
Suppose
x

h
< 1 ⇐⇒ x < h ⇐⇒ x ∈ [0, h). Then,∫ 1

−1
K(u)f(x− hu) du =

∫ x/h

−1
K(u)f(x− hu) du+

∫ 1

x/h
K(u)f(x− hu) du.

Note that for the second integral,
x

h
< u ≤ 1 =⇒ x < uh ≤ h =⇒ −x > −uh ≥ −h =⇒ 0 >

x− uh ≥ x− h. Since the support of the density is [0,∞), f(x− uh) = 0 and∫ 1

−1
K(u)f(x− hu) du =

∫ x/h

−1
K(u)f(x− hu) du.

Also, ∫ 1

−1
K(u) du =

∫ x/h

−1
K(u) du+

∫ 1

x/h
K(u) du.

Hence,∫
K(u)f(x− hu) du− f(x)

∫
K(u) du =

∫ x/h

−1
K(u)f(x− hu) du− f(x)

∫ x/h

−1
K(u) du

− f(x)

∫ 1

x/h
K(u) du

=

∫ x/h

−1
K(u)

[
f(x− hu)− f(x)

]
du− f(x)

∫ 1

x/h
K(u) du.

Thus, if f ∈ Σ(β,C) and for some λ ∈ (0, 1),

E f̂(x)− f(x) =

∫ x/h

−1
K(u)

{
f ′(x)(−hu) +

1

2!
f (2)(x)(−hu)2 + · · ·

+
1

(bβc − 1)!
f (bβc−1)(x)(−hu)bβc−1 +

1

bβc!
f (bβc)(x− huλ) (−hu)bβc

}
du

− f(x)

∫ 1

x/h
K(u) du

= −f ′(x)h

∫ x/h

−1
K(u)u du+

h2

2!
f (2)(x)

∫ x/h

−1
u2K(u) du+ · · ·

+
(−h)bβc

bβc!

∫ x/h

−1
f (bβc)(x− huλ)ubβcK(u) du

− f(x)

∫ 1

x/h
K(u) du.

Suppose x = ch for c ∈ [0, 1). Then 0 ≤ x < h and
∫ 1
x/hK(u) du =

∫ 1
c K(u) du, with 0 <∫ 1

c
K(u) du ≤ 1

2
. Hence, the last term in the bias expansion stays constant as n→∞ and h→ 0.

All other terms vanish as h→ 0.
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Now consider the variance of f̂(x).

V
(
f̂(x)

)
=

1

n2h2
n V

(
K

(
x−X
h

))

≤ 1

nh

∫ 1

−1
K2(u)f(x− hu) du =

1

nh

∫ x/h

−1
K2(u)f(x− hu) du,

where the last equality follows since x < h =⇒ f(x − hu) = 0 when u >
x

h
. Then, under the

conditions of Theorem 7, [0,∞),

V
(
f̂(x)

)
≤ f(x)

1

nh

∫ c

−1
K2(u) du −→ 0 if nh→∞, h→ 0 as n→∞.
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