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1 Univariate density estimation over R

1.1 The Rosenblatt density estimator and basic asymptotic results

Let X : (Q,F,P) — (R,B(R)) be a random variable. Then, Px := P o X! is a probability
on B(R). Let Fx : R — [0,1] with Fx(z) := Px((—o00,z]) : R — [0,1] be a proper

distribution function.

Definition 1 (Absolute continuity). A function F : [a,b] — R is absolutely continuous on
la, b] if for every € > 0 there exists 0 > 0 such that for every finite family {(a1,b1), ..., (an, bn)}

of pairwise disjoint open subintervals of |a,b],

n

h—ar) <6 = ) |F(b) — Flay)| <e
k=1 k=1
A function F' : R — R that is absolutely continuous on |a,b] for every a < b is said to be

locally absolutely continuous.

Note that if F' is absolutely continuous on [a, b] and if {(ax, by) }x>1 is a countable family

of pairwise disjoint open subintervals of [a, b] with }, -, (b — ax) <, then

S |F(by) = Fa)| < e

k>1
This follows since Zkgn(bk —ag) < Zk21(bk —ay) < d. Hence Zkgn |F(by) — F(ax)| < € for
every n. The partial sums of a series of nonnegative terms are nondecreasing, so the series

converges and its sum, being the supremum of the partial sums, is < e.

Definition 2 (Absolute continuity of measures). Let u, v be measures on a measurable space

(E,E). We write p < v (u is absolutely continuous with respect to v) if
Ac& v(A)=0 = u(A)=0.

Recall that every nonempty open U C R is a countable union of pairwise disjoint open
intervals, U = | |, . s (@, br) with K countable, and the Lebesgue measure A\(U) = >, (bp—

ai). If moreover \(U) < oo, every component is bounded.

Lemma 1 (Outer approximation of null sets). Let A € B(R) with A(A) = 0 and let § > 0.
Then there is an open set U O A with A(U) < §. If in addition A C [—=m,m]|, then U may
be chosen with U C (—m — 1,m + 1).



Proof. By the definition of Lebesgue outer measure as an infimum over countable covers by
open intervals, there are open intervals (c;, d;), j > 1, with A C {J;(c;,d;) and Y, (d; —¢;) <
A*(A) + 6 = §, where the last equality follows from the fact that for measurable sets the
Lebesgue outer measure coincides with the Lebesgue measure (A(A) = A\*(A) = 0). Put
U = U;(¢j,d;), which is open, contains A, and satisfies A(U) < >°;(d; — ¢;) < d by
subadditivity. For the last statement replace U by U’ := U N (—m — 1,m + 1), which is still
open, still contains A, and AN(U") < A(U) < §. O

Theorem 1. Let Fx be the distribution function of X. If Fx is locally absolutely continuous
on R, then Px < .

Proof. Let A € B(R) with A(A) = 0. We will show that Px(A) =0. Fix e > 0 and let § > 0
be as in Definition [ for this e.
By Lemma [I| choose an open U 2 A with A(U) < 4. Write U = | |5, (ax, bx) as a

countable disjoint union of bounded open intervals with

D bk —ar) = AU) <.

k>1

(If U = 0 then A = () and there is nothing to prove; if the family is finite, the argument

below is unchanged.) The fact that Fy is nondecreasing lets us drop the absolute values and

> (Fx(b) — Fx(ax)) < e (1)

k>1
On the other hand, for each k, monotonicity of Px gives
PX((@k, bk)) < PX((aka bk]) = Fx(by) — Fx(ax).

Hence, by monotonicity and countable additivity of Px together with ,

Px(A) < Px(U) = > Px((ar,br)) < > (Fx(be) = Fx(ax) < e

k>1 k>1

Since € > 0 was arbitrary and Px(A) does not depend on €, we conclude Pyx(A) = 0. O
We now state the Radon—Nikodym theorem without prooflf]

Theorem 2 (Radon-Nikodym). Let p and v be measures on the measurable space (E,E).

If v is o-finite, then the following statements are equivalent:

1See Schilling, R. (2017) Measures, Integrals and Martingales, p. 230 for a proof.
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1. p(A) = fA fdv for some v-almost everywhere unique £€-measurable f >0
2. p L.
Lemma 2. Px is a finite measure and X is o-finite on (R, B(R)).

Proof. Px(R) =P(X }(R)) =P(Q) =1 < co. And R = {J,,cn[—m, m] with A([-m,m]) =
2m < oo. [

Theorem 3. Let X be a random variable whose distribution function Fx is locally absolutely

continuous. Then there exists a Borel measurable function fx : R — [0,00) such that
Px(B) = / fxd\  for all B € B(R), Fx(z) = / fxd\ forallzeR, (2
B —o0

and f]R fxdX = 1. The function fx is unique up to \-null sets.

Proof. By Theorem [T] we have Py < A, and by Lemma [2] the hypotheses of Theorem [2] hold
with p = Px, v =\, (E,€) = (R,B(R)). Then, there exists a Borel measurable function
g > 0, real-valued A-a.e. such that

Px(B) = /Bgd)\ for all B € B(R). (3)

Taking B = R gives [ gd\ =1 and g < co M-a.e.
Now set
fx =9 1jo<g<oo}s

which is Borel measurable, takes values in [0,00) at every point, and differs from g only on
the A-null set NU{|g| = oo}. Since altering the integrand on a A-null set changes no integral,
holds with fy in place of g, which is the first identity in ([2)).

Now, taking B = (—oo, z| in (2) gives

Fy(x) = Py((~o00,2]) = /

(—o0,x

Frdh = / FrdA,
] —00

the endpoint being immaterial as A({x}) = 0. Taking B = R gives [ fx d\ = Px(R) = 1;
in particular fx € L'(R, \).

Lastly, if f and f’ both satisfy then [,(f — f')d\ =0 for every B € B(R); both are
integrable, so taking B = {f > f'} and B = {f < f'} forces A\(B) = 0 in each case, hence
f=1f lae. H



Definition 3. A measurable function f: R — R is said to be locally integrable with respect
to Lebesgue measure \ if fK |f|ldX\ < oo for every compact set K C R. The space of such
functions is denoted by Li (R, \).

loc

Theorem 4. Let Ly := {:p : 111%2—1 f(x_mw) |f — f(z)|d\ = 0} be the Lebesque set of f. If
r— )
f e L, (R, \) then A(Lj) = 0.

loc

Theorem 5. Let f € Li (R, \) and define

loc

F(z) = /_x fdA, x € R,

assuming the integral is finite for every x. Then for A-almost every x € R the two-sided limit

F(x+h) — F(z)

/ o .
Fiz) = Jim h

exists in R and satisfies
F(x) = f(x)

Proof. By Theorem [ there is a Borel set £ C R with \(E) = 0 such that every z € R — E
is a Lebesgue point of f with |f(z)| < oo, i.e.

lim—/i+r‘f(t)—f(a:)|dt = 0. (4)

Fix such an x and let h # 0. Additivity of the integral over disjoint Borel sets gives
F(x+h)—F(z) = fxﬁh fd\, and since fz“h f(z)dt = h f(x) we obtain

F(:L‘—i—h]i— F(z) flz) = %/: (f(t) — f(x)) dt.

The interval with endpoints x and = + h is contained in [z — |h|, z + |h|] for either sign of h,
hence

F(x+h) — F(x)
h

z+|h| x+|h]|
— flz)| < ﬁ/ |f(t) = flz)|dt = 5. L |£(t) — f(2)] dt.

—|h| 2|h| z—|h|

By (4) applied with r = |h|, the right-hand side tends to 0 as h — 0. Therefore F'(z) exists
and equals f(x) for every x € R — E, and A\(E) = 0. O

Suppose we observe a random sample of size n € IN denoted by {X;},. Our first

objective is to use these observations to estimate the value of the density f at some x € R,

ie., f(z).



Definition 4. Let {h,}nen be a sequence of nonstochastic positive scalars, let x € R and

let K :R — R be a measurable function. Then, given a set of observations {X;}iz12... n we

define
A R X; —
f@) =10 ZK( h x)
noi_q n

Remark 1. 1. We call f(x) the Rosenblatt kernel density estimator of f(x). In this form
it was first proposed by |Rosenblatt (1956). h,, is called a bandwidth and K is called a kernel

function.

2. The estimator can be motivated using the empirical distribution function and Theorem [

Given a random sample {X;}! |, the empirical distribution function is given by
1 n
Fa(@) = = Noxitwy<n (@),
i=1

1, ifweA

0, ifwé A is the indicator function for the set A. Since

where Ty(w) = {

E (Iw:xi(w)<ey (W) = F(x),

by the measurability of 14 and its boudedness, we have by Khinchin’s Law of Large Numbers,
E,(x) & F(z) for all x € R. From Calculus we have that }{%W = f(x) for
every point x at which f is continuous. Hence, for h sufficiently small we have f(x) =
%}w. Replacing F with F,, we have fi(x) = ﬁZ?ﬂ %[{w;x,hmxi(w)gﬁhn}(w) =
ﬁ Yo K (X;l—;x) where K(u) = 31(—1 < u < 1). The estimator in Deﬁm’tion allows
K to be a generic measurable function. Restrictions on K that go beyond measurability are
imposed to obtain properties of f .

8. Commonly used kernels with [ K(u)du =1 are:
1. K(u) = 5I(Ju| < 1) (rectangular)
2. K(u) = (1—|u])I(|Ju| <1) (triangular)
3. K(u) = 3(1 —w?)I(|u| < 1) (Epanechnikov/parabolic)
4. K(u) = 2(1 —u?)2I(Ju| <1) (biweight)

5. K(u) = 7= exp(—u®/2) (Gaussian)



Several questions regarding this estimator arise:

e How to choose K?
e How to choose {h,}nen?
e Does f converge to f7 If it does, then in what sense?

e How does the estimator perform when the support of the density is a finite interval?

Of course, a related problem is the estimation of the distribution function F' (z) = P (X < z).
Because of the link F' (z) = [*_ f (¢) dt a natural idea is to estimate F (z) by integrating f:

o=

This definition gives rise to the same questions as for f :

) dt. (5)

Theorem 6. Assume that: a) {X;}"; is a random sample of observations on X which has a

distribution F' that is absolutely continuous with respect to \, with density f; v.1) K : R — R
2
is measurable; b.2) E ’K (Xh_x> <o0; 0.3) E (K (Xh_x) ) < 0o. Then,

and

— /K(u)f(x + hpu)du
V(f(x)) =

= v) f(x + hyv)dv — % (/K(v)f(x—i— hnv)dv>2.

Proof. Fix n. Since {X;}, is an independent and identically distributed (IID) sequence

with the distribution of X and K is measurable, {,%K <¥> } is IID sequence of random
n n i=1

variables. Thus, given b.2)

(e (5)) - () e [ (2 o

Letting v = 4%, we have E(f(z)) = ' [ K@) f(x + hyv)hpdv = [ K()f(x + hyv)do.
Given b.3) V(f(z)) = nh? —=V (K < » )) Therefore,

e = g ([0 (552) oo ([ (552) o)

(o + how)do — % ( / K@) f(z + hnv)dv) B

nh,,



Remark 2. 1. Note that by the Cauchy-Schwarz Inequality, condition b.2) is implied by
b.3).

2. In general, E(f(x)) # f(x) indicating that f(x) is a biased estimator for f(x). The
behavior of the bias and the variance as n — oo can be investigated by using the following

theorem.

Theorem 7. Assume that: a) [ |K(z)|dx < co; b) |z||K(x)| — 0 as |z| = co; ¢) hy, = 0
asn — 00. Let f: R — R such that d) [ |f(x)|dx < co. Then, for every point of continuity

v of f, hinE <K <th;x)) _ f(x)/[((u)du as n — co. (6)

Proof. We need to show that for all € > 0 there exists N, such that whenever n > N, we

have

'/(f(x + hou) — f2)) K (u)du| < €

By the triangle inequality

[t ) = fa)K ] < [ 15+ h) = @] K@) du

and since x is a point of continuity of f, for all € > 0 there exists some ., > 0 such that
|f(z + hpu) — f(x)| < € provided that |h,u| < 0, or |u| < 6../h,. Hence, by partitioning

the range of integration and using the triangle inequality we have
‘/(f(x-l—hnu)—f(x))K(u)du < 6/| S | K (u)|du+/ . @+ hau)] | K ()] du
m < €,T

e ful> ez
+ [f(=)] | K (u)| du.

55,z
MZW

By a) and c¢), f|’Y|Z5E,Z/hn
is R-valued the third term after the inequality can be made as small as desired. Also, by
a) j‘|"/|<§ex/hn |K (7)| dy < C. Thus, the first and the third terms on the right hand side of

the inequality can be made arbitrarily small. Now, by a change of variable (h,u = v) in

|K (v)|dy — 0 as n — oo since h,, — 0. Furthermore, since |f(z)|

integration
[ s halig @l = [ il | ()|
|u|>0e,z/hn |v|>08e,a |U| hn hn
1 v v
< flx+o (—) dv
Oe MZ(;W’ ( ) hn, h
1

< 5S> |7
€,T

v
— (x +v)|dv.
' (h)‘/mmz )
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By d) f|v|>5” |f(x+v)|dv < C, hence we need supj,>s. , ﬁ‘ ‘K (%)‘ — 0 asn — oo. Since

hn, — 0 as n — oo it suffices to have |z||K(z)| — 0 as |z| — oo, which is assumed in b). [

Remark 3. 1. Note that for 1 <r < oo, if |K(u)| < C, |K(u)|" satisfies assumptions a)-b)
in Theorem 7. Thus,

X, —
h'E (‘KT (h—x) D = / | K (u)|" f(z + hpu)du — f(x)/|K(u)|Tdu as n — 0o.
2. Under the assumptions of Theorems@ and@ we have that V(f(z)) = % J K*(u)du +
o((nhy)™1).
The next theorem is a direct consequence of Theorem [7]

Theorem 8. Let {X;} | be a sequence of IID random variables with density f. Assume
that a) |K(u)] < C for allu € R; b) [|K(u)|du < 0o and [ K(u)du =1; ¢) |u||K(u)] — 0
as |u| = oo; d) hy, > 0 for all n and h, — 0 as n — co. Then,

A~

1. E(f(x)) — f(x) = 0 as n — oo, for every x which is a point of continuity of f.
2. if nhy, — 00 as n — 0o, V(f(z)) = 0 for every x which is a point of continuity of f.

Remark 4. 1. If h, = Cn®, then it must be that § < 0 since h, — 0 as n — 0.
Furthermore, in this case nh, = Cn'*® and if nh, — oo as n — oo, then it must be

that 14+ 6 > 0. Combining these two inequalities we conclude that —1 < § < 0.

2. The speed of convergence in item 1 of Theorem[§ improves when f is smooth. There

are two main ways to characterize smoothness: using derivatives and finite differences.

Theorem 9. Let {X;}I' | be a sequence of IID random variables with density f. Assume that
a) |[K(u)| < C forallu € R; b) [|K(u)|du < oo and [ K(u)du = 1; ¢) |u||K(u)] — 0 as
|u| = oo. If hy, > 0 for alln, h, — 0 and nh,, — 00 asn — oo then £ ((f(x) — f(x))2> — 0

for every x which is a point of continuity of f.

Proof. Note that

E((f@) - f@)?) =

By Theorem (E(f(z)) — f(z))? = 0 and V(f(z)) = 0 as n — oo. O

8



Since convergence in quadratic mean implies convergence in probability, a direct conse-
quence of Theorem |§| is that f(z) — f(x) 2 0 for points of continuity of f.
The next theorem establishes that a suitably centered and scaled version of the Rosenblatt

density estimator converges in distribution to a standard normal random variable.

Theorem 10. Assume that: a) {X;}1, forms an IID sequence of random wvariables with
density f; b) K is measurable with |K(u)| < M for all |u| € R; ¢) [|K(u)|du < oo and
K # 0 on a set of positive Lebesque measure; d) |u||K(u)] — 0 as |u| — oo; €) hy, > 0 for
all n, h,, — 0 and nh,, — oo as n — oo. Then,

V(f(x))

where x s a point of continuity of f and f(z) > 0.

Proof. f(x)=E(f(x) = Sy (7K (322) = 2B (K (522))). Let 2o = EK(32),
E(Zy) = pn and s2 =" | E(Zn; — pn)?. Note that

o e (e () (e (5) - (+(55)

= v (f@).

[

Hence, f(a:)—EA(f(x)) — s <Zm'—un> =" X, with E(X,,;) =0, B(X2,) = L B(Zi— 11)?
BB _ s | (S ) = S50 X with (o) = 0, B(X3) = 5 B(Zui— o)
and Y ' | E(XZ%) = 1. Consequently, by Lyapunov’s Central Limit Theorem (CLT) (see
Davidson|, 1994, p. 372)

Hoy— B f
fla) = B a,

~

V(f())
provided that lim Y7 | E]X,;[*™ = 0 for some § > 0. We now verify that this limit is in
n—o0

fact zero.

n n 249 n
Y EXu"" = > E ( ) = V(@) E (| Za: — )
=1 i=1 =1

= V(@) "B (1Zu — pal*)

0,1)

Sn

By the ¢, inequality we have
E (|Zn7, - Pm|2+6) S 21+6E (|Zm‘|2+6 + |[/Jn|2+6) )

9



and by Jensen’s Inequality |u,[**° = |E(Z,)|*™° < E (| Z|**?). Therefore,
Z E’Xm|2+6 < (J?( )) (1+ n22+5E (‘an|2+5)

iK X, — 2\ |+
Iy, I,

- ) s (e ()

TL

1 22+ P
(b V(f ()3 (0 Wh (‘K< fon )
f(x)) — f(z) [ K*(v)dv and

h_lnE (‘K (X"h; $> M) — f(:r:)/lK(U)V”dU-

— — 0. Therefore, >7" | E|X,;|*™ — 0 as n — oo. H

_ V(f(w))_(1+g)22+5n_1_5E<

2+6>
2+6)

By Theorem El, as n — 0o, nh,V(f

Also, by assumption h )

Remark 5. 1. Since nh,V(f(z)) = f(z) [ K*(u)du we can write
I D) 4 1) -0 5 (010 K0
o iyt MO or Vb)) 4 ¥ (0.0 [ an).

2. Note that the normalization \/nh, is different from the standard parametric normal-
ization \/n. Since h, — 0 as n — 00, v/nh, diverges more slowly than \/n. Thus,

f () converges at a rate slower than that of parametric estimators.

3. Centering is around E(f(z)) instead of f(z). Since f is biased, f(z) — E(f(z)) #
f(x) — f(x). We will need to derive the order of decay of the bias to obtain asymptotic

normality of v/nhu(f(x) — f()).

1.2 Bias approximation

It is desirable to provide approximations for the bias of f (). In the next definition, for
0 < 8 € R, |B] denotes the largest integer strictly smaller than f.

Definition 5. Let Z be an interval in R and let B,C > 0. The Hdélder class X(5,C) on T
is defined as the set of | B|-times differentiable functions f : Z — R whose |S|-th derivative
D satisfies

1FD (z) — FUEN ()| < Cla — 2/ P8, Va2 € T,z # 2.

10



Remark 6. 1. Note that 0 < 8 — | 8] < 1. Since B — | 3] > 0, fBD(z) is continuous at
every x € ZL.

2. If f € X(B,C) then all of its derivatives of order < | 3] exist for all x € T.

3. If B— |B] =1, then fWPD) satisfies a Lipschitz condition of order 1 in T.
Definition 6. We say that K : R — R is a kernel of order m € IN if

1. [K(u)du =1

2. [WK(u)du=0 forj=1,---,m

Remark 7. In much of the nonparametric statistical literature a kernel is said to be of order
mif [K(uw)du =1, [wWK(u)du =0 for j =1,...,m—1, and [|u|™K(u)|du < co. In
particular, when =2 and || = 1, the following Theorem calls for a kernel satisfying
[ K =1and [ uK(u)du =0, which the usual convention would describe as a kernel of order
2.

Theorem 11. Assume that f € X(3,C) for 8 > 2 and K is a kernel of order |5]. If, in
addition, [|K (u)||lul’du < C then

E(f(x)) - f(x) = O(h). (7)

Proof. Since f € X(8,C), by Taylor’s Theorem, for some A € (0, 1)

B]-1
flx+ hyu) — f(x) = Z f(J () (hpu)’ + ﬁ FUD (@ 4+ hpud) ()P

Since K is of order |3] and f € X(8,C),

E(f(z) /K f(x + hou) — f(x))du
LﬁJ 1
/ K(u i f(j)(x)(hnu)j + ﬁ FUD (2 + hyu) (hpu) P du
_ " L D (5 4 b ) (o) )
/K”m (1 + b () PJd
/K FU (2 4 hud) — £ (@) (ho) ) du

11



By the Triangle Inequality, f € (3, C') and the fact that A € (0,1), we have
B = 1) < o7 [ K@l P
< 0/ | K (w)]|hnu|?~ P hpu| P du < CRE

where the last inequality follows from the assumption that [|K(u)||ul/’du < C and h,, >
0. [

~

Remark 8. 1. Itis common to assume that § = 2. In this case E(f(z)— f(z)) = O(h?),
provided K is of order 1 and [ w?|K(u)|du < C. If K(u) > 0, then the last condition
becomes [ u?K (u)du < C'.

2. Given that (nhy)'/*(f(2) = f(2)) = (nhy)'2(f(2) = B(f (@) + (nha) > (B(f (@)~ f (@),
we have, under the conditions of Theorem [11] that

(nha)2(f(x) = f(2)) = (nha) 2 (f(2) = E(f(2)) + (1) 20(1).

Hence, provided nh**** — 0 we can write,

(nhn)'?(f () = f(2)) = (nh)/*(f(x) = E(f(x)) + o(1).
Using Theorems [I0] [11] and Remark [§2 we have,

Theorem 12. Under the assumptions of Theorems and if nh2**t — 0 as n — oo,
then

Vnha(f(z) = f(z)) -5 N (0, f(z) / K2(u)du> .
for every point of continuity x such that f(x) > 0.

Remark 9. 1. Theorem requires that h, — 0 and nh, — oo and the condition in
Remark @2 requires nh?%*t — 0. If h, = Cn® for some C > 0, then it is easy to
see that any —1 < § < —Wlﬂ produces a bandwidth sequence that satisfies all speed
requirements. If B is large, i.e., if the Holder class includes functions with a large
degree of smoothness, the upper bound on the range of values for § is close to zero,

thereby relaxing the constraint imposed on the choice of h,,.

2. If B = 2 in Theorem then for any given n the mean squared error in Theorem [9
is bounded above as E ((f(x) - f(x))2> < hiC) + ﬁC’g, if sup f(z) < oo. The first

12



term is a bound on the square of the bias and the second is a bound on the variance.
The bias bound increases as h,, increases whereas the variance bound diminishes as h,,
increases. This is generally referred to as the bias-variance tradeoff associated with

the choice of h, (for fited n). The bound on the right-hand side of the inequality is

1/5
%) n~Y/5. Hence, substituting h’ in the expression for the

ound we have fz) — f(z = 0(n~%?). Note that in this case the squared bias
bound have E ( (f f 2 O(n=%). N h h h d b

and the variance decay at the same rate.

mainimized at h) = (

13



1.3 Uniform convergence in probability

In many contexts it is desirable to obtain uniform convergence of f over a specified subset of
the range of X;. The next theorem gives conditions under which f converges to f uniformly

in probability over a compact subset of R.

Theorem 13. Assume that: a) |[K(u)| < C for all uw € R; b) [|K(u)ldu < oo; ¢)
lul|K(u)| = 0 as |u] = oo; d) for any u,v' € R with u # v we have |K(u') — K(u)| <
Clu" — u| for some arbitrary constant C° < oo (Lipschitz condition of order 1 in R); e)

h, — 0, nh} — oo and 1"& — 00 as n — o0o. Then, if f is continuous in G, a compact
ogn

subset of R
P s B logn 1/2
sup x) ~ ()| = O, ((W) ) .

Proof. Since G is a compact subset of R, it is closed and bounded. Therefore, there exists
zo € R and some r > 0 such that G C B(zg,r) = {z € R : |z — 29| < r}. In addition, for
any two x, 2’ € G we have |z — 2’| < 2r. For every x € G consider B(z,r,) and note that the
collection {B(x,r;) : for x € G and r, > 0} is an open covering for G. By the Heine-Borel
Theorem every open cover of G contains a finite subcover, which we denote by {B(z,7s,) :

for x, € G, ry, >0and k=1,--- ,m, m € N.}. Now, by the triangle inequality

f(2) = B(f(@)] < |f(zx) = E(f ()] + | f (@) = )] +|B(f(2)) = B(f(an))].

Given d), for x € B (v, 75, ) we have

() — Flon)l < ol —al < O™ and. |B(f (@) — B(f ()| < oyl — o] < 2

Hence,

1F(2) = B @) < 1 (o) = B(f(a)] + 2072,

Since for every x € G there exists B(zg, s, ) that contains z,

sup |f(2) = B(f(2))] < max |f(ax) = E(f(x))] + 2075
zeG <k<m 2

Now, for every n, let m := [, and r,, := r, with G C UL":IB(:Ck,rn) with r > [,r, or
. 3/2
ln, < r/r,. Letting r, = % we have

(nha)'? (nh,,)"/? 20

log(n)'/2 igg’f@) — B(f(2)| < log(n)1/2 113%)?”“]?(%) — B(f(a))| + log(n)'/?

14



and to prove the theorem it suffices to show that for all € > 0 there exists A, > 0 such that

P (M max |f(zx) — E(f(z)] > AE) < € for all n.

log(n)Y/? 1<k<ly,
By Lemma [11] in the Appendix, we have

1/2

nho\1/2 . A ;
P (logs s fon ~ BU > ) 35 (i - B » ).

1/2
Now, using Lemma in the Appendix (Bernstein’s Inequality) with A = (@) A

nhny on’
Win = - K (Xh;> B (LK (Xh;)> we have that if |K (z)] < O, [Wi| < 2% and

nhny

(nh )1/2 r nhy o
P (gt~ Ea > &) <200 gz a ()

n On nhny

logn A 2
nhny €

202 22CA(

=2exp | —

3 nh

)1/2

logn A?

=2exp | — 7
2nh, o2 + 4C’A (log”>

where 02 = V(f(xx)) = = [ K?(v) f(x) + hov)dv — L ([ K(v)f(zx +hnv)dv)2. Since f
is uniformly continuous on G (continuity on a compact set implies uniform continuity)

nhn,o2 — f(ay) [ K*(v)do for all zy and, provided that
1/2
4C’A (log”) — 2f(zy) [ K*(v)dv. Now,

log" — 00, we have ¢, := 2nh,, 0 +

)12 . . A?
P (—(g;}zné)uz fg}%ﬁjf(xk) — E(f(wg))] > AE) < l,2exp (—1ogn —6>

—A2/c, nl/2

since [, < =~ = V372

1\ /2 a2
= 2( h3) nlf?r—>0
n

provided A? > 2f(zy) [ K*(v)dv and nh} — oo. m

15



Remark 10. 1. From Theorem[13, we can conclude that

X X oo n\ /2
sl o) B = (252) 0,0

nxeG

Consequently, if — oot ’7;) — oo then hisup|f(.r) — E(f(z))] = op(1) or sup| f(z) —
" zeqG zeG

E(f(z))] = op(h ) Note that if h, o« n’, then nhi — oo requires that § > —3

and in this case z i, — 0.
ogn

2. If 2

lOg(n — 00, then by the triangle inequality

suplf(e) = f@) < oosuplf() = @)+ - sup [ E(f(@) - f()

n r€G n r€G n r€G

— o)1)+ 5 sup | E(f(x))  f(a))|

n x€G

If f satisfies a Lipschitz condition of order 1 in G, that is |f(x) — f(2)] < Clx — 2|
for all z,2' € G and [K(u)du = 1, then |E(f(z)) — f(z)| < [|f(z + hou) —
F@)|K (u)|du < hpC' [ [ul| K (u)|du. Hence, if [ |ul|K (u)|du < 00, 7= sup,cq |E(f(x))—
f(2))| = O(1) and sup,c¢ |f(x) = f(2)] = haOp(1).

3. If f satisfies the Lipschitz condition in remark 2 and [uwK (u)du < oo, then for any
given n the mean squared error in Theorem|9 is bounded above as E ((f(x) — f(:v))2> <
hiC, + ﬁC’g. The first term is a bound on the square of the bias and the second is a
bound on the variance. The bias bound increases as h,, increases whereas the variance
bound diminishes as h, increases. This is the bias-variance tradeoff associated with

the choice of h, (for fized n). The bound on the right-hand side of the inequality is

Cy
2C

bound we have E ((f(x) - f(:r;))2> = O(n=2/3),

1/3
mainimized at h) = ( ) n~Y3. Hence, substituting h’ in the expression for the

4. If by, = Cn® with —1 < § < 0 then =ne By L’Hopital’s rule and the fact that

log(n) log(n) *

—1<(5<0wehavel7§ﬁ”)—>oo as n — 00.

5. If h, = Cn? then nh3 = n'*3%C% — oo if — 1/3 < 0. Asin remark 3, by L’Hopital’s
rule and the fact that —1/3 < § < 0 we have ; ( j — 00 asn — oo.

Remarks [10}1 and [I0]2 together with Theorem [13] provide the following corollary.
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Corollary 1. Assume a) |K(u)| < C for allu € R; b) [ |K(u)|du < co; ¢) |u||K(u)| — 0
as |u| = oo; d) for any u,u’ € R with u # u' we have |K(v') — K(u)| < C|u' — u| for some
arbitrary constant C' < oo (Lipschitz condition of order 1 in R); e) [ |ul|K(u)|du < oo; f)
h, — 0 and z;;h(i)
condition of order 1 in G, a compact subset of R,

— 00 asn — oo. Then, if f is continuous and if it satisfies a Lipschitz

L suplf(@) - f(2)] = 0,(1).

hm/mGG

2 Univariate density estimation over [0, co)

In practice, it is common to encounter non-negative random variables where the support of
the density f is the half-line [0,00). In this case, the Rosenblatt kernel density estimator
f (x) generally has bad properties. To see the source of the problem, suppose f € 3(3,C),
K is even and of order || with compact support [—1,1]. Then, for x € [h,,c0) the bias of
f (x) is given by

o

) o/hn
B(f(x)) = / K(u)(f(x — hot)) — f@)du— f(z) | K(w)du

z/hn

- /1 K(u)(f(z — hyu) — f(z))du — f(x) x 0 < BEC.

But if 2 € [0, h,) (or & € [0,n~/3F+D)) and for A € (0,1),

1

N x/hn
BU@) = 1) [ Kdu— s / R+
(R 50 e Ah )  (du 5
+ L@J! g/il (f ( A}lnlt) }{( )d §£ C)(hn)
A z/hn
V(f(z)) < n(;;n /_1 K*(u)du.

Unless f(z) =0, f(x) is inconsistent. In the typical case where = 2, even if f(z) = 0, the
rate of decay of the bias in the vicinity of the boundary is h,,, rather than h?, away from the
boundary. Hence, the rate of decay of the mean squared error and the optimal bandwidth
differ in the vicinity of the boundary. We will now define a new kernel density estimator

that does not suffer from this boundary problem.
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2.1 Hestenes extension and a new estimator for f

Let wy, ..., wsy1 be pairwise different positive numbers for s = 0,1, ---. Of special interest are
the decreasing sequence w; = 1/i,7 =1, ..., s+1 (used by Hestenes| (1941)) and the increasing

sequence w; = i. Let the numbers ky, ..., k51 be defined from the following system

s+1

> (—w)ki=1, j=0,..s. 8)

i=1

Since this system has the Van-der-Monde determinant

1 1 1
— W1 — W2 —Ws41 7& 0
(—w1)® (—w2)® .. (~wey1)®

k1, ...,ksy1 are uniquely defined. Let s € IN and 2 C R. The class of functions f : Q@ — R
which are s-times differentiable with ‘ f (s) (x)| < (C for some 0 < C' < oo and continuous is
denoted by C;(2). If f € C; on its domain Dy = [0, 00), its Hestenes extension to (—o0,0)

is given by
s+1

ds(2) = Z kif(—w;z), x <O0. (9)

Note that if f is a density function, ¢ is not a density, but a linear combination of den-
sities w; f(—w;x) with coefficients k;/w;. Assuming that f has s right-hand derivatives
f(04), ..., f®)(0+) at zero (s = 0 means continuity), we see that the following sewing condi-

tions at zero are satisfied due to (8):

s+1

B (0-) = Y _(—wy)"k; f(0+) = f(0+), m =01, 5.
j=1
Now, define g5, on R by
>
<

with g, being s times differentiable.

Definition 7. Let f € C}, K be an even kernel and {X;}?_, be an IID sequence of random
variables with density f. We define the estimator fi(x) of f(z), for z >0, by

18




Remark 11. 1. When s = 0 in equation , fo(x) 1s the “reflection estimator” from
Schuster| (1985), i.e.,

fota) = %Z () e (5]

2. We note that Schuster’s estimator does not depend on s, the indexr on Cj. Thus,

knowledge that s > 0 is not used in constructing his estimator, whereas it is central in

the definition of fy(z).

Theorem 14. Suppose f € C; on Dy = [0,00) and K is a kernel with [ K(u)du = 1. Then,
the bias of fi(x) has the representation

E(f()) - f(x) = /R K (1) [gs( — hat) — gu()] dt, @ € Dy (12)

Proof. By the IID assumption

B(f@) = o8 [x (" Xl)+§ (ﬂ)l
/OOOK (a:h;t> f(t)dt+§%/omK (%i/w]) f(t )dt] (13)

, in the others u = ”,f/ % Then

1
B

In the first integral let u =

E ( fs(x)) = hin [—hn /_:o K (u) f(x — hyu)du + hy, ; kj Z K(u)f (—w;(x — hyu)) du]
z/hn s+1
- [/_ K(u)f(x—hnu)du—i- Zkf —wj(z — nu))du] :

In the first integral we have © — hy,u > 0 and f(z — h,u) = gs(z — hyu); in the second one
x — hy,u <0, so ZSH f(—wj(x — hyu)) = gs(z — hyu). Hence,

/ K () gu(r — hyu)du. (14)
Since [ K(t)dt = 1, this implies (12)). O

Remark 12. The integral representation for bias obtained in Theorem depends on the
extension gs, not the density f. Consequently, existing results for smooth functions (not

densities) on R allow us to obtain bias estimates.
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Theorem 15. Assume that [ K(t)dt =1, [ K(t)t'dt =0, forj =1,...,s—1, [ |[K(t)t*|dt <
ooand‘f(S |<C’f07‘allx>0 then

E (f's(x)> — f(x) = O(h®) for all x € Dy. (15)
Proof. Since [ K(t)dt =1 we have from Theorem
E(0) = 50) = [ KOt =)~ gt = [ K0 (o)) + 502 )~
+oe égg% — thr)(—hnt)S) dt
for some 7 € (0,1). If [ K(t)tdt =0, for j =1,...,s — 1 then

B(F@) - 1)l <52 [ 11ROl ~ thr)ldt < O,

where the last inequality follows from the assumptions that fR | K (t)t°| dt < oo, ‘ 1) | <C
for all > 0 and the structure of ¢(*). O
Remark 13. 1. In the density estimation literature, it is usually assumed that f €

C:. In this case, under the conditions in Theorem we have Efy(z) — f(z) =
%f(z)(x) Jx K (t)dt + o(h?) for all x € Dy. This expression, similar to what is
obtained for the classical Rosenblatt-Parzen estimator when Dy = R, contrasts with
what is obtained for Schuster’s reflection estimator. In particular, for boundary points,
viz., x = ch for 0 < ¢ < 0o, we have (see Marron and Ruppert (1994))

z/hn

Efy(z) - f(z) = / K (1) (go(z — hut) — gol))dt = / K (1) f(z — hut)dt

—00

[ KO- - b))t~ / K (t)gol)dt

z/hn
2
) [ R 2 et
R

+ 202 fB(2) (P pao,—c + cpa—c) + o(h2)

where pu . = f__oco u*K (u)du for £ = 0,1,2. The additional bias terms result from the
fact that Schuster’s estimator does not use the additional smoothness (beyond continu-

ity) of f in its construction.
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2. Theorems |14 and[13], require the existence of densities and their derivatives up to order
s at x = 0. As such, in the case of densities that either diverge to infinity, or have
derivatives that diverge to infinity near the boundary, the bias order we have derived do
not hold. In particular, when f(x) — oo as x — 0 (a pole at x = 0) the bias diverges
to infinity at x = 0. If f(0) is finite, but fV)(x) = oo as x — 0, the bias decays at a

speed that is slower than h®.

The following theorem provides the order of the variance for fs(az) It is necessary to

consider the boundary z = 0 and interior points (x > 0) separately. Let kg = wy = —1. The

oo | s+1 ]{? + 2
—/K%)dt and rl—/ Y 2K (—) dt,
R 0 — Wi wj

Jj=0

quantities

will appear in variance expressions inside the domain and at the left boundary, respectively.
Theorem 16. Suppose the conditions in Theorem |15 hold, sup f(z) < oo, sup |K(x)| < oo
xT

x>0

and [, |K(t)|dt < oo. Then, I) for fired x >0
A 1
V(@) = — L@ +o(1)} (16)
II) at the left boundary
v (70)) = - (/O + (1) (17)
Proof. By the IID assumption, the variance of fs(x) is given by V(fs(x)) = % (E(u?) — E(u1)?)

where )
1 z—X s r+ X/ w
et () ()]

n

Since E(uy) = E(f,(z)) — f(x), we have that LE(u1)* = O(n™1'). Now,

1, 1 (1 , (7 — X
EE%)_ o (hnE<[{X1>°}K < I ))
9 1 z+ X/ w
+—ZE([{X1>0}— ( ) ( hl/ ]))

1 s+1 T+ Xl/w 2
+FE< ok (215 ])>
n Wy

j=1

= nh (IIn + IQn + [3n)
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By a change of variable in integration

- @/hn ) Fla— i\ f(0) |~ ()du itz=0
Iln—/_oo K= (u) f(z = hnu)d %{f(x)f K*(w)du if x> 0

as n — 0.

s+1 s+1
ki k1 r+ X /w; x4+ X1 /w
w2, (et (S e (0

=1 Il=1
1 s+1
s+1 s+ k kl
=22 i
j=1 I=1 wiw
Now, for j # [ and x > 0, a change of variable u = M}f& we have

o0 : 1 — ws
Lipn = w; KK (uﬂ i M
gj/hn wy n

) F((uts — 2)uw;)du.

Since | K (u)| = o(1) as u — oo and h,, — 0, we have that I, — 0 as n — oo. If x = 0, then

L, = UJ;/ K(u ( )f(h uw;)du — f(0 w]/ K(u K(uzuv—j) du.

For j=1land z >0

Lijn = wj o KZ(U)f((hnu —z)w;)du — 0

and for 2 = 0, L, — w; f(0) [;° K?(u)du. In all,

o(1) ifx>0
" { S5O J57 K )du + F0) S5 S ks J KK (u2) du it =0
Similar arguments give,
Iy, = { s+1 (1) %f ©>0 .
2f(0) >0 ki fy K (—uw;)du if 2 =0

Combining the orders and expressions for Iy, Is,, I3, we have, for z > 0

V(i) = 1 [ K2+ of(nha) ™)
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and for x =0

s+1

V(£,(0)) = {L(—]?j (/_ KQ(u)dquZZ—i/ooo K2(u)du

s+1  s+1 k’l 00 W
J
+Z Z .Elkj/o K(u)K (UEZ> du
J=11=1,l#j
s+1

—i-Qij /000 K(u)K(—uwj)du> + o((nhy,)™h).

Now, since

@K(i> =K(=t), (ko =wy=-1),

Wo Wo

and w; >0for j=1,...,5s+1 and

7=0
we have
s+1 2 s+1 s+1
o k; t kik, [ t t
I, :/ [K(—t)JrZJK(E)] dtzzzwwl/ K(a> K(E) dt.
0 j=1 7 J j=0 1=0 7t 0 J !

Split the double sum into four groups.
1. The j =1 =0 diagonal. With the j = 0 term equal to K(—t), substituting v = —t,
o'} . 0
/ K(—t)2dt "= / K2(0) do,
0 —00
0
which is the first term / K?(u) du.

2. The j =1 >1 diagonals. Substituting v = t/w; (so dt = w; du),

k? [ t e
— K? (—) dt = —J/ K*(u) du,
w; Jo Wi Wj Jo
and summing over j = 1,...,s+ 1 yields the second term Z —j/ K?(u) du.
w.
j=1 J JO
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3. Off-diagonal pairs with both indices > 1. For j # [, substituting u = t/wy,
vl ()R ’””/ Kt ()
w;Wi Jo Wi

Relabelling the dummy pair j <+ [ turns this 1nt0 — k; / K(u ( ) du, i.e. exactly
the third term.

4. Cross pairs between j =0 and [ > 1. These occur twice, as (0,1) and ([,0), giving
the factor 2. Using the j = 0 term K(—t) and substituting u = t/wy,

s+1 k’ s+1
1
2 E wl/ K(— (wl) dt = 2 E k:l/ K(u) K(—uw) du,

which is the last term.
O

Remarks. 1. It is a direct consequence of Theorem [23|that, if [ |K(u)[*"°du < C for some
0 > 0, by Liapounov’s Central Limit Theorem we have for > 0

Vnh <fs(x) _E (fs@:))) 4 N (0, f(2)T), (18)
and for x = 0,
Vnh (fs(O) _E (fS(O))> 4 N (0, FO)TY). (19)

2. For f € C?, equation together with the expression for E( fg(ﬂf)) gives

Vnh <f2(0) - (f(o) + h;f@)(oﬂ /}R 2K (t)dt + o(h2>>) 5 N (0, f(O)T),

which can be used to construct confidence intervals and conduct hypothesis testing.
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3 Distribution function estimation over R

It is natural to define an estimator for the distribution function at F'(z) at = by integrating

f. Hence, we have

Definition 8. Let f(x) be the kernel density estimator. The kernel distribution function

estimator is given by

F@p:[xﬂ@@. (20)
Theorem 17. Assume that { X}, is an IID sequence and that K is a density function.
Then,
B(F(@) = F@) = [ (Fla+ h) = F@)E () 21)
and
V(E@) =1 (2 [ Famna = Gonrar - ([ Ft K6 ) (22)

where G(y) = [ K(z)dz.

=
tion we write F(z) = - S ha [Xi—e K(2)dz. Consequently, by the assumption that the
T

nhny

sequence {X;}" ; is IID we have

s =33 [ [ Ktesto = [ [ KGero

y—

" K(2)dzf(y)dy given that [ K(z)dz=1

N

v
=1-h, // K(2)dzf(z + hyy)dy by letting v = 4-*

Proof. By definition F/(x) = —L S [f UK (X;L—;y> dy. By a change of variable in integra-

:1—/GWMF@+hw)

Integrating by parts, we have [ G(v)dF(z+ h,y) = 1i_>m G(7)F(x+ hny) — 1_1>m G(v)F(z+
Y0 Y—>—00

hay) = [ Fla+hay)dG(y) = 1= [ F(a+hyy) K (7)dy. Thus, B(F(2)) = [ F(a+hey) K (y)dy
and given that [ K(vy)dy =1

E(F(x)) = F(z) = /(F(x +hay) = F(2))K(7)dy. (23)
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V(E() = E ((1 - %;G (Xihf» -(1-#(c (Xh_x»))
(BB e (5))
(e () # (e ()

(o (%) -2 (¢ (%)) 2
() (e () - (e ()

where the penultimate equality follows from the assumption that {X;}!, is IID. Using

A

integration by parts and a change of variable as in obtaining the expression for E(F'(z)) we

E <G2 (Xih_ x)) =1- Q/F(fv + ha ) K(7)G(7)dy-

n

have

Hence, given that E (G (Xﬁ—;I)) =1— [ F(z + hyy)K(7)dy we have

V(E@) =1 (2 [ P+ o)1 - G KO - ( [+ hw)K(v)d7> ) RCY

]

A

Remarks. 1. Note that E(F(z)) — F(x) is expressed with the same algebraic structure
as the right-hand side of E(f(z)) — f(z) = [(f(z + hny) — f(2))K()dy with F replacing
f. In the case of f we used Theorem , which required [ |f(y)|dy < oo, to show that
E(f(z))— f(x) = 0 as n — oo. In the case of F', it is not generally true that [ F(y)dy < oo,
thus we cannot make use of Theorem [7] Additional assumptions are needed to study the

behavior of the bias and the variance of F.

Theorem 18. Assume that a) {X;}?, is an IID sequence; b) K is a density function with
[vK(y)dy = 0 and [+*K(vy)dy < oo; ¢) F(z) has bounded second derivative on R and
FW(z) is continuous on R; d) 0 < hy, — 0 as n — co. Then, E(F(z)) = F(z) +O(h%) and
V(F(z)) = M — b f(x)a+ o (22) where a =2 [ yK(7)G(7)dy.

n
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Proof. By c), for any € R and some 0 < A\ < 1 we have F(z +h,y) = F(z) + FY (2)h,y+
1F®(z + Ah,y)h2~2. Then, from Theorem

h2
[ Pt KOy = F@)+ 5 [ PO+ ) K)dy = Fa) +02)
where the last integral exists given that F® is bounded and [ 2K (v)dy < oco. Similarly,

[ 2P+ ) KG) - Gy = Fo) [ 2K6)(1 - 6oy
+hFOa) [ 29K0)(1- GOy
12 [ FO@ 4 )1 - GO K ()
—2P(s) - F()2 [ GO)K )y
+ 2, FO () / YK (y)dy = by FY ()2 / YK ()G (v)dy
+hy / FO(z + Mpy)y K (7)dy
— 1 [ PO+ MK (G)G )

Note that all integrals on the right hand side of the last equality exist since: integrating
by parts we have that 2 [ G(y)K(y)dy = 1, by b) [vK(y)dy = 0, fny(fy)G(y)dﬂ <
[ 7K (v)dy < oo by b) and the fact that G(y) < 1, | [ F@(z + M)A K (7)G()dy| <
C [v*K(y)dy < oo by b), ¢) and G() < 1. Hence, noting that F(!)(z) = f(x) and letting
a =2 [~vK(y)G(y)dy we have

/2F($ +ha)K(7)(1 = G(9))dy = F(z) = ho f(2)a + O(h3,). (25)
Consequently, E(F(z)) — F(z) = O(h2) and

V(F(x)) = = (F(2) = huof(z)a+O(hy) — (F(x) + O(h}))?)

_ (x)(1 = F(x)) B %f(:x)oz + %7210(1) + %O(l)

_ F($)<1—F($)) _ %f(:z:)omto(%) since hn 0.
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Remarks. 1. Under the conditions of Theorem (18 F () converges in quadratic mean to

F(z) and consequently F'(z) 5 F(z) for all .

2. Different from the case of density estimation, there is no requirement that nh, — oo in

the case of distribution estimation.

3. Given that {X;}, is IID, the empirical distribution function F,(x) = %Z?’:l I(X; <x)

is such that E(F,(z)) = F(z), V(F,(z)) = 1F(z)(1 — F(z)) and using Lévy’s central limit

theorem /n(F,(z) — F(x)) A N(0,F(z)(1 — F(z)). Hence, the use of F(x) as an esti-

mator for F(z)

V(F( ) = M f(z)a — o (h ), it is possible to obtain a reduction of the variance. Conse-
(r) — F(x))?) could be smaller than E((F,(z) — F(x))?). An advantage of

) is its smoothness.

introduces a bias term compared to F,(xz). However, since V(F,(x)) —

quently, E((F
F(z) over F,(x

4. B((F(z)— F(z))?) < £@0-r@) ba f(z)a+ 0 (22) + h1C. Choosing h, to minimize the

" 1/3
bound on the righthand side of the inequality we obtain h* = n~'/3 <%> . This rate of
decay for h,, is different from that obtained for the estimation of f when g > 2 in Theorem
L2

Theorem 19. Assume that a) {X;}, is an IID sequence; b) K is a density function with
[AK(y)dy = 0 and [+*K(y)dy < oo; ¢) F(z) has bounded second deriwative on R and
FY)(x) is continuous on R; d) 0 < h,, — 0 as n — oco. Then,

Vi(F(@) = E(F(x))) 5 N(0, F(2)(1 - F(x))). (26)

Proof. ~(F(w) = E(F@)) = 230, (6 (%:2) - £(6 (3%2)))- Let Zu = 2G(352),
E(Zyi) = pn and s2 =" | E(Z,; — pn)?. Note that

- Sae(o() o () - (o (5) v )

F(z)-E(F(x n Ini—Wn \ __ n : _ _
Hence, % = 2lim1 <_snL> = >imy X with E(Xy) = 0, E(X7)) = $E<Zm'_/in)2

and 1" | F(X2) = 1. Consequently, by Liapounov’s CLT (see Davidson, (1994), p. 372)

A

F(z) — B(F(x))
V(F(2))

—L5 N(0,1)
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provided limy, o0 D vy B Xi|*T° = 0 for some § > 0. We now verify that this limit is in

fact zero.

D BIXul = ZE(‘ - )=ZV(F<x)>—1—3E(|Zm—un|2+5)

= V(F(2) (HZ)nE(\Zm-—un!“‘;)

By the ¢, inequality and the fact that by Theoremp,n = O(n '), we have F (|Zm~ — un|2+5) <
20 E (| Zyi|**?). Therefore,

STEXuP < V(E@) T Dn2E (|Z,4°%)

246
= V(F(g;))—(1+%)21+5n_1_5E (‘G (Xth_ x) n )
< V(@) 90 since [G(o)] < 1 and [ f(3)dy = 1
= (nV(F(x)) o2

By Theorem |18 as n — oo, nV (F) — F(x)(1 — F(z)) and since n=%2 — 0 for all § > 0 we

have S0 E|X,,|** = o(1). Since V(F(z)) — M M f(r)a+ o (22) = o(1) we
have .
o) Z BEW@) 4y, 1), (27)
F@)(1=F()) ’
O]

Remark. ia(F(r) - F(z) = Va(F(x) - B(F(x)) + ya(B(F(x)) — F(@)) = ya(F(z) -
E(F(z)))+n'2h20(1), where the last equality follows from Theorem . Hence, if n'/2h2 —
0 we have /n(F(z) — F(x)) N N(0,F(z)(1 — F(x))). If h, = h} on remark 4 following
Theoremﬂthen n'2(h)? = n~Y5C — 0 as n — oo and \/n(EF(z)— F(z)) % N(0, F(z)(1—
F(z))). Hence, under suitable choice for the order of the bandwidth, F, and F have the

same asymptotic distribution.

4 Estimation of discontinuous distributions and their
jumps

We will now consider the estimation of distribution functions that are continuous, but not

absolutely continuous, or even discontinuous at z. We first study the case where F' is
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continuous but does not have a density at x. In what follows, since F' is a distribution
function, we take it to be right-continuous, L; denotes the space of functions on R with a
finite norm || f||, = [ [f(t)|dt, Cp is the space of uniformly bounded continuous functions

on R with norm || f||, = sup | f()|.
teR

4.1 Estimation at points of continuity of F

For z a point of continuity of F', we start by defining a general class of estimators for F(x).

Given a function U and a random sample {X;}”" | from F we consider estimators defined as

Fa) = %iU (Xh_ “”") (28)

i=1

where h := h,, > 0 is a bandwidth, or smoothing parameter, satisfying h — 0 as n — oo. In

addition, we place the following restriction on U.
Assumption 1. U € C, lim U(z) =1 and lim U(z) = 0.
T—>—00 T—00

If K:R — R is integrable with [*° K (t)dt = 1 and we set U(xz) = [° K (t)dt, then it
follows that U satisfies Assumption In addition, if K is an even function, then F (x) =
LS~ L (%) where L(z) = [ K(t)dt.

Letting

o) =max{ sup [0(:) = 1] sup U2}

z<—N z>N
for N > 0, we note that Assumption [l| implies ¢y(N) — 0 as N — oo. Also, letting

w(z,€) = supgep<. (F(x 4 h) — F(x — h)), we note that if 2 is a continuity point of F', then

w(z,€e) = 0 as ¢ — 0. We now state the following lemma.

Lemma 3. If U satisfies Assumption[]] and & € (0,1), then for all h >0

/]RU <y - "’““) dF(y) — F(x)

Proof. Since U is bounded and continuous and F' is of bounded variation, [, U (£52) dF(y)
exists (Natanson) 1955, p. 238). For € > 0 we have

/]RU (y ; x) dF (y) — /; dF(y)‘ < /M_E {U (y ; x) - 1} dF(y)’
! /x—y|ge v (y P x) dF(y)‘
Lo (55w [ arw
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Then, we obtain the following bounds

/ {U (y%) —1] dF(y) < swp |U(z)=1] [ dF(y) < du(e/h)F(a)

z<—¢/h y<z—e

|z y|<eU <yzm) dF(y)| < ||U||C[F(I—|—6) —Fz—¢)] < ||U||Cw($76>7

| v (yf) aF)| < sup (UG [ dP() < dule/m)(1 - F(a)),

z>¢/h y>xz+te

and [7 _dF(y) < w(z,e). Collecting the above inequalities we have

[o(455) e - rw

To finish the proof, we put € = h°.

< gule/h) + (1 +||Ullc) wiz, €).

Lemma [3|is the basis for the following theorem.

Theorem 20. Suppose U satisfies Assumption[]] and let x be a continuity point of F'. Then,
o) [B(F(2) = F(@)| < 6u(h) + w(@, h¥) (1 + |U]|o),
b) If F(z) € (0,1) then nV(F(z)) = F(z)(1 — F(z)) + o(1).

Proof. a) follows directly from Lemma [3| since

2 (F) - Fo) = ||

(t - x) dF(t) — F(z)| .

b) We have V(F(x)) = {E (U2 (&%) - [E(U (X;x))}z} From part a) we know that
E(U(%2)) = F(z) + o(1) as h — 0. U? satisfies Assumption , so by Lemma

(75 o

If F(z) € (0,1) this proves the statement. O

o

< 2 (h07Y) + w(z, B2 (1 + |U?||.) =0, h—0.

The following corollary is a direct consequence of Theorem [20]

Corollary 2. If U satisfies Assumption[]] and F € C, then

supw(z,e) = 0, as e — 0, (29)
zeR

and sup, g |E(F(z)) — F(x)‘ < ¢y (h*™Y) + supyeg w(z, k%) (1 + ||U||o) = 0, h — 0.
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Proof. Since lim F(z) =0 and lim F'(z) = 1, the variation of F' on (—oo, —N] and [N, c0)
will be small xfgr Tz;rge N > 0. Oglcr?[oiN , N], F' is uniformly continuous and its variation on
segments [x — €, 2 + €] will be small for small € and all x € [-N, N|. Thus is true and
the statement follows from Theorem [20] a). O

The following theorem gives the asymptotic distribution of F () under suitable normal-

ization and centering.

Theorem 21. Suppose U satisfies Assumption (1| and x is a point of continuity of F' such
that F(z) € (0,1). For 6 € (0,1), if h — 0, V/noy(h°~t) — 0 and V/nw(z,h®) — 0 as
n — oo, we have

Vi(F(x) = F(x)) % N(0, (1 = F(x))F(x)). (30)

Proof. Let Zy, = U (52), p, = B(Z;,) and 82 = 30| E(Zy,— 1) Then, s2 = V(F(x))

and

F(z) - E(F(x)) Zin — Hn _ ZXm
V(ﬁ’(x)) i=1 Sn i=1

where X;, = Zetie B(X;,) = 0, V(Xin) = 5 E(Zin — pn)” and 327, V(X;) = 1. By Lia-

pounov’s Central Limit Theorem > | X, Az~ N(0,1) provided lim,,_,oo > 1 | E (|Xm|2+9) =

0 for some 6 > 0 (see Davidson, (1994, p. 369-372). It follows from the fact that {X;}i—1..

is assumed to be independent and identically distributed that

Y E(1Xul) = 0V (E(2)) " P E( Zin — pal*)

=1

and by the ¢, inequality E(|Zi, — f1n]*™0) < 2"%(E(|Zin|**?) + |11n|**?). From Theorem [20]
if h — 0 we have that n|u,|*" = —4|F(z) + o(1)|*™. Consequently,

n . L 1 X, — o 246
S B (1) < nV(F ()22 (n—E (\U( ) )wﬂ)

Z: = (nV (F(x)))~1-0/221+0,,~0/2 (E (’U <X1 h‘ ‘”) M) +|F(x) + 0(1)|2+9>

—0asn— o0

since nV (F(z)) — F(z)(1 — F(x)) and E <‘U (th’:”)|2+0> = O(1) by the fact that U?**?

satisfies assumption 1. Now, noting that /n(F(z) — F(z)) = n(F(z) — E(F(z))) +
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f(E(ﬁ(x)) F(z)) we have that /n(F(z) — F(z)) N N(0,(1 — F(z))F(z)) provided
that \/n(E(F(z)) — F(x)) — 0. But from Theorem ,

VA(E(F(x)) = F(x))] < Vagu(h*™) + Vnw(z, B°)(1 + [|U]|c).
Since, /n ¢y (h°~1) — 0 and \/nw(x, h’) — 0 by assumption, the proof is complete. ]

Remark. The requirements that /n ¢y (h°~1) — 0 and \/ﬁw(x h%) — 0 can always be
satisfied by an appropriate choice of the sequence {h,}. If U(z f K(t)dt and K has
compact support, then \/n¢y(h®~') = 0 for any § € (0,1) and all 0 < h < h(d). If K
has compact support, the choice of the bandwidth is dictated solely by the condition that
Vnw(x, h®) — 0. If, in addition to continuity at x, F satisfies a local Lipschitz condition of

order a > 0, we have that for some positive constant M, and u € (0, h%]
F(x+u) — F(z —u) < 2Mu® < 2M_h*°

and /nw(z, h?) < 2M,\/nh*® — 0 if nh?* = o(1). If, as usual, h oc n=7 for v > 0 then
nh?® = o(1) if v > 1/(2a).

Now, we turn to the estimation of the probability F(x,y) := F(y) — F(z) for z < y.
From Theorem [20{ we can derive the rate of convergence of F(y) — F'(z) to F(x,y). However,
the variance of F(y) — F(z) cannot be easily obtained from Theorem . To obtain it we

make the following assumption.

Assumption 2. G = G ([a,b]) is a bounded continuous function of intervals [a,b] C R or,

more precisely, of an ordered pair (a,b), where a < b with

bEr_nooG ([a,b]) =0, lim G ([a,b]) =1 and lim G ([a,b]) = 0.

a——00, b—oo a—00

Define ¢6(N) = max {suppe_y G ([a ]) |, 5upysy |G ([0, B]) | Subacs, oy G ([0 B]) — 1]}
and note that Assumption I implies that ¢g(N) — 0 as N — oco. If a kernel K satisfies
Jg K(t)dt =1, then G (| f K (t)dt satisfies Assumption . Besides, if U;, U, satisfy
Assumptlon [} then G([a,b]) = Ui(a) — Uy(b), —o0 < a < b < oo, satisfies Assumption [2|

We estimate F'(z,y) by
y Xi—=x
—xe(F ]

Lemma 4. If G satisfies Assumption@ and § € (0,1), then for all h >0

Lo ([ 52]) are) - Pl < 60(8) + 0+ 1G]0) o)+ w(0.)]-
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Proof. We put [2%, 22| = [a, b] and write

/]RGHG,deF(Z)_/xde(Z)_L<x—eG +/ b)) — 1] dF(z)
AL % 2SN
+/zy|<6G +/m+6 +/ 6dF(,z).

<HEE < 5,80

| Glamare)

27y

In the first integral

< sup G ([a,b]) F(x) < da(e/h)F(x).

b<—e/h

)

In the second integral < —f, =% > £ and

/ " (0, b) — 4R ()| <

+e€

sup |G ([a, O]) = 1[(F(y)—F(x)) < dale/h)(F(y)—F(x)).

a<—¢/h, b>e/h

In the third integral 7% > =¥ > + and

R h

/> N G ([a,b]) dF(2)

< sup G ([a,b]) (1= F(y)) < dale/h)(1 = F(y)).

a>e/h

The sum of the remaining four integrals is obviously bounded by (1+||G|| ) [w(z, €) + w(y, €)].
Thus, to finish the proof it remains to add the bounds and put € = h’. O

Theorem 22. Suppose G satisfies Assumption[d, x < y are continuity points of F and let
5 €(0,1). Then

W) |[EF(y) — Flay)| < 06087 + (14 Gllo) [l i) + w(y, h)] for h> 0.

b) If F(x,y) € (0,1) then V(F(z,y)) = £ [F(z,y)(1 = F(x,y)) + o(1)].

Proof. Part a) immediately follows from Lemma 4| because

E (F(a:,y)) - /RG ({Z - Yz . "”D dF (2).
Part b) follows from

V() =%{EG2 (5 5)- [EG({X;y’X;xDr}

where G? satisfies Assumption [2| and, by Lemma ,

EG2<[¥X;QSD —F(x,y)‘ < g2 (B + (14 [|G?|| ) [w(, h%) + w(y, h%)] — 0,

as h — 0. O
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5 Estimation of jumps of a distribution function

Let the jump of F" at point x be given by p, := F(z)—F(x—0), where F(z—0) = liiglF(x—e).
We estimate it by

1 & X,—z
Ax — W (3 , 3]_
o= o () (31)
where the function W satisfies the following assumption.

Assumption 3. The function W is bounded and continuous, satisfies W(0) = 1 and
lim W(z) = 0.

|z]—o0

We let wi (€) = sup, <. [W(z) — 1], ow(N) = supj,sn [W(2)], 0r(€) = f|zfx|<€ dF(z) —
ps > 0 and note that Assumption [3|implies wy(€) = 0 as € — 0 and ¢ (N) — 0 as N — oo.
Since hﬂo(x — h,z + h) = {z}, by continuity of probability lim. o dr(€) = 0.
>

Denote by f the exponential Fourier transform of f. Thus, for a distribution function F'
we have F(t) = [, €"*dF(z) and for the kernel K we have K(t) = [ e*K(z)dz. If K is a

kernel, its exponential Fourier transform K satisfies Assumption .

Lemma 5. a) Let €; € (0,1), 3 > €. For any A € (0,1)

[w (555 are) -

b) If x is an isolated point of the support of F, that is, f|zfx|<h
h > 0, then for all small A > 0

[w (555 are) -

In particular, when W has compact support, fR w (Z;r) dF(z) = py for all small \.

< ww (A7) [po + ap (AT 1+ [[Wle) 0p (A ™) +ow (A7),

dF(z) = py for all small

< ow(ATY).

Proof. a) By additivity of probability for any h; € (0, h)

pe < / CCE /| o TG = pe () (32)

This implies

/hlgz_xkhdF (2) = /| e dF(z) — /| o dF(z) < 6p(h), (33)
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< dr(h). (34)

| e -n,
|z—z|<h1
We wish to bound

/RW (Z 5 “”E) dF(z) = p, = /h W (Z . ‘””) dF(2) — p.
+ /hlg|m|<hW (z 5 x) dF () + /”|th (2 5 w) dF (2).

(35)
Obviously,
‘/ W (Z 5 x) dF (2)| < éw(h/N). (36)
|z—a|>h
By and

IA

LW (355) arc) -

‘/|Z—oc|<h1 [W <2 ; m) - W<O>} dF(2)

+ ‘W(O) / o dF(2) — ps

IN

ww (b /) /| R ‘ /| IO

< ww(hi/A) [pe + 0r(R)] + 0p(h). (37)

/hlSz—m|<hW (Z ; 37) dF(z)

Combining — we get

/RW(ZXI) dF(2) — p,

It remains to put here h = A\'=¢1, h; = hA®? = \1T22=¢1 < h to finish the proof.
b) Instead of write

/RW <Z S 3“") dF(2) — p, = /H<hW <Z . x) dF(2) — pa + /lHMW (Z S ‘”) dF(2).

For all small h f\z—z\<h W (%) dF(z) = W(0)p, = p,. By we see that the statement

in the enunciation of the lemma is true. O

By (33)

< HWHc/h s hdF(Z) < [[Wllgor(h).  (38)
1<|z—z|<

< ww (h/A) [pe + 0p ()] + (1 + [Wllc) 6p(h) + ¢w (h/X).
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Theorem 23. Suppose W satisfies Assumption [3,
a) Let €; € (0,1), €2 > €1. Then, for any h € (0,1),

| E(pz) = pa| < ww (h?™) [po + 0p(A )] + (14 [Wlle) 6p (A7) + ow (A7).
b) If x is an isolated point of the support of F, then for all small h
|E(pz) — el < dw(h™).

In particular, when W has compact support, p, s unbiased for all small h.
¢) If py € (0,1) then V(p,) = = [ps(1 — ps) +0(1)], h — 0.

Proof. a) and b) follow from Lemma [5| ¢) obtains from a), given that

v = o (S2) [ (X2

and the fact that 1?2 satisfies Assumption . m

Remark. 1. Suppose that the moments fR t/ K (t)dt are zero for j = 1,...,m — 1, and the
derivative K™ is bounded. Then, since f{(j)(O) =0forj=1,...,m—1, by Taylor’s Theorem

k(i‘“)-k(m = K™(p) (Z;x>m%

Using this equation in (37) we get

[ E () are -

sup

f((m)’ A
1
: |z—z|<hi

[ e -
|z—z|<h1
<A™ @D [p + 6p(ANTY)] + (AT

+

with the same choice of hy, h as before. The resulting bound

|E(Ps) — pal <A™ [+ 0p (N + (14 |K,) p(A'™) + sup

|z[=A7<1

fqz))

shows that imposing higher-order kernel conditions, without restricting the class of distribu-
tion functions, has a limited effect on convergence rate, because of the term dz(A\!7). The

following theorem gives asymptotic normality of p, when suitably centered and normalized.
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Theorem 24. Suppose W satisfies Assumption [J and F has a jump p, at x where p, €
(0,1). Fore; € (0,1) and €3 > €1, if h — 0, V/now(h™) = 0, y/nww(h2™) — 0 and
Vop(h'=) — 0 as n — oo, we have

Proof. In the proof of Theorem let Z;, = %W (%) and proceed with the same argu-
ments to conclude that /n(p, — E(pz)) A N(0, (1 — pg)pz). Use Theorem [23| to obtain

VA(B(p2) = pa)l < v (ww (27 [po + 6p(h )] + (14 [Wlo) 3(R7) + o (h7))

Hence, given the conditions on the enunciation of the theorem we have /n(E(p.) — p.) — 0
as n — oo.

]

Remark. The requirements that /n ¢y (h™) — 0, /nww (h2™?) — 0 as n — oo always
hold with appropriately chosen {h,}. If W(t) = [, ¢"*K(z)dz and K is a kernel such that
W has compact support (see, e.g., W and K used in subsection 5.2), then /n ¢y (h™1) =0
for all small h. The condition that /ndp(h'~“) — 0 can always be satisfied if h,, tends to 0
sufficiently quickly. However, to obtain a tractable dependence of the bandwidth on n, we
note that

Sp(h'™) = F(z+h'™") — (F(x — h'™%) + p,)

and if a Lipschitz condition of order « is imposed on the difference on the righthand side
of the equality, we have \/ndp(h'=) < 2M,/nh1=)%). As in Remark 1, if h oc n77, it
suffices to choose v > 1/(2(1 — €;)a) to satisfy the condition.
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6 Multivariate density estimation over R

Let X(w) : © — RP be a random vector defined on (2, F, P) for D € N and consider a
random sample of observations {X;}i_, on X. We assume that F(z) = [, <, f(w)du, where
r € R” and X < x is taken element-wise. As in the univariate case f is called the density

function of X.

Definition 9. Let H, = diag{ha,}?_, be a nonstochastic matriz with 0 < hg, for all d and
n, v € RP, K:RP = R be a measurable function. Then, we define

f(x ndet Z K ))

where det(H,) denotes the determinant of the matriz H, and H, ' denotes its inverse.

Remark. Since 0 < hy, for all d, det(H,) > 0 and H,' exists. Under the assump-
tion that K : R? — R is a measurable function and that F |K (H,'(X; —z))| < oo and
E (K (H'(X; — x))2> < o0 it is straightforward to prove a multivariate version of Theorem

n

[6l Hence, we have
= /K(v)f(x + H,y)dy

and

V(f(x)) = / K20 + o)y — ( JEE Hmdv)z |

The integral sign in both expression are D-fold Riemann integrals. We now state an extension
of Theorem . Throughout let ||z||; = 3.7, || be the norm of the vector & and recall that
by the Cauchy-Schwarz Inequality ||z||, < DY?||z||s.

ndet

Theorem 25. Assume that a) [pp |K(¢)|do < o0; b) ||9]]1|K(¢)] = 0 as ||¢||i = oo; ¢)
0 < han — 0 for all d as n — co. Let f(x) : R” — R such that d) [, |f(d)|de < oo.

Then, for every continuity point x of f,

n

det(H,)'E (K (H,"(X; —2))) = f(z) /K(¢)d¢ as n — oo. (40)

The remark that follows Theorem [7| applies to the multivariate case and therefore if
[K(¢)| <C
det(1,) B (K7 (11 (X = 0))) = 1) [ K (0)ao

as n — oo for r > 1. Hence, we have the following multivariate version of Theorem [§
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Theorem 26. Let {X;}"; be a sequence of IID random vectors with density f. Assume that
a) | K(y)| <M forally € RP; b) [|K(v)|dy < o0 and [ K(y)dy =1; ¢) |[7||K(y)] = 0
as ||v])y = 00; d) han > 0 for alln and hgn — 0 as n — oo. Then, E(f(x)) — f(z) = 0 as
n — oo and if ndet(H,) — oo as n — oo, V(f(z)) = 0 as n — oo for every x which is a
point of continuity of f.

Remark 14. 1. Theorem |26 implies that f(x) converges in quadratic mean to f(x) and
consequently f(z) 5 f(z).

2. If f satisfies a Lipschitz condition of order 1 in R, i.e., for all z,2' € RP with x # '
we have that for some C < oo, |f(x) — f(2)] < Cl||lxz — 2'||1. Then

E(f(2) - f(z)] < / @+ Hay) — F@)|[K()]dy < C / | Hory 11K (1) by

—cf (Z hn,dmr> 5 () ldy

- czhnd [ hullE@ldy < C trace(tt) if [ hullK()ldy < C.

The condition that [ |val|K(v)|dy < C is verified if K > 0 and [ 74K (v)dy < C.

Let Dy, ..., f(2) = 5—2—f(2) fordy,--- ,d,, = 1,--- , D whenever the partial deriva-

Dz a, - Ota,,

tives on the righthand side of the equality exist. We now define

Definition 10. Let T C RP and let 8 and C be two positive numbers. The Holder class
X(B,C) on T is defined as the set of | 5] times differentiable functions f : T — R whose
partial derivatives of order |B] satisfy

Dy, (@) = Dy f ()] < Cll — IV v £ w2 e T

Theorem 27. Assume that f € X(8,C) for § > 2 and K is a multivariate kernel of order
18], d.e, [Yay - Ya K()dy =0 fordy,---  dg = 1,---,D. Then, if [|K(y MNvalPdy <
C ford=1,---,D

E(f(x)) = f(x) =0 <Z h%) = O (trace(H))) (41)
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Proof. Since f € X(8,C), by Taylor’s Theorem, for some A € (0, 1)

D D
1
f(x + Hnﬁy Z Dd1 nd1f)/d1 + 5 Z Z Ddl,dzf(x)hn,dlhn,d27d17d2 + e

di=1 di=1d2=1

1
+’ZIB]f:_f7'§£: jg: Doy, gy o f (@) Py Ty Y+ Yy

dlzl dLBJ 1—1

D
1
+ — Z e Z Ddl,"',dme(x + /\Hn’Y)hn,d1 e hn,d\_m '7d1 t "de

dig=1

Since K is of order |B] and f € X(8,C),

E(f(x)) — f(z) = / (flx+ Ho) — f(2)dy

D D
1
- WJ Z Z / dW (@ + AHpy) gy - - hn,dwﬂdl " ‘WdLBJK(W)dV
=1 =1
JR— D
- 15]! Z Z / Day, a flz+ AHyy) — Ddly...7dwlf(l’))
1=1 dig=
X Py - hn,dw Yy 'VdWJK(V)d’Y

By the Triangle Inequality, f € ¥(3,C) and the fact that A € (0,1), we have

|E(f(z)) - / INLANT ™ gy - B s | - g |1 K () |y

E
i_

HMUT\MU

m‘q m‘q

D
=18 -
L
d=1

where the last inequality follows from the fact that hgy,|vs| > 0 and 8 — [5] < 1. The

largest power on h, 4 occurs when dy = -+ = d|g) = d and we have
BE(f(x)) - f(2)] < LBJ' /ImlBIK )|dy =0 (Zh )
provided [ |K(7)||7|’dy < C and h,, > 0. O

The following theorem is an extension of Theorem [10] to the multivariate setting.
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Theorem 28. Assume that: a){X;}", forms an IID sequence of random vectors with density
fi0) K< M for ally € RP; ¢) [IK(y)ldy < ooy d) |[y|[[K ()] = 0 as ||y[ly — oo
e) [ K(Y)*"dy < oo for some § > 0; f) hayn > 0 for alln, hq, — 0 and ndet(H,) — oo as
n — 0o. Then,

(ndet(1,))} () = ECF@) 8 (0.50) [ K*w)av).
where x is a point of continuity of f.

Remark 15. 1. Theorem[28 shows that one of the consequences of estimating multivari-
ate densities is that the rate of convergence in distribution slows (exponentially) as D

grows. This is known as the “curse” of dimensionality.

2. Note that under the conditions of Theorem 27

(ndet(H,))?(f(z) — f(2)) = (ndet(H,))? (f(z) — E(f(x)))
+ (ndet(H,))2 (B(f(2)) - f(x))

(f(@) = E(f(x))) + (ndet(H,))?0 (Z hﬁ,d> :

NI

= (ndet(H,))

Hence, if (ndet(H,))2 2 hid — 0 asn — oo,
(ndet(1,))}0) = 1) 4 ¥ (0.5(0) [ RH@)av).

3. If, in the previous item, h, q = hy, for all d, then

[SIE
M S

(ndet(H,)) hid = D(nhP+P)Y2 = (1) if nhP+?0 = o(1).

d=1

If h o< n®, since ndet H,, — co and nhP*?% = o(1) as n — oo we need
1

! <d<
D 26 + D

to conclude that

(hP)E(F(w) - f(a)) S N (o, @ [ K2<w>d¢) |
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7 Bandwidth Choice

7.1 Minimizing Integrated Squared Error

It should be apparent by now that bandwidth choice is an important part of nonparametric
density or distribution estimation. Intuitively, we would like to select a sequence h,, := h so
that a suitably defined distance between f(x) and f(z) is as small as possible over the set
where the random variable X takes values. We are here searching for a global criterion for
the choice of h.

Distances in function spaces can be defined in various ways, subject to some mathematical

technicalities. Here, we search for h that will minimize
[ (@) = fa)pas, (42
R

In the statistical literature this integral is called the Integrated Square Error (ISFE) of f ,
and we write ISE(f). Note that ISE(f) does not depend on where the estimator f is
being evaluated, but it does depend on the sample {X;}™,, hence ISE(f) is itself a random
variable. Tt is clear that minimization of ISE(f) with respect to h is equivalent to the
minimization of [ f*(z)dx —2 [ f(z)f(z)dx

From the definition of f () and taking K to be an even function,

/f dx—nQZZ (K * K(XhX>

=1 j=1 hn
where (K * K)(u fR (u—t)K(t)dt.
The integral f f(z)f(x)dx clearly depends on f, which is unknown. Hence, to render
the criterion for choosmg h operational we need a suitable approximation for fR f (x)dx.
Note that,

/]Rf(x)f(x)dx _ %;/}R%K (X

and we define




where the expectation is taken with respect to the joint density of two independent and
identically distributed random variables. Let g,(z,y) = + K (’3—;3’) and define

1 ~ «— 1 [(Xi-X
i=1 j=1,j7#1¢ 1=1 j=1,j#i

U, is a U-statistics of order 2 with n-dependent symmetric kernel given by g,. Symmetry

follows from the evenness of K, and FE(g,(X;, X2)) = 6,,. Now, by Hoeffding’s decomposition

2 — 1
Un:9n+_zgl,n(Xz) —29271 XHX)
n ‘< n(n —1) #J
2: [\ Rn vl

where gl,n<x> = Egn(x7X2) - en and gZ,n(xu y) = gn(x7y) - gl,n(x) - gl,n(?/) - en NOW7
Eg1n(X1) =0, Elg2n(X1,X5) | X1] =0

and with ¢y, = Var g, ,(X;) and (3, = Var g,,(X1, X»), the variances are:

Var(i) = S22, V() = 220 =)
Hence,
Var(Un) == m 2(n - 2) Cl,n + CQ,n .

If X has a bounded density f and K is bounded
Elgn(X1,X5) | X1 = 2] = [ K(u)f(z — hyu) du is bounded, so (i, = O(1). Elg2] =
+ [ K(u)?f(x)f(x — hu) dudz = O(1/hy), s0 Con = O(1/h). Therefore

Var(U,,) = O(;) + O( lh)

and Chebyshev Inequality gives U, — 6,, = 0 whenever n?h — oo.
Hence, we have the following approximation for [ F2(z)dx —2 [ f(x

I e~ 1 X —X; - Xi — X;
M(h):ﬁ;;h—n[(*[{<—]h )_ - ;J;#ZK( ) (43)

which can be minimized with respect to h. M(h) is called the cross-validation function for
f , and we define
hey = arg min, M (h),
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which can be obtained by a numerical optimization procedure.
Example: Suppose K (1)) = rexp( $4?). Then, K « K(¢)) = mexp(—}lwz), and

M(f)—#ggﬁew (—i <Xi,;an)2>—2 Z Z <

t=1 i=1,i#t

)

7.2 Cross validation for the Hestenes based estimator

We consider a density f supported on [0, c0) with f[o 00) f?(x)dx < oo and for x > 0,

fs(x)znihng [K( )*ile (Mﬂ (11)

]_ n
The bandwidth A, is chosen to minimize an estimate of the integrated squared error over

Dy,

/[O)(fs(:ﬁ)—f(ﬂf))de: Paydr—2 [ f@i@det [ Pa)d

[0,00) [0,00) [0,00)

The last term does not depend on h,,, so we need expressions for the first two integrals in
terms of the data and the seed kernel K. Define (¢, ag) = (1,1) and

k; 1 )
(Cjﬂaj):(_ja__>a jzla"'a5+1-

wj W
Since K is even, K ((z + X;/w;)/h,) = K ((z — a;X;)/hy), and (11) can be written as

n s+1
R a; X;
fs(x c; K ( ) , x>0. (44)
0 'I’L

1=

Thus f, is a weighted kernel sum over the n(s+2) pseudo-observations Y;; = a;X;: the data
themselves (j = 0) and the reflected points —X;/w; <0 (j > 1), with weights c¢;.

The integral of f2
For a € [—o00,00) and § € R define the incomplete convolution of K with itself,
/ K(t) K(t + B) dt (45)

Note that Ko(— = [ K(t)K(t+0) dt = (KxK)(f3), the usual convolution that appears

in cross—vahdatlon for the Rosenblatt estimator.
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Lemma 6. For the estimator in (11),

n s+l
ot T 5 4, )

0,00 zlll]mO

Proof. Squaring (44)),

/ £ dx_n21h2ii§§cﬂcm/ < )K<%:Xl) dz.

n =1 |=1 j=0 m=0

For fixed y, z € R, the change of variables x = y + h,t gives (x — 2)/h, =t + (y — 2)/hn,
and x > 0 if and only if t > —y/h,,. Hence

o =y r—z o y—z
K K da::hn/ KtK(t+ >dt
_ —z
= hn KQ (—%, yhn ) = Ch<y,2)

Taking y = a;X; and z = a,,X; gives . ]

Corollary 3 (Gaussian kernel). Let K = ¢, the standard normal density, let ® be its
distribution function, and let ¢ s5(u) = (47)~Y2e~%*/* be the N(0,2) density. Then

Ra(e, 8) = 6y3(9) {1 - @(x/ia ¥ %)} |

and, writing Y;; = a; X,

n n s+l s+1 Ym Y;j—i—ym
e o= ZZZZ%W( .l >q>( L ) (47)

0,00 i=1 I=1 j=0 m=0

Proof. Completing the square, t* + (t + 3)* = 2(t + 3/2)* + 5%/2, so

P(t)o(t + B) = % o—B?/4 o=(t+5/2)%

With v = V2 (t + 3/2),

o] ) 1 oo 2
—(t+8/2)° gt — e*”/2dvzﬁ 1—® \/§Oé+ﬂ \/i .
/a \/_ V2(a+8/2) [ ( / )]

Multiplying, K(a, 8) = (2/7) 'e #/4[1 — ®(v2a + 8/v/2)], which is the first claim. For
(@7), take @ = —y/h, and B = (y — z)/hy; then V2a + B/vV2 = —(y + 2)/(V2 hy,) and
1—&(—u) = P(u). O
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The integral f[o ) fo(@) f(2)da

By linearity and ,

fu(a) £ Ly, | ( ) f@) d, (48)

[0,00) nzlj()

which depends on the unknown f. Let fsy,l denote the estimator (11) computed from the
n — 1 observations {X;}i .

Lemma 7. Let fﬁn_l) denote the estimator (11) based on a sample of size n — 1. Then

- { /[ @) dx] ,

and the leave-one-out estimator of has the explicit form
1 no s+l a: X
— (X)) = el el
EY = e S (R

=1 £l j=0
1 X — X\ k(X4 X w,

- K g

[ ()« S ()]

Proof. The explicit form follows from (44]) with the sample {X,}, and the point x = X; > 0.
Since X is independent of {X;},, conditioning on {X;}; 4 gives

n

LS el

=1

E

Bl frs(X0) | (X }os] = /}R foa@f@de= [ fo(@)f(@)de,

[0,00)

where the last equality uses f(x) = 0 for x < 0; this is why fs,,l is only ever evaluated on
Dy. Since fs,,l has the same distribution as fs("fl), taking expectations and averaging over

[ gives the result. O

The cross-validation function
Combining and , the least-squares cross-validation function for the Hestenes esti-

mator is W et et
CVi(hn) = n2h,, ZZZZCach2< aji(, 45X hnale)

i=1 [=1 j=0 m=0

e LYY (),

llz;él]()

47



and hey = arg miny, ~o C'Vs(h,). By lemmas |§| and ,

E[CVi(h)] =E | fia)de—2E | f&D(2)f(a)de,
[0,00) [0,00)
which equals the mean integrated squared error over D; minus f[o 00) 12, up to the replace-

ment of n by n — 1 in the second term.

Remark 16. 1. Fors =0 andw; =1, (¢1,a1) = (1,—1) and is the cross-validation

function for Schuster’s reflection estimator.

2. The criterion integrates over Dy = [0,00). Using instead the Rosenblatt criterion
N 12— %Zl f_l(Xl) for the uncorrected estimator penalizes the O(1) boundary bias,
which pushes the selected bandwidth down.

3. For the Gaussian kernel, replace Ky in by the closed form of Corollary @ For a
kernel supported on [—1,1], replace Ky by (K % K) for all pairs except those with both

pseudo-observations in (—hy, hy,), and drop all pseudo-observations with a;X; < —hy,.

7.3 Cross validation for F(z) estimator

The distribution function F' satisfies [ |z|dF(z) < oo, and K : R — R is integrable with
[ K(t)dt =1 and [ [¢||K(t)|dt < co. With

Ulz) = /oo K(t) dt,

the estimator in equation (28) is

n

Fz) = %;U (Xh_ m) . (28)

We want h to minimize the integrated squared error

[SE(F) = / (F(z) - F())* d.

R

The cross-validation function

Let

Fin= Y0 <th—x>

J#
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be the estimator computed without X;, and define

CV(h) = %i /}R (1% < 2} — F(w)) de (51)

The bandwidth is chosen as h = argmin,,_, C'V (h).

Lemma 8. Let F,_; denote the estimator (28) based on a sample of size n — 1. Then

E(CV(h)) = E/

R

(Fn_l(x) - F(x))2 dx + / F(z)(1— F(z)) da.

R

Proof. Fix x and i. Write I{X; < z}—F_;(x) = (I{X; <z}—F(z))— (F_Z(IE)—F(ZL“)) Since
X; is independent of F_;(x) and E(I{X; < x}) = F(z), the cross product has expectation
Z€ero, SO

(1, <) - F_i(x)>2 — F(2)(1— F(x)) + E(Foi(x) - F(2))

F; has the distribution of F,_;. Integrating over = (Tonelli) and averaging over i gives the
result. O

The second term does not depend on h. Hence CV'(h) is, up to a constant, an unbiased
estimator of the mean integrated squared error of Eo 4. Tt plays the role that M( f ) plays
for the density.

A closed form

Lemma 9. Let H,(z) = [{a < z}. For all a,b,c,d € R,
/}R (Ha(2) — Hy()) (Ho(x) — Ha(w)) de = 1(ja —d| + b — | — a—c| — [b—d]).

Proof. Since H,H. = H,,y., the integrand is H,y.— Havq— Hyve+ Hypvg, and fR(Hp—Hq) dr =
q—p. The integral is therefore (aVd)+(bVc)—(aVe)—(bVd). Using pVq = 1(p+q+|p—ql),
the linear terms cancel, which gives the claim. O]
Note that U((X; —z)/h) = [I{X; —ht < z}K(t)dt = [ Hx,_p(z)K(t)dt. Since [ K =1,

1
n—1

HX <o) = Fale) = — ) / (Hx,(2) — Hx, (@) K(t) dt.
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Square this, integrate in x, and use Fubini (justified by [ [¢||K(t)|dt < co0). Then apply
Lemma [ with a = ¢ = X;, b= X; — ht, d = X, — hs. Define

A(u):/]R]u+t\K(t)dt, B(u):/R/R]u—t—i-s\K(t)K(s)dtds.

This gives

CV(h):gi[nilgA(Xi;Xj> ZZB<X Xk>] (52)

i=1 JjF#i k#i

In the double sum the diagonal j = k is included, and B(0) = [ [ |t — s|K(¢)K(s) dtds # 0.

Since K is known, i can be found by numerical minimization of , exactly as for M(f).

Remark 17. If K is even, then F(z) = I3 L((z — Xy)/h) with L(z) = [*_K(t

and

A(u):/R|u—t|K(t)dt, B(u):/]R|u—v\K*K(v) b, K+K(v /KU DK

Remark 18. Let By, = B((X; — Xi)/h) and S =377 370 By Then Y. i Bjx =
S —2> | Bix + Bii. So needs only O(n?) kernel evaluations for each h.

7.4 Cross validation for the jump estimator

The set of points where F' jumps is A = {xy }ren, and pg := p, = F(xg) — F(zx —0). We

write py, := p,, and want h to minimize

10 = 2 (=) = St =2 Y b+ Yk
k k k

k

The last term does not depend on A and the first is computable from the data. The cross

term ), pppy involves the unknown p;, and must be estimated.

Estimating the cross term

For any bounded g, Y, pr g(z) = E(g(X)I{X € A}). Hence, if X’ is independent of the

sample and has distribution F,
X, — X'
) ZEX( ( lh )]{X’eA}).

Sni= ;Y Snw (F
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Leaving one observation out gives the unbiased estimator

ZZW(X hX)I{X € A}.

i=1 j#i

Indeed, for j # 1,

E<W (%) I{X; eA}) ZpkEW<

) Zpk (Dr)-
The cross-validation function

CV(h) Z(Zw( ”’“))2 ZZW(X X)]{X € A},

=1 j#i
(53)

and h = argmin, ., CV (h).
Lemma 10. E(CV (h)) = E(J(h)) — X, pi.

Proof. The first term in equals Y, p2. By the previous subsection, the expectation of
the second term is —2 ), ppE(pr). Taking expectations in the expansion of J(h) gives the
result. O]

So C'V (h) is, up to a term that does not depend on h, an unbiased estimator of the expected
criterion.
A simpler form

Let Ny = #{j : X; = x1} be the number of observations at the jump point xj. Since
IH{X; e A} =5, I{X; =z} and Zj#il{Xj =ap) = Ny — [{X; = 21},

ZZW(X X)I{X_:pk} NkZW(

=1 j#i

) - Nk W(O) = Nk(nﬁk - 1),

using W(0) = 1. Hence

CV(h):Z[pﬁ—Q&-"m_l] (54)

n n—1
k
Both factors in the cross term have a direct interpretation:

e N /n is the empirical frequency of xj, an unbiased estimator of py;
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o (npr —1)/(n — 1) is the estimator of p; computed without one of the observations at
xx, which contributes W (0) = 1 to npy.

Computing requires O(n) operations per jump point and per h.

Remark 19. The criterion requires A to be known. In practice, an observed value that occurs
more than once is an atom of F', since the continuous part of F' produces ties with probability
zero. An atom that is observed only once cannot be distinguished from an observation from

the continuous part.

Remark 20. If A is infinite, we need Y, E(p}) < oo. This holds, for example, if W has
compact support and A is locally finite. If A is dense (for example, the rationals) the criterion
may diverge.

7.5 Minimizing Mean Integrated Squared Error

One of the remarks made regarding I SE was that it depends on the sample {X;}? ;. One
can imagine a process of repeated sampling that induces a distribution on ISE. Hence, we

might consider,
wise() = £ [ - fw)pa)
= & ([ - Biw) + B(i(@) - fo)fas )

+
[\
=
&
|
&
—~
=
8
=
~
—~
&
—~
=
8
~
~
|
=
-
=
IS
8
N—

_ /{V(f(x)) + B(f(x) - f(x))*}dz

~

Note that V(f(z)) = - f(x) [ K*(¥)dy + o((nh,)™") and if f € %(2,C) we have that
E(f(2)) = f(z)) = 2 f®(x) + o(h2) with p = [ 22K (x)dz. Hence, MISE(f) can be

2
written as

N hi
MISE() = (nh) ™ [ 53000+ 2208 [ 1O @)+ of(uha) ™) + o).
Let [ K2(¥)d = Xy, i3 [ fP(x)*dz = M\ so that

MISE(f) = (nhy) "Xy + hzi/\l + o((nh,) ™) + o(hD).
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Let the h,, that minimizes the first two terms of MISE( f ) be denoted by hy. Tt satisfies
—n " () PAg 4+ A =0

1
5

or izf’lAl = %)\2 which implies
J K ()dy

e = (n%) = (oo Trowrs)

Remark 21. 1. Although Ay can be obtained from knowledge of K, \; depends on f®(z).

Hence, in practice h, depends on obtaining an estimate for [(fP(x))dz.

wt|=

1

2. Taking (AQ)% — ¢ we see that h, x n~5. Hence, according to the AMISE criterion,
there is an optimal rate of convergence of the bandwidth to zero, namely, n=/>. Recall
that

(nha) ' (f(2) = f(2)) = (nha) 2 (f(2) = B(f(2)) + (nha) (E(f(2)) = f(2))

and since the first term after the equality converges in distribution to a normal dis-
tribution, normality of the left side of the equality results if (nhn)I/Q(E(f(:c)) — f(z))
approaches zero as n — co. But

. 1 5/2
(k) (B () ~ F(2)) =m0 o (@) + 02 R(n)

where R(n) = O(h2). Hence, for (nhy)2(E(f(x)) — f(x)) to vanish asymptotically,

we need nh? — 0 as n — oo which implies that h, o< n’ where —1 < § < —1/5.

Consequently, asymptotic normality of (nhy,)2(f(x) — f(z)) cannot result when the

optimal choice h, is based on AMISE, oversmoothing is necessary.

3. It should be clear that both minimization of the cross validation function and AMISE
can be extended to multivariate density estimation with little conceptual effort. For a

random vector X : Q@ — RP we have
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Also, in the case where f € X(2,C) and [~aK(vy)dy = 0 and [ g, va, K(v)dy = 0

when dy # dy we can write

D 2
AMISE(f) = (ndet(H, / K2(1) dzp+“2 / (ZDiif(:c)hin> dz

= (ndet(H, /K2 dz/1+ fnhfn/D”f Dj; f(x)dx

11]1

Taking derivatives with respect to each of the elements in H, we have that H, must

satisfy,
o A
2 fz3/D 23:da:+f1n E h? /D x)Dy; f(x)dx =2
2( d,n ( dd) f( ) d, L i,n ddf( ) f( ) nhdmdet(Hn)
for all d. When H, = h,Ip we have
~ )\2 A D}‘-4
hP+ — which implies that h, = ( 22 > .
nﬂg 1

B nyis Zz’il Z(?:l | Daaf () Dii f () d

The simplest procedure to estimate [(f®(z))?dz is to assume, at this stage, that f(x)

belongs to a parametric family of densities. For example, if we assume that X; ~

N(p,0?), then forr € N
r 2 (QT)'
/(f( (w))?du = 921y o2+l

For r =2 and plugging back into the optimal bandwidth formula gives

n=1%1.060 if K is a Gaussian kernel
n~1/%(1.06)(2.214)0 if K is an Epanechnikov kernel

hamise =
n~1/°(1.06)(1.740)0 if K is an uniform kernel

where o can be estimated by the sample standard deviation. The resulting bandwidths

are normally referred to as Silverman’s rule-of-thumb bandwidths.
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Appendix

Lemma 11. Let C € R, n € N and { X1, -+, X,,} be a collection of random variables defined

in the same probability space. Then,
P (max{X;,--,X,} > C) <Y P({X;>C}).
i=1

Proof. First, note that

P(max{Xy,---,X,} >C)=1—-P(max{Xy,---,X,,} <CO)
—1-P(N{X;<C})
=P (N {X; <C}).

Second, by De Morgan’s Laws
P (max{Xy, -, X,} > C) = P(U{X; < C})
< Zl P{X; < C}) = il PU{X, > C}).
]

Lemma 12. (Bernstein’s Inequality) Let {W;}!'_, be a sequence of independent random vari-

ables satisfying
L Wi = E(W,)| < m; for alli,
2. V(W;) =02 < for alli

Let M, := max {m;}, Sp:=>" Wi and o2 := 3" o2 Then, for all A > 0 we have

i=1"1

AQ
P(|Sn| Z AO'TL) < 2€Xp <—W>

Proof. See Bernstein (1924)) or Bennett, (1962). O

Lemma 13. (Loéve’s ¢, Inequality) For r > 0,

E( ‘ > < CTZE(IXZ-IT)

DX
=1
when r > 1.

1

where ¢, =1 when r < land ¢, =n""

%)



Proof. We will prove that

<o ) |XiI (55)
=1

>
i=1

and then take expectations. By the Triangle Inequality [>°7 , X;|” < (30, |X:])". Thus,
it suffices to consider the case where each X; > 0. Let 0 < r < 1 and note that since
Yor X >0 (if X; =0 for all ¢ then inequality holds with equality) it suffices to show

that .
1<y 7z
=1

where Z; = ﬁ, S, Zi=1land 0 < Z; <1. Butsince, Z > Z; and ), Z; = 1, the

results follows immediately. For r > 1, convexity of 2" immediately gives

(15x) < 15ne (S5) et
i=1 i=1 =1 =1

Taking expectations in both cases gives the desired inequality. O
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