

F(z):= inf Fp(y)= lim Fp(y).

y>z,yeD ylz,yeD

Then, F is a right continuous distribution function. Thus, any two right continuous functions

that coincide on a dense set D, coincide on R.

Proof. Let x € R. Since D is dense in R, for all § > 0 there exists ' € D such that

x' € B(x,0). Take 2/ > x and note that by definition of F', there exists ¢ > 0 such that

Fp(x') — yil:i};éD Fp(y) = Fp(2') — F(z) <e = Fp(a') < F(x)+e (7.10)

For y € (x,2), and since by definition F(y) = inf,~, .cp Fp(z)
Fly) < Fp(«'). (7.11)

Thus, equations (7.10) and (7.11) give F(y) < F(x) + € for all y € (x,2’). Consequently, as

y |z, lim,), F(y) < F(x). But monotonicity of F' gives

lim F(y) > F(x).

ylz

Thus, the last two inequalities give F(x) = lim,|, F'(y), establishing right-continuity of F.
[

The next theorem establishes uniqueness of weak limits of distribution functions.
Theorem 7.14. If F,, = F and F,, = G, then FF = G.

Proof. By De Morgan’s Laws C'(F)°UC(G)¢ = (C(F)NC(G))* = R—(C(F)NC(G)), which
implies that C(F)NC(G) = R — (C(F)°U C(G)°), where C(F)°UC(G)* is a countable set.
Now, if z € C(F)NC(G), F,(x) = F(z) and F,(x) — G(z), hence F' = G in C(F)NC(G),
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since limits are unique. But note that C(F) N C(G) is dense in R. To see this, let C' C R,
C' countable. For each z € R (x € C or not), B(z,€) contains uncountable many points.
Hence, for all # € R, the set (R — C) N B(z;¢€) is nonempty for all € > 0, so z € R — C.
Thus R—C C (R—C)UC =R C R—C. Thus, F and G coincide on a dense set of R.

But since any two distribution functions coinciding on a dense set of R coincide everywhere,

F=GVreR. 1

Theorem 7.15. Let X,,,Y,,, W,, X, Y be random variables defined on (2, F, P).
1LX,-Y, 20V, 3%y = X, %Y
2 X, 5 X = X, 54X
3. X, Lo — X L ¢ where ¢ is a constant

4. X, LN X,Y, LS a, W, & b where a,b are constant, then Y, X, + W, A aX + b, if
a # 0.
Proof. 1. A, ={w : | X, = Ya| <€}, B, ={w: X, <z}, C, = {w : Y, < 2+ €},
D, ={w:Y, >z —¢€} for any € > 0 and x € C(Fy). Then,
Fx, (z) = P{{w: X,(w)<z})=P(B,) =PB,NA,)+ P(B,NA)
1—Fx,(r) = P(B.)=P(BSNA,+ P(B;NAS).
Now, B,NA, ={w: X, <zand | X, -V, <e} ={w: X, <zand X, —e <Y, <

XptetC{w: Y, <z+e}=C,. B-NA,={w: X, >zand X, —e <Y, < X, +€} C
{w:z—€e<Y,} =D,. Thus,

1. Fx,(z) = P(B,) < P(C,)+ P(AS) = Fy,(x +¢€) + P(AS)

2. 1= Fx, (x) = P(BS) < P(D,)+ P(A%) = 1 — Fy, (zr —¢€) + P(A%), or Fy, (z) >
Fy, (z —€) — P(AS).
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That is,

Fyn(l' — 6) — P(A;) S FXn<J]) S Fyn(m+6) + P(ATCAL)

Since x € C(Fy) and P(A%) — 0 as n — oo we have that as € — 0,
Fy(z) <liminf Fy, (z) < limsup Fy, (z) < Fy(x).

Hence, lim Fx, (z) exists and lim Fx, () = Fy (z).
2.Inl. letY, =X.
B A{w: | Xp—c>e={w: X, >ct+eor X, <c—e}={w: X, >ct+e}U{w: X,, <c—¢}

and

P{w:|X, —¢c|>€¢})=P{w: X, >c+e})+ Pw: X, <c—¢})

=1—Fyx, (c+e)+ Fx,(c—e).

Since X, A ¢, Fo.(r) =0 for all z < c and F.(z) = 1, for all z > ¢. Hence, lim,,_,o, P({w :
| X, — | > €})=0.

4. Wy —=b=Y, X, + W, =Y, X,, —b =Y, X,, + W,, — (Y, X,, + b) 2 0 by assumption. By
1. it suffices to show that Y, X, + b A aX +b. Y, X, +b—(aX, +b) = (Y, —a)X,. If
(Y, —a)X, 20, then it suffices to show that aX,, + b oaX + b, Now, let G, = F,x,, 0,

that is

Gn(z) =P{{w:aX, +b<z})=P{w:aX, <x—b})
:P({w:Xnga:;b})

Py (x—b)‘
a

Then, Fx, (=2) — Fx(£2) for 2 € O(Fx). Fx(22) = P{w: X < =t}) = P(aX +b <

x) = Fuxip(x). So, aX,, +b 44X +b. We now show that (Y, —a)X, =C, X, 0. Let
¢>0.If —c,c € C(Fx), P(|X,| > ¢) = P(|X| > ¢). That is, Ve > 0, AN, such that n > N,
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—e < P(|X,| >¢) = P(|X|>c¢) <eor P(|X| >¢c)—e < P(|X,| >¢) < P(|X]| >¢) +e
Choose ¢ such that P(|X,| > ¢) < d, then P(|X,| > ¢) < § + €. Since Y, —a 5 0 and

P(|Xu|>c¢)<d+¢ Co X, 50 B

7.4 Exercises

1. Let {X, }nenw C LP for p € [1,00) be a sequence of non-negative functions. Show that
1> Xalls <D 1 Xl
n=1 n=1

2. Show that if ) 2, converges absolutely, then it converges.
3. Prove Theorem 7.9.

4. Let {gn}n=12.. be a sequence of real valued functions that converge uniformly to g on
an open set S, containing x, and ¢ is continuous at x. Show that if {X, },—12.. is a

sequence of random variables taking values in S such that X,, = X, then
9a(Xn) = 9(X).

Note: Recall that a sequence of real valued functions {g, },—12,.. converges uniformly
to g on a set S if, for every € > 0 there exists N, € IN (depending only on €) such that

for all n > N, |gn(x) — g(z)| < € for every x € S.
5. Show that X,, =5 X is equivalent to P ({w : sup;s,, | X; — X[ > €}) — 0 for all € > 0 as n — oo.

6. Prove item 1 of Remark 7.1.
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10.

11.

12.

Let n € IN and h,, > 0 such that h, — 0 as n — oo. Show that if  ° P{w :

| X, — X| > hy,}) < oo then X,, & X.

. Show that if ¥, % Y then Y, = O,(1).

Let ¢ : S C R be continuous on S, and X; and X, be random variables defined on
(Q, F, P) taking values in S. Show that: a) if X; is independent of X, then g(X%)
is independent of ¢(Xj); b) if X; and X are identically distributed, then ¢(X;) and

g(X) are identically distributed.

Let { X, } be a sequence of independent random variables that converges in probability

to a limit X. Show that X is almost surely a constant.

. d .
Suppose % — Z where the non-random sequence o, — 0 as n — oo, and ¢ is a

function which is differentiable at pu. Then, show that W Ny

Show that if {X,},ew and X are random variables defined on the same probability

space and r > s > 1 and Xni>X7 theani>X.
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