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Chapter 1

Introduction
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The subject of most of this book is the quantum mechanics of systems with a small
number of degrees of freedom. The book is a mix of descriptions of quantum mechanics itself,
of the general properties of systems described by quantum mechanics, and of techniques for
describing their behavior. The examples illustrating quantum mechanical properties are
often presented as specific physical systems. They will be drawn from many areas of physics,
just to illustrate the fact that many apparently different physical systems naturally behave

quite similarly.

Ehrenfest famously said that “Physics is simple but subtle,” but he did not mean that it
was easy. You cannot learn quantum mechanics out of one book, nor out of these notes. You
will have to compare the explanations from many sources and integrate them together into
your own whole. You should not be surprised to find that any two books are likely to present
completely contradictory explanations for the same topic, and that both explanations are at

least partially true.

The quantum mechanical description of nature is fundamentally different from a classical
description, in that it involves probabilistic statements. The usual causal story of classical
mechanics is that in specifying a set of initial conditions, one completely specifies the evolu-
tion of the system for all time. That is not possible in quantum mechanics, simply because it
is not possible to completely specify all the initial conditions. For example, the uncertainty
principle ApAz > h forbids us from simultaneously knowing the coordinates and momentum
of a particle at any time. However, the evolution of the probability itself is causal, and is
encoded in the time-dependent Schrodinger equation

im0 _ Hi(t). (1.1)
ot
Once we specify the wave function (probability amplitude) ¢ (t) at some time ¢y, we know it
for all later times. This is of course difficult for us, macroscopic beings that we are, to deal
with.

Once we have gotten over our classical discomfort with the quantum world, we notice

several striking features which recur again and again:

e The wide applicability of the same ideas, or the same physical systems, to many areas

of physics.

e The presence of symmetries and their consequences for dynamics.
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I like to take advantage of the first of these features and think about applications of
quantum mechanics in terms of a few paradigmatic systems, which are approximations to
nearly all physical systems you might encounter. It is worthwhile to understand these systems

completely and in many different ways. The two most important such systems are

e The simple harmonic oscillator. Most weakly coupled systems behave like a set of
coupled harmonic oscillators. This is easiest to visualize classically, for a system of
particles interacting with a potential. If the system has some equilibrium structure,
and if the energy of the system is small, then the particles will be found close to their
equilibrium locations. This means that the potential energy is close to its minimum.

We can do a Taylor expansion about the minimum, and then
1
V(z) =~ V(xg) + §V”(Io)($ — )2+ ... (1.2)

which is the potential of an oscillator. The same situation will happen for a quantum
mechanical system. An obvious example would be the motion of nuclear degrees of
freedom in a molecule, the origin of the “vibrational spectrum” of molecular excitations,

typically seen in the infrared. But there are many other less-obvious examples.
Classical systems described by a set of equations of motion

dzyi

can be thought of as collections of harmonic oscillators. Classical wave systems have
such equations of motion. Their quantum analogues are also oscillators, and so their
quantum descriptions will involve oscillator-like energies and degrees of freedom. Do
you recall that the quantum mechanical energy spectrum for an oscillator is a set of
equally spaced levels, E = ne (up to an overall constant) where € is an energy scale,
€ = hw; in Eq. [L3] for example, and n is an integer 0, 1,2, ....7 Do you also recall the
story of the photon, that the quantum electromagnetic field is labeled by an integer,
the number of photons in a particular allowed state? This integer is the n of the
harmonic oscillator. We can take the analogy between “counting” and oscillator states
still further. Imagine that we had a system which seemed to have nothing to do with
an oscillator, like a hydrogen atom. It has an energy spectrum F = ¢;, where 7 labels
the quantum number of the state. Now imagine that we have a whole collection of
hydrogen atoms, and imagine also that these atoms do not interact. The energy of the

collection is £ = > n;¢;, where again n;, the number of particles in the collection with
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energy €;, is an integer. If we forget about where the numbers ¢; came from, we will

be making an oscillator-like description of the collection.

e The two state system. In an undergraduate textbook, the paradigm for this system is
the spin-1/2 particle in an external magnetic field. The electron is either spin-up or
spin-down, and energy eigenstates are states where the spin aligns along the magnetic
field. But this description is often used in situations not involving spin, typically as a
way of approximating some complicated dynamics. For example, it often happens that
a probe can excite a system from one state to a single different state, or that the probe
can excite the state to many different ones, but that there is only one strong transition,
and all other ones are small. Then it makes sense to replace the more complicated
system by one which contains only two states, and assume that the system is confined
only to those states. These states could be different atomic levels (perhaps interacting
with a radiation field), different kinds of elementary particles which can exchange roles
(neutrino oscillations are a recent example) or could even be systems which are naively
very different (cold gases, which can condense as either molecules or as individual
atoms, for another recent example). And of course the “qubit” of quantum computing
jargon is a two state system.

There are other paradigmatic systems. Often, we study collections of particles which
are weakly interacting. A good approximate starting point for these systems is to ignore
the interactions, giving a set of free particles as zeroth order states. This is often how we

describe scattering.

Hydrogen, despite its appearance in every undergraduate quantum mechanics course, is
not so paradigmatic. Hydrogen is not even a very typical atom and its “1/n*” Rydberg
spectrum is unique, a consequence of a particular special symmetry. It is useful to know

about it, though, because it is simple enough that we can solve for its properties completely.

The second feature — physics arising from symmetry — appears again and again in these
notes. If a physical system has an underlying symmetry, seemingly different processes can
be related. An example is the relative intensity of spectral lines of families of states with the
same total angular momentum and different z-components: the pattern of spectral lines for
an atom decaying from an excited state, placed in an external magnetic field. Often, without
knowing anything about a dynamical system other than the symmetries it obeys, one can
determine what processes are forbidden. (People speak of “selection rules” as a shorthand

for these consequences; “forbidden” means that the rate is zero.) Such predictions are more
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reliable than ones of the absolute rates for processes actually occur. Knowing how to use

symmetry to make predictions is at the bottom of most of the technical parts of this course.

There is a deep connection between symmetry and conservation laws. We usually describe
this in quantum mechanics by saying that the Hamiltonian possess a symmetry and the
presence of a symmetry of the Hamiltonian directly leads to a conservation law. And most of
the time we say “Here is a Hamiltonian, what are the consequences?” This is a perfectly good
question, except that it may be putting the cart before the horse. Where do Hamiltonians
come from, anyway? I think most people would say that it is the symmetries which are at the
bottom; a Hamiltonian is a construct which builds the symmetries into the dynamics from
the beginning. And one should use dynamical variables that naturally encode the symmetry,
or transform in some simple way under the symmetry. Figuring out an appropriate set of
variables for dealing with perhaps the most important symmetry transformation — rotational
invariance — will be a big part of the course. It would not be an exaggeration to say that
the job of the physicist is to recognize some symmetry, write down a mathematical system

which encodes it, and then look for the consequence of the symmetry in new places.

I've wandered away from remarks about the content of the course, to try to disturb you.
Let me say one more disturbing thing, before we get to work: Typically, physics at different
energy scales decouples. To study atoms, one generally needs to know little about nuclei
other than their charge and mass — even though nuclei themselves are complicated bound
states of protons and neutrons, which are themselves complicated bound states of quarks
and gluons. Atoms themselves are complicated, and the interactions of atoms — atom - atom
scattering — is even more complicated. However, to describe the properties of condensed
atom gases, all that is needed from the complicated scattering of atoms is a single number,
the scattering length. Perhaps this is not so strange. After all, atomic physics happens over
length scales of Angstroms and typical energies are electron volts. Nuclei have sizes of a
few fermis, 10~ times smaller, and typical excitation energies of KeV or MeV. So nuclear
levels can’t be excited in ordinary “atomic - scale” processes. There is a similar hierarchy of
energy scales in condensed atom gases, where the energy scale associated with their collective

behavior is much much smaller than a fraction of an electron volt.

But perhaps this explanation is a little too simple: when we learn about perturbation
theory, we will discover that arbitrarily high energy states can exist as so-called “virtual
states,” and that physical systems can fluctuate in and out of these virtual states during
their evolution. The states are present in the formulas. Nevertheless, most of what is

happening at high energies and short distances usually has little effect on low energy, long
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distance phenomena. When we are doing a typical calculation of the spectrum of an atom,
it is still the case all that we need to know about the nucleus is its charge. There is an
interesting story here, apparently! And a practical one — you have a system whose dynamics
occurs at some far away scale from where you are working. What do you need to know about

it? How could you calculate what you need to know (and nothing else)?

These notes are based on my graduate quantum mechanics course at the University of
Colorado. The started as a set of real class notes: what I taught, no more. They have
grown as I found more applications of quantum mechanics that I thought could potentially

be interesting to a reader. So there is too much material to lecture about.

The first semester of this course used the text by Sakurai as background. Some attempt
was made to make my notation coincide with its conventions. But I am not trying to provide
an outline of any specific text. Like anyone who teaches a quantum mechanics course, I have
my own prejudices about what is important and how it should be presented. These notes
had their genesis from many sources. When I was learning quantum mechanics, I was
particularly influenced by the books by Schiff and Baym, for practical applications, and by
the text of Dirac for its poetry. I also want to specifically acknowledge two of my teachers:
at the University of Tennessee, Edward Harris, and at MIT, John Negele. Finally, I owe
a considerable debt of gratitude to Joseph Seele, a student in my class in 2003-2004, who
made the first electronic version of these notes. If he hadn’t typed in all the equations, this

book would not exist.



Chapter 2

Quantum mechanics in the language

of Hilbert space

11
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Wave mechanics

Let’s begin by recalling what we were taught about wave mechanics in our introductory
class. All the properties of a system of N particles are contained in a wave function
U (2}, 25, - - xx,t). The probability that the system is found between some differential N-
volume element 7 and ' + dz is proportional to the modulus squared of the amplitude of the

wave function.

Prob(Z) « |U(Z,1)]? d*x (2.1)

In practice, one usually defines W (', t) such that its integrand over the entire space in question

is unity,
/d3:c|\lf(f, P2 =1. (2.2)

With this normalization convention, the definition that the square modulus is proportional to
the probability can be replaced by the statement that it is equal to the probability. To have
a probabilistic interpretation, the un-normalized |¥(x,)|? should be a bounded function, so
that the integral is well defined. This usually means that the wave function must die away

to zero at spatial infinity.

In quantum mechanics, all information about the state is contained in W(x,¢). Dynamical
variables are replaced by operators, quantities which act on the state. For a quantum analog
of a non-relativistic particle in a potential, the dynamical variables at the heart of any
physical description are the coordinate z and the momentum p. The operators corresponding

to z and p obey a fundamental commutation relation
Tp — px = ih. (2.3)

One can pick a basis where either p or z is “diagonal,” meaning that the operator is just the
variable itself. In the coordinate-diagonal basis implicitly taken at the start of this section,

we satisfy the commutation relation with the identifications

Quantum mechanics is probabilistic, so we can only talk about statistical averages of ob-
servables. The expectation value or average value of an observable O(p, x) represented by

an operator O is

() = / B (z, )00 (x, ). (2.5)
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A

) represents the average of a set of measurements on independent systems of the observable

(
O(p, x).

While the motion of particles can only be described probabilistically, the evolution of
the probability itself evolves causally, through the Schréodinger equation (or ‘time-dependent

Schrodinger equation” )

. oV (x,t)

HVY(z,t) =ih 5 (2.6)

The quantity H is the Hamiltonian operator.

If H is not an explicit function of time, the solution for time evolution of the wave

function can be written as a superposition of energy eigenfunctions,

Y(a,t) =3 eqth(w)e 1 (2.7)

where the energies E,, are given by solving the eigenvalue equation (called the “time-

independent Schrodinger equation,” )
ﬁ¢n(x) = By, (7). (2.8)

In the case of a system described by a classical Hamiltonian H(x, p) the quantum Hamil-
tonian operator is constructed by replacing the classical variables by their the operator
expressions, so that the Hamiltonian for a single non-relativistic particle in an external po-
tential is

2

_ P
H = Qm—l—V(x)

h? _,

(2.9)

In this case the time-independent Schrodinger equation is a partial differential eigenvalue

equation. Hence the title of Schrodinger’s papers — “Quantization as an eigenvalue problem.”

However, this is far from the whole story. Where did the transcription of observable to
operator come from? Many of the interesting problems in quantum mechanics do not have

classical analogues. We need a more general formalism.

As an example of a physical system which is difficult to describe with wave mechanics,

consider the Stern-Gerlach experiment. (I am borrowing this story from Volume III of the
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Figure 2.1: A Stern-Gerlach apparatus.
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Figure 2.2: A cartoon of the spots in a detector, for classical or quantum spins in a Stern-

gerlach apparatus.

Feynman lectures, so you should really read it there.) The experimental apparatus is shown
schematically in the figure. Atoms are heated in the oven and emerge collimated in a beam;
they pass along the axis of a magnet and are detected by striking a plate. Imagine that we
use an atom with 1 valence electron so that to a good approximation the magnetic moment of
the atom is that of the electron. Then the potential energy is U = —[i- B and if the magnetic

field is inhomogeneous, there is a force acting on the atom along the direction of the field

derivative F, = —0U/0z = p, 8£Z. We know that the magnetic moment is connected to the
spin, p, = %Szv and quantum mechanically, the spin is quantized, S, = :I:%h. We can see
what we expect both classically and quantum mechanically in Fig. 2.2 labeling the intensity
of the spots of atoms deposited on the plate. Classically we would expect a continuous
distribution, but in real life we find that we get only two different values (this is a signature
of the quantization of spin, and was regarded as such as soon as the experiments were first
done). Apparently the magnetic field has separated the beam into two states, one of which

has its spin pointed along the direction of the magnetic field, and the other state with an
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Figure 2.3: A series of Stern-Gerlach apparatuses, with and without beam stops.

opposite orientation.

Now imagine sequential Stern-Gerlach apparatuses. We label the orientation of the mag-
netic fields with the letter in the box, and we either stop one of the emerging beams (the
black box) or let them continue on into the next magnet. If we allow the +1/2 spin com-
ponent of a beam emerging from a magnetic field pointing in the z direction pass through a
second z magnet, only a +1/2 spin component reappears. However, if we rotate the second
magnet, two spin states emerge, aligned and anti-aligned (presumably, since the spots are
aligned with its direction) with the magnetic field in the second apparatus. See Fig. 23l If
we now consider the third picture, we produce a +z beam, split it into a +2 and —x beams,
and then convert the +x beam into a mixture of +2z and —z beams. Apparently from the
experiment the S} state is “like” a superposition of the S and S states and the S} state

is “like” a superposition of the S and S states.

Next consider in Fig. 2.4l an “improved” Stern-Gerlach device, which actually appears to
do nothing: In this device the beams are recombined at the end of the apparatus. In cases
(a) and (b), we again insert beam stops to remove spin components of the beam. However,
in case (c) we let both beams propagate through the middle apparatus. See Fig. We
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Figure 2.4: An “improved” Stern-Gerlach apparatus.

discover that only the 4z state is present in the rightmost magnetic field!

Quantum mechanics and Hilbert space

We now begin a more formal discussion of quantum mechanics., which will encode the physics
we saw in our example. We start by defining (rather too casually) a Hilbert space: a complex
linear vector space whose dimensionality could be finite or infinite. We postulate that all
quantum mechanical states are represented by a ray in a Hilbert space. Rays are presented
in print as “ket vectors” (labeled |a)). Corresponding to, but not identical to, the ket vectors

are the “bra vectors” (a| which lie in a dual Hilbert space.

Vectors in a Hilbert space obey the following relations: (We quote them without proof,

but the proofs can easily be obtained from the axioms of linear algebra and vector spaces.)

Rays obey commutativity
|a) +[b) = [b) + |a) , (2.10)

and associativity properties:
(la) +16)) +[e) = la) + (Ib) + [c)). (2.11)
There is a null vector |0) such that

|0) + |a) = |a) . (2.12)
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Figure 2.5: Particle trajectories through the “improved” Stern-Gerlach apparatus.
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Each element has an inverse
la) + |—a) = ]0). (2.13)

Finally, lengths of rays may be rescaled by multiplication by complex constants:

Ala) +10)) = Ala) + Alb)
(A+p)la) = Ala)+ pla)
Ala)y = Mpula)) = (An)la)
(2.14)

and so on. One defines the inner product of two kets |a), |b) using the bra vector for one of

them,
(la),[b)) = (alb) (2.15)
The quantity (a|b) is postulated to be a complex number C.

We next postulate that (a|b) = (bla)*. (Notice that (a|a), essentially the squared length
of the vector, is thus always real.) From a practical point of view we can do all calculations

involving a bra vector (b| using the ket vector |b), by using inner products. Begin with
lc) = Ala) + B |b) A, BeC (2.16)

then
(c| = A* (a|] + B* (b| . (2.17)

It is convenient (but not necessary) to require that kets labeling physical states be nor-

malized. We define a normalized vector by

la) = By (2.18)

Two vectors are said to be orthogonal if (a|b) = 0 and similarly a set of vectors are said to
be orthonormal if they satisfy (ala) = 1 as well as obeying the orthogonality condition. If a

state can be written as a superposition of a set of (normalized, orthogonal) basis states
W) = Zci |%3) ¢ €C, (2.19)

and

> el =1, (2.20)
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then we interpret the squared modulus of the coefficient ¢; as the probability that the system
(represented by ket |¢)) is to be found (measured to be in) the state represented by [1);).
As an example, suppose we had a Hilbert space consisting of two states, |+) and |—). The
electron is a spin 1/2 particle, so the states could correspond to the two states of an electron’s
spin, up or down. Imagine that we could prepare a large number of electrons as an identical

superposition of these two states,
) = il (2.21)
i=+

We then perform a set of measurements of the spin of the electron. The probability (over

the ensemble of states) that we find the spin to be up will be |c |2.

Observables in quantum mechanics

Observables in quantum mechanics are represented by operators in Hilbert space. Operators

(here denoted O) transform a state vector into another state vector.
O |a) = |b) (2.22)

As a conventional definition, operators only act to the right on kets. Some states are eigen-

vectors or eigenstates of the operators; the action of the operator rescales the state:
Ala) x |a) (2.23)

We usually say
Ala)=ala) aeC (2.24)

where the number a (the prefactor) is the eigenvalue of the operator. Two operators A and
B are equal if
Ala) = Bla) (2.25)

for all ket vectors |a) in a space. Most operators we encounter are also linear; that is, they

satisfy the following relation:
Aala) + B b)) = aA|a) + BA|b). (2.26)
An operator A is null if A|a) = |0) for all |a). Operators generally do not commute:

AB # BA (2.27)
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(meaning that AB|¢) # BA|y)). The commutator of two operators is often written as
[A, B] = AB — BA.

The adjoint of an operator A' is defined through the inner product

(l9), AL = (AT |g) . 1)) = (1f), AT|g))". (2.28)

Note that the adjoint also acts to the right. Alternatively, in “bra Hilbert space” the abstract
relation of a bra to a ket |a) <> (a| means that if X |a) = |¢), |c) <> {¢| = (a| XT (with the

adjoint operator acting on the bra to its left).

The following relations are easily shown to hold for operators:

(ad)t = a*Af
(A+ Bt = At 4+ Bf
(AB)F = BtAf

(2.29)

Let us make a slightly sharper statement about the relation of operators and observables.
An observable B “corresponds to” — or is identified with — an operator in the sense that any

measurement of the observable B is postulated to yield one of the eigenstates of the operator

A

B,
B1b;) = bj [b;) - (2.30)

Furthermore, we postulate that, as a result of measurement, a system is localized into the
state |b;). (If you like jargon, I am describing the “collapse of the wave function” under

measurement. )

If this is confusing, think of an example: let b; be some value of the coordinate z.
Measuring the coordinate of the particle to be at x at some time ¢ simply means that we
know that the particle is at z at time ¢t — its wave function must be sharply peaked at .
This is the same statement as to say that the wave function is in an eigenfunction of the
operator T whose eigenvalue — at that instant of time — is x. Notice that this does not say

anything about the location of the particle at later times.

To be honest, I have to say that the previous couple of paragraphs open a big can of
worms called the “measurement problem in quantum mechanics.” The statement that a
measurement collapses the wave function is a postulate associated with what is called the

“Copenhagen interpretation” of quantum mechanics. There are other interpretations of
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what is going on which I will leave for you to discover on your own. (Some of them are more
interesting than other ones.) One the micro level, we can ask “what does it mean to measure
something?” You have a quantum system, you do something to it, you read the result on a
macroscopic instrument which you might want to think of as a classical object — or maybe
not. The micro situation will always have some particular detailed answer which depends

on what you are actually doing, precisely specified.
Let us try to avoid these issues for now and move on.

A consequence of this postulate is that, if the system is known to be in a state |a), then
the probability that a measurement of B gives the value b, is | (b;|a) |>. There could be a
finite discrete set of possibilities for b;; in that case the Hilbert space is finite dimensional.
(Think of spin up and spin down states for an electron, for a two dimensional Hilbert
space.) However, If B has a continuous spectrum (like a coordinate), we have to say that
the probability that a measurement of B lies in the range V', b’ + db will be | (a|V’) |*db. Since
there is a separate ray for every eigenvalue b;, the basis in which a continuous variable is

diagonal must have infinite dimensionality.

Note that if X |a) = ala) = |c), then {(c| = a* (a| = {a| X7, i,e, X |a) < {(a| XT. For
arbitrary X there is generally no connection between the ket vector X |a) and the bra vector
(a| X.

Most of the operators we deal with in quantum mechanics are Hermitian operators, for
which AT = A. The reason that we deal with Hermitian operators is that their eigenvalues
are real. Physical observables are real numbers, so this identification is natural. The reality

of the eigenvalues of a Hermitian operator follows from the equality

(az|Alar) = (a1] Alas)”, (2.31)
which implies that
ay (aslar) = al {ai]|az)™ = a3 (as|ar) (2.32)
or
(CL; — al) <a2|a1) = 0. (233)

This identity can be satisfied in two ways. Suppose that the bra (as| is dual to the ket |a;)
— (ag| = (a1]. Then (ag|a;) is nonzero. However, this duality means that a5 = a} = a1, and
of course this says that a; is real. The other possibility is that a5 # a;. Then we can only
satisfy the equality if the two states are orthogonal. This gives us a second very useful result

— eigenstates of Hermitian operators with different eigenvalues are orthogonal.
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It can happen that two or more states yield the same eigenvalue of an operator. We
speak of the states as being “degenerate” or say that the operator has a degeneracy. In
this case one cannot show that (as]a;) = 0. But one can construct a basis |a}),|aj),...
such that (a)|a}) = 0, and recover our previous results. We can do this by Gram-Schmidt

orthogonalization. We outline the first few steps of this process by the following:

) = 1)
(a1]az)
(a1]a1)

@) = las)+clal)  e=-
(2.34)

Clearly (aj]a;) = 0. A normalized second vector can be constructed by defining |aj) =
|ay) /+/(ablab). Thus, for all practical purposes, our statement that the eigenstates of Her-

mitian operators can be regarded as orthogonal still holds.

Note in passing that, because operators transform states into states, we can imagine

constructing an operator from a bra and a ket:
O = |b) (al. (2.35)
This operator acts on any state to transform it into the state |b):
Oly) = [b){aly)

= |b) x (complex #).
(2.36)

If the possible number of eigenstates of an operator is finite in number, any state can be
written as a linear superposition of the basis states. (If the dimension of the basis is infinite,

one must make this statement as a postulate.) Then we can expand a state as
) =) cnln). (2.37)

To find the values of the ¢,’s we simply take the inner product on both sides of the equation

with the ket |m) and use orthogonality,
(mla) = e, (mln) = cp, (2.38)

SO

@) = ({nla)) [n) =) In) (n]a). (2.39)

n
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We see that

@) = > In) (nl} |a). (2.40)
We have discovered the very useful “identity operator”

1= |n)(n|. (2.41)

The operator A, = |a) (a| is called a projection operator. Applied to any state ), it
projects out the part of the state which is aligned along |a): A, |[¢) = |a) (a|y). If the |a)’s
form a complete basis then summing over all projectors gives the state itself back again: a

physical realization of our identity operator.

hatl=> A, = la)(a|. (2.42)

From our definition of the projection operator it is fairly easy to see that a product of

projection operators is also a projection operator,

Aohu = Gour g (2.43)

Bras, kets, vectors, and matrices

It is useful to make an analogy between the rays of an abstract Hilbert space and their
operators, and ordinary vectors and matrices. We can think of ¢ as a column vector in an

n-dimensional vector space.

[0) =) cnln) (2.44)

where the |n)’s are the rays along the axes of the space. Then we can think of writing the

states as
&1

C2

C3

Cn

(1] is associated with the row vector whose elements are the complex conjugates of |¢)’s:

<w|—><c’{c§c§...c;§>.
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Thus (Y[1)) = ¢feq + chea + ... is an ordinary vector product. The projection operator is a

matrix (a dyadic)

The action of a projection operator on a state [¢) is

&1
0
Ay |¢> =

Linear operators are then represented as matrices in the space: if |¢)) = >, |n) then
Oly) = Zano n) =" B |m) (2.45)

where the expansion coefficient is

B =Y _(m|Oln) o, = ZOmnan (2.46)

n

Thus we have a relation between the coefficients for O [)) and the coefficients for [¢)).

51 011 012 . e Oln aq
62 021 . (6]
Bn Onl Onn (67

We can interpret the equation [¢) = O |¢)) as one where O is a matrix and the kets are
vectors. The complex numbers O,,,, = (n| O |m) are called “matrix elements.” Of course,

the matrix elements of Hermitian operators form Hermitian matrices, O;; = O7;.
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Transformation of basis

Suppose we have a state written in some orthonormal basis as |j’). We can write the state

in another basis |j) as

i) = Z e Z UL ). (2.47)

(Note (jlj") = U ;j, — the dagger is a convention.) This transformation must leave the norm

of the state unchanged, and so U must obey the constraint
@15y = by = Y (@13) (il7") = D Ui}y (2.48)
This implies that UT = U~!. Such norm-preserving transformations are called unitary trans-

formations, and they are realized as unitary matrices.

Now consider how an arbitrary state |¢) is expanded in either basis:

Gy = Gl (') (2.49)
jl
or, writing ¢; = (j|¢),
vy = UL, (2.50)
jl

It is also useful to see how operators transform under unitary transformations:

(il01j) = Z (ild") (7'|O5") (5'1) (2.51)

OAU — Z UZ-TZ-,,OAZ'/lejlj. (252)
ilj/

Thus an operator represented in one basis is related to the same operator in another basis
by a similarity transformation. (Note the identical order of U and UT — UT always to the left
— for ¢ and O!)

Finally, suppose that we want to find the eigenfunctions and eigenvalues of an operator.

Call the operator Q. We want a vector |a) for which
Qla)y = Ala). (2.53)
We assume that we have some complete basis |n) and expand our state in it,

a) =) anln)  an=(nfa), (2.54)
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and then the eigenvalue equation becomes

=Y aQln) =) anA|n). (2.55)
We now take the inner product of both sides of this equation with one member of the basis,
(i]. Orthogonality forces (i|m) = &, so

n

or

Z(Qm - m )Oén = 0. (257)

n

This set of linear equations has a solution only if det(@m — M) = 0. This equation is
called the “characteristic equation,” and if the dimension of the space is IV, this is an N**
order polynomial equation. There will be N values for A. The similarity transform which
diagonalizes the matrix has a transformation matrix which is composed of the eigenvectors.

(Note, though, the eigenvalues need not be distinct — this is the signal of degeneracy.)

Eigenvalues are basis-independent, though eigenvectors are obviously not. To see this

fact, we begin with the characteristic equation
det(Q — A1) =0 (2.58)
We then transform our system to a new basis

det(UT(Q — A)U) = det(UT) det(Q — A1) det(D))

U) det(UT) det(Q — A1)

(2.59)

We still obtain the same characteristic equation, with same eigenvalues as its solutions.
Thus the two operators Q and U~'QU, where U is any unitary transformation, have the

same spectra.

More about operators

We appear to have gotten rather deeply into quantum mechanics without making any contact

with classical mechanics. Let us rectify that omission, by writing down two last postulates.
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Suppose we have two operators A and B which correspond to the classical variables A and

B. We postulate that they will obey the following commutation relation.

A A A A

AB — BA =[A, B] = ih{A, B},, (2.60)

where {A, B},, is the operator corresponding to the classical Poisson bracket of the two

dynamical variables

0A0B 0B 0A
t4, B} = ZZ: (8% Op; - 9 api) . (2:61)

q; and p; correspond to the canonically conjugate coordinates and momenta of the classical

Hamiltonian, and thus
i, p;] = ihdyj, (2.62)

that is, different components of p'and ¢ commute, but the p and ¢ of identical components

have a commutator which is equal to ih.

Time dependence of states

We arrive at our final postulate of quantum mechanics, stated cautiously. It is possible to
make a choice of states, called the Schrodinger Representation, in which a state changes with

time according to the Schrédinger equation:
L0 3
thoy [W(t) = H[¢(1)) . (2.63)

In this expression, H is the Hamiltonian operator. The reason for caution is that there are
many equivalent ways of describing time evolution in quantum mechanics: the states may
evolve in time, while the operators do not, or the operators may evolve in time while at least
some of the states do not, or both states and operators may evolve in time. We will return

to this point in the next chapter.

The two-state system

The two-state system is a very important object in quantum mechanics, possibly the simplest
one which exhibits interesting quantum mechanical behavior. It is one of the few systems

which we can almost always solve exactly. It also has many apparently quite different physical
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applications. Let’s consider it “on its own,” before connecting it to some experimentally

realizable situations. Suppose we have a Hamiltonian

F[:( “ A). (2.64)
A* €9

The off diagonal elements are complex conjugates of each other because H is Hermitian.

To find the eigenvalues of the Hamiltonian (i.e. the energy eigenvalues) we evaluate the

determinant
€1 — A A 2
=(eg—A)(ea— ) —|A]"=0 2.65
IR B CERVCEP (2.65)
and a little algebra gives us the following very useful formula, well worth memorizing:
2
A:“;@i\/(qzez) +\A|2E¥ihw (2.66)

The eigenvalues are equal to the average of the two energy levels (e and e3) plus a splitting
term which is the sum of the squares of the variance in the diagonal term and of the norm

of the off-diagonal term.

There is no universally useful formula for the eigenfunctions, and when His simple, it
is often easiest just to proceed “from scratch.” Let’s look at the general case with language
whose use will become more apparent shortly. To simplify our discussion, let us alter our
notation slightly and replace the complex A in Eq. 264 by A exp(ix) where now A is real.

We wish to find eigenfunctions, solving

Hips = Apapy. (2.67)

We write a parameterization which automatically preserves unitarity

cos ¢ —sin 2e—i¢
|¢+> = ( .0 22'(15 ) |¢—> = ( 29 ) ) (268)
Sin 56 COSE

and then the upper eigenvector equation corresponding to Ay is
g 0 0 i(x+9)
(H — X))y = (e — Ay ) cos 3 + Assin ¢ =0. (2.69)
Clearly, a solution to this equation is ¢ = —x and

2
_ €a—€q + €] —€2 +A2
tand M@ 3 (32) . (2.70)
2 A A
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Note that the amount of mixing between the two states only depends on the difference

of the energies. We could have seen this more easily had we written

A €1+€2 1 0 € A
H = 2.71
2 <0 1>+<A* —e) ( )

where € = (€1 — €2)/2. This way of writing the Hamiltonian shows us that its first part only

corresponds to an overall energy shift, while the second part gives us the interesting physics.

Let us call 6 = A/e. Then we can write

0 1 1
tan — = —— 1+ = 2.72
an 5 5 + + 52 ( )
or, after invoking a trigonometric identity,
2tan 4 A
tané’:i%e =0=—. (2.73)
1 —tan® 3 €

We could have written
a_| © A - .cos 9' sin fe = (2.74)
A* —¢ sinfe’®  —cosf
if we wanted to encode this solution into the definition of H from the beginning. (This is
sometimes useful, but not always!) Now we are equipped with a general formula for the

mixing as well one for the energies. Let’s consider some limiting cases, further assuming the

ordering €; > €5, or € > 0.

1. A < ¢ : In this case we can Taylor expand the square root factor

= 1 A?
o= ate la-el <1+——+~-~)

2 2 2 €
61—|-€2:|: ler — €] L A?
2 2 ler — €]
(2.75)
and thus A2 A2
)\+ =€ + A= €y — . (276)
€1 — €9 €1 — €2

If A/eis small, Ay ~ ¢ and A_ ~ €3 with

1 0
%2(0) W <1> (2.77)

When A is small the gap varies varies quadratically with A. The behavior is shown in
Fig.

12
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Figure 2.6: Eigenvalue spectrum for small A.

Figure 2.7: The full spectrum of the two-state system.

2. A > € : In this case
€1 + €2

2

Thus the two energies are just the average of our two diagonal terms plus or minus the

)\iz

+|A. (2.78)

off diagonal term. See Fig. 27 In this case tanf = A/e diverges, so the mixing angle
¢ — 3. The eigenfunctions are as non-diagonal in our eigenstate basis as they could

possibly be: if the phase of complex A is x = 0, then for large positive A

1 _1
¢+%<f> w_%<f>. (2.79)
V2 V2

Notice the situation for large negative A: up to overall phase factors

¢+%<_1%> w_%< ) (2.80)
v

S-Sk
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That is, the wave functions have exchanged places. It is as if the system actually
followed the dotted lines in Fig. 2.7 as A was tuned from a large positive value to a
large negative value. But the dotted lines show the energy levels crossing; in reality,
they do not. This is the iconic example of what is called an “avoided level crossing.”
In the absence of a coupling between two levels (that is the e term in H ) the levels
could pass through each other and there would be a point of degeneracy at A = 0.
The coupling between the levels means that this degeneracy cannot occur. Avoided
level crossings and the “swapping” of the wave functions of the would-be crossing pairs

have many practical uses in quantum mechanics.

Any system with two states whose coupling to each other is large and whose coupling
to other states is small can be approximated by a two-state system — independent of how
complicated the states actually are. Many examples come to mind: neutrinos (in the context
of neutrino oscillations) or pairs of atomic states, perhaps isolated from their neighbors by
a clever experimentalist. But the “classic” two state system is the spin-1/2 particle in

an external magnetic field. The Pauli matrices form a standard basis notation for the

1 0 01 0 —
O’Z:<O _1) O'x:<10> Uy:<l_ 0). (2.81)

Any traceless 2 x 2 Hermitian matrix can be written as a linear combination of these three

Hamiltonian:

Pauli matrices, and if the matrix is not traceless, it can be written as a linear combination
of the three Pauli matrices and the identity. By inspection, the eigenfunctions of o, and

their corresponding eigenvalues, are

>\:+1—><1> )\:—1—><O>. (2.82)
0 1

(All the Pauli matrices have eigenvalues +1; stop reading and work out the eigenfunctions

of o, and 0,.) A spin-; particle has a magnetic moment [ = %g where § = b3, (We
will make this connection more formally, later.) The interaction Hamiltonian for a magnetic

moment in an external magnetic field is
H=—ji-B. (2.83)

It has the matrix representation

. B, h B. B,—iB
H=—ji-B=—-"" , ca (2.84)
2me \ B, +1iB, —B,
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The reader is encouraged to work out the eigenfunctions for the spin for various limiting
orientations of the magnetic field. (We will return to this problem in the next chapter, if

you want to look ahead.)

The Pauli matrices obey the following algebra (1 is the identity matrix)

~

66 = Oij1 + €0 (2.85)
or equivalently
[Gi,0,] = 2i€;1,0%. (2.86)
The anti-commutator of two Pauli matrices is simple, too:
66+ 66, = {64,6;} = 20451. (2.87)
Check these relations and remember them!

We often encounter complicated expressions made of several Pauli matrices. They can be
simplified by repeatedly invoking appropriate commutation and anti-commutation relations.
As an example let us consider

(6-a)(d-b) = 06,a;05b;
= 0,05a;b;
= (041 + ieijno)aib;
= la;b; + ieijnab;op
= a-bl+i7 - (axDb).
(2.88)

The final answer is a linear combination of terms proportional to the identity and to the

three Pauli matrices, because that is all there is for a two dimensional Hilbert space.

Simultaneous observables and the uncertainty principle

Suppose we have a state |a, b, ...) which is an eigenfunction of several operators, that is,
Ala,b,..)=ala,b,...)  Bla,b,..)=0blab,...). (2.89)

This is a very desirable situation, since it means that we have precise information about the

quantities represented by the operators for the state. But, can this happen for arbitrary
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operators? No, it can only occur if the commutators of all pairs of operators are zero, for

then (specialize to two operators)
(AB — BA)|a,b,...) = (ab—ba) |a,b,...) = 0. (2.90)

A mathematical way of expressing the physical question, “How completely can I characterize

a state?” is to ask “What is the complete set of commuting operators for the system?”

We can invert the discussion and ask, if A, B # 0, how precisely can one simultaneously

A

observe (A) and (B)? We will restrict ourselves the case where both of the operators are
Hermitian operators, since that is what is most commonly seen in practice. Let us consider

an arbitrary state |¢)) and consider the shifted operator
AA=A— (A) (2.91)
where (A) = ()| A|t)). The expectation value of the square of this operator is

(A4)%)

(A2 — 24 (A) + (4)")
= (A% - (A",
(2.92)

It is known as the dispersion of the expectation value of the operator in the state, since that

is the definition of the variance of a quantity in statistics. Now we shall show that

(AAY) (AR > ¢ |4, BY| (299)
This result is called the Uncertainty Principle.
The norm of any vector is always greater than or equal to zero, so for any A
(la) + A[8),|a) + A1) = 0. (2.94)
A direct evaluation of this expression gives
(afa) + A (alB) + X" (Bla) + [A]* (8]8) = 0. (2.95)

Setting A = ie, |o) = (AA) [¢), and |B) = (AB) [¢),

(W[(AA)? ) + i€ (Y| AAAB — ABAA[p) + € (Y|(AB)?|¢) > 0. (2.96)
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We minimize this equation with respect to e. The minimum occurs when 2e ((AB)%) =
—i([A, B]). Notice, by the way, that if A and B are Hermitian then their commutator is

anti-Hermitian and i[A, B] is Hermitian:
[A, Bl = BYAT — ATBf = [Bf, AT] = [B, A] = —[A, B]. (2.97)

Inserting the result of the minimization into our original equation, we learn that

) >0 (2.98)

and so
(2.99)

The uncertainty principle is a deep statement about what can and cannot be measured
in quantum mechanics. The most-seen case of the uncertainty principle is A = x, B = p,
C' = h, yielding the familiar result AxAp > h/2.

Again, if [A, B] = 0 one can in principle have simultaneous eigenstates of A and B, states

in which we can determine expectation values of both operators to arbitrary precision.

We often encounter the uncertainty principle in casual situations, where it allows us
to make back of the envelope calculations about the typical sizes of bound states and their
energies. (In this context, it is basically a poor man’s variational calculation.) Asan example,

consider the one body Hamiltonian

-9

A p ~

H =" 2.1
4 V() (2.100)

and suppose that we want to guess the eigenvalues of this operator. We know that Ap >
h/Ax and so we assume that in H, p~ Ap ~ h/Ax, r ~ Az. Thus our Hamiltonian

becomes
h2

2m(Ax)?

To estimate the smallest possible bound state energy consistent with the uncertainty prin-

H= + V(Az). (2.101)

ciple, minimize Hamiltonian with respect to Ax. For hydrogen we have

h? e?

E(r) = omAzz Az’

(2.102)

Setting OE/O0Ax = 0 gives Ax = h?/(me?) which upon insertion into the energy equation
2
gives E(Az) = —1 (;—i) mc? or -13.6 eV — a familiar result.
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Operators with continuous spectra

Many operators — the coordinate z is a familiar example — have a continuous spectrum. We
can treat operators with continuous spectra in a very similar fashion to those with discrete
spectra, at the cost of generalizing the Kronecker delta (A|A’) = d4 4/ to the Dirac delta
function §(A— A’). At the slender level of rigor seen in most physics books, the generalization

is merely notational. We record it in this table:

discrete continuous
) =Sal A (A)  [9) = [ dAIA) (Al)
1=3,14) (4| 1= [dA|A) (4|
(A|A") = 04 (AJA)) =6(A - A))

(A1|A[As) = Adan,  (Ai|AJAg) = Ard(A; — Ay)

The Dirac delta function obeys
/dx5(x) =1 /dxé(x —x0) f(x) = f(xo). (2.103)

There is, however, one important point, which requires caution: Dirac delta functions are
not functions, but distributions. A distribution can be defined as a limit of a good function
or defined as an operator under an integral. Working with delta functions in “stand-alone”

mode can be quite hazardous.

Practical definitions of delta functions (as limits) are quite useful. A familiar one is

IR
5(]{;1 — ]{;2) = )}%O%/Xel(kl_k2)xdx
_ lim ESiH((k‘l — ]{?Q)X)
X—o00 2 k’l - k’g

(2.104)

Plotting this function, you will find that as X — oo it has a peak at « = 0 that diverges as
X/m, while its width falls to zero as m/X. Thus the area under the peak remains constant
in the limit. The factor 1/27 assures that [ dki6(ky — ko) = 1.

Another example of a delta function is the limit of a very narrow Gaussian

5(z) = Tim —— exp (-x—Q) (2.105)

a—0 \/7_1'@
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The prefactor normalizes the integral of the delta function to unity.

More useful properties of the delta function (all defined under an integral) are

é(z) = 6(—x)
§(z) = —=8(—x)
xd(x) = 0
1
d(ax) = mé(m)
() = ST

(2.106)

where the z;’s are the zeros of the function in the argument of the delta function. Let us
check the last of these identities, taking the limit of a Gaussian, Eq. 2.105, for our delta

function:

I f(z)) = (lll_rf(l] ﬁ exp (—f(axz)2) . (2.107)

We Taylor expand f(z) as

f(x) > f(xo) + (z — m0) f'(wo) (2.108)

and if x is the place where f(x¢) = 0, the delta function is

3(f(x)) = j%a exp (— G xO;Qf/(‘TO) ) . (2.109)

To evaluate the integral [ dzd(f(z))g(x), we Taylor expand both f(z) and g(x) about xy:

/ dxs(f(2))g(x) = dx\/;a exp (_(:c o f'<x0>2)

X (g(xo) + (x — x0)g (x0) + .. .)
_ 9w) vma g, O(a?)

Vra TG

(2.110)

where we take the a — 0 limit in the last step. This shows the origin of the extra factor in

the denominator.
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Parenthetically, this exercise illustrates that the simplest representation of a delta func-
tion as a tall, narrow step function, say of width e and height 1/e, is not optimal: it is
not differentiable, and it is hard to retain the identities of delta functions of functions given

above.

More about the coordinate operator

The coordinate operator & gives the location of the particle in Cartesian space. A state

which is diagonal in coordinate space is an eigenstate of & with
T2y =2 |2 (2.111)
and the matrix element of z is
(2"|Z|2")y = 2'6(2" — ) = 2 (2"]2]) . (2.112)

We assume that the kets, |2’), form a complete basis. This means that the completeness

relation allows us to write the state as

la) = /dx |x) (z]a) . (2.113)

Now suppose that we have an operator that records the location of a particle in an interval

x € [-A, A]. We can write this operator as
M(z,A) =O(z + A)O(z — A). (2.114)
The expectation value of this operator in a state |«a) is
(a|M]a) = /dxd:):’ (a|z) (x| M2y (2] a) . (2.115)
We insert the matrix element of the operator in states |z)
(z|M|z') = §(x — 2")O(z + A)O(x — A) (2.116)
to give

(a|M]a) = /dxdx' (alz)d(z — 2")O(z + A)O(x — A) (2']a)

-/ " e (o) (oo

—A

- / el o)
(2.117)
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If our states are normalized, this is just the probability to find a particle in the region [—A, Al.
Thus the function (z|a) is just what we would have identified using wave mechanics as the
coordinate space wave function of the system, (x|a) = 1,(z). If we expand the region to

[—00, 00] then the integral must equal unity — that is just the normalization constraint.

We can then write the following identities, which allow us to recover our wave-mechanical

formulas as special cases of our Hilbert-space description,

(3la) = [ do (3la) (sla) = [ dwvi(a)ao 2.118)

and we have the further useful transcriptions

la) = ZU (jla) = ZU cj(a
(z]a) = Z (xl7) (o) = Zw] = ().

J

(2.119)
Matrix elements can be constructed in coordinate basis:
(BlAla) = [ dada’ (3o} (el f) o)
= [ deda' v (o) (el Al V(o).
(2.120)

We must now analyze coordinate space matrix elements (z|Alz’). If A is just a function
of the position operator, we merely have
(z|Alz") = A(x")d(x — '), (2.121)
S0

(Bl Ala) = / das () A(z)ba(z). (2.122)

More complicated operators require more thought. Consider the case of (x|p|z'). To evaluate

it, consider the fundamental commutation relation expanded in coordinate space states

(ollp,418) = {al5)
= /d:cd:c’ (o)

z|pt — 2pla’) (2'|5)

{
dada'[(a]z) (x|pla’) 2’ (2'|B) — (a|2) @ (x|p|2’) (2'|5)]
(2.123)
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The reader can check that the following substitution solves the equation:

(z|pla’) = oz — a:’)i—.ig. (2.124)
1 0x

It follows, then, that

i) = [ de’ {alple’) (')
/

(2.125)

Moreover, higher powers of the momentum can also be expressed as differential operators:

(Blile) = [ i)} 50 (2.126)
and
(3lirle) = [ devso (%%)) e (2.127)
and so on.

Let us complete our re-derivation of the equations of wave mechanics. The typical classical
non-relativistic Hamiltonian of a particle in an external potential is
A ]52
H=_—+V(z 2.128
2 v (2125)

We consider the operator equation

(wlHY) = E(alv) = By (x)
_ /dx'<x|ﬁf|a:’><x’lw>

n2

- / (Gl 2o} + 6 — )V (@)l

= a0,k (B2) 4 st -y e
= |0z — )5~ 5 x—12)V(x x
(2.129)
which gives us the usual Schrodinger differential equation
1 (ho)°
[% (25) +V@)| vt = Bvto) (2130)
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The simple harmonic oscillator

Almost everything in Nature can be approximated by a simple harmonic oscillator. Its
Hamiltonian is )
H=2 1 Smu?s?, (2.131)

We wish to find the energy eigenvalues and construct the eigenstates, by solving
H|n) = E,|n). (2.132)
We will do this algebraically, through the construction of so-called “ladder operators”

R mw [ . ip At mw [ . p
— ./ Ll =/ —=(z- = 2.133
¢ 2h (x+ mw) ¢ 2h (ZE mw) ( )

which are (non-Hermitian) combinations of the coordinate and the momentum,

h hmw
~ — N /\T A — /\T A
T 2mw(a+a ) D=1y/ 5 (a" —a). (2.134)

For reasons which will shortly be apparent, we will call the operator a the “lowering operator”

and the operator a' the “raising operator.” The commutator of these operators is
[a,a'] = 1; [a,a) = 0= [a',a']. (2.135)

The arbitrary normalization in Eq. 2.134] is chosen to make the first commutator simple.
We also introduce the (obviously Hermitian) “number operator” N = a'a. This is just the

Hamiltonian, rescaled:

n2

. mw [ . D v
N o= D2 ~
<:B + )+2h[x,p]

2h m2w?
H 1
T w2
(2.136)
and so
H = hw (N + %) . (2.137)

Obviously, eigenstates of the Hamiltonian will also be eigenstates of N.

Nn) =n|n) — H|n) = hw (n + %) n). (2.138)
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To proceed, we consider commutators of the number operator with the raising and lowering

operators:
[N,a] = [a'a,a] = a'[a, a] + [aF, ala = —a (2.139)

and
[N, al] = a. (2.140)

Na'|n) = ([N,al]+a'N)|n)
At
a

= (@' +a' ) |n)
= (n+1)a'|n)
(2.141)
This shows us that af |n) is an un-normalized eigenstate of N with eigenvalue n + 1,
af|n) = n+1). (2.142)
The lowering operator behaves similarly:
Na|n) = ([N,a] +aN) |n) = (n — 1)a|n) (2.143)
SO
alny=C 7 n—1). (2.144)
To find the constants, consider the norm of the state a |n):
(nlafaln) = ({n]@")(@[n)) = |C,24[* n = 1n 1) (2.145)
= n{n|n) =n.
Therefore, (choosing a phase) the normalization factor is
) = V. (2.146)
An analogous calculation for the raising operator gives
aln) = /n|n—1) (2.147)

atlny = Vn+lln+1). (2.148)

Observe that we cannot lower the state forever, because the norm of the state (the inner
product of bra and ket) must always be greater than 0. From Eq. 2140 this norm is n.
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Therefore, the minimum n must then be 0, and all the n’s must be integers (otherwise one
could lower states to negative values of n). This tells us that the spectrum of the oscillator

is set of equally spaced levels labeled by a single integer n whose value is n > 0

R 1
H|N>:En|n> En:hw<n—|—§) n=20,1,2,.... (2.149)

Given the ground state |0), we can construct the rest of the states using raising operators:

ity = 1)
at)?
ity = mzm%m:m
G @y
B = =Ly
(2.150)
and so "
ny = 9% 10y (2.151)

Vn!

This construction can be used to find the coordinate space wave functions (x|n) = ¥, (z).

To do this, use use the differential form of the lowering operator acting on the ground state,

) ) mw R ip
— =,/ — 210) = 2.152
a0y =0 — (z|al0) oh (x|z + mw|0> 0 (2.152)
or

mw O0x

h 0
<x + ——) (x|0) =0 (2.153)
This is just a differential equation for (z|0), whose solution is

mw>1/4

(z]0) = (Th exp {—1@9:2] . (2.154)

(z|1) = (z]al]0) = /2 (:g - iﬁ) (0). (2.155)

This construction will give the usual coordinate space wave functions which arose from a

direct attack on H as a differential operator.
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We can find the matrix elements of Z and p with the help of the raising and lowering

operators. (This is of enormous practical utility!) We first note that

(n'laln) = Vndwn-
(n'|a’n) = Vn+ 10w

Then we write
R h
(n'|Z[n) = \/ m(\/ﬁdn’,n—l +vVn+ 10y nt1)

The matrix form of this expression is

0 1 0 0

1 0 vV2 0
i—y—L—|o0v2 0 v3
2mw00\/§0

Powers of  or p are equally simple to construct.

Applications of oscillators

Many systems share this algebraic structure. Let us consider a few examples:

1. Two simple harmonic oscillators : The Hamiltonian is

9 o)

2 p1 1 242 Y2 1 2.2

H=_"—+4-mwz] + — + -mw
om 2 LT g, T

(2.156)
(2.157)

(2.158)

(2.159)

(2.160)

To solve this system, we note that coordinates and momenta for different oscillators

commute, [z1,ps] = 0. This means that we can use two sets of commuting ladder

operators, one for each oscillator: [al,as] = 0 States are labeled by two n’s, one for

each oscillator, and E |ny,no) = (hwi(n1 + 3) 4+ hwa(no + 1)) [n1, no).

2. N uncoupled simple harmonic oscillators: Just let the subscript (z;, p;) be N-fold, and

repeat the previous case.

3. Coupled oscillators: Suppose that

H= % sz + ZCWSL’ZLL’]
k @]

(2.161)
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Perform a canonical transformation, or a simple change of variables, to diagonalize the
potential: V({z;}) = >, ; Ciwiz; — >4 2Oz, The canonically conjugate pairs will
be {2, P;}. The Hamiltonian is now diagonal in the new basis, E = Y, A (n; + 1).

We introduce ladder operators in the {zj, Py} basis. States are labeled |nq,ns...).

4. Classical systems obeying the differential equation

d2
dzg_k + 2y =0 (2.162)
These systems can be defined through a Hamiltonian H = 13", (p? + Q}y?) and are

obviously also oscillators, with states labeled by an integer for each oscillator.

5. Photons: Each mode of the classical electromagnetic field (working with the vector
potential in Coulomb gauge) obeys an equation of motion
dz[f(g ) E) 2

— w2 Ak, &) =0 (2.163)

From what we have done so far, the quantum mechanical state of each mode of the
electromagnetic field must be characterized by a ket |nj .). The extra letters k and €

label the wave number and polarization of the mode.

The energy of the mode is given by an integer multiple of hwy, E, = nhwy up to an
overall constant. In the usual language of Planck and Einstein, the integer n counts
the number of photons in the mode. We do not have to restrict ourselves to a single
mode. In complete analogy with the case of coupled oscillators, we can also have a

state with many photons in many modes.
\nl,n2,n3,...> (2164)

with energy > z.hwy(ng -+ 3). (In contrast to the two-oscillator problem, the labels k

and € can vary continuously.)

The quantum mechanical analogs of coordinates and momenta are operators. Coor-
dinates and momenta are the canonically conjugate variables describing the classical
system’s Hamiltonian dynamics. One can construct a Hamiltonian description of the
classical electromagnetic field. Not surprisingly, its canonical coordinates are the vector
potential and the electric field. Thus in the quantum description of the electromagnetic

field, the vector potential is an operator which acts on the many-photon wave function.
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Again, it is no surprise, the vector potential is a linear superposition of raising and

lowering operators. The raising operator increases the number of photons in the state

g ng ) = \/ﬁ nje+1) (2.165)

while the lowering operator decreases the number of photons in the state,

dﬁ,€|nl¥,€> =V ”E,g|n13,g_ 1) (2.166)

We will use these results when we consider the fully quantum mechanical problem of

the emission and absorption of electromagnetic radiation from matter.

A few words about eigenfunctions of momentum

Our final example of the chapter is the free particle,

2
o=2 (2.167)

2m
Obviously, the momentum operator itself commutes with H, so energy eigenstates will also
be momentum eigenstates. Consider, then, eigenstates of the momentum operator (in one
dimension, to simplify notation)
plp) =p'1p). (2.168)
They occupy, of course, an infinite-dimensional Hilbert space. In complete analogy with

coordinate space expansions, any abstract state can be expanded in momentum eigenstates
@) = [ lh) o)

_ / dp' ) alp)
(2.169)

where 1, (p’) is the momentum space wave function. Repeating an earlier construction, it is

straightforward to show that the position operator in momentum space is

naty B, 0
{lzlp) = ——o(p p)ap- (2.170)

Now we want to find the wave function (x|p), a momentum eigenfunction in coordinate space
representation. We start with p|p) = p’ |p) and take the inner product with (z|:

(zplp) = p (z|p). (2.171)
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We process the left hand side using

/ﬁfuwu»@wﬁzjdfax—fﬁggww» (2.172)

This gives
h
i

2 alp) = p (alp) (2173)

or
1 1px

Tip) = exp —. 2.174

(z|p) 5 P, ( )

The normalization factor is chosen so that (z|z') = é(z — 2’) = [ dp (z|p) (p|2’). This result

is used to pass between position space wave functions and momentum space ones. We find

7;:W:ﬁexp&;if)wa(p) (2.175)

The switch between 1, (x) and 1¥,(p) is a simple Fourier transformation.

%m:@m:/@@mwwz dp



Chapter 3

Time dependence in quantum

mechanics

47



Quantum Mechanics 48

Quantum dynamics

So far, we have dealt with three kinds of quantum mechanical objects:

e Vectors, which specify the state of the system.

e Dynamical variables, which correspond to operators acting on the state vectors, trans-

forming them into new state vectors

e Unitary transformations, which, at least as far as we have discussed them, do not

change the state of the system, but change how we look at the state of the system.

So far, we have not discussed time evolution in quantum mechanics. While the motion
of particles can only be described probabilistically, the evolution of the probability itself
evolves causally. There are several equivalent ways of describing this causal evolution. We
can equivalently regard the states as changing with time, or the dynamical variables as
changing with time, or make a combination of the two pictures. In the case that we put all
the time evolution onto the states, we can describe the evolution of the state directly, or we

can encode the time evolution into the action of a unitary operator, acting on the states.

Schrodinger picture

We begin by assuming that the state vectors are the fundamental quantities which evolve in

time. How they do so is governed by the time-dependent Schrodinger equation

0 .
iz la(t)) = Hlas (). (3.1)

There is a dual equation for the bra vectors,

L0 A .
il {as(t)] = {as(t)] HY = {a,(t)| 1. (3-2)

Again, the last equality is true only if the Hamiltonian is Hermitian.

Eq. B.I may be formally integrated to give

A

V(1) = exp(=1 (¢~ 1) (1), (3.3
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However, the reader ought to treat this formal integration with great caution. The Hamil-
tonian is an operator, and the exponential of an operator is also an operator. In principle,

the exponential is only well defined as a power series,

exp———t=1——t— ="t ..., (3.4)

It may be quite difficult to evaluate this series in a useful way, especially if H has explicit

time dependence.

There is one extremely useful special case of time evolution. If the Hamiltonian is time-

independent, and if |1)) can be written as a superposition of eigenfunctions of the Hamiltonian
Hyp) = ciBy|Ey,), (3.5)
then the solution of Eq. B.lis very simple:

ch | E,) (3.6)

Each of the different energy eigenfunctions composing |1) evolves independently in time, and

its evolution is a pure change of phase. Note that in this case, the probability of observing
the state to be in any particular energy eigenstate is a time-independent constant. Projecting
|1)(t)) onto a state which is not an energy eigenstate will reveal interesting interference effects

between the different energy eigenstates.

A general (but formal) way to rewrite the time-dependent Schrédinger equation can be
given by introducing an “evolution operator”, U (t,t0). The action of this operator is to move

a state forward in time by a specified amount

las(t)) = Ut to) |as(to)) (3.7)

Inserting this into the Schrodinger equation, we have

z’h% las()) = {zh ;U(t to)] s (t0)) = HU(t, to) |exs(to)) (3.8)
o LOU(t,tg) 4o
== = HU(t, o). (3.9)

The utility of this formalism is that if we can once evaluate U (t,to), any state may be carried

forward in time. Formally, of course,

~

0t 10) = exp(~70 (¢~ 1) (3.10)

and if H is Hermitian, U is unitary.
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Spin-% particle in a magnetic field

Let us consider a simple example of time evolution, the two-state system with a time-
independent Hamiltonian. We will specifically consider the spin-1/2 electron in an external

magnetic field. The Hamiltonian is

A — eh —
H=_—-i-B=—&5-B 11
fi 50 (3.11)

and the negative charge of the electron flips the sign in the rightmost expression. The dot

product has the explicit expansion

4 B. B,—iB
G B = , ) (3.12)
B,+iB, —B.

Let us compute the time evolution of states under this Hamiltonian, in several different ways.

It is useful to introduce the unit vector @ = (sin 6 cos ¢, sin fsin ¢, cos ) and to rewrite

the Hamiltonian as 5
H=""¢.B=hws i (3.13)
2me

Because the Hamiltonian has no explicit time dependence, we can straightforwardly write

the time evolution operator as
~ iHt

U=e¢ ' = ot (3.14)

To evaluate this expression, we expand in a Taylor series
S N 1
e W =1 —jwtd - [+ i(iwt2)&mi&jnj +-- (3.15)

Recalling that 6,6, = i€;,0% + 15@', we write

eI — ] _jwtd - [ + %(iwt)2(ieijk&k + 1635 nin; 4 -+ - (3.16)

Since €;;xgn;n; = 0, this is
= 1wt i (i) (3.17)
The next term in the series as 4 (—iwt)3( - 71)* = 3;(—iwt)*(7 - 7). Thus the time evolution

operator is

~ “ 1 s t3
U = 1<1—§w2t2—|—---)+5-ﬁ<—z’wt+( 230')) +)

= 1cos(wt) —id - nsin(wt).

(3.18)
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Expressing our result in matrix form, we have

U = (3.19)

~ coswt — in, sinwt  sinwt(—in, —ny)
sin wt(—in, +n,) coswt + in,sinwt

coswt —icosfsinwt  —isinwtsin e~
—i sin wt sin Be'® coswt +icosfsinwt |

This result can be used to compute the time evolution of any state. For example, suppose

1
that at time ¢ = 0 the electron is spin-up. Then [¢)(t = 0)) = ( 0 ), and at a later time ¢

—i sin wt sin fe'®

(1)) = < coswt — i cos # sin wt ) ‘ (3.20)

The amplitude for the particle to be spin up at a later time ¢ is
(Y |(t)) = coswt — icosBsinwt (3.21)
and the resulting probability is
| (4| (1)) |* = cos® wt + cos® O sin® wt = 1 — sin? O sin” wt. (3.22)
Notice how the probability oscillates with time, if # # 0. This oscillation occurs because
the state [1(4)) is not an energy eigenstate unless § = 0; it is a mixture of the two energy

eigenstates. The fraction of the amplitude associated with each eigenstate is varying with

time, and the two components’ interference is time-dependent.

We can also evaluate the evolution operator a second way: use completeness twice and

write the evolution operator as

U= e =3l il e ™ 1) Gl (3:23)

i7j

In the sums, pick the |i)’s and the |j)’s to be energy eigenfunctions. In that case,

U(t) = Z liye n (i (3.24)

To proceed, we need the eigenfunctions and eigenvalues of the Hamiltonian. The Hamiltonian

n, Ng — 1IN
H = hw , v
Ny + 11y —N,

cosf  sinfe 9.
= hw .
sinfe’®  —cosf

matrix is

(3.25)
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where on the second line we re-introduce the direction vector 7 of the magnetic field in
spherical coordinates. Recalling our discussion in the previous chapter, we discover quickly

that our eigenvalues are A = t+hw and our eigenstates are

|¢+>=< 08 ) (3.26)

sin gei¢

and

—sin Ze—1®
[-) = < % ) : (3.27)

COS )

A parenthetical remark: We used Eq. .26 with its funny half angle for € in our discussion
in Chapter 2. Now we see that this choice actually contained physics: The angles 6 and ¢
parameterize the direction of the magnetic field — or, more generally, the “direction” of the
Hamiltonian in our two dimensional Hilbert space. Eq. is called the “Bloch sphere”
parameterization of the spinor wave function. In fact, one can define a vector (the “Bloch
vector” )

7= (Y4|G]4) = Zcos O + T sin b cos ¢ + ysinfsin ¢ (3.28)

to label the orientation of the state in the Bloch sphere. To visualize it, return to Eq. [3.29]
and look at the direction vector 7. When 7 points along the positive z direction (the north

pole of the sphere) the positive energy eigenstate is

ths) = ( (1] ) (3.29)

and when 77 points to the south pole, # = 7 and

6y = ( X ) . (3.30)

When the field has no Z component the state is an equal (up to a phase) superposition of

“up” and “down” states and the Bloch vector points along the equator.

We then reconstruct U entry by entry. For example, we can recover the solution to our
first example by taking the matrix element of U between |¢)(+)) (the value of the state at
t =0) and |[¢)(+)) (the observed state at time ¢):

T = (1 o>0<;) (3.31)
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Bt

= Y (e (il 1)

7

0 . 0 .
— 207\ —iwt s 0207 Jiwt
= cos (2)6 + sin (2)6
= coswt — isinwtcos b

as before.

Magnetic resonance

In many physical situations, the Hamiltonian is time dependent. In these cases it can be
quite difficult to solve the equation of motion exactly. An exception is (again) the two state
system. As an example of interesting dynamics, consider the situation of magnetic resonance.
We have a spin-1/2 particle (we will call it an electron) in an external magnetic field which
consists of a large constant term pointing in the Z direction and a small component which

rotates in the x — y plane , with an angular frequency v. Explicitly, the magnetic field is

B,=B B, = bcos(vt) B, = bsin(vt). (3.32)
Then our Hamiltonian is
R . . . ] w Qoe—iut
H = hwo, + k(6 cos(vt) + o, sin(vt)) = h it (3.33)
o€ —W

where we have defined hw = eBh/(2mc) and hfdy = ebh/(2mc). In the magnetic resonance

literature, €y is called the Rabi frequency. A general solution can be written as

p(e)) = ( a+(?) ) (3.34)

a_(t)
and the corresponding equations of motion are

id, = way + Qe “ta_ (3.35)

ia_ = Que“tay —wa_. (3.36)
To find a solution, we assume that

ay = Ape M+t (3.37)

-\ 0 —i(v=Ap+A_)t A
YA o ] =o. (3.38)
Qoez(y_)‘jui_)\*)t —w =\ A

so that
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We eliminate the time dependence entirely by making the ansatz that A, = A\_ + v. Then

we are left with a simple matrix equation

(”‘A‘_” o ><A+)=o. (3.39)
Q() —w — A_ A_

Let us split this equation apart to write it in a more familiar way:

() () () e
QQ —W A_ A_
H<A+>:E<A+> (3.41)
A_ A_

1
H= —%1 + h(w — 51/)02 + Q0. (3.42)

or

with £ = A)A_ and

This is the eigenvalue equation we found for a two state system when its Hamiltonian was

constant in time. The solution is the same: the determinant of Eq. .39 must vanish, giving

2
A_:—giA AE\/(@d—%V) + 02 (3.43)

Because there are two possible A\_’s, the most general solution to the equation will be a

linear combination of the energy eigenfunctions. Thus we have two unknown coefficients to
determine,
a_(t) = AWe=i(=5+8)t L 4@ e-i(-5-2)t (3.44)

We can fix A" and A® from the boundary conditions at ¢ = 0 plus the normalization

condition. Suppose, for example, that at ¢ = 0 the electron has spin up:

[(t =0)) = ( ! ) (3.45)

This implies
a(t=0)=0—AY = A® (3.46)

or

a_(t) = Ae'T sin(At). (3.47)
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v>2w

Figure 3.1: Variation of probability P({) with time in nuclear magnetic resonance.

An easy way to determine A is to return to our original equations and evaluate them at
t =0. We had
ia_(0) = Qpa(0) + iwa_(0) (3.48)
and since a_(t =0) =0 and ay (t =0) =1, AA = Qp and
Qo . vt
a_(t) = N sin(At)e 2 . (3.49)

Thus the probability that the spin of the electron is down at any time t is
o B
P()=la_(t)|]" = Az St (At). (3.50)

This result is usually written as

P(]) = g—é sin(Qt), Q= \/((u — %V)2 + Q2. (3.51)

Notice the behavior of P(|) — especially its maximum value — on the frequency v and strength
of rotating field. See Fig. Bl The functional form of 03 /9? is called a “Lorentzian”
02 1

G RN ST (352

and is shown in Fig. [3.2l The quantity I is called the “full width at half maximum” of the
curve. Notice that as the strength of the rotating field falls to zero, the transition probability
becomes very very tightly peaked as a function of frequency. It becomes vanishingly small

unless the driving frequency corresponds to the frequency difference of the two states. This
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Figure 3.2: The Lorentzian line shape.

“resonance behavior” occurs at hv = 2hw. Physically, the rotating field must supply the
right energy hv = hw — (—hw) to carry the electron from the lower state to the upper state,

and then it can return the energy to the oscillating field as it falls back to the ground state.

Magnetic resonance has many analogs. One commonly-seen example is the case of a two-
state atom in an external electromagnetic field. The electromagnetic field oscillates with
frequency v. The Hamiltonian has two parts. One term (]3[ 1) specifies the energy levels of
the atom and the other parameterizes the interaction of the electron and the electromagnetic
field (H,). Obviously, the first term can be written as

. 0
i, = ( €1 ) . (3.53)
0 €9

The interaction between the electron and the external electric field is a dipole interaction
—p . E between the atom and the field. Most systems do not have permanent dipole moments,

so (i|p]i) = 0. However, the off-diagonal terms need not vanish. We can parametrize this

R 0 Ae—iut
H; = . 3.54
2 ( A*ewt 0 ) ( )

This Hamiltonian is exactly what we have just analyzed, but with the substitutions

situation as

Qo+ A we ; 2 (3.55)
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Heisenberg picture

In the Schrodinger picture, states evolve as
|as(t)) = e | (0)) (3.56)

while operators without explicit time dependence remain constant in time. For example,
x(t) is just . How then, do matrix elements of operators change in the Schréodinger picture?

Just compute the time derivative of the matrix element of an arbitrary operator

5 ol = (2 ')\ow> (@ \%fm +aiol (%)

= —<a\ﬁ|ﬁ> <| \5) (|ﬁ\5>

=~ {all1,0)18) + (a2 18)
(3.57)

The time dependence arises first because the states themselves evolve with time, and second,
because the operator itself might have explicit time dependence. We observe from this
calculation a very important special case: if O has no explicit time dependence and if it
commutes with the Hamiltonian, its matrix elements are time independent. The operator
O is a constant of motion. This has important practical applications in terms of how we
characterize states: they can be simultaneous eigenstates of the energy and of all dynamical

variables which commute with H.

Notice that we can re-write the operator equation as

C IO = a0 “?ftws( )
= (a0 O 5,0 + - (OO, Ala0)
(3.58)
We regroup the expression by defining time independent states
s (1)) = o (0) (359)

and time dependent dynamical variables,

Q>
w|
o)
ml
:| ;
.
w0
D
=
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These definitions express the “Heisenberg representation” of quantum mechanics in which
the states are time-independent, but the operators are explicitly time-dependent. Then Eq.
3.58 becomes

L fanlOnlfn) = (ol D25

_ <aH|aOH|ﬁH> ([0, B )

(3.61)

This result holds for any states |a), |3), so it must be true for the operators themselves that
their time evolution is given by

dOy 00y Y

dt ot ik

Taking the states to be time-independent and pushing all the time evolution onto the oper-

Ou, H]. (3.62)

ators produces the Heisenberg representation, and the operator equation of motion is called
the “Heisenberg equation of motion.” It closely resembles the Poisson bracket formalism of
classical mechanics, where dynamical variables evolve through

dA -
—{AH) = [OH,H] (3.63)

(and we remind the reader of the transcription between Poisson bracket and commutator).
Note, however, that Heisenberg equations of motion will also govern object without classical

analogues (for example, spin).

As a useful example, suppose our Hamiltonian is that of a non-relativistic particle in an

external potential
A2

~ p R
H=X 41V 3.64
T V() (3.64)
The Heisenberg equations of motion for the momentum and position operators are
dp 1 ~ oV
o T H = 2L
i = wl =5
dz 1 - D
b o=
@ — weAl=g
d*z 1 .dz - 1dp
— = —|—,H|= .
dt? zh[ dt’ I= m dt

(3.65)

We can take an expectation value of the last expression. When we do so, we discover

Ehrenfest’s theorem,
d*(z)  d{p)
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Expectation values of the operators must be picture independent, so this result will be true

regardless of whether we evaluate it in Heisenberg or in Schrodinger representation.

Now we understand how the states and operators evolve in time in both pictures, but we
need to determine the time evolution of the base kets (the axes in Hilbert space). Suppose

we choose the base kets at t = 0 to be the eigenstates of some operator A.
Ala) = ala) (3.67)

In the Schrodinger picture, the operators do not change with time so the base kets must also
not change with time. But in the Heisenberg picture the operators evolve in time according
to

~ iHt ~ _ iHt

Ap(t) =en Age™ n . (3.68)

iHt
R

Multiplying our eigenvalue equation on the left hand side by e » , we observe that

(3.69)

Thus in the Heisenberg picture the base kets must evolve “backward” in time as et |a).

Regardless of picture, we can expand a state in terms of its base kets as
[0(1) = ealt) In). (3.70)

In the Schrodinger picture we can write this as

enlt) = (n] (e~ Juit = 0)) | (3.71)

putting the time dependence onto the state |¢(¢)). To work in the Heisenberg picture, we
group terms differently,
_iHt
ealt) = ({nl ™) ot = 0)) (3.72)
In the Heisenberg picture, the state does not change, |¢)(t = 0)) = |¥(t)), but the base kets

change. The expansion coefficients are the same in both the Schrodinger and Heisenberg

pictures.
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The calculation of matrix elements is also the same in either basis. Assume that the
system is in state |a) at ¢ = 0. What is the amplitude to be in an eigenstate of an operator

B with eigenvalue b at a later time? In the Schrédinger picture this is

(| (e_% |a)> (3.73)

while in the Heisenberg picture we have

((b\ e_ii”> la) (3.74)

We have merely regrouped terms.

A specific example has some historical context. Consider a matrix element of the coor-
dinate
2()mn = (m(t)]x|n(t)) = (m|z(t)[n) (3.75)
writing it first in Schrodinger and then in Heisenberg language. This matrix element drives
electromagnetic electric dipole transitions (the dipole moment is g = ex). In classical electro-
dynamics we learn that if the dipole moment oscillates in time as p'exp(—iwt), the frequency
of the emitted radiation is also w. Quantum mechanically, however, we have the Bohr condi-
tion that the radiation emitted in a transition from state n to state m is w = (E, — Ey;,) /h.
Taking |n) and |m) to be energy eigenstates, we see that the time dependence of our “coor-

dinate in transition” is
() mn = (m|x|n) exp(i(E,, — E,)t/h) (3.76)

which of course gives our desired result. But there is more: If a transition n — k is allowed
(Ex, < E,), and if the transition £ — m is also allowed, there is often a direct transition
n — m, although it is usually a weak “forbidden” line. (This is called the “Rydberg - Ritz
combination principle” and it dates from 1908 long before quantum mechanics.) The matrix
element would be

() yn = (m|2?|n) exp(i(E,, — E,)t/R) (3.77)

so that the Bohr condition again obtains. In addition,
T () = Y (mlz()[k) (Klz(®)|n) = D a(t)ms ()kn (3.78)
k k
from the fundamental rule for products of operators. Classically, if z(t) ~ exp(iwt), then
2(t)? ~ exp(2iwt) and there is no way to get the Bohr condition. Quantum mechanically,
everything works: note the cancellation exp(—i(Er— Ey)t/h) in Eq.B.78. Perhaps Heisenberg
was led to the product rule by a desire to encode the Bohr condition in quantum dynamics

in a natural way.
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Example: Time evolution of the oscillator

The Heisenberg equations of motion of the oscillator are easily seen to mimic the classical

equations of motion

@ = —mw’t
dt

dt - p

a  m

(3.79)

This translates into equations for the time dependence of the raising and lowering operators

of
do  [mw (P imw’E
dt 2h \m mw

= —iwa
dat et
o = wal.
(3.80)
These can be easily integrated to find
alt) = e ™“a(0)
al(t) = e“a’(0).
(3.81)

Regrouping, we discover that the time evolution of the momentum and position operators is

H(0

z(t) = 2(0)coswt + P(0) sin wt
mw

p(t) = —mwisinwt + p(0) cos wt.

(3.82)

A second derivation of these quantities can be done beginning with the Heisenberg equations

of motion
2t) = e 2(0)e
iHt —iHt

(3.83)



Quantum Mechanics 62

by using the Baker-Hausdorff relation

o . . N2 . .
e Cr AN = A+iNG, A + (12,) G, [G, A+ ---. (3.84)
This gives
iHt _iHt R it - R (Zt)2 ~ N
e 2(0)en =2(0) + #|H, 2(0)] + 55 [H, [H, 2(0)] + - - (3.85)
Fortunately, the algebra for the oscillator is simple:
. ih .
[H,2(0)] = ——p(0) (3.86)
m
[H, 5(0)] = ihmw?2(0) (3.87)
and so
3 LB 1 A pO)iw 1, 5. 1.3 ,p(0)
enz(0)en = z(0)+ - 275 w”z(0) 3!15 W +
= (0) coswt—l—@sinwt.
mw
(3.88)

Notice that the operators show oscillatory time dependence. However, their expectation
values in energy eigenstates will not show any time dependence. Only states which are

superpositions of energy eigenstates will have time-varying expectation values of (z(t)) and
(p(2)).

As a final example of Heisenberg equations of motion, we return to the two-state system.
Here the Pauli matrices are the operators. (Recall that the spin S = (1/2)3.) The operator
equation of motion will be

_doy -
ih 5 = [0:, H]. (3.89)

Suppose our Hamiltonian is time independent: we write it as H = hwé-h = hwao . Then

the explicit equation of motion is

d0; S -
i 6, hwd' - 1] = hwnj[6;, 65]

ot

= 2hwz’e,-jknj&k = 2ifwon X 4.
(3.90)
This is
97— 2w x 3, (3.91)
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which is identical the classical equation of motion for a magnetic dipole in an external
magnetic field. This is an operator equation: sandwiching it between states turns it into an

equation of motion for the Bloch vector introduced earlier in the chapter.

Let us complete the solution by splitting ¢ into a part parallel to n and a part transverse

toit, @ = &) + . The parallel part 5 will remain constant in time, because

0
a—t” = —2(,0(0_"” xn)=0— 5||(t) = 5||(0). (3.92)
We next decompose the transverse vector into two mutually orthogonal vectors o; and o5,
where
ﬁx&lzc?g ﬁXEQZ—ﬁl (393)
so that 96 9%
?%cz—mﬁQ §;=2wa (3.94)

Two new linear combinations of these vectors
5+:51+i52 5_ 20_"1—7;0_:2 (395)
diagonalize the equations of motion. For o, this is

0
a(a')l + 262) = —2(,0(0_"2 — 261) = 2@@(531 + ZO_"Q) (396)

and the equation for o_ is similar. The result is

El(t) + 7;_'2(1:) = 62Mt(0_"1 (O) + 262(0))
Gi(t) —ida(t) = e *(51(0) —id2(0))
(3.97)

and we have completely specified all time dependence in the problem. The operator precesses

around the direction specified by the Hamiltonian, essentially, this is cyclotron motion.

The interaction picture

Next we briefly consider a “mixed” picture, in which both the states and operators evolve in
time. This picture will prove to be quite convenient later on when we study time-dependent

perturbation theory. Let us suppose we can decompose the Hamiltonian as

H=Hy+V (3.98)
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where Hy is time independent and simple, and V is what is left over in the Hamiltonian. We

define the interaction picture states as

iI:I()t

s (t)) = e Jas(t)) (3.99)

and we define the operators in the interaction picture as

Oe™ 7 (3.100)

The idea is, that because Hj is simple, the problem of how states evolve under H, alone can
be completely specified. We wish remove its effect from the problem in order to continue.
We find that |ay(t)) evolves with time only under the influence of the operator V' (expressed
in interaction picture)

0 ~  iHgt

. iflgt ifgt .0
zh§|a1(t)) = —Hpem |ag(t))y+en x <zh§|a8(t)>>

A iHot A N
= —Hylas(t)) +e 7 (Ho+ V) |as(t)
= —Hylas(t) + (Ho+ e Ve 5 ) as (1)

= Vilau(t)).

(3.101)

So much for the states. Operators evolve in time with a Heisenberg-like equation of motion,
which only involves Hy. It is easy to show that their interaction picture equation of motion
is . )

dO; 007 1 . -

— = — 4+ —|0y, Hy|. 3.102

The adiabatic theorem

Suppose you have a time dependent Hamiltonian. At ¢ = 0 your system is in an energy
eigenstate. As time goes on the eigenstates of the Hamiltonian evolve because H (t) changes,
but if the time dependence is very slow, the system will remain in the energy eigenstate. To
illustrate the dynamics, glance back at Fig. 2.7, the two state system, and imagine that the
off-diagonal term in H, A, is large and positive at t = 0 and slowly decreases with time,
eventually becoming negative. The energy of a system placed in the upper eigenvalue at
t = 0 flows along the upper eigenvalue as A is varied. The state vector at any time remains

the eigenstate at the appropriate value of A(t). Let’s see how that happens.
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We again solve

in? “gf» — H() (1)) . (3.103)

If H were time independent, we could expand in a complete set of energy eigenfunctions,

[Y(t)) = >, cn|n) exp(—iE,t), and an eigenstate of H would evolve as a pure phase, |n, t) =
In) exp(—iE,t).

In an adiabatic process the Hamiltonian is time dependent, H(t), but we assume it

changes slowly. At any one time we can still solve the eigenvalue equation
H(t) |n,t) = E,(t) |n,t) (3.104)
and it is still the case that (n,t|m,t) = d,,,. We guess a solution to the full equation

ch ) In, t) exp(i6,,(¢)). (3.105)

Inserting our guess in the Schrodinger equation,

thcn ) |n) +cn(t)%+z’cn(t)9(t))ew” = Y ca(®H(t)|n,t) e

n

= Y cu()Ea(t) [n) e
(3.106)

Setting o
0,(t) = ——/ E,(t"dt' (3.107)
0

makes the right hand side equal to the last term on the left side, leaving

D én(t) n) € = — ch(t)%ewn (3.108)

n

and taking an inner product with (m/| gives us
d i(0n—0m)
= calt) (m] - n) €O, (3.109)
~ dt
Let’s separate the n = m term in the sum.:

n(t) = en(t) (m = m) = 3 ca(t) (m] % In) eiOn=0m), (3.110)
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To deal with the second term, we differentiate Eq: 3104

d d
E(H(t) In, t) = E(En(t) In,t)) (3.111)
H|n) + H% In) = E,(t)|n) + % |n) (3.112)

Again take an inner product with (m(¢)|, and remember we will use this for the n # m term

(En(t) — Ey(t) (m| % 7)) = G E(t) — (m| H|n). (3.113)

Inserting this result in Eq. [3.109 gives us

. d (m|H|n> i(0r—0rm)
This is exact. Now for adiabaticity. Suppose that H ~ ¢/T where € is some typical energy
which varies over a typical time 7. The second term scales as ¢/(7(E,, — E,,)). If this quantity
is small compared to the 1/dt of the first term, that is, if dt < TAFE/e,we can neglect the
second term compared to the first term. This says that the ¢,,’s evolve independently. We

can integrate this expression:

(1) = n(0) expl(— / ' ()] 5 1m(?)) = e (0) explia(t). (3.115)

(The integral is a pure phase since (m(t')| & |m(t')) is purely imaginary — the time derivative
is antihermitian.) If we start in the mth eigenstate of H(0), we stay in the mth eigenstate

of H(t). All that happens is that the our wave function picks up an extra phase factor.

Pause for a second: this can have practical applications: if you control the time depen-
dence of H(t), you can tune it very slowly and “walk” your system, effectively, from one
eigenstate of a time independent H to another one. In the case of the two state system,
taking A from a large and positive value transforms the state into what it would be if there

were no avoided level crossing, basically carrying you into the orthogonal spin state.

In this case the phase factor may not be important. But suppose the adiabatic transfor-
mation of the Hamiltonian takes it away from H(0) and brings it back to H(0) at a later
time. The state which went away and came back picks up a phase factor compared to a state
which stayed put. Interesting interference effects can result. In this case the phase factor is

called a Berry phase.
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Often we think of the transformation in H(¢) as resulting from moving the state around
in space. We replace the time variable in Eq. B.IT3 by a coordinate ﬁ(t) The chain rule

tells us

d dR
- 3.116
i~ dt Vi ( )
The phase becomes
V=i / AR - (n(B)[% 5 |n(R)) (3.117)
R(0)

For a closed path, |R(T) = R(0) and the Berry phase is

= ]{ dR' - (n(R)iV z |n(R")) (3.118)

We will see an application of this result in the next chapter when we look at the Arahanov-
Bohm effect.

There is a simpler version of this derivation if we specialize to the two state system.

Begin again with

ind 'Qgit» — H) |b()) (3.119)

and assume that |¢(t)) = V() |¢po(t)) where |po(t)) is an energy eigenstate of H (). Rotate
|1(t)) into a diagonal basis. The Schrodinger equation is

(O o) + v L) = v (1) ). (3.120)
This is 5
ih gi@ (VITHV) |do) —mvT |¢0> (3.121)

By construction, VIHV is diagonal — V rotates the state |¢( )) into an energy eigenstate,
so it rotates the Hamiltonian to be diagonal as well. This means that the first term keeps

an energy eigenfunction an energy eigenfunction. The second term is a mixing term. To

_ [ cosO(t) sind(t)
o ( —sinf(t) coso(t) ) ' (3.122)

(I am assuming that A, the off-diagonal entry in the 2 x 2 Hamiltonian, is real, and I am

evaluate it, write

being careless about conventions for 2’s in the definition of the angle.) A few lines of algebra

v ( 0 00(t) /ot ) (3123)

give

ot —90(t)/ot 0

so we recover the adiabatic theorem when 06(t)/0t is small.
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Neutrino oscillations

Neutrinos are nearly massless, nearly noninteracting particles that “pair” with charged lep-

tons in the weak interactions. Technically, neutrinos and charged leptons form a doublet of

le:<”€> lu:(,,ﬂ) lT:<VT) (3.124)
e 1 T

and the weak interactions raise or lower the third component of the weak isospin of the

weak isospin

lepton. (It is actually a bit more complicated, but this is all we need to know for now).
Anyway, it happens that the three neutrinos v, v, v, are not energy (“mass”) eigenstates;
the mass eigenstates (which we will label as v, 15, v3) are mixtures of these states. Thinking
temporarily about two species of neutrinos, this is a situation we have seen before, there are

two bases for our states, related by a unitary transformation,

Ve cosf) siné V1
= ‘ . (3.125)
Yy —sinf cosf Vo

The neutrino Hamiltonian is diagonal in the (14, 15) basis. Neutrinos are very light so their
energy is £ = \/p? + m? which is approximated as £ = p+ sm?/p (and ¢ = 1 for now). We

can write a rescaled H in the (v, 15) basis as

2 Am? [ —1 0
p= " U ) == +D (3.126)
0 m3 2 0 1

where D is a diagonal matrix. In the (v.,v,) basis

H

_ Am? ( —cos26 sin?20 ) (3.127)

2 sin20  cos 26

In a terrestial experiment, neutrinos would be created in a v., v,, v, basis, propagate
in the vy, 15,3 basis, and are detected in a v.,v,, v, basis. The physics — and formulas —
describing the time evolution of a state are exactly those we saw at the start of this chapter;
the probability that, say, an initial v, would be detected as a v, would oscillate in time. The

situation is called “vacuum oscillation” in the literature.

However, the effects of neutrino oscillations were first noticed in the detection of neutrinos
from the sun, and the physics is quite different. Fusion processes in the sun create v,’s. The

luminosity of the sun tells us the absolute flux of 1,’s expected to be seen on Earth. The
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“solar neutrino problem” was that when the flux was observed (by Ray Davis and John
Bahcall, in a large tank of cleaning fluid in a mine in South Dakota from 1970 to 1994), the

observed detection rate was about a third of what was expected.

As they propagate through the sun, interactions with matter in the sun induce an
additional term in the v, channel. For example, one could imagine a scattering process
Ve + e — v, + e due to exchange of a W boson. No such process occurs in the v, channel be-
cause it would involve a muon and the energy scales in the sun are too low — KeV, far below

the muon mass of about 100 MeV. So, in a (v, v,) basis we have an additional contribution

A0\ Af10) A1 0
AH:(O 0>:§<o 1>+5(0 —1> (3.128)

and the total Hamiltonian becomes

1{ A— Am?cos20 Am? sin 26 1 10
H=:Z + —(A+m2+m? . (3.129
2 ( Am? sin 26 — A+ Am? cos 20 ) 2( mi +my) ( 0 1 ) ( )

We have seen this Hamiltonian before, and we can write down its eigenvalues by inspection.
— They are (A + m? +m3)/2 + E where

E = % ((A — Am? cos 20)* + (Am? sin 2«9)2)1/2 ) (3.130)

Now for some physics: A is proportional to the density of material the neutrino can interact
with, so it is largest at the center of the sun and decreases to zero at the sun’s surface. If A

is large enough (A > Am? cos 26), it dominates the Hamiltonian,

A1 0
H:5<0 _1> (3.131)

and |v.) is an eigenstate of H. A picture of the spectrum is shown in Fig. B3l In this
idealized situation the initial |v,) state is born on the far right of the picture, at large A,
moves to the left as it exits the Sun, follows the upper eigenvalue’s branch as A varies, and
emerges as the mass eigenstate |5). There is no oscillation en route from the sun to the
earth since it is the mass eigenstate which propagates; the neutrino detector on the earth
measures the weak eigenstate |v.) = cos 8 |v1) +sin @ |15) and so the measured flux of electron
k

neutrinos is reduced by a factor | (v,|vs) |? = sin? 6.

The Davis - Bahcall experiment detected relatively high energy neutrinos. It happens

that A is energy dependent and proportional to F,. Without continuing the calculation we
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(Vo>

V2>

V.5 ‘

A = pm’ cos 2O

Figure 3.3: Neutrino energy spectrum in the Sun. Note the “resonance” or avoided level

crossing at A = Am? cos 26.
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can observe that the reduction factor will be energy dependent (and indeed if A = 0 we are
back to vacuum oscillations). Later experiments with different energy resolutions measured

different dilution factors.

The situation is called “matter oscillation” or the MSW effect after its discoverers,
Mikheyev, Smirnov, Wolfenstein. Useful references if you want to know more: check out
the “Neutrino masses, mixing and oscillations” article in the Review of Particle Properties
https://pdg.1bl.gov/ and H. A. Bethe, “A Possible Explanation of the Solar Neutrino
Puzzle,” Phys. Rev. Lett. 56, 1305 (1986) doi:10.1103 /PhysRevLett.56.1305.


https://pdg.lbl.gov/
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Propagators or Green’s functions

It is often useful to be able to express the behavior of physical quantities in terms of a source
function and a propagator or kernel. This can be done for the Schrodinger equation. We
will first consider the case of a time-independent Hamiltonian. We expand our state as a

superposition of energy eigenfunctions and write the time-dependent state as

zH(t tg)

la(t)) = z Ia(to))
_ Z| ) (ala(ty)) e (4.1)

The most useful way to present the result is to write it in coordinate space basis. We take
the overlap of the state |«(t)) with the bra (x| and re-label (z|a(t)) = ¥(z,t), (z|a) = u.(zx).
This gives

= 2 ualo) (ot (42)

where
(alatta) = [ @’ fale) (lalta)
_ / Y(2', o)
(4.3)
o
vet) = Y [ Eruee we =
= [ Y wpunae " vl )
— /d%’K(x,t;x’,to)w(:v’,to)-
(4.4)

We have introduced the propagator, K (x,t;x’, tg).

The Schrodinger equation is a wave equation. You may recall a similar object in electro-
magnetism, with a distinction between a “retarded” propagator (¢ > ty) and an “advanced”

one (t < tg). Generally, because of causality, we are interested in the retarded propagator,

K*(z,t;2' tg) = K(z,t; 2", t0)0(t — to) (4.5)
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where 0(t — o) is the step function (equal to unity for ¢t > ¢, and zero otherwise). We can

derive a familiar expression for the propagator by writing

O(t —t')(w,t) = /d3x/a+K(x,t;x',t0)¢(x',t0) (4.6)
and multiplying through
(12~ S0t — to)(a, 0] = (¢ — to)b(z, 1)
_ / d%’(i% - %H)K*(a:,t;a:’,to)@b(az’,to).
(4.7)
So it must be that
(zﬁ2 — HYK* (2, t;2',t9) = ihd®(x — 2/)6(t — to), (4.8)

ot

that is, like all propagators or Green’s functions, KT (x,t; 2’ to) is the solution of an inho-
mogeneous Schrodinger equation with a delta function source. I will refer interchangeably
to K and K, always meaning the retarded propagator K.

A compact expression for the propagator is given simply by expressing the time evolution
operator in a coordinate space basis,

iEq(t—tg)
K(r,ta' o) = Y (alaye™ 7 " (alz')

a

iH (t—tg)
_ <$|6_1H tﬁ to |x/> .

(4.9)

A useful special case is the free particle, H= p?/2m. Tt is easy to find the propagator
for a free particle by passing to momentum space:

_iHt

hm>:/mmma%Mm

d3p ipxT| _ if)zt _ ipzg
e h e 2mhe h
(2m)?

(z1]e

(4.10)

Performing the integral by completing the square gives us an explicit result for the free
particle propagator,

' L omo3 i(zy — z2)?m
K (21, 22,0) = (mm) exp (T) o(t). (4.11)
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Now imagine nesting propagators together, by splitting the time interval into two pieces

and inserting a complete set of states [ d®zs|xs) (3| between the pieces,

A (ty—t3) H(t3-t))
K(x,t;x9,ty) = /d3x3 (:)31|e_’H S |x3) (:)33|e_’H S |xa) . (4.12)
Clearly, this is just the statement that
K(ZL’, t; T, tg) = /dgl'gK(fL’l, tl; Zs3, tg) X K([L’g, tg; T2, tg). (413)

This result can be iterated as needed. Variations on propagators are also often encountered.

One of them is the quantity
a(t) = / Bk (v, 7, 0). (4.14)

By a simple passage of steps, this is

Glt) = / #2'S" (xla) {alz) e 5

= Z/d% (alz) (z]a) e "
= Y dalaye =3

S

(4.15)
A variation on G(t) is used extensively in statistical mechanics, as the partition function

Z =Y e (4.16)

where § = % Clearly 8 plays the same role as —th in our equations. One can also Fourier

transform of G(t) into the energy domain

G(t) > G(E) = —i / oodtG(t)e'T

(4.17)

Variations on this formula appear when one is considering scattering processes.
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Path integrals

What if H varies with time? How can we make sense of the time evolution operator? Let

us begin with the formal expression for the evolution operator

iHt
Uas(t) = (o] exp(—=——)|B) - (4.18)
In this formula ¢ is some finite quantity, so it might be hard to compute U,z(t). We propose
to evaluate the time evolution operator by slicing the time interval into a series of N steps
of infinitesimal time interval At, arranging that ¢ = NAt. In each time interval At, the
Hamiltonian will be regarded as constant, while of course it will be allowed to vary from

time step to time step. That is,

Uyp(t)= lim  (af H exp(— )| B). (4.19)

N—00;At—0

Inserting a complete set of states between each exponential factor, we have

IR ND3

Ji J2

H(ty)

(alix) <jN|exp<—i ) A1)

. iH (ty_ ‘
(In-1] eXp(—%At”]N—ﬁ e

H(t)
h

(j1] exp(—= At)|B) -

(4.20)

Rather than thinking of this expression time slice by time slice, let us link together a partic-
ular set of states |j1), |72), - - - |jn), and connect them together as a “path” in Hilbert space,
as shown in Fig. .1l Each path contributes a complex number to Ug,, the product of each
particular matrix element (j},|exp(—iH (tpr)At/R)|ji—1)- Usa is the sum of contributions
from all paths: hence the name “path integral” associated with this representation of the

time evolution operator.

Let us suppose that our intermediate states are diagonal in coordinate space, so that we

can interpret each path through Hilbert space as a “real” trajectory, x(¢). Then,

) :/dxo/dx]v.../dxl (alzy) (xN\exp(—ngN)At)\xN) X (4.21)
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- ~
\\\\\\\\
~> =7

Figure 4.1: Paths in the time-sliced interval.

~

iH(ty 1)
n

iH(t)
h

At|zo)) (ol B) -
(4.22)

(x| exp(— At)|zn-) - - - (xa] exp(—

The time slicing helps us make sense of the evolution operator. Suppose next that the
Hamiltonian is that of a particle in an external potential, H=H + ]3[2, where H, = % and

H, = V(x). Then we can break the time evolution operator over a time At (which involves
H into a product of two terms

iHAt iH At iHyAt
exp(————) = exp(~ ;_L ) exp(— 721 )+ O(A#). (4.23)

This means that
i, At iHyAt ip? At
(@ilewp = exp -2} = [ do (o1 exp(- 22D )

z'V(a?)At)|I2>

7
ip2 At

_ /dxg(x1|exp(—p J[s)

I‘Q)At

2mh
iV (

X (3] exp(—

Xd(x3 — x9) exp(—
(4.24)
Notice that the term first term is just the propagator for a free particle, and so
iHAt iV(xg)At)
h

()’ ot (M i) 30

(1| exp(— Mzo) = /dng(xl,At;xg,O)é(xg—xg)exp(—

(4.25)
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Thus the path integral will take the form

N

Uaalt) = (3ms) [ dow++dos (alow) (21]8)

exp (% 3 (%m (%)2 - vw)) .

Jj=1

(4.26)

(We have factorized the At term in the expression in a useful way.) In the limit that At — 0

the exponential factor associated with a single path z(¢') becomes

exp (% /0 Lt (%m:’cz(t’) - V(:c(t’)))) | (4.27)

The reader should recognize the integrand as the classical Lagrangian for a nonrelativistic
particle in an external potential., The integral is the classical action associated with its
integral along a path specified by z(¢'). This is the expression for the contribution to the
path integral from a single path (a single term in the sum over intermediate states as defined
in Eq. 420) Each contribution is a phase, whose value is the ratio of the classical action
for that particular path divided by A. The time evolution operator is a sum of contributions

over all possible paths the particle can take from the initial time to the final time.

We can now understand how classical dynamics can arise from quantum mechanical
motion. Suppose that the action for every possible path the particle could take is large,
much greater than h. Compare two paths (which could correspond to paths which are
similar in the classical sense). An action Sy is associated with one path while the other has
a different action, which we will write as Sy + 0S. These two paths combine to produce a
contribution to the evolution operator of

i(So +05S) 150 ( 2'55)

S
exp 20 +exp——r— > =exp— | 1 +exp — (4.28)

h h h h
If 6S/h is a large number, the phase difference between the paths, exp(idS/h), will not be
small. There will be destructive interference between the two paths and their contribution
to the transition amplitude will be small. Obviously, the only sets of paths which contribute
will be the ones for which their contributions will add coherently. These will be the ones for
which 0.5 ~ 0, This is the statement of the principle of least action: the dominant paths are
the ones which extremize the classical action — that is, the particle follows the path which is

the solution to the classical equations of motion.
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As a contrast, it could be the case that all paths have a classical action which is on the
order of, or smaller than h. Then there are no sets of nearby paths which dominate the
evolution operator. These systems are fully quantum mechanical; attempting to describe a

particle’s motion using the idea of a classical trajectory will not result in correct physics.

Electromagnetism in quantum mechanics

Now let us consider the interaction of a quantum mechanical system with the electromagnetic
field, which we will treat as a classical object for the time being. Recall the connection

between fields and potentials

— — — — = 1 14’
B=VxA E:—ng——&—. (4.29)

c Ot
The classical Hamiltonian for a particle in an electromagnetic field involves the potentials ¢
and ff, not the fields E and B. The appropriate quantity for the kinetic part of the Hamil-

tonian involves the so-called “covariant derivative” (see Jackson Sec. 12.1 for a derivation),

o\ 2
1 eA
Hy=—|p—— .. 4.30
. (p c ) + e (4.30)
Promoting dynamical variables (p and &) to operators gives us the quantum Hamiltonian
operator

A 1 R e[~ = —_— e2 A2 A

H= o (=S A+ A7)+ +ed. (4.31)
2m c c?

We have carefully kept both terms linear in p because in coordinate representation p =
(h/i)V, and in principle, the derivative can act on the vector potential. The Heisenberg

equation of motion is

dr — ~ - 1 (. eA
h— =¥, Hl=— |p— — 4.32
i = [ 1] m<p ) (132
and the quantum analog of the Lorentz force law is
Pi o oe (di 5 5 d¥

The appearance of A rather than B seems a bit odd when we remember that electro-
dynamics has a gauge symmetry: the laws of electrodynamics are invariant under gauge

transformations 19
A A4V  ¢— _Eﬁ_(f (4.34)
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where y is any scalar function of  and ¢. This means that there are many possible choices
for a vector potential which will give the same magnetic field. How do different gauge choices
(choices for f_f) affect the solution of the Schrodinger equation? Let’s consider an example:
a spinless particle moving in an external constant magnetic field, chosen to point in the 2
direction for convenience. The classical situation is simple: circular motion around the field
line, rotating at the cyclotron frequency. Let’s make some choices for A and see what we

get:

1. A= (—yB,0,0): In this case the Hamiltonian is

1 By\>
H——<<pm—%) +p§+ﬁ§). (4.35)

- 2m

H has no explicit dependence on z or z, so its commutator with p, and p, will be zero.
These quantities are conserved or equivalently correspond to good quantum numbers
of our states. (Or: states can be simultaneous eigenstates of H, p, and p,: we write
|EY = |E, p.,p.,). The Hamiltonian is

~9 2 2/
- D 1 eBy P
H="Y+_ —(p,——= - 4.36

2m * 2m <px c ) * 2m (4.36)

where p/, and p/, are c-numbers. Note that this means that the second term in the

N 2
Hamiltonian is simply a shifted quadratic function of y, €2 B?/(2mc?) (y — %) , and

the Hamiltonian is that of a harmonic oscillator,

' 52
j P’ +p_y mw;

- 2m 2m+ 2

(y — v0)?, (4.37)

where w, is just the cyclotron frequency, e B/(mc). Thus the energy levels are those of a

harmonic oscillator superimposed on those of a free particle moving in the 2z direction,

B — he, (n N 1) L (4.38)
2 2m

This is the quantum mechanical analog of circular motion at the cyclotron frequency,

an orbit about a field line, combined with uniform motion along the field line. These

levels are called “Landau levels.” Obviously, the states exhibit high degeneracy. When

the quantum mechanical particles are fermions, there are interesting consequences as-

sociated with this degeneracy. This is a story for another day.
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2. We could equally well make another gauge choice

B B
A, = —Ty Ay =2, (4.39)

In this gauge, the Hamiltonian becomes

- 1 eBy 2 eBz\>
H=—|p Dy + —— Dy — —— : 4.4
2m <pz + (px e ) + (py 2c ) ) (4.40)

eBy
2c

Let us now define P, = Do + and Py = Py — EQB;I. The commutator of these two

quantities is

1P, P = m;"x ([y,ﬁy] - [Pm,x]) — imw.h.. (4.41)

This is almost the commutator of a canonically conjugate pair of dynamical variables.
We can introduce such variables by performing a rescaling, defining Q = —Py /(mw,)
and P = P,. In that case we have the usual commutation relation [Q, 15] = ih. The

Hamiltonian becomes

2 2

3 P P 1 272

H = — = ) 4.42
2m + 2m + 2mwc ( )

Again, this is a harmonic oscillator, with the same spectrum we found before. The
energy eigenvalues are gauge invariant. That seems like a sensible result! Physical
results should be gauge invariant. The states, however, appear to be quite different.
What is going on?

Let us answer this question by considering a different question: Where did the the p'— %‘Y
come from? Can we give an explanation which does not depend on a classical correspondence

argument? Yes, we can.

Quantum mechanics is invariant under a transformation which is a global phase rotation,
that is, if we multiply the wave function by an overall space and time independent phase

factor, no physical predictions are altered. The transformation is

U(z,t) = ely(x,t). (4.43)

Obviously, both the time dependent and time independent Schrodinger equations are un-

changed by such a transformation. For example,

. Oy (x,t)
ot

' (2,t) = ik (. t)

= eV Hip(x,t) = e“’mT. (4.44)
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Can we generalize this invariance to a form in which quantum mechanics is invariant under
local phase transformations (i. e. can we imagine a symmetry transformation where the wave
function can be changed by a different phase everywhere in space)? Such a transformation
is

U(x,t) = Pz, t) = ¥ @y(a,t) (4.45)
If the phase factor could be pulled back through the Hamiltonian and the 9/0t operators,

this transformation would also be a symmetry.

The potential term in the Hamiltonian will allow this: B¢y = V(x)y — e?@(Ey =
V(z)y). However, the momentum term is not invariant under this transformation,
ho - h Oy 06
Aol — 0 i0(x) — i(z) [ °YF h— ) 4.4
Py i Ox (T () =e (z Oz * Oz ) (4.46)
To preserve the symmetry we must alter the dynamics. (Or, said differently, only a very

particular kind of dynamics will be consistent with our proposed symmetry.) We need a new

kind of momentum variable such that
Py = e py (4.47)

The phase variation will factor out of every term in the Schrodinger equation. Such a new

momentum term is

A, €eA

— —

—p— = 4.48
p=r- (4.48)

where ff(x, t) is a new dynamical variable which must be transformed simultaneously with

1. The combined transformation we need is

=@y A= A %ﬁe(x). (4.49)

This symmetry transformation is called a “local gauge transformation.” To check that it

indeed is a symmetry, just work it out:

P (EQ N h@) o — @y ehC o

10z ox c ce ox
_ o (hOV_edT)
1 0z c

(4.50)

The factor of exp(if(z)) factors out, so that that it can be eliminated from the Schrédinger

equation, just as was done in Eq.[£44l Tt is slightly more conventional to write the combined
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gauge transformation as

A = A-Vx(z) (4.51)
vla) - exp(X D)y (4.52)

Note that without further dynamics our new theory is trivial. If A can take on any value
we could wash away any interesting behavior in ¢ by performing a local gauge transformation:
A could even vary randomly in space. We have to assume some kind of dynamics for
A. In order for the new dynamics to be gauge invariant, it must involve gauge invariant
combinations of A (and ¢, once we think about time dependent gauge transformations).
These combinations are the electric and magnetic fields. Thus the new dynamics must involve
Hamiltonians built out of £ and B. Exactly what this dynamics is (i.e. whether there is a

unique Hamiltonian for the electromagnetic field) is not answered by our construction.

The reader will notice that we did not answer the original question, why p — eA/c?
The answer must come by running the argument backward: we have to assume from the
beginning that Nature possesses a dynamics which preserves an invariance under local gauge
invariance. Then the vector potential must enter into the Hamiltonian as we have written it.
Notice that in doing so, we have specified the interaction between systems carrying charge,

which obey Schrodinger dynamics, and the electromagnetic field.

Aharanov-Bohm effect

If you were a classically trained physicist, you might find the appearance of the vector
potential in quantum mechanics disturbing. How can the vector potential be “real” when
one can change it with a gauge transformation? Shouldn’t physics only depend on the
electromagnetic fields, not on the potentials? The following remarkable phenomenon tells us

that we should not be so dogmatic:

Imagine we have an infinitely long cylindrical solenoid of radius a, as shown in Fig. [4.2]
Inside the cylinder, there is a magnetic field running along the axis of the cylinder, but
outside the field is zero. Even though B = 0 outside the cylinder, the vector potential A will

not vanish there. Up to gauge transformations, it is

-~ ~Ba?

Notice for future use that the integral of the vector potential around any closed path which
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constant
B-field

B=0

Figure 4.2: The solenoid.

encloses the solenoid is equal to the magnetic flux carried by the solenoid,

fﬁ-cﬁ:/ﬁﬁdsz%. (4.54)

Imagine that we make the solenoid infinitesimally thin, so that classically a particle could

never penetrate into a region of nonzero B, while holding the flux constant.

Schrodinger’s equation involves the momentum operator as

R R eA
Py — Do — qu (4.55)

or in coordinate basis
10 . 10 ieBa?
rop  rop 2hemrr
The Hamiltonian — and thus the energy eigenstates — must depend explicitly on B even

(4.56)

though classically the Lorentz force is zero. This effect is completely quantum mechanical.

The real Aharanov-Bohm effect involves the influence of a solenoid on a diffraction pat-
tern, say on two-slit diffraction. As shown in Fig. [4.3] the solenoid is placed between the
screen with its slits and the plane with our particle detector. The fringes of the pattern
will shift as a function of the B-field even though the B-field is confined within the solenoid.
We can analyze the shift using path integrals. The classical Lagrangian for a particle in an
external electromagnetic field is

L=ltmizy %54 (4.57)
2 c
Consider the change in the action as we move from (z,_1,t,_1) to (z,,t,) along some path.

tn tn =
S = / dtL:So+/ al% i
t1 4, C dt
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B-field
cylinder

Figure 4.3: Experimental setup for the Aharanov-Bohm effect.

-

= So—i-E/n A'ds
c Tn—1
(4.58)

Adding up all the little intervals, we discover that there is a phase factor associated with
this path

is Sy ie [ 1.
e =en ened A, (4.59)

Now let us look at a few of the paths, as in Fig. 4.4l We will group them according to which
side of the solenoid they pass. For the quantum mechanical transition amplitude we need to
add up all the factors of exp [ A - ds from all the paths. Group the paths two-by-two, one

from each side of the solenoid, before counting them all up. That is, first combine terms as
/ [dat]e%e% Jo Ads / [dx]e% ere Ju Ards (4.60)
path (a) path (b)

The intensity of the diffraction pattern is given by the square of the amplitude, whose
contribution from these paths is

Pb) = [¢]? = | [dz]e' ™ [2+] [da]e ™ |*+2Re U[dx]e%“ /[dx]eihsb}. (4.61)

path (a) path (b)

In the direct terms, the A—dependent pieces square to unity and disappear. In the cross

term, however, they contribute a term proportional to

o _ (@) ,
exp(i/h/ A dlp, +z’/h/ A-dl|p,) (4.62)
(a) (b)
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Figure 4.4: Representative paths in the Aharanov-Bohm apparatus.

which is the exponential of the line integral around the solenoid. Now recall Eq. [£.54F this is

ied B
he
The diffraction pattern will be modified by the presence of the solenoid, even though the

exp (4.63)

particle never traverses a region of nonzero magnetic field. The interference pattern could
be observed by tuning the magnetic flux: the pattern would repeat as ®p changes by an
amount 27hc/e.

It seems that the vector potential is “real,” after all. How can we reconcile this fact
with the notion of local gauge invariance? We must think of the vector potential as being
a fundamental quantity, in the sense that it appears in the equations of motion, but it is a
quantity which contains redundant information. The redundancy is expressed through the
invariance of physical observables under local gauge transformations. As far as we know, it
does not make sense to try to reduce this redundancy in any simple way (for example, it

does not make sense to say that one gauge choice is more fundamental than another one).

Notice that the observable (the shift in the diffraction pattern) does depend on a gauge
invariant quantity, the magnetic flux. We expect that physical observables will be gauge
invariant. That is a different statement from the statement that only the fields should
enter into the dynamics. In fact, the statement that only the fields appear in observables is
special to electrodynamics. Only in electrodynamics are the fields gauge invariant while the
potentials are gauge variant. Other interactions, such as the strong or weak interactions,

are described by gauge theories with more complicated internal symmetry. The analogs
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of the field variables in these theories are not gauge invariant; they change under gauge
transformations. Only physically observable quantities, such as the energy density carried

by the field, remain gauge invariant in these more general cases.

Let us conclude this chapter by recalling Max Born: “The world of our imagination is

narrower and more special in its logical structure than the world of physical things.”



Chapter 5

Density matrices

89
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Introduction to density matrices

We often encounter situations in physics where we are only interested in a subset of the
degrees of freedom of a physical system, and we have to deal somehow with the degrees of
freedom we want to leave out. We have already mentioned this in passing — truncating an
atomic system down to a two state system. Sometimes we just ignore the unwanted degrees
of freedom, but this is dangerous, if the part of the system we are studying can interact with
them. What to do next is somewhat process - dependent, but the language is similar across
multiple areas of physics: we talk about “integrating out” the unwanted degrees of freedom,
leaving behind the ones we are interested in, and we aim to find some alteration in their

dynamics due to the variables we have removed.

One of the techniques for doing this involves an object called the density matrix. To
introduce it, we begin with some language: The variables we are interested in are called
the “system,” which communicates with a “reservoir” (in statistical mechanics language),
namely, everything else. We start by thinking about everything (system plus reservoir); we
end with the system. We would like to set things up so that we can apply the formalism to

cases where our knowledge of the reservoir is incomplete or lacking.

We start by assuming that we have a complete set of states of the system, |¢;), and
a compete set of states for everything else, |6;). The most general wave function we can
construct, which includes the system and reservoir, can be written as a superposition of

product states

) =Y e 00) 16). (5.1

We can let  be a coordinate of the system, and y label the coordinates of the reservoir

variables, and write the combined wave function in coordinate space as

lz,y) = [yl (z]) &)
= > ciy (@l (W10;)
j
= Y )i (5.2)
where the expansion coefficient is a sum over the reservoir wave functions

cly) = iy (ylo;) . (5.3)

J
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This expresses the coordinate space wave function of both the system and reservoir as a

superposition of wave functions of the system alone.

Next, suppose that we have a set of operators A which act only on the system, A |pi) |0;) =

(A|:)) |6,). We can write these operators as projectors acting on the combined wave function

A =) (160 163)) (6il Algw) (0w (65])

Ay
272 7.]

= ZA”, ‘(bZ) |9]> <9]| <¢2" :

P
Z7Z 7]

(5.4)

An expectation value of the operator can then be expressed as its system expectation value,

via

(| Alp)

(A) = > cyeny (0] (ol Algw) 0;)
i7j,i/7j/
= Y e (0l Alo)
i,1,j

(5.5)

the last line arising because of the orthogonality of the |6;)’s. The final expression can be

written compactly as

(A) = Z (0il Alw) pir (5.6)

i

where

Piri = ZC:jCi'j (5.7)
J

is called the “density matrix.” It carries all the information about the reservoir, needed
to evaluate matrix elements of the system. Note that py; = p;,, which means that p is

Hermitian. We can define an operator p, which only acts on the system or z-variables, as

piir = (@il ploir) - (5.8)

Then, using completeness, the expectation value of A becomes

<¢|A|¢> = Z Pi' i <¢i|A|¢i’>

i3

= D _ (&l Alow) (orlplr)

i3
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= > (6ilpAls:)

2

= TrpA. (5.9)

Because p is Hermitian, its eigenvalues w; are real and it can be diagonalized with a

complete orthonormal set of eigenvectors
p=> wli)il. (5.10)

The w;s have two useful properties: they are all positive, and they sum to unity. We can

discover these properties by considering two examples.

First, if A is equal to the identity operator

L= (@) =Trpl =Trp=Y w;. (5.11)

Next, if A is a projector, A = [5) (j|, then
TepA = w; = (WIAN). (5.12)
We recall that this quantity is the norm of a state, and hence it is always positive or zero:

(WA = ) [(W14) 106)] (O] (Gl

k

= STl 1) 2 > 0.

k (5.13)

That is, w; > 0 and Zj w; = 1.

Quantum mechanics using density matrices

Let us think about quantum mechanics in terms of p. Any system can be described by a

density matrix p = ). w; |4) (i|, where

e |i) is complete and orthonormal

o w; >0
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[ J lelzl
o (A)=TrpA

We can expand (A) in eigenstates of p. This gives (A) = > W, (j]A|j). Because (j]A|j)
is the expectation value of the operator A in state |7), we can interpret w; as the probability

that the system is in the density matrix eigenstate |j).

If all w; = 0, except for one w; = 1 (recall the sum rule), then we say that the system is
in a “pure state.” In all other cases, we say that the system is in a “mixed state.” In a pure

state, p = |ipure) (ipure|, and its matrix element in any other basis is

Pij = <¢i|ipure> <ipure|¢j> = <¢i|ipur6> <¢j|ipm“6>*- (5-14)
Otherwise, we must use the full expression
pig = Y wi (ulk) (¢5]k)" . (5.15)
k
Notice that for a pure state p? = |ipure) (ipure| |Tpure) (ipure|ipure) (ipure] = p. In situations

where you are not sure whether you have a mixed state or a pure one, p?> = p is a useful

diagnostic.

When we have a pure state, expectation values are the usual quantum mechanical ones,
(A) = (ipurel Alipure) - (5.16)
Furthermore, recall Eq. 5.1l If we have a pure state, the general formula
(WIA) =Y cien; (il Alga) (5.17)
i\
collapses to a single term. The coefficient ¢;; must vanish unless ¢ = ¢pyr.. The combined

state of system and reservoir becomes
= [Z Cipur'ej |9]>] |iPUT’€> . (5]‘8)
J

That is, we only have a pure state when the system and reservoir are completely decoupled.

If it makes sense to talk about our system in a coordinate basis, then the density matrix

becomes

p(2' ) = (2!|p|lx) = Zwk ) (k|z) = Z k(x (5.19)
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(this is just a change of notation, but potentially an evocative one), and a matrix element is
(A) = Tr pA = /dx (z|pAlz) . (5.20)

The second term is

lpdle) = [ o' (alple) ()4l
= /d:)s',o(x,x)A(x,x)
(5.21)
and so
(A) = /dxdx’p(:v,x')A(x’,x). (5.22)

Returning to our earlier discussion, the expectation value of the operator is taken between
states of the entire universe. Recall that we labeled the system’s coordinates as x and the
reservoir’s, as y. Recall also that the operator A only acted on the system. Then we can

write directly
() = [ deds'dys () A 2)0 (). (5.2
This means that yet another definition for the density matrix is
plase!) = [ dyw (@' )il ). (524)
Again, the density matrix is the integral over the unseen variables of the combined proba-

bility.

Some examples

The simplest example of a density matrix is for a two-state system

()
(1) -n

(5.25)
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|+) and |—) could label spins, up or down, or two orthogonal polarization states of light (x
and y for linear polarization). Any pure state is

o 1 0
(5)-(0) () o
where |a|? 4 |3]? = 1. For a pure state, p = |ipure) (ipure, OT
aa®  fa*
= ) 0.27
’ ( ap’ By ) 20

Note Trp = 1, p; > 0, and p? = p, as required. Various examples of pure states, expressed
physically as polarization states, are

1
x-polarized light: a =1, 8 =0, p, = ( . 8 )

y-polarized light: o =0, 8 =1, p, = ( 8 (1] )

11
45° polarization: o = 8 = %’ pas = % ( o )

1 -1
135° polarization: o = —f3 = _\/LE’ D135 = % ( )

)

e 50% 45°, 50% 135°: p = %(,045 + p135) = <

Examples of mixed states are

O ol
= O

e 50% x, 50% y: p=(px+ py) = (

= O

)

These two mixed states have the same density matrix and correspond to the same physical

O Nl

effect. They are both realizations of an unpolarized beam of light.

A slightly more complicated example is a mixed spin state for electrons, in which a
fraction 1 — z is in a state where the spin is in the 4z state and a fraction x where the spin
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0
+x

The second term is built using the pure state

1 (1
|z) = 7 ( ) ) (5.29)

is in the +zx-state.

e}

I
—

|
=
N
o =

I
VRS
wls |
N8
N8 N8
N N[
N N[
\_/

(5.28)

Can you verify that

(0,) =Trpo, =1—ux, (5.30)
(0p) = Trpo, =z, (5.31)

and
(oy) = Tr po, =07 (5.32)

Notice how the usual quantum mechanical behavior appears in the limits when the density

matrix becomes that of a pure state.

As a final comment, notice the distinction between a pure state which is a product state

such as
1) = [s) | E) (5.33)
and one which is a superposition, such as
1
) = —=(Is1) [Ex) + [s2) [ E2)). (5.34)

V2

Tracing over the environment (|£)) in Eq. obviously leaves a pure state behind. But
tracing over the environment for the state of Eq. 5.34] leaves behind a mixed state. (We
did the algebra for two-state systems in our discussion of polarized and unpolarized photon
beams.) States like Eq. .34 (more generally, any state which is not a product state) are
called an “entangled states.” Generally, system states which are entangled with environment
states show a loss of quantum coherence, equivalently a loss of unitary time evolution. This
would be the first sentence in a discussion of quantum information theory, were I competent
enough to do so. We will, however, talk a bit more about entangled states when we describe

the addition of angular momentum.
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Time evolution and related questions

If |7) changes with time, so does the density matrix. Explicitly,
=Y ;i fi(1) (1)) (5.35)

A useful set of relations based on this expression can be had if we expand |i(t)) in energy

eigenstates. Then, if at time ¢ = 0 the state is
= > 1B (Euli). (5.36)

at later times it becomes

Z|E ye Bt (B liy = e MM ]i(0)) (5.37)

and the density matrix is
plt) = > wiemMINi(0)) [i(h) (i(t)] € i(0))
e_th/hﬁ(O)€th/h. (538)
Differentiating this expression gives an equation for the time evolution of p:
dp
zh% = Hp— pH. (5.39)

Notice that this has the opposite sign to the Heisenberg equation of motion for an observable

~

A, )
A N A
ihil—t = AH — HA, (5.40)

a curiosity, but not a problem — the density matrix is just not a Heisenberg representation
observable. The trace is time independent — Tr j(t) = Tr e~/ 5(0)e*/" = Tr p(0). Does

this seem sensible?

Let us look at a few more examples using density matrices. Recall that a coordinate

space expectation value is

(A) = /d:cd:c’p(x,x')A(x’,x). (5.41)
Consider first A = z, the coordinate operator. Since (z|z|z') = zd(x — '),

(z) = / dezp(, 7). (5.42)
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Next is the momentum operator. In coordinate space, (z|p|z) = 2-2§(z — 2’). Inserting

this result in our standard formula and integrating by parts,
,h 0 n_ h 0 ,
i s A4
) = - [ dade's gt = =% [ dal gl a))ms (5.43)

For our last example, we compute the probability that we make a measurement and
observe the system to be in a state |y). When we do this, we are measuring the expectation

value of the projector A = |x) (x|. This is
(A) = Trplx) (x|
= =Tr (sz |2) (i|> X) (x|
= w; (x]o) |;
= <X\Zwi|i> {ilx)
— (il (544

The interpretation is clear — we measure the expectation value of the density matrix in our

desired state.

To illustrate this result, let us return to our complicated example, with the density matrix
of Eq. 5280 What is the probability to measure |[+)? Tt is

(1 o)(lég )((1))_1 g (5.45)

1
The |+y) state is % ( _ ) . Can you show that the probability of observing this state, given
i

N8 N8

the density matrix, is %?

Quantum canonical ensemble

To formulate quantum statistical mechanics requires the use of density matrices. That need
is most obvious for the canonical ensemble, where the system is in contact with a reservoir
of temperature T'. Here, the probability that the system is found in a state |¢;) is

e_BEz

P(l¢:)) = — (5.46)
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where k is Boltzmann’s constant, T is the temperature, 3~' = k7', and the normalizing
factor Z is the partition function, to be defined below. The density matrix, then, is diagonal

in an energy basis (labeled by |¢,)),

p=>_ waldn) (4] (5.47)

where w,, = exp(—fFE,)/Z. Thus

_BH

1
7 ; e 1 |¢n> <¢n‘ = 67 (5’48)

p
(writing the density matrix as an operator) and the partition function is

7 = Z e PEn = Ty PH = =PF (5.49)

where F' is the Helmholtz free energy. Thus the normalized density matrix is

e PH

TrePH"

p= (5.50)

An obvious example to check is to find the partition function for a free particle. To do

that, let us pause to consider the un-normalized p as a function of 3,

plB) = exp(—BH). (5.51)
Note that p(0) =1 and
~ 5508 = Holp). (552)

Can you confirm this result, by expanding in energy eigenfunctions? In coordinate space,

relabeling H — H,, the equation of motion is

0
—%p(ﬂf,l’/ﬁ) = Hmp(l’,m’/,ﬁ), (553)

with p(z,2’,0) = 0(x — 2’) expressing the identity operator in coordinate basis.

Let’s use this expression to solve for a single one-dimensional particle in a heat bath.
Here H = p*/(2m) and Eq. 553 becomes

9 , h? o :
_%p(% Z'B) = —%@p(x,x ,B). (5.54)
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With the boundary condition. p(z,2’,0) = §(x — '), this is the equation for the Green’s

function for diffusion, and we write down the answer by inspection,

p(,2',B) = \ [ xb(— g o (o — )P). (5.55)

Confine the particle on a line of length L to evaluate the partition function, and

Zy=ePF = / dap(z,z) = L % (5.56)
The three-dimensional system’s partition function is the cube of this expression (L3 gives
the familiar volume factor) and naively generalizing to N particles raises Z? to the power N
to give the usual free particle partition function. Since we have not considered the effects of
identical particles, our answer does not treat the entropy of mixing properly, but that can be
accounted for simply dividing by N!. We are going too far afield, into statistical mechanics,

to continue the discussion any farther.

Euclidean time path integral

Notice that the un-normalized thermal density matrix, Eq. [5.51] is identical to the time
evolution operator, with the substitution of —i/h for —f3. This means that we can use our
calculation of the path integral formulation of the time evolution operator to construct a
path integral expression for the partition function. Before we copy expressions, it is useful

to make a change of variables, introducing v = fh. Then the evolution equation becomes

9 _
aup_

Note that v has dimensions of time, so that we can interpret our equation as one for evolution

h —Hp. (5.57)

in imaginary time, with a formal solution p = exp(—Hu/h). The free particle propagator
is replaced by the diffusion Green’s function, Eq. [5.54] and the expression for the evolution
operator, Eq. 426, becomes

N

m 2

exp (‘Tm Z (%m (%;x]) + V(:):j)>> . (5.58)

1=

Differences in the two expressions (the absence of matrix elements at the beginning and end

times, the fact that there are only N —1 integrals over dz, and the so-far-unstated constraint
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that xy = x1) are a consequence of the fact that Z is a trace. In the limit that At — 0 the

exp (—% /O I <%mx‘2(t’) + V(x(t’)))) | (5.59)

The integral is called the “Euclidean action” Sg associated with a path x(t), periodic so

exponential becomes

z(0) = z(T) — again the trace at work. Note that it is minus the sum of kinetic and

potential energies.

Just as in the case of the ordinary path integral, we can ask, “Which paths are impor-
tant?” The answer, here, is that the paths for which Sg/h are smallest are the important

ones.

There might be many of them! However, consider the classical limit: 8 — 0 or T"— oo.
The range of the integral, 7 = [/h, becomes small. If the important paths are those for

which x does not change, the density matrix becomes

plz,z,T) = [/dej exp(—% /OT dt’%mx'z(t’))] exp(—pV(z)). (5.60)

The object in square brackets is the free particle propagator, Eq. 555 evaluated at x = /.

Z = / dx\/% exp(— BV (), (5.61)

the familiar classical result for a particle in a potential at finite temperature.

The partition function is

This formalism is particularly useful for carrying out numerical studies of statistical
mechanics systems. Many general properties of quantum mechanical systems can also be
obtained through its generalizations. Note that all non-commutativity has disappeared from
Eq.[B.58 Tt is just an N—dimensional integral over a set of classical variables ;. Computers
can do this integral using what are called “importance sampling” techniques. If we can
generate a set of N “typical configurations,” which are sets of variables z; = {z%}, whose
density in the ensemble is proportional to exp(—Sg(z;)/h), then thermal averages are just
averages over the ensemble of configurations, and the thermal expectation value of any

function of z is
N

(O(a) = 5 30 0fa) + Ol

Because the thermal weighting probability is real, these expressions are generally quite stable.

). (5.62)

Contrast this behavior to the sum of complex amplitudes resulting from the real-time path
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integral! The energies of low lying states, and expectation values of matrix elements, can be

computed using products of operators at different Euclidean times, such as x(t)z(tz).



Chapter 6

Wave mechanics
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In this chapter we return to what is (hopefully) more familiar ground for the reader: the
Schrodinger equation as a wave equation. We will explore its behavior in a variety of simple
cases, attempting to extract behavior which is common to all similar situations even though

the differential equation itself may not have such simple solutions.

Wave mechanics in one dimension

The time independent Schrodinger equation is

h? 0% B
BT + V(x)yp = Ev. (6.1)

For constant V' (z) =V, and if £ > V, the most general solution is

ipxz _ ipx p
= Aeh + Be h —=F-V 6.2
V() ehn + Be h, o (6.2)
If E <V, in contrast,
= Ae'" + Be " L —V-E. 6.3
V() en +Be n, o (6.3)

Now let us consider a case where the potential has a step, V(z) = 0 for x < 0; V(z) = V}
for z > 0.

Vo

We assume F > 0. On the left hand side of the boundary

iprx

Y, = Aeip% + Be  h pL = V2mE (6.4)

and on the right hand side, if £ > Vj we have

YR = Ce™ De_ipgw, pr =V 2m(E — V). (6.5)

We know that the wave equation itself must be continuous at the boundary between region

I and region II, so
A+B=C+D (6.6)
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What about the first derivative? Let us integrate the Schrodinger equation from x = —e to
x = €, across the boundary,
—h? 0V
2m Oz

‘ + /e (V(z) — E)V¥(z)dx = 0. (6.7)

e .
Making e an infinitisimal, the second term in the expression vanishes. (Note that this would

NOT be the case if V(z) were a delta function.) Thus the first derivative must also be
continuous across the boundary;,

—h2 0 |
—— =0. 6.8
2m Ox - (6:8)
In the example we are considering, this gives
p(A—B) = p(C - D). (6.9)

We still have a problem, though. We have four unknowns in our wave equations, but we
only have two constraint equations. We need a way to resolve this difficulty. We cannot use
normalization as a constraint, because plane waves are not normalizable functions. We must,
instead, carefully restate the physical situation. Let us suppose that we are considering the
case of a beam coming in from the right and either scattering from, or reflecting off, the
barrier. To the right of the barrier, we only have an outgoing wave. This means that we
can set D = 0. Next, if we imagine performing this experiment, we can see that we will
have control over the coefficient A. the amplitude of the incoming particles. We do not have
control over B and C because they are the amplitude of the reflected and transmitted waves
and those will in principle depend on the potential barrier. However, we expect that B and C'
will depend linearly on A. (After all, the rate at which particles are reflected from the barrier
depends on the rate that they strike it.) Thus there are two relevant quantities, the relative
reflection amplitude B/A and relative transmission amplitude C'/A. (One often drops the
word “relative.”) The squared modulus % is known as the transmission coefficient, 1", and
the squared modulus % is knowns as the reflection coefficient, R, in analogy with optics

usage.

This discussion has been a bit informal, so let us pause to define a particle current.

Currents obey the usual relation to the time rate of change of a density

= - 0
V-J+a—f:0, (6.10)
where the function p = U*(Z,¢)¥(Z,t) is just the modulus squared of the wave function.
The first time derivative of the function p is
op ov*
ot~ ot

U(x,t) + \If*(:c,t)%—‘f. (6.11)
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Invoking the time-dependent Schrodinger equation,

ov  —h%-
h— = —VU+ VU 12
ih—. 5 VU + (6.12)
we obtain by substitution
op 1. -k =, N
— = — [ (=—VU* U + U (— V=0 1\ 1
BT ih[ (va + VU + (2mv + V)] (6.13)
. 9 h 1 h
p = * = = *
— =-V [V'— VUV + —(=VU)"V]. 14
ot vl Qmiv +2m(z'v )Yl (6.14)
So we identify the probability current as
J = l[\y*ﬁqf — (V)" U] (6.15)
© 2mi ' ’

J = —[e " (k)™ — =(—ik)e *Te) = = (6.16)

1 i B o e e Bk
2m 7

Note hE/ m is, as expected, just the velocity.

Now we return to the barrier problem. Current conservation should hold at the barrier,

SO . . .
AP B jop (617)

m m m
From this we can again see what matters physically is the proportionality between A and B
and between A and C, not the absolute values. Solving the two equations (continuity of the

wave function and continuity of the derivative), we find the following values for % and %.

B p—yp
C 2p

The reader should check that current conservation is obeyed.

So much for the case where ' > V. When E < Vj the solutions on the right hand side,

Vg, will be real exponentials, and

Uy = CePe/M 4 Der'a/h (6.20)
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where p? = 2m(V,— E). Because the potential barrier extends all the way to positive infinity,
the exponential with the positive argument must vanish; otherwise the wave function in that
region is not normalizable. This forces D = 0. We can recycle our work from the £ > V}
case by making the substitution p’ — ip’. Then

/

B  p—ip

— = 6.21
A pH+ap ( )
C 2
—- = p. (6.22)
A p+ip

Note that the squared modulus of the factor, %, is just equal to unity. From this one can

deduce that then the quantity, %, must be equal to a pure phase. Thus our reflected wave

is just a phase shifted reversal of our original wave.

Particle in a finite well

Next we consider a potential well V(z) =V} for —a/2 < x < a/2, V(x) = 0 otherwise. We
let the potential be attractive, with well depth —|V;|, as illustrated in the figure.

|

|

|

1

‘ -|Vo|
x=—a/2 x=0 x=a/2

If this potential posesses any bound states, they must have negative energy. We will label
the bound state energy by —FE. Equivalently, and more usefully for the algebra, any bound
state will have energy e above the bottom of the well. Inside the box, wave functions have
the following form

U(r) = Ae™™ 4 Be~ ke (6.23)
with F2p2

= 24
oy = € (6.24)
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where

|E| + €= |Vp). (6.25)
Outside the box, the wave function dies exponentially, ¥(z) oc e~*l with

h2a?

2m

= [Vol —e = |E]. (6.26)

To continue, we must match boundary conditions for the wave function and its derivative at

x = £a/2: there are four such equations, all told.

Parity

It is worthwhile, once again, to pause and think formally, this time about mirror symmetry
or parity. We will assume that we are in three spatial dimensions for this section. The parity

operator P performs the transformation W(Z) — W(—&). Thus

A

PU(Z) = U (-2). (6.27)
Since it flips the sign of the coordinate, the parity operator also obeys the operator equation

PP = —F. (6.28)

This relation should be true for all vector operators, not just . The parity operator is

unitary. To see this, apply it twice:
PP . PVFP =7 7, (6.29)

The quantity r? is obviously rotationally invariant, so the only way the two sides will be
equal is if Pt = PA—l, which is the definition of unitarity. The operator P can act on state

vectors as well as on operators.
(FP|W) = (—F10) = U(—7). (6.30)
Applied to the Hamiltonian, it gives
PH(P\P = H(—7). (6.31)

We know that if P commutes with H then we can construct simultaneous eigenvectors of H
and P. Commutivity requires that PH=H p, and, multiplying both sides by pT,

PRI = PP (6.32)
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or, because Pis unitary,
H=P'HP (6.33)

or

H(F) = H(—7). (6.34)

The squared momentum is obviously rotationally invariant, so whether or not parity com-
mutes with the Hamiltonian depends on the form of the potential. For example, in three
dimensions, parity is a good quantum number for potentials depending only on the radial

coordinate V' (r). Obviously, we say that a state has “positive parity” when
U(7) = U(-7) (6.35)
and a “negative parity”state obeys
U (7) = =V (-7). (6.36)
Parity appears in many physical applications. For example, integrals of the form
/ 0B ,(7)7,(7) (6.37)

vanish if ¥; and ¥, have the same parity. (This is the mathematical origin for selection rules

for radiative transitions in atoms.) We can see this result formally using

(il7j) = — (i| PTFP3) . (6.38)
If
Pliy = (=1)" i) (6.39)
and
Plj) = (-1)"[5), (6.40)
then
(i|7) = —(=1) P+ (G|5) . (6.41)

Now back to the one-dimensional square well. The potential is symmetric about its
midpoint, so energy eigenfunctions will also be parity eigenfunctions. For even parity states,

the interior solution is
U = Acoskx (6.42)

and outside the well
U = Be ol (6.43)
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Similarly, odd parity wave functions are
U = A'sinkz (6.44)
inside the well and outside the well

U = +B'e el (6.45)

For each parity, we have three unknowns (E,A,B), and we have three constraints on
these equations: continuity of the wave function, as well as the continuity of its first spatial
derivative, at © = a/2, and a normalization condition on the wave function. For the even

parity states, the first two boundary conditions give

A cos (%) — Be ol (6.46)

k .
_ Aksin (g) — _Bae 93!, (6.47)
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Dividing the second equation by the first equation, and inserting an 'a’ (the width of the

barrier) on both sides for ease of interpretation, we get

k
katan <7a) = aq. (6.48)
At o = § the odd parity states obey
k a
A'sin (g) — Blel3l (6.49)
and L
A’k cos <7a) = —B'ae 3 (6.50)
or L
ka cot (;) = —aq. (6.51)
Introducing £ = ka and 17 = aa, the defining relations between V), E, o and k& become
s o 2ma® 2ma®
§+n = = (E+Vy—FE) = 2 Vo. (6.52)

The continuity equation for the even parity solutions becomes

£ tan (g) — 1. (6.53)

Eqgs. [6.52] and [6.53] may be solved graphically. Allowed values of £ and the n will form
a circle of radius \/2’”%22‘/0, which must intersect the function £ tan (é) The situation for

2
even parity is shown in the following figure:
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Notice that there is always at least one positive parity bound state, because no matter how
small is the circle formed by £ and 7, it will always intersect the £ tan (%) function. The
number of bound states is given by the number of intersections. Clearly, as V; becomes
bigger and bigger, the number of intersections rises, and there are more bound states. For

example, two solutions will exist when

2ma?Vj
271' S T S 47T, (654)
three solutions will exist when
2ma?Vj
47 S T S 671', (655)

and so on. As V) — oo the number of solutions will also approach infinity. The eigenvalue
equation becomes & = (2n + 1)7 for n = 0,1,2, ..., the expected result for the particle in

the infinitely deep well.

The analysis for the odd parity states is similar. The second eigenvalue equation becomes

—& cot <g> =1. (6.56)
The situation is shown in the following figure. Again, solutions exist where the curves
intersect.
n
In contrast to the positive parity case, if the radius of the circle, 2ng2 Yo is less than 7

there will be no bound state solutions. Thus if the finite well is not deep enough, no odd

parity bound states will exist. As the well deepens, the number of solutions for odd parity
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states will behave qualitatively like even parity case. Again, if Vj; — oo solutions will be of
the form & = 2mn where n = 1,2,.... Thus we recover the familiar case of the infiniitely

deep well.

Barrier penetration

Next, consider scattering from a rectangular barrier of constant potential and finite width.
We assume the beam is entering from the left. The potential is V' (z) =V for —a/2 < z <
a/2, V(x) = 0 otherwise.

Vo

Outside of the barrier we have our familiar plane wave solution; on the left, there are incoming
and reflected waves,
u(r) = Ae'* 4 =ik (6.57)

and only a transmitted wave on the right,

u(z) = Ce™, (6.58)
where % = [F. The transmission coefficient is % and the reflection coefficient is %.

To simplify all our results, we will simply scale A to 1. Let’s begin with the case the case
where the energy of the wave, F > V{. In this case the solution in the interior of the barrier
oscillates,

u(z) = Fe'™ + Ge ™" (6.59)

Applying our continuity boundary conditions at z = —%, we have

e—ika/2 | peika/2 _ po—ioa/2 | (ygiaal2 (6.60)
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and
ik[e~ke/2 — Beh/?] = ja[Fe~/? — Geiae/?), (6.61)

Similarly, at x = § we have
Ceika/2 _ Feiaa/2 + Ge—iaa/2 (662)
and
ik[Ce™*/?) = ja[Fei*v/? — Gemi@e/?], (6.63)

This constitutes a 4 x 4 matrix of equations whose solution gives B, C, F', and G. The
general solution is not illuminating, and so we consider interesting special cases. First,

suppose aa = 27wn. The matching equations reduce to

ekl 4 Beikel2 — it p 4 @] (6.64)
ikle~*/2 — Be*/?] = jae™[F — G] (6.65)
Ce*a/2 = o™ [F 4 G (6.66)
ik[Ce**?) = jae™[F - G). (6.67)

A few lines of algebra quickly reveal that B = 0, C' = exp(—ika). The interpretation is easy:
The reflection coefficient is 0 and thus there is no reflected wave at the potential barrier.
In this case we have what is called a transmission resonance. It occurs only for particular
values of the wavelength and energy, when o = 2m(E — V) = 4n%/a?. This is qualitatively
similar to the situation of Brewster’s angle in an optical system, where at a particular angle

of incidence one polarization component will be transmitted completely.

The complete solution for the transmission and reflection amplitudes are

B (k,2 _ a2)(1 _ e2iaa)e—ika

A~ (k+ )% — (k — o)2e2iaa (6.68)
g B 4kaei(a—k)a (6 69)

A - (k‘ —+ a)2 — (k — a)262iaa' .

The transmission coeflicient is
ICI? (k? — a?)?sin?(aa)7 -1
I'= W - [1 T 45202 ] (6.70)
ViZsin?(aa) -1

="t EEon 71
[ 4E(E—v0)] (6.71)

Recall that this is for the case £ > V. The graph of this transmission coefficient is shown

in the figure; note the transmission resonances:
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When E <V the solution of the Schrodinger equation inside the barrier is
u(r) = Fe’ + Ge " (6.72)

where h2(3% = 2m(Vy — E). The easiest way to find the transmission amplitude in this case

is by analytic continuation a@ — ¢ from our previous result. This gives

Vi sinh2(5a)] -1

= [1_ AE(E — Vp)

(6.73)
At small E/V; the transmission falls to zero exponentially with increasing barrier width or
height,
1
T~~~ 28 .74
V2 2a ¢ (6.74)
16E(Vo—E)

The following figure displays this behavior.
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It is easy to obtain an approximate solution for a very tall (V> E) and very wide e/® > 1
barrier. For ease of calculation, let us shift the location of the barrier from —§ < x < 3 to

the range 0 < x < a. The interior wave function is
u(r) = Fe™ + Ge " (6.75)

In order to keep this solution finite, the coefficient F', must be very tiny. More precisely,
at © = a we need to keep Fexp(fa) oc O(1). Thus for the equations to be consistent, we
need to retain terms involving Fexp(fSa), but can discard terms that only involve F. This

amounts to replacing the exact boundary conditions by approximate ones: At x = 0,

1+B=F+G~G (6.76)
and
ik(1— B)=B(F - G) ~ —5G. (6.77)
They imply
2ik
G_ik—ﬁ' (6.78)
Similarly, at x = a we have
Ce*t = O = Fe* + Ge P (6.79)
and
ikC' = B(FeP* — Ge™P7) = B(C" — 2Ge™P?) (6.80)

because FeP® = (C' — Ge™P). Thus
(ik — B)C" = —2Ge™P" (6.81)

and so 5 5
,  —2BGe™Pt  —dikfBe™P"
C'=—g ~ s (6.82)

Thus we have found the transmission coefficient in the limit of a tall, wide barrier to be

16k252%e 2

T = R (6.83)

which agrees with Eq. [6.74l

To study scattering from an attractive potential well,
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we can take all of our formulas and simply change the sign of V. Then for E > V, the

transmission coefficient. is

ViZsin?(aa) 1-1

TE)=|14 —————F~ 6.84
=1 tmE D (059
We still have transmission resonances, whenever aa = mn. In that case
A2 h2n?
E+V,= ) 6.85
TV 2ma? (6.85)

Stepping back for a moment, we recall that the transmission amplitude is a complex

function of the energy, or the wave number, k.

C Ak aeila—k)a

A4 S(E) = (k+ a)? — (k — «)2e?ioa

e~ *aS(E) (6.86)

with
S(E) = 1 . (6.87)

cos(aa) — %(E + %) sin(aa)

«

We observe that S(F) will have a pole whenever
 k
cos(a) = 1 (— + g) sin(aa) (6.88)
2\a  k
The improbable trigonometric identity tan(2x) = 2/(cot(x) — tan(z)) transforms the pole

condition into

aa aa Tk «
ot (5) ~tan () = 1[5 + 7] (6.89)
so that a pole appears whenever either of the following two relations holds.
ik
tan (%) S — (6.90)
2 «

or

cot (%) = %, (6.91)
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To convert these relations into statements about energy, we recall A%k? = 2mE and h?a? =
2m(E + Vp). A pole will only occur if £ < 0 and @ > 0. In that case the v/E must be
treated with care. It has a branch cut in the complex energy plane. To locate the branch

cut we define

E = |E|e” (6.92)
so that
VE = |E|7e% . (6.93)
Then Egs. and become
atan <%> =K (6.94)
and
acot (%) =-K (6.95)
where

iK = LQ;_Z”E' — k. (6.96)
These are the equations which gave the values of bound state energies, Eqs. and [6.561
This is a general result: the scattering amplitude has a pole at all energies corresponding to
the locations of bound states in the potential. (Note that these energies may not be directly
accessible to experiment: for this potential, the bound states have negative energy but only
positive energy beams can be produced.) Physically, the pole corresponds to the presence
of a solution near the potential which is very large compared to the value of the solution far
away from the potential. This can only occur when the energy associated with the solution

is in fact the energy of a bound state.

Now we examine how S (E) behaves near a transmission resonance. We assume that we
have E > 0 and that a transmission resonance occurs when aa = mn or £ = E;. We can
rewrite the transmission coefficient as

~ 1
S(E) = : .
cos(aa) [1 — %(2 + %) tan(aa)}

(6.97)

A transmission resonance occurs when tan(aa) ~ 0. Let us Taylor expand the denominator
in a power series about Ey. Writing the result as
k 4

(a + %) tan(aa) = f(E — Ey) (6.98)
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where A ik
o)
—=—((E4+2)t .
T~ dE ((a * k) an(o‘“)> — (6.99)
we discover that near the resonance the scattering amplitude is
- 1 i€
S(E) ~ (+—2—x). 6.100
(E) cos(aa) \E — Ey+ & ( )

At the resonance cos(aa) — 1, so the only important term is that inside the parentheses.

The transmission coefficient near a resonance is
1'\2

T(E) x |S(E)]? = e Ei)? i (6.101)

This function is the same Lorentzian lineshape that we had discussed earlier (in the example

of magnetic resonance). It is also called a “Breit-Wigner” lineshape.

Note that the approximation we have made is only valid near the transmission resonance.
In fact, looking at the graph of the transmission coefficient, we see that in this case, it is not

a very good approximation away from a resonance.
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Again, we observe that the transmission amplitude has a pole at £ = Ey — % When
the energy is near this value in the complex energy plane, the nearby singularity completely
dominates the function. Of course, at physically accessible energies, the scattering amplitude
cannot diverge, for that would lead to a violation of unitarity. The largest it can be is a
pure phase, in this case, S (E) = 1. The scatterng amplitude has poles at £ < 0, but these
energies are not accessible in a scattering experiment. If we had a potential of the following

form,

\ Bound

States

we could probe the bound states by scattering £/ > 0 particles and we would see resonant
behavior whenever we were near a bound state energy. Examples of such behavior occur

frequently in Nature; we will encounter it again when we study three dimensional scattering.

Scattering and the one-dimensional delta function potential

The delta function potential
V(x) = Voo (x) (6.102)

is a useful approximation to a situation where the range of the potential is very small
compared to the distances over which we able to probe in a scattering experiment. There
are “conventional” ways to solve the Schrédinger equation (relegated to homework problems).
Let us consider an unusual one: The Schrodinger equation.
n? d?
(

E+ %@)xy(u@) = V() () = Vpd(2)W(0) (6.103)

can be replaced by an integral equation

0o dp eip:c/ﬁ

2m

U(z) = Uy(z) +/

—00
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where the homogeneous solution is that W;(z) = e®*/". To check the validity of this solution
a2

dm2> to both sides, producing

we apply the operator ( E+ 1

2

2 2 0 E— p° )
<E+ n d—)\p(m) - 0+/ P 2 = o v oy gy )

2 07? L
_ = dp ipz/h
= Vu¥(0) /_OO 5 7C
— Vo (0)d(x).

(6.105)

Unfortunately, our “solution” is not complete — the integral is singular, due to the pole at
E =p?/(2m).

We must combine a physical problem — what boundary conditions do we want for W(x)?
—with a mathematical problem — how can we distort the integration contour to avoid the
singularity? We can approach the solution by thinking of the potential as a source of waves.
Then, we want an inhomogenous solution that has outgoing waves (away from the potential)

in both directions, positive and negative x. That is, we must require
U(r) xe* >0 (6.106)

and

U(x) o e ke x < 0. (6.107)

Mathematically, we can achieve this result by picking a contour of integration in the complex

momentum plane as shown:

Contour Of Integration

\ Poles/
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We can close the contour in the upper or lower half plane, picking a contour which gives
zero contribution to the integral. To determine how to do this, we must consider separately
the cases of x positive or negative. For x > 0 we need to close the contour in the upper half
of the plane so that its positive imaginary momentum will give a negative exponential. The

residue theorem gives the following for x > 0.

dp ™" mexpliv2mEx/h]

— = 6.108
2Th | — % ih omE ( )
For x < 0 we close the contour in the lower half plane, giving
dp €e?/" mexp[—iv2mEx/h] (6.100)
2rh | — % ik 2mE .
Thus our solution for ¥(x) is
Vi
U(z) = Uj(a) + L eirlal/mg (o) (6.110)
1ph
or, solving for U(0) and collecting terms,
. Vi .
U(p) = epe/h 4 VO iplal/h 6.111
() =e MlrT——— (6.111)
The x > 0 solution gives the transmitted wave
iph .
v rans — . = 1, ipz/ 5 6.112
' iph —mVy" (6.112)
from which, the scattering amplitude is
~ 1ph
S(F)=—F—— 6.113
(B)= 2 (6113)

The function S(F) has a pole whose location tells us the value of the bound state energy.
The pole is at
ph = hV2mE = —imVj. (6.114)

To complete the calculation, the bound state energy must be negative, and

2
—mV;

E =
2h?

(6.115)

Note that the one dimensional delta function potential has only a single bound state.
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Bloch waves and periodic potentials (in one dimension)

Imagine a particle in a one-dimensional periodic potential V(a) = V(z + a), as illustrated in
the figure,

where a is the length of one period of the potential. Associated with this situation we can

define an operator 7, called the translation operator, with the property that
el =2 +a (6.116)

This operator will transform potential 7V (x)7" = V(2 + a). For a periodic potential this is
equal to V(z). This means that the Hamiltonian itself also obeys tH = H , and, since T
is unitary (prove it!), [H,7] = 0. We should be able to find simultaneous eigenfunctions of
H and 7.

The tight binding approximation

To proceed, let us suppose we have a set of eigenfunctions |n) such that that each of them
is localized around one of the wells of the potential. We label the one in the jth potential

well as |7).

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Now imagine that the wells of V' (z) are sufficiently deep and sufficiently far apart, that there
is no overlap between the wave functions of neighboring wells. This means that (j|j") = d;;.
Because of the translational invariance of the Hamiltonian, the expectation value of the
Hamiltonian for a state in any particular well should equal that of any other well. We will call
this energy (j|H|j) = Ey. Next, let us assume that the only nonvanishing matrix elements
of the Hamiltonian connect neighboring states. We parameterise this matrix element as
(7/|H|j) = —Ad;;+1. These equations compose what is referred to in solid state physics as

the “tight binding assumption.”

The translation operator shifts states: 7|j) = |j + 1). What are its eigenstates? Let us

consider the following state.
o0

0) = ) € n). (6.117)

Applying the translation operator to it gives

o0

7o) = Y € n+1) (6.118)
or, shifting the index of the sum,
716) = i V0 p) = 79 . (6.119)
Therefore
710) = e 16). (6.120)

The |0) states are eigenstates of the translation operator with eigenvalues of pure phase.
These states are eigenstates of H. To see this, begin with the action of H on a localized

state
Hin)=Ey|n) —Aln+1)—Aln—1). (6.121)

Use this result to apply the Hamiltonian to the states |6).

HI0) =Eo|0) —A( D e™n+1)) =AY e |n—1)) (6.122)
= Fo|0) — A(e™ 4 ¢) |6) (6.123)

or

H|A) = (Ey — 2A cos(6)) |6) . (6.124)
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Indeed, the |6) state is also an energy eigenstate. Notice that the energy lies in the range
E € [Ey — 2A, Ey + 2A]. (6.125)

There is a band of allowed energies. But physically, what is the parameter 67 The position

space wave function is (x|0), so let us consider (z|7|0). Letting 7 act to the left gives
(x|7|0) = (x — alB), (6.126)
while letting 7 act to the right gives
(z|710) = (x]0) ™. (6.127)
The quantities in equations and must be equal. To solve this constraint, define
(z]0) = e uy, () 0 = ka (6.128)
where u(z) is a periodic function with period a, i.e., ui(z + a) = ui(x). Note that
(x — alf) = eV (z — a) = e* Dy (2) = up(z)e* e, (6.129)

which is Eq. [6.127. These solutions are called Bloch functions, and k is a wave number. Note
the form of the solution — the wave function “in the well” is multiplied by a plane wave. The
“in the well” wave function picks up a phase as we move from well to well. Putting all the

pieces together, we see that —m < 0 < 7 is equivalent to —7/a < k < 7/a and the energy is
E(k) = Ey — 2A cos ka. This behavior is sketched in the figure:

— Eo+2A

EK)

-1t/ a /a

| Eo-a

For an infinite chain, £ is continuous. However, for a finite chain of length N with periodic

boundary conditions, N applications of 7 returns us to our starting point,

(2|#N10) = (2]0) = (x — Na|f) = (x|0) N (6.130)
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so that
B 2T

N
where j is an integer in the range —N/2 < 7 < N/2. This gives a set of discrete levels, or a

0 J- (6.131)

set of discrete momenta, as many momenta as there are sites.

A more complicated example — a periodic array of delta functions

Now we take a potential function which is a periodic set of delta functions

V(z) = i Vod(z — na). (6.132)

n=—oo

We again label the Bloch state as ¥(z) = e**®u,(x), with periodicity condition uy(z + a) =
Between the delta functions, the solution to the Schrédinger equation is
U(r) = Ae'® + Be '* (6.133)
where % = FE. The Bloch function, then, is

up(z) = Aelthe 4 Be-ilathe, (6.134)

A and B may be determined from boundary conditions. The first boundary condition is the
periodicity of uy(x):
ur(0) = ug(a) (6.135)

which demands
A+ B = Ag'lt=Rae | pe~ilathla, (6.136)
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The second boundary condition ariese from the behavior of the derivative of the wave function

at the boundary. To find it, we integrate the Schrodinger equation across the boundary,

€ h2 82 €
/_6 dx(E + %@)\D(m) = /_6 dxVod(z)W(x). (6.137)
which simplifies to
oV | 2m 2m
Tl = FVO\I!(O) = ﬁ%(A + B). (6.138)
We know that just inside the unit cell
ov .
(%)E — iq(A - B), (6.139)

but we must be careful when evaluating the first derivative at the other side of the potential,

at © = —e. This location is actually at the edge of the neighboring cell, or the far edge of

our cell:
U(—e€) = e W(aq —¢) (6.140)
and so 50 9u
(a) = <%> = iq(Aeiqa — Be_iqa)e_ika. (6141)
The second boundary condition is therefore
2mVo : (a—H) ~i(g+k)
2 (A+ B) =iq(A— B — A" 4 Be 1T, (6.142)

Let us restrict the discussion to V > 0. Solving for A and B yields the following relation on

the momenta k£ and ¢,

mVj sin(ga)
cos(ka) = cos(qa) + R

The right hand side of this equation is shown as a function of ga in the figure:

(6.143)
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The value of the left hand side of the equation is constrained by the requirement —1 <
cos(ka) < 1. This means that only particular values of ¢, and hence of the energy E =
h2q?/(2m), are allowed. These regions are shaded in the figure. Within the allowed region
there are a continuum of energy states —a “band” of energies. We can see the behavior from

the next figure, showing allowed values of E(k) vs. k, where again —7/a < k < 7/a.

Y

The bands are separated by “band gaps,” values of the energy for which no solutions of the

Schrodinger equation exist.

We are on the edge of being able to explain the difference between insulators and metals.
Crystalline solids are obviously examples of systems with periodic potentials. Electrons obey
the Pauli principle and hence there can be only one electron (per spin) per energy level. If we
assume that electrons in a solid do not interact (never mind that they have charge!), then the
electronic ground state of the solid has one electron (per spin) in every single particle state,
beginning with the lowest. If we run out of electrons while in the middle of a band, then
the ground state is separated from the lowest excited state by only an only an infinitesimal
amount of energy. It is easy to excite an electron from a filled state into an empty one.
This is the situation for a conductor. However, if the supply of electrons is finished just at a
band filling, then exciting an electron requires supplying a finite energy (the distance to the

bottom of the next band) to the system. Then the system is an insulator.
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Schrodinger equation in three dimensions

We turn now to three dimensional problems with central potentials: V) = V (|r|). The most

useful coordinate choice for these systems is spherical coordinates. We recall the definition

z = rcosf
xr = rsinfcos¢
y = rsinfsing

with —1 < cosf < 1,0 < ¢ < 2w and 0 < r < co. The Laplacian can be split into a radial

and an angular piece

19,0 L2
2_ -~ Y27 _ _ 144
v r? Orr or  h2r?’ (6 )

where L? is the squared angular momentum operator,

snfaf 90 " sin200¢?|

While one might imagine that this is just a convenient shorthand labeling the angular part of

L? = —h? (6.145)

the Laplacian, it is none the less true that when we define the angular momentum operator

B E:fxﬁ:§wxﬁ) (6.146)
we discover that its components, expressed in spherical coordinates, are
h 0
L, = 700
L, = 1ih {sin gb% + cot 6 cos gb((%]
L, = ih [— cos qﬁ% + cot #sin qﬁ%]

(6.147)
and its square is given by Eq.

The wave function can be written in separated form, (7) = R(r)Y,™ (60, ¢). where the

functions Y;™(0, ¢), called the spherical harmonics, obey the eigenvalue equations
LY"(0,¢) = U1+ 1)Y"(0,0).
LY™0,¢) = hmY™(0,9).
(6.148)
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That is, they are eigenfunctions of L? and L, with eigenvalues h%[(I+1) and fim, respectively.
We state without proof that the [’s are restricted to be integers, [ = 1,,2, ..., and -l < m <.
Then we are left with an ordinary differential equation for the radial dependence of the wave
function.

10 ,0

Notice that the angular dependence of a wave function for a central potential problem is

2
% R(r) = ER(r). (6.149)
independent of the particular form of the potential; this part of the wave function is universal.
Notice also that the radial equation depends on V(r) and on [. Solutions of the radial
equation will in general involve a distinct set of energy levels for each value of [. Thus,
all wave functions for central potentials in three dimensions are labeled by three quantum
numbers (not including spin), one for E, [, and m. The radial solution (and the energy
eigenvalues) depend on [ but not on m. Because there is no dependence on m there will be

a 2l + 1 degeneracy among the energy levels described by E and .

o =S states
\\é N 3 states
1 state
| —
S P D

Review of spherical harmonics

Angular momentum is so important that it deserves (and will get) its own chapter. For the
time being, we remark that commutation relations for the L;’s are simple: [L;, L;] = ihe;jx Ly,
and [L2, L;] = 0. For central potentials, [H, L2] = 0, and [H, L;] = 0, which, together with
the commutation relations for the L;’s, implies that one can find simultaneous eigenstates of
H, L* and one component of L. We label such a state as |¢) = | E, L2, L;). It is conventional
to pick this to be eigenstates of L.. In Dirac notation, Y;"(6,¢) = <9,¢|E2,Lz). All of
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these statements (and much more) can be derived using pure operator methods. Before we
do that, however, we pause to fill in some details about the spherical harmonics as special

functions.

The explicit form of Eq. is
_[ 1 28'1’192—0— 1 8_2]
~ 5inga """ 90 T sinZ0002) !
This partial differential equation can be completely separated by writing ;™ (0, ¢) = P(0)Q(¢).

™0, )+ 1(1 + 1)Y;™(0, 6). (6.150)

The resulting two equations are
0? 9
R RO
1

a . 0 m?
050 SIHQ% + (l(l +1)— sin29)] P = 0.

(6.151)

We immediately find solutions of the form Q(¢) = €™, and by demanding Q(0) = Q(27),
we impose the quantization condition m = {0,4+1,42,...}. This is quantization of the

z-component of angular momentum,

LY™(0,¢) = hmY,™(0,¢). (6.152)

The equation for # is called the associated Legendre equation in the mathematics litera-
ture. When m = 0 its solutions are the usual Legendre polynomials. Away from m = 0, it has
well behaved solutions only for I = {0, 1, 2,...} and |m| < [. The first condition amounts to
quantization of the squared angular momentum, equal to #2[(I+ 1) where [ is an integer. (As
a shorthand, one often says, “the total angular momentum takes on integer values.”) The m
constraint makes physical sense because one would expect the magnitude of the z-component
of angular momentum to be less the magnitude of the total angular momentum, \/m .
Also notice that since Eq. only depends on m?, there is freedom in the definition of
the Y;™(6, ¢)’s. The standard convention is to define ;7" (0, ¢) = (—1)"Y,"(6, ¢)*.

We state a few of the relevant properties of spherical harmonics in Dirac notation: Or-
thonormality:
(lm\l'm/) = 5ll’5mm’§ (6153)

orthonormality in coordinate space:

/ 40 (Iml6, ) (0, 6| I'm’) = / QY (6, $)YI (0, 6) = S S (6.154)
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Completeness:
=3 lim) fim = [ a210.6) 6.1 (6.155)
and completeness in coordinate space
[e'9) l
§(cos — cos0)3(¢ — ¢') = Y (0, ¢/|lm) (Im|0,¢) = > > V;"(¢,¢")Y;"(6,¢)". (6.156)
im =0 m=-1

Finally, we tabulate the first few spherical harmonics.

1
VY = —
0 VA
3
YY) = e cos 0
T
3 .
v} = — 8—81H¢962¢
T
1 /15 -
}/22 = Z 2—Si1'l2 H€2Z¢
T
15 :
Yy = — 8—8111900896“1’
T

5 3 cos? 9—1)

oL
Il
..u
:]
VR
)

(6.157)

The first three [ spherical harmonics are important enough to commit to memory. For

historical reasons the different [ levels have been given names.

[ level m

0 s 0

1 p 0,£1

2 d 0,£1,£2
3

s, p, d, and f stand for “sharp,” “principal,” “diffuse,” and “fine,” respectively. This is
called “spectroscopic notation” and continues down the alphabet for subsequent I’s (g, h, . ..),
without names, as far as I know.
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Parity in three dimensions

Parity comes into its own in three dimensions. Let us first investigate the parity properties

of the spherical harmonics. The transformation 7 — —7 in spherical coordinates is shown in

the figure:
0
—~
r
b
Specifically, it is
=T 0—m—10 O — o+ (6.158)

One can also express the parity operation on 6 as cosf — — cos®.

To analyze the parity operator’s effect on the spherical harmonics, we recall their explicit

form
Y;"(60,6) = P (6)e™ (6.159)

where the P/™’s are the associated Legendre polynomials, Consider first [ = 0, where these
functions are the usual Legendre polynomials. They are [-th order polynomials in cosf

containing only even or odd powers of cosf. Therefore
PP(cos ) = (—1)'P(cos b). (6.160)

Thus, the Legendre polynomials are eigenfunctions of the parity operator with eigenvalues

+1. The associated Legendre polynomials transform under parity as
PP™(cosf) = (—1)" ™ P™ cos(h) (6.161)

This behavior comes from the the fact that the associated Legendre polynomials are products
Lml
2

of a term o< (1 — cos?#) = with an even or odd polynomial in cos 6 of highest order [ — |m|.

The first term in the product is also even under a parity transformation; thus the eigenvalue
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comes from the order of the polynomial. The azimuthal part of the spherical harmonic

transforms under parity as
eme —y MOt — (1 meim?, (6.162)
Thus the behavior of the spherical harmonics under a parity transformation is
YO —m o+ m) = (=1)7"(=1)"Y(0, ) = (-1)'Y"(0, ). (6.163)

As m is an integer, (—1)"="/(—1)™ = (—1)". Thus the spherical harmonics are even or odd

under parity depending on whether [ is even or odd.

The spherical square well

Perhaps it is time for an example. The spherical square well is defined by
Vir)==-V, r<a (6.164)
V(ir)=0 r>a (6.165)
The radial equation obeys the differential equation

{d2 L2d 1(+1) 2m(V - F)

dr? " rdr 72 h?

For later use, let us define k? = —Qm(‘g‘;_E). Eq. [6.166 is a form of the Bessel’s equation and

its solutions are the spherical Bessel functions. Expressed in terms of the cylindrical Bessel

Ji(x) = \/gjl—l—lﬂ (z) (6.167)

() = (~1)*! \/gj_l_l/g(x). (6.168)

(The n(z)’s are sometimes called the spherical Neumann functions.) The first few are

}f(?“) = 0. (6.166)

functions, they are

, sin(x) , sin(z)  cos(x)
o) =—=,  ple)=—5— - — (6.169)
cos(x) —cos(z)  sin(z)
no(x) = — ni(zr) = o, (6.170)
The limiting forms of these functions are quite useful. As x — 0
l ! .3.5... I
x x _1-3-5---(20+1) @2+ (6.171)

N=T3 s 2r) @enn M7 e T
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and as x — oo we have
1 I 1 I
>~ —sin |z — — n o~ —cos|lxr——). 6.172
jlx1<x 2) lx( 2) (6.172)
The requirement that the wave function be nonsingular at the origin eliminates the Neumann
functions as solutions of the square well. Other boundary conditions require the use of linear
combinations of these two sets of functions. One such useful linear combination is called the

Hankel function.

hi(z) = ji(x) +ing(z) ~ %exp (z (m _ +21)7T)). (6.173)

It represents a wave moving radially outward, and its complex conjugate represents an in-
coming wave. We will need these functions when we consider scattering solutions in three

dimensions.

Everything we have done so far assumes that £ > Vj, and consequently that k% > 0. In

the classically forbidden region we define
hK =+/2m(Vy — E) (6.174)

which amounts to replacing kr with 1Kr as the independent variable in the spherical Bessel

and Neumann functions. In the classically forbidden region the Hankel functions become

_ 1 , 1 1\
ho(iKr) = Tt K hq(iKT) :Z<K—r + K2r2)6 Kr, (6.175)

Infinitely deep spherical well

In this case it is better to shift the origin of potential and write
V=0 r<a (6.176)

V=oco r>a (6.177)

The solutions of the Schrodinger equation are
Vpim = Ji(kr)Y,"(€). (6.178)
The vanishing of the wave function at r = a gives the quantization condition
Ji(ka) = 0. (6.179)

If [ = 0 this is merely ka = nr.
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General results for arbitrary potentials

A useful change of variables converts the three dimensional radial equation into a one di-

mensional Schrédinger equation.. To do this, we define f(r) = u(r)/r. Then

d ydu dy(,u w\y d,
g = a (P ) = - (6.180)
=u +ru" —u =ru. (6.181)

Inserting this into the radial equation, we have

_ h2 u//

I+ 1R e _u
T VO )T = (6.152)
. h? I+ 1)h2
I W+
Syl [V(T) t5 }u = Eu. (6.183)

This is just the usual one-dimensional Schrodinger equation. The only differences with a
true one-dimensional problem are that the range of r is 0 < r < 0o, and that the bound-
ary condition at the origin is u(r = 0) = 0 so that f(r) remains a finite function. The

normalization condition also becomes very one-dimensional,

/Ooo drlu(r)? = 1. (6.184)

Defining
I(l+1)R?
11 = [V + (LD 1
Vers [ (r) + =53 (6.185)
we can rewrite the radial equation as
—h? "
—u + Veppu = Eu. (6.186)

2m
The potential that truly matters to the radial degrees of freedom is V. ¢(r), not simply V' (r).

The extra term is the centrifugal barrier, or the energy cost associated with having nonzero

angular momentum.

It is useful to consider some limiting cases. Suppose that we take r to be small and also
assume that V(r) is less singular than 1/r%. Then the centrifugal term h2l(l 4+ 1)/(2mr?)

dominates V. ;/(r) and we must solve

d? (1+1
u U+

dr? r2

u=0. (6.187)
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The solution of this differential equation is u oc r'*'. Physically,, the centrifugal barrier
forces the wave function away from the origin. Next suppose that V(r) — 0 as r — oc.

Then, in that limit,
*u  —2mE

5= u(r) (6.188)

At large distances, if EF < 0, as we would expect for a bound state, we find u o< exp ( —

2m/|E)|
h2

sketched in the figure. No simple argument can tell us anything about u(r) at intermediate

7"). Of course, E must be known before this is useful. The two limiting forms are

distances.

u(r)

g pa—

r

(1+1) exp(-T)

The two-body central potential

Two particles interacting by a central potential have a Hamiltonian

2ot Pt
I — + + V(=) 6.189
P 2 V(i) (6.189)
As the Hamiltonian is invariant under an overall translation, we expect that the momentum
of the entire system will be conserved. We see that with a change of variables into relative

—

(7) and center of mass (R) coordinates:

(1, 73) = (7,

mlﬁ + mg’f’_é

]

) (6.190)

R P =7 — 7. 6.191
e, r=r —7r ( )

Below, we will label

—

R=(X,Y,Z2) 7= (x,y, 2). (6.192)
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Let us sketch the simple steps in the change of variables, looking only at one coordinate.

pA12 ]522 _ _h2 02 _h2 02 (6 193)
2m;  2mo  2my 0z 2mg Ox2’ '
From the chain rule, and using M = m; + msy, we find
oz, X) Ox oy OX o O my oY
_ oy gAY oY, T oy 6.194
gr;  0m 0z 0m0X  Or | MoX (6.194)
The second derivatives are
Y Y 2my 9% ﬁ 01 (6.195)
0r?  Ox? M 0x0X  M?0X? '
and
Py PP 2my 0% mi 0% (6.196)
ord  0r2 M 0rx0X = M?20X?2 '
so that the kinetic term is
1,71 1\ 0% 0% 2 2 0% rmy + my
p— 2 — —_— —_— p—
h {Q(ml +m2)8x2 +0:1:8X(2M 2M)+0X2< 2M? >} (6.197)
Thus the the Schrodinger equation becomes
-nr_, -R*_,
[vaumvmuvqﬂ)}@b — Ey. (6.198)

The quantity p is the ‘reduced mass,”, 1/ = 1/my + 1/mso. It is no surprise that we can
assume a separated solution

(R, 7) = ®(R)o(7) (6.199)

where the energy
E=F +FE (6.200)

. —I?
B(7) = (5, V2 + V(1) 0(7) (6:201)
and a center of mass piece
> ,
Ey®(R) = va{cb(R). (6.202)

The center of mass motion is obviously that of a free particle, @(ﬁ) = ¢FR with B, =

h2k%/(2M), and the relative piece is our one-body central potential problem again.
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Instead of hydrogen

The author lacks the strength to present the full solution of the radial equation for hydrogen,
a problem which appears in most textbooks. Let us merely assume that the student has
worked through it previously, and summarize relevant information in (I admit) insufficient

detail to be of much use.
The Schrodinger equations for the hydrogen atom is

—h? , R+ 1)  Ze?
241 212 r

]u — Eu. (6.203)
To remove numerical factors we define rescaled energy and radial variables

E:—i,chae T:LLC2OAZ

p = (ao/Z)p. (6.204)

(ag is the familiar Bohr radius.) With these substitutions the Schrodinger equation reduces

to
1d?u  I(1+1) u  —ep
-z - =" 2
508t g = (6.205)

At small p we again see that u o< p!*!' and at large p, v o< e”V. Omitting a solution to
this equation, I will simply remark that the quantization condition is € = # The radial
solutions are

U (p) = Npse™ % Po_i_1(p) (6.206)

where the P,_;_1(p)’s are polynomials of degree n — [ — 1. Since this degree must be greater
than zero, there are n such polynomials for each n (I = 0 to n — 1) and since the energy
magically does not depend on [, these states are all degenerate: counting a factor of 2 for
spin, hydrogenic levels are 2 2528(21 +1) = 2n? degenerate. This degeneracy makes hydrogen
an atypical atom. Our limited discussion makes it seem rather contrived. Its true origin is
the existence of a set of conserved quantities (the Runge-Lenz vector) associated with a 1/r
potential. The first solution of hydrogen, before Schrodinger’s wave solution, was performed

by Pauli using these quantities.

Table 6.1: Relation between n and 1
n=1 [=0 15
n=2 1=0,1  252P
n=3 [=0,1,2 3S5,3P,3D
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It is useful to have a functional form for at least part of the family of hydrogenic wave

functions. The n = [ + 1 solutions are simple:

u(r) = Crtt exp(—nZ—C;) (6.207)

The reader can readily check (by substitution) that it is a solution.

From the solution we see that the size of the wave function is about ay/Z. The 1/Z
simply reflects the increased Coulomb attraction of a multiply charged nucleus. At larger n
the wave function pushes out from the nucleus. This is also unsurprising — the electron has
more energy and sits higher in the potential well. Because the radial solution is a polynomial
of degree n — [ — 1, the wave function of the (n,[) state will have n — [ maxima. The graph

illustrates this for us; and ug .

uz21

u?20

We see that (r), the average value of the radius of the electron will be a little bit bigger for

smaller [. In fact, one can show that

(r) = 2‘%(3# (1 +1)). (6.208)

A few of these values are shown in the table.

So, to summarize, the energy levels of a hydrogenic bound state

1 1
En = ﬁ . 50&2771802

(6.209)
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Table 6.2: Values of < r > coefficient
n | coeff.

2 0 12
2 1 10
3 0 27
3 1 25
3 2 21

where the fine structure constant, a = —i is a dimensionless constant equal to about 1/137.
The quantity %a2m602 is defined as the Rydberg and is equal to 13.6eV. m, is the mass of
an electron, m.c? = 511 KeV. (To be more accurate, it is the reduced mass of the electron

and the proton.) If the nucleus has charge Z, the energy levels scale as

E,=7°E,(H). (6.210)

The solution of the Schrodinger equation is far from the whole story for hydrogenic atoms.
The electron’s velocity is not vanishingly small (in fact (¥) ~ 35=), so that while it is a good
assumption to assume that the non-relativistic, this is not completely correct. Because the
electron has spin, it has a magnetic moment. Because the electron moves in the Coulomb field
of the nucleus, it sees (by Lorentz transformation) a magnetic field. Its interaction with the
field, plus relativistic corrections to the kinetic energy, give a “fine structure” contribution
to the energy.

AE < Z*a*m.c? (6.211)

which breaks the degeneracy of the different levels of common n. The electron also experi-
ences a direct “hyperfine” interaction with the spin of the nucleus
3.4, 2fMe
AE x Z3atm.c (—) (6.212)
mp
The ground state of hydrogen is split with a frequency difference of about 1420 MHz. Finally,
quantum fluctuations in the electromagnetic field induce a splitting between the (otherwise

degenerate) 25 and one of the 2P levels of hydrogen, with a frequency of about 1000 MHz.
This is called the Lamb shift.

Because all these effects are small, they are best studied using perturbative techniques.

We will return later to all of them except the Lamb shift.
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The semi-classical method of Wentzel, Kramers, and Brillouin

The WKB (Wentzel - Kramers - Brillouin) method is a set of tools for solving the Schrédinger
equation which are applicable when the action of typical configurations is large compared
to h. These methods are relevant for systems of particles which are in potentials whose
variation in space is many de Broglie wavelengths in extent. The potential itself could be
very broad, or (as in the case of highly excited states) the de Broglie wavelength could simply
be small compared to the scale of variation in the potential V' (r). These methods actually
predate quantum mechanics. They are basically a quantum mechanical transcription of the
method of stationary phase in optics. This is an enormous field, including topics such as
the passage from wave optics to geometric optics, the transmission of light through regions
of spatially varying index of refraction, and gravitational lensing. As a byproduct they also

give most of the old Bohr-Sommerfeld quantization rules for bound states.

We begin by writing the coordinate space wave function as

iW(rt)

Ft)=A
(7, t) exp ——

. (6.213)

This equation assigns W (z,t)/h as a spatially and temporally varying phase of the wave
function. At fixed time, the phase varies along the direction of the wave number, so we

immediately identify the (local) momentim and energy as

= ow

pla,t) = hk(z,t) = VW;  hw(z,t) = e (6.214)

Particles move on trajectories orthogonal to the surfaces of constant W, or to the surfaces

WL
/)

of constant phase in .
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Substituting this functional form into the time-dependent Schrodinger equation gives

ow 1 9 th _,

—_— 4 — - — =0. 21
o+ 3 (VW) + V(@) = VAW |y =0 (6.215)

Note that if we set A = 0, or, more precisely, if we assume that the last term in this expression

is small compared to the other two terms, Eq. [6.215] simplifies to

%—‘f + H(z,p)W =0 (6.216)

where we have defined H(z,p) = 5-(VW)? 4 V(z) and 5= VIW. This happens to be the

equation for Hamilton’s principal function W in classical mechanics.

If ¢ is an energy eigenfunction, we can write it as

—iEt

v =wu(r)e n (6.217)
and from Eq. [6213] W = S(7) — Et and
u(r) = Aexp (%S(F)). (6.218)
The full equation of motion is
1 = ihv2S
%(VS) —(E-V(r)) — 5 = 0. (6.219)

This is still exact. We will work with the one-dimensional version of this equation (although
there is a large three - dimensional literature of WKB). For future use, let us define hk(x) =
V2m(E — V(z)) so that the Schrédinger equation reduces to

du
In three dimensions, working in spherical coordinates and keeping only the radial dependence,

it is useful to include the centrifugal barrier in V(r) and to set

(I+1)
hk(r) = \/2m<E — V() - = ) (6.221)

Now we are in one dimension: define S’ = dS/dx and S” = d?S/dx*. We are interested in
a solution where the de Broglie wavelength of the particle is short compared to the variation
in k(x,t). We can encode this situation in the requirement that &'/k < 1/A. To get this we

(improbably) use h as a proxy, and we expand S(r) in a power series in A,

S = Sy+hS; +h*Sy + - - - (6.222)
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Noting that A%k? is actually O(R°) (it is equal to E — V'), the zeroth order expression is

(S))? = R?k* = 2m(E - V) (6.223)
whose solution is N
Sp = ﬂ:h/ k(z")dx'. (6.224)
The order A' equation is
iSy — 285557 = 0. (6.225)
Substituting for Sy gives
ihk'(x) — 2hk(x)S] =0 (6.226)
or (o)
, ik (z
= 22
S 2(z) (6.227)
which integrates to
Si(z) = %ln(k;(x)). (6.228)

Thus to order A! the complete solution is

A ?

~ V2m(E - V() eXp[iﬁ/ da'/2m(E — V(2'))]. (6.229)

u(z)

This is for £ > V. For E < Vwe have, defining hx = 1/2m(V (z) — E),

u(z) = exp[+ /1‘ da'k(x")], (6.230)

3=
=

and we choose the sign from the appropriate boundary condition.

For an iterative solution to make sense, we must require 1S /Sy << 1, or |k'/(2k%)] << 1,
because S = k and S| = k’/k. The de Broglie wavelength is A = 27 /k and so this condition
is equivalent to the statement that (A/(4m)|dk/dx| << k. Physically, this means that the
fractional change in the wavelength in a distance A/(4w) should be small compared to k.
The WKB approximation is a good one when the potential energy changes slowly over many

wavelengths of the particle.

Before we continue the story, let’s pause to discuss a particularly important application

— barrier penetration.
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Barrier Penetration and WKB

Suppose there is a potential barrier V' (r) separating two classically allowed regions. V(r)
could include the centrifugal term if we are considering a radial coordinate in a three dimen-

sional problem.

V_eff(r)

Suppose also that for r; < r < ry, E < V(r). We imagine that we begin with a particle
confined to the region 0 < r < ry. In the classically forbidden region the tail of the wave
function behaves as

u(r) o< exp [—/ K(’F)d’l“:|, (6.231)

r1

where as usual h?k?(r) = 2m(V(r) — E). The ratio of the value of the wave function at
location 7y, where it leaves the forbidden region, to its value at ry, where it enters, is an
interesting quantity. It measures how u(r) falls off across the barrier. The probability ratio,

its square, is called the penetration factor P.

_ lu(ra)? x exp [_ 2/T2 fi(r)dr} (6.232)

Ju(ry)|? "

where explicitly

K(r) = %\/Qm(\/(r) L+ E) (6.233)
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Figure 6.1: The potential felt by an alpha particle inside and outside a nucleus.

Tunneling through a square barrier is a special case of this formula. Recall that we found

that the transmission coefficient for a barrier of height V) and width a was

Vi sinh?(Ba)1-1
T=1+-"——"> 234
[+4E(V0—E)} (6:234)
where h?3? = 2m(Vy — E). For large Ba, T is approximately
16E(Vo— F
T ~ (#)6_26“ = exp / dx Vb - E)). (6.235)
Vo

WKB gives the dominant exponential factor in this expression.

The classic example of barrier penetration is the alpha-decay of a nucleus. Inside the
nucleus, protons and neutrons feel the strong attractive nuclear force. This force is short
range, so outside the nucleus, nucleons only sense the Coulomb repulsion ZZ'e?/r of the
nucleus. (The nucleon has charge Z’e and the nucleus has charge Ze.) In alpha-decay, a
nucleus emits an alpha particle — a bound state of two protons with Z/ = 2. We follow
Gamow, Condon and Gurney and assume that the alpha particle exists as a separate entity
inside the nucleus, where it feels an attractive potential: the decay occurs as the alpha
particle tunnels through the classically forbidden region to emerge as a free particle. The

potential it feels is shown in Fig. WKB gives the (I = 0) penetration factor as

_%logP:/T/i(r) M/

R

Z/2
r

. E) *dr. (6.236)
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Taking E = 3mv?, ZZ'e* /R = 3mv?, we evaluate the integral, finding

wZ7'e? 2 ., 1 muR | ZZ'e?
T(l — —sin ) — ( —
v T ZZ'e?/(ER) h ER

1
—§logP = 1)2. (6.237)
We model the lifetime for alpha-decay as 7/P where 7 is the rate at which the alpha particle
strikes the barrier. In terms of the alpha’s velocity v and the nuclear radius R, 7 would be
2R /v. With nuclear radii ranging from 10712 — 107! c¢m, and known values of Z and E for
alpha decays, the right hand side of Eq. [6.237 varies by about a factor of 25. It reproduces

experimental data for lifetimes over 23 orders of magnitude.

In low energy nuclear reactions one can run the problem backward: what is the probability

that the alpha particle gets into the nucleus? It is

2772
u} (6.238)

P:exp[— 5
v

because of the Coulomb barrier. This quantity is called the “Gamow factor,” and is the
dominant term in the rate for many low energy nuclear reactions. Fusion reactions in the
sun are a particularly important example — hence the meme “The sun shines by quantum

tunneling.”

There are many other more exotic variations of this calculation, including the decay of

the early universe from a “false vacuum” to its current ground state.

WKB for energy eigenvalues

Potential Wavefunction

The condition (A/(47)|dk/dz| << k is violated when V(z) = E or k = 0, i.e., near the

classical turning points for the orbits. How can we use WKB in that case? We need what
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are called “connection formulas.” To get them, and their consequences for bound state, we

need to make a mathematical digression. Introduce the variable

£= /x k(z')da' (6.239)

and rewrite

d2u0§x> + k(z)?ug(z) = 0 (6.240)
dx
as )

d*ug 1 dk(x),dug B

In the good WKB limit, the object in square brackets vanishes, and our solutions are ug =~
exp(+£), as expected. To derive the connection formula, we assume that V(z) — E —
0 vanishes with a linear dependence on z. (This is almost always the case in practical
applications.) Choose coordinates so that this zero occurs at x = 0. We write V(z)—F = Cx,

where C'is a constant. We introduce the variables for use in regions I and II (see figure)

515/ kdx (6.242)
00
§2 = / kdr, (6.243)
V(X)-E
11
§&2 g1

which both increase as we go away from zero. In region I we have
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The solutions to this textbook differential equation are called Airy functions. They are
ordinary Bessel functions order of +1/3. Explicitly, they are
1
uE(z) = Ai(%)ﬁié(gl). (6.245)
In region II the solutions are also Airy functions, this time of imaginary order:
1
uE = Bi<£—]j) QJi%(@). (6.246)
As x — 0 the Bessel functions behave like
181) = o7
3 T(1+1)
(362)*5
() = 22
3 T(1+1)
(6.247)
and as x — oo they approach
1 T T
Joi(6) = cos (&7 5= 1) (6.248)
3 /1 6 4
5751
and .
I (&) = [e& +eEe <%i%>ﬂ (6.249)
3 1
LS

At the turning point k* = Cz or k = ¢y/x and *> = C|z|? or k = cy/|z|, so the limiting

form of the solutions to the Schrédinger equation are

1
3
c| T

1

A6
1

uy = F<4> u; = F<2> (6.250)
3 3
e Ly Y
B ) B(5) (o)
Uy = F<é> Uy = 1“(2) . (6.251)
3 3
If we set By = —A, then u] joins uj, and similarly, to match u; and u, we require
A_ = B_. This achieves a match near the classical turning point. However, we also need to

check that our solutions obey their boundary conditions at +0o. The limiting forms are

1 5
u — cos (51 — —17;),
1
571']{5

(6.252)
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1
uf = —— cos (§1 . 1”—2) (6.253)
§7Tk'
_1 b
ul — <e§2 + e_sze_T) 6.254
> ore ( )
and
1 T
Uy — <652 + 6_526_?) 6.255
2 ek (6.255)

In order that ¢ vanishes as & — —oco, we must choose the linear combination ud +u; . This

oscillates as uj + uj =~ cos(&; — m/4) in the classically allowed region.

Now imagine we have a confining potential well with two turning points, as shown in the

figure:

V(x)

Inside the well (in the classically allowed region) we construct a solution by starting our

integration at x;, one of the classical turning points. There
7r

() = % cos [ / s’ — Z]‘ (6.256)

1

We can also begin by integrating from x5, so

™

1 2
— kdx' — — 2
u(z) N cos [/x x 4] (6.257)
1 “ 2 s
= — kdx' kdx' — —1|. 2
\/Ecos[/x x—i—/xl x 4] (6.258)

These solutions must be identical. This forces the equality

12

X2
. /xl kda + % - —Z — nr, (6.259)
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which, upon re-introducing the potential, is the equation

/: d:)s\/Qm(Eh; V@) _ s %)w (6.260)

where n € {0,1,2,...}. For historical reasons we replace /& by h/(27), and write p(x) =
V2m(E — V(x) to get

2 /I2 de p(z) = (n+ %)h (6.261)

We regard the integral from x; to x5 as half of an integral for x; (a classical turning point)
to xo (the other classical turning point) and back to the start: an integral of the momentum

about the closed classical trajectory. Then the consistency condition is

%pd:v = (n+ %)h (6.262)

Equation is known as the Bohr-Sommerfeld quantization condition, a 1916 generaliza-
tion of Bohr’s famous 1913 guess of L = nh for a circular orbit. We have derived it from the
Schrodinger equation in the WKB limit. It is a quantization condition because it will only
be satisfied for particular values of the energy E. In this formula, n is the number of nodes
in the wave function. WKB is only a good approximation if the number of nodes is large,

or (equivalently) if the classical turning points are many wavelengths apart.

In a few cases, WKB is exact. The simple harmonic oscillator is the most important such
case. The connection formula gives the 1/2 in the energy formula F = hw(n + %) Clearly,

if n is large, keeping the 1/2 or leaving it out will not be very important.

Connection of the WKB method and the path integral

Recall that the equation for the time evolution of a wave function is

Y(x,t) = /U(m,t;f,t')qﬁ(x',t')df (6.263)

where the time evolution operator is

.t
Uz, t;2',t') = /Hda:l exp [%/ E(:B,j:)dt"] (6.264)
i t



Quantum Mechanics 152

Suppose that the motion of the particle is nearly classical, so that in evaluating the path
integral, = and dz/dt remain very close to their classical values (the ones found by solving

Lagrange’s equation). Then

.ot
Uz, t;2',t) = Cexp [%/ dt”ﬁ(xcl,x'cl)}
t/

= (Cexp [% /t,t dat” [% - V(xcl)H’
(6.265)

replacing © by p/m. The sum over paths disappears because the particle is confined to
its classical path. On the classical path, energy is conserved, so we can replace V(z) by
E— p2/(2m), glvmg
/ / Z ! p2 " Z /
Uz, t;2',t') = Cexp (ﬁ —dt >exp<—ﬁE(t—t)>. (6.266)

¢ M

Finally, the first term simplifies to

t t x
/ p%dt”: / p%dt”: / pdz”, (6.267)
t t x’

leaving an evolution equation

U(x,t) = ¢(x) exp —— (6.268)

with

T

o(r) = A/ [exp (% /x/ p(x”)dx"ﬂqﬁ(x’)dx’. (6.269)

If we replace the integral f;, by f;o + f;;, then we can write this expression as

. T . o

é(x) = exp (% / p(a")dz") [ / dz'¢(a') A exp (% / p(:c”)dx”)]. (6.270)
o x’

The quantity in the brackets is independent of z. We call it f(z() and rewrite Eq. 6270 as

() = exp [% /: p(x")dx”}f(:vo). (6.271)

Look closely at this expression — it tells us that f(zq) is actually ¢(zg). Thus

$(z) = exp [% / ’ p(a")ds"] (o). (6.272)

zo

This is again the WKB formula for ¢(z) in terms of ¢(z).



Chapter 7

Angular momentum

153
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Angular momentum and the consequences of its conservation appear in so many practical
considerations that it is very useful to devote some time to its study. We will do this in the
abstract, rather than through the use of coordinate space wave functions, like the spherical
harmonics. Electrons (and other elementary particles) carry an intrinsic spin angular mo-
mentum of %h, which, in contrast to orbital angular momentum, has no simple connection
with either coordinate or momentum. An operator language is the only way to deal with
spin. Accordingly, we assume the existence of a set of abstract operators (jl, J, jg) and

their square, which obey the commutation relations
[Jz, jl] =0 [j“ jj] = ihEijkjk. (71)

We defer any explanation of why such commutation relations might be expected or “natural.”

(It will come.) We also assume the existence of states |jm) such that

J2j,m) = RAf(5) |5, m)
J.lj,m) = hml|j,m).
(7.2)

All the properties of the states and operators can be constructed from the commutation
relations. To simplify the process, let us define two more operators, called raising and

lowering operators,

~ ~

Jy=dp+id, J =J,—iJ, (7.3)

which have an algebra
[J2, 0 =0  [].,Ji] = thJy (7.4)
[Jy, J_] = 2hJ.. (7.5)

To see how they act on states, consider the matrix element
Goml[ Ty JA |G,y = (Goml Lo ljom’y — (Goml T Llj,m') = h(j,m|Jelj,m) . (7.6)
Letting J. act to the left and right gives
0= (m—m'—1)(j,m|Jy|j,m’). (7.7)

This means that either m = m’ + 1, or the matrix element must vanish. Therefore, j+
changes the state |j, m) into a state proportional to |j,m + 1). There is a similar calculation

for the J_ operator. To summarize,

Jylg,m) = B [j,m + 1) (7.8)
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and

We may determine the A,,’s from
(Gml[J, J|jm) = (jm|2hJ.|jm) = 2R°m. (7.10)
Acting left and right with j+ and J_, we find
= R {| A1 * — [Anl?} = 2mA2 (7.11)

The solution to this equation is [A\,|> = C' — m(m + 1). Because |\,,|* > 0, the spectrum of
m’s in the states |7, m) is finite and bounded. There is a largest m = my, for which \,,, =0,
and

Ji g, mi) = 0. (7.12)

There is also a smallest my with J_ [j,ma + 1) = A, |J, m2) = 0. Starting from [, mo + 1),
we may construct states |j, ms + 2), |7, ma + 3) ... by repeated application of J.. Eventually,
we must hit the state |j,m;) and the series must terminate. Otherwise, we would find a A,

with [A,|> < 0. Thus the number of states must be an integer.

We may find m; and msy by solving C' — m(m + 1) = 0. The solutions to this quadratic
equation are mj o = —% + %\/m Note that m; = —(msg + 1). Then either m; must
be an integer (for example, m = (—3,—2,—1,0,1,2,3) or m; must a half integer m =
(3/2,1/2,—1/2,—-3/2). Either way, the minimum m, is the negative of its maximum. The

algebra of the commutation relation forces this result.
Finally, what is f(7), the eigenvalue of J2? To find it, consider the matrix element
o I SRR IPIPA N
GmlJ2lm) = (Gl T2 + 5T+ Sy |jm)
1

= *m?+ §(Mm_1|2 + Aml?)

= KO

= h2m1 (m1 + 1)

(7.13)

We rename m, as j, so the eigenvalues of J? are h? j(j +1). Thus the quantity j is either
an integer or a half-integer, and the allowed values of m run in integer steps m = —j, —j +
17_.]+277.]_17.]
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We summarize all the results for matrix elements:

Gym+ 1 Jyjm) = /(i +1)—m(m+1)h
= VGi-m)j+m+1)h

(7.14)
(G,m—1J_|jm) = \3j(j+1)— (m—1)mh
= V{i+m)(j—m+1)h
(7.15)
J, |7, m) = hm |j, m) (7.16)
J2 | m) = B2(j(j + 1)) |, m) . (7.17)

Let us consider some examples of angular momentum matrix elements.

e j = 0: There is only one state, the |j = 0,m = 0) state. The operators J, and J? may

be regarded as 1 x 1 matrices (with the value zero).

e j = 3: There are two states |5, +3) and |3, —3) corresponding to the vectors

38) — ( . ) 1-1) = ( X ) . (7.18)

The matrix expressions for the operators are J = go_" where the & are the Pauli matrices.

. nf1 0 . hfo01 . hfo0 —i
J=12 J, =1 J, == 7.19

R 01 5 00
Jy=nh J_ = . 7.20
! (00) (10) (7:20)
e j = 1: With the three m— states, we associate vectors
0
1,+1) — | 0 11,00 — | 1 1,-1) = | 0 (7.21)

0 0 1
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and operators

100 10
JP=2r* 0 1 0 J.=h|l 00 0 (7.22)
00 1 00 —1
010 000
Jo=+v2h| 00 1 J_=v2h| 1 0 0 (7.23)
000 010
° j= %: The angular momentum operators are
-2.0 00 0 V30 0
. 0 -2 00 2 0 0 2 0
J.=h 2 J.=h 7.24
0o 0 Lo " 0 0 0 3 (7:24)
0o 0 02 0 0 0 0
J_=h (7.25)

>
oo%o

w2
o v o o
o o o o

Combining angular momenta

Let us imagine that we have a system with two kinds of angular momenta, Jy and Jo, and a
Hamiltonian H which commutes with their sum, though not with either individual angular

momentum:

[Ji+Jo, H =0,  [J1,H]|#0,  [J,H] #0. (7.26)

This situation often occurs in Nature. A simple example is a one-electron atom. The two
angular momenta are the electron’s spin S and its orbital angular momentum AE.A We know
that the electron experiences a spin-orbital interaction, H ~ LS. Clearly, [§ , L. §] # 0.
The electron’s total angular momentum is a constant of the motion, simply because there
are no torques acting on the system as a whole. Thus J =L+ S is conserved. We want to
be able to construct states which are eigenstates of all conserved quantum numbers. In this

case, these quantities can only be J and one of its components, which we select to be J,.

However, we only know how to construct states which are (separately) eigenfunctions of
(J2,Jy.) and (J2,J5.). As long as J; and J, involve different sectors of Hilbert space, we
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can write these combined states as product states
|Jima) | Jame) = |J1Jamime) (7.27)
where, for example,
JE | Ty Jomyms) = (51 (ji + 1)) |y Jamymy) (7.28)

and so on.

Since the total angular momentum obeys a commutation relation Jx J= ihf, we can
try to build eigenstates of J2 and J, from a linear combination of |.J;Jymims)’s. J2 and J2
are scalars, so they will commute with J; hence, these states will be labeled |7172jm). These

states will be a linear combination of the product states:

ugegm) = > lirjamaima) (jrjamamaljijajm) (7.29)

mims9
The object (j1jomima|jijejm) is a number: it is called a Clebsch-Gordon coefficient. The
sum runs over all values of m; and mo; however, since jz = jlz+j22, there is a constraint that

my + mo = m, and the sum is restricted to all values of m; and my such that m; +my = m.

Example: Spin % electrons in a P-wave orbital

Recoupling angular momentum is a task which can simplify many physical problems. It is
worthwhile to spend time on several examples, introducing along the way a method (not
the best nor fastest, but certainly the most widely known) for finding Clebsch-Gordon co-
efficients. Recall why we are doing this: the basis |j1jojm) may be more useful than the

product state |jijamims).

We begin imagining a spin-1/2 electron in a P—orbital. There are six possible states

corresponding to the two spin orientations and three L, states. We can label these states as

1 AN [10)[t) (7.30)

[10)[4) [1=1)I1) [1-=1)[]).
(7.31)

We expect

1 1
M) = 1, = 1, = M .32
|J.M) ;|,2,m,s><,2,m,su, ) (7.32)
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with s +m = M. Note that if M = %, only one term contributes to the sum. For M = %
there are 2 states, for M = —% there are also 2 states, and for M = —% there is one state.
Thus

M=) =) ). (7.33)

The Clebsch-Gordon coefficient must be unity to preserve the normalization of the state.
To build other states, write the raising and lowering operators as J. = Ly + Sy and then

examine the action of an operator on the state
~ 3 ~ ~
S|, M = 5) = (Ly + S4) 1) [1) . (7.34)

Because this state is the highest state in the hierarchy, the raising operator must yield zero.

A 3 3.3 3
J+|J,M:§>:\/j(j+1)—§(§+1)\J,M:§+1>:0. (7.35)
This constraint tells us that J = % A similar calculation can be done for the |J, M = —%)

state. To calculate the Clebsch-Gordon coefficients for the full spectrum of states, we use
raising and lowering operators starting from states we know about, namely, the highest and

lowest state in the spectrum.

To1505) o 5,50 o (B +5) [11) 1) ox [10) [1) + 11} 1) (7.36)
We can also raise the lowest state,
~ 3 3 ~ ~
Jo 15, =5 = (B + 811 = 1)) ox [10) [y + [1 = 1) 1) (7.37)

There are six states in all; four of them make up the J = % multiplet. The two remaining

states comprise the J = % multiplet. As a rule one can show that the allowed values of J

range from J = J; + J; down to |J; — Jo|, and here, with J; =1 and J; = %, the J = % and
J = % multiplets are the only ones present in the system. Symbolically, we write

1 3 1
1®-=-®=. 7.38
®2 2@2 ( )

We read this equation as “3 states times 2 states gives a decomposition of 4 states plus 2
states.” The same sort of direct product and direct sum can be done for other systems. As

an example, consider the coupling of a J =1 system to a J = 1 system.
1®l=2¢1a0. (7.39)

State counting works: 3 x 3 =543+ 1.
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We return to the construction of the full set of states of the J = % system. We act on
the |2, 2) state with the J_ operator, to find

272
. 33 A :
13 = By Sy
1 3 1 1
= VT o +yh S -
.33 - 31, [35 3 1,31
J—|§,§> = \/](]+1)—m(m—1)|§>§>: §'§—§'§|§>§>-

(7.40)

g, %> — \/gum DE; \/guw ) - (7.41)

We can build the |2, —1) state by either of two methods. We can either act on the |2, 1)
_3

states with a lowering operator, or we can act on the |%, 5) state with a raising operator.

Therefore

Making the second choice yields
~ 3 3 3 5 3 3.3 1
——=) = et = (=) |z, —= 42
= V2010 1)) +[1-1) 1)

2 b=\ o+ in-nm. (7.43)

The J = 1 states remain. There will be a |1, +1) and a |1, —1) state. These states should

be orthogonal to all the other states. Because the states can only be composed of (sums of)

and so

direct products of states where the z-component of angular momentum equals the appropriate

value of :I:%,

1 1

Stg) ~ 10+ 1))
1 1
N UICESIES
(7.44)
The Clebsch-Gordon coefficients can be found using orthogonality, (2,2|1,2) = 0 and

3 111, —1) = 0. We recall

2=+ (7.45)
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and parameterize

11

55) = IO} 1) + B ) (7.46)
and then orthogonality gives

a\/§+5\/g:0—>a=—\/§ ﬁ:@ (7.47)

A similar operation could be used to construct the |%, —%> state. Alternatively, could also

apply the lowering operator to the \%, %) state.

Two spin % particles

The total angular momentum of a system of two spin-1/2 states is % ® % =16¢0. A simple

application of the techniques of the last section yields

1) = [N
10) = \/%(ITMHIU )
=1 = P

1
o = /3001 - 10 1)
(7.48)

This combination appears often in fermionic systems. For example, a meson is a bound state
of two spin—% quarks. One can parameterize the interaction Hamiltonian between the quarks
as a spin coupling term S, - §2. What are the eigenstates of the interaction Hamiltonian,

and their degeneracies? One way to find them would be to write the interaction term as

5 U 1~ A
S1- 89 =515, + 5(514_52_ + S51-594) (7.49)
and diagonalize it in the four-dimensional basis., An easier approach is to write
52 =524 §24+25, .5, (7.50)
or o )
Sy -8, = 5(512 — 52— 82 (7.51)
from which o . 5
§1 . §2 - §g2 - 1712 (752)

The eigenvalue of this operator is +ih2 for any of the three S = 1 states and —%hQ for the
S = 0 state.
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Example: J =1+ % decompositions

This example is particularly relevant to single-electron atoms. The eigenstate |j, m) is
. 1 1
oy =alm =)+ Bllm+ ) =al-) )+ A0 (753)

It is an eigenstate of J, = L, + S, with eigenvalue mh. We would like it also to be an

eigenvalue of J?, and we can force it be so by picking suitable o and . Recall that
JP=1*+8*+2L.5.+L,S_+L_S,. (7.54)
Acting with J2 on the |[j = [+ 1/2,m) state produces

Plim) = @+ 30+ 3)al-) 1)+ 81 1)

= (D) + Y al) )+ B 1))+ (m = Dal=) 1) — (m+ ) [+ 1)

rayfemt D-ms Do+ - mr Haeme Hiom.
(7.55)

Taking the inner product on both sides with either (|| (+| or (1] (—| gives a relation between
a and . With the latter choice,

1 3 3 1 1 1
all+)l+2)={l(l+1)+—-+m— —}a+5\/(l—m+—)(l+m+—). (7.56)
2 2 4 2 2 2
Equating like terms on both sides,
1 1 1
a(l—m—|—§):B\/(l—m+§)(l+m+§) (7.57)
and so
o) l+m+%
— = /—F. 7.58
B \/ l—m+ 3 (7.58)
Requiring o + 3% = 1 gives
[+m+ 3 [—m+2
2 _ 2 2 _ 2
2l+1 b 20+1 (7.59)
By orthogonality,
T Y B e S ) S S T (7.60)
a2a - 2a - ) 2 ) 2 . .

This completes the construction of the mixing matrix for the system,

l+m+1 I=m+3
(uéJ+;m>>_ Vi /e (Mn—9”>>. (7.61)

e A s AL

)9
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Entanglement, again

Let’s recopy the states of two spin-1/2 particles:

1) = 1
10) = \/gmmwm )
-1 = [

1
o) = /2 =10 i)
(7.62)

States like |11) and |1 — 1) are examples of “pure states” — they are just product states.
States like [10) or |00) are examples of what are called “entangled states” — basically, any
many-body state which is not a product state is entangled. Entangled states have some very
peculiar properties — peculiar, at least, from a conceptual point of view, not a mathematical
one.

Imagine that you have prepared a |00) state, and you measure the z-component of one
of the spins, say S,(1). The average value is zero, made up of an equal number of measure-
ments giving (5,(1)) = 1/2 or -1/2. And of course, if you measure (S,(1)) = 1/2, then it
must be that (S.(2)) = —1/2. Physically, of course, this follows from angular momentum

conservation, but it also follows from the form of the state, involving only [1) [{) or ||} [1).

This correlation would persist even if the two spins were physically separated. An example
of such a situation would be the decay of a spinless particle into two spin - 1/2 fermions
which are produced back to back in the rest frame of the parent particle. Now the detection
of the orientation of spin 1 can take place at a macroscopic separation from the detection
of the orientation of spin 2. Nevertheless, there is a perfect correlation in the value of S, (1)
and S,(2).

This is not just classical physics. The observers could measure S, (1) and S,(2): they

would be perfectly correlated. S,(1) and S,(2) are, however, not correlated.

Such nonlocal correlations bother some people. Einstein was one of them. To pursue that
direction would take us into a discussion of the “Einstein - Rosen - Podolsky” paradox and
Bell’s theorem as a test of quantum mechanics as compared to “hidden variable” alternatives.
Let us leave that for the reader to explore on his/her own and simply remark that one can

sometimes use these long - distance correlations to do physics. In my own field, this has been
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done on an industrial scale, in what are called B factories. B mesons and their antiparticles
are bound states of a heavy b quark and a light antiquark (or vice versa). It happens that the
neutral ones can oscillate into each other, B — B% — BY... (Think of a two state system
in an external magnetic field not aligned along the spin measurement direction.) They are
produced in electron positron annihilation through an intermediate resonance, so that the
two mesons oscillate coherently; until one particle decays, the system consists of one B and
one B. But these particles can decay, and when one decays, its clock stops. The nature of
the decay tags the particle as B or B. The other one goes along until it decays, so there is
a possibility of events with two B’s or two B’s, with a probability which is governed by the
time between the two decays. The interesting physics is in the properties of the B mesons;
fundamental quantum mechanics through the entangled state allows the experimentalist to
study it. The BaBar experiment collected about 4.7 x 108 pairs of B mesons — industrial

quantum mechanics, indeed.

Symmetries and transformations

In classical mechanics, a symmetry is a transformation of the variables which leaves the
Lagrangian unchanged. In general, the existence of a symmetry implies a conservation law.
For example, consider a non-relativistic particle in a potential which is a function of the
magnitude of its distance from the origin. The system is rotationally invariant and the
particle’s angular momentum will be conserved. To investigate the general form of this

connection, let us perturb a coordinate in the Lagrangian by a small amount.

. oL
L(q+0q,q,...)=L(q) + 5q8—q. (7.63)
If this operation is a symmetry transformation, then
oL
— =0. 7.64
- (7.61)
The Lagrange equations of motion
oL d /oL
— === 7.65
Oq dt ( 0q ) ( )

then require that 0L/0¢ must remain constant through the time evolution of the system. In

Hamiltonian dynamics this quantity is the momentum conjugate to the coordinate,

oL

=~ % (7.66)

p
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and (equivalently) the presence of the symmetry requires that it be a conserved quantity.

Now consider the quantum mechanical version of these statements. Consider shifting the

“center of the wave function” by an infinitesimal variation in ¢,

V(g — (0 +6q) = ¥(g—q)— 5qg—fw(q —q) +- ..
S(69)¥(q — qo)-

(7.67)

If dq is small, the transformation is
S=1-6¢=—. (7.68)

The variation 0/0q can be written in terms of p, the operator conjugate to ¢ (working in

a basis where ¢ is diagonal). Because of the canonical commutation relation [p,q| = —ih,
0/0q = (i/h)p and .
§=1-— %&m. (7.69)

A mathematician writes a general transformation by an amount dq as
N 7 ~

S=1-—-0¢G (7.70)

where G is called the “generator of the transformation.” If the transformation v — S is

unitary (and so far it nearly is, STS ~ (d¢)?), then the Hamiltonian transforms as
H — SHST. (7.71)

If H is invariant under this transformation then # = SHS! or HS = SH and [H, S] = 0.
Equivalently, the generator and the Hamiltonian commute, [f] , C?] = 0. The Heisenberg
equations of motion then tell us that the physical observable corresponding to the generator
of the transformation is conserved, because

[H,5]=0— — =0. (7.72)

dt

Further, if the transformation is unitary and if |¢)) is an eigenstate of the Hamiltonian, S |t

will also be an eigenstate with the same eigenvalue

HS ) = SH|y) = S(E|y)) = E(S|v)). (7.73)
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Thus, in addition to leading to a conservation law, symmetry also implies a degeneracy of

states.

The discussion so far involved only an infinitesimal transformation. The finite transfor-
mation can be constructed by linking together a set of N infinitesimal transformations one

after another. We can define a finite transformation Aqg as Ndgq, and

S(Aq) = 184, ) (7.74)
V= nnt) '
The limit N — oo gives _

S(Aq) = exp (—%Aqﬁ) : (7.75)

Observe that if p is Hermitian, then the operator S is unitary.

The translation operator

The translation operator is
S:i—%éfﬁ:i—&fﬁ. (7.76)

Specialize to one dimension and imagine applying this operator to a Gaussian wave packet
centered at xg, 1) o< exp(—(x — x¢)?). It should push the state’s center to x¢ + dz, ¥’
exp(—(z — xo — 0x)?. If dx is small,
Y o (14 20z(x — 1)) exp(—(z — 20)?)
0
= (1- 53:%) exp(—(z — z0)?).
(7.77)

This operation only represents a symmetry if [lf[ , g] = (0. This in turn can only happen if
the potential is zero everywhere in space. Thus the translation operator only represents a

symmetry for a free particle. The conserved quantity is, of course, the linear momentum.

Rotations

We consider the situation when the symmetry corresponds to a rotation of coordinates. An

ordinary vector ¢ is transformed into a new vector by multiplication by a rotation matrix

' = Rv (7.78)
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where R is a 3 x 3 orthogonal matrix (i.e. R'R = RR' = 1). The analogous transformation
for a state is operation by a unitary rotation operator D(R), converting a state |a) into a

new state |ag). We write
lar) = D(R) |a) . (7.79)

One can in principle consider two kinds of transformations. One can rotate the state, or
one can obtain the same final state by rotation of the coordinate axis by the negative of the
angle by which we rotated the state. This is called a “passive rotation.” We will deal with

)

“active rotations,” rotations where the state is explicitly rotated, not the coordinate axes.

The three rotation matrices for rotations about the usual Cartesian axes are

cosp, —sing, 0 1 0 0 cos¢, 0 —sing,
R,=] sing, cos¢, 0 R,=1| 0 cos¢, —sing, R, = 0 1 0
0 0 1 0 sing, cos @, sing, 0 cosg,
(7.80)
Their infinitesimal equivalents, up to second order, are
2 2
1-% —e 0 10 0 1-2 0 —¢
R=| e 1-% 0| R=|01-% ~—¢ R,=| 0 1 0
0 0 1 0 & 1-% ¢ 0 1-9
(7.81)

By multiplying out the infinitesimal matrices and keeping terms of second order in € (set all

the ¢;’s equal), we observe that
R.(e€)R,(e) — Ry(€)R,(e) = R.(¢*) — 1. (7.82)

Since angular momentum is the momentum conjugate to an angle, we can define the generator
of rotations as the angular momentum operator J. Then we can write the rotation operator

for infinitesimal rotations as

~
=

D(7t,dp) = 1 — %&;ﬁ(ﬁ- ) (7.83)
and the operator for finite rotations is then
D(ii, ¢) = exp(—= (7 - J)). (7.84)

Since the rotation operators should obey the same relations as their classical analogues

(rotations of vectors), the following relations should hold:
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(7.85)

These relations imply that

(7.86)

Return to Eq. [[.82] and consider the operator analogue for this equation. We use the in-

finitesimal form of the rotation operator

_ i I
D(R.(e) = 1 = 5 Joe = g J26 + (7.87)

and require the same relation as for the rotation matrix,
[D(R.(€)), D(R,(€)] = D(R.(%)) — L. (7.88)

Expanding this to second order in € gives

2L Loy g s 5 L oo ST
[1_ﬁjx€_ﬁjxe ,l—ﬁJyE—ﬁJyE ] = ].—EIJZE —1. (789)
The second order terms
R R 1 A~ A A R 7 A
1-1- ﬁ&[JI, J)=1-1- ﬁJzeZ (7.90)

give the familiar commutation relations for the angular momentum operators,
[Ty, J,) = ihJ.. (7.91)

From this, we see that the commutation relations for angular momentum operators arise

because of the geometrical properties of rotations.

Let us consider the case J = 1/2. The rotation matrix is

1 1 1 1
This is identical to the evolution operator for a spin-1/2 particle in a magnetic field, H =
2inhc§ ) 5’
eBn - ot
U(t) = —— 7.93
() =exp |57 (7.93)
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with the substitution ¢/2 — eBt/(2mc). Explicitly, the rotation matrix is

L L cos(%) —in, sin(%) (ing + ny) sin(%)
Do (:18) = ( (—ing +ny) sin(%) cos(%) +1in, sin(%) ) ' (7.94)

Let us investigate a curious property of the J = 1/2 rotation matrix by imagining a rotation

about the z axis. The rotation matrix simplifies to

e_% 0
0 ez

A rotation by 360° corresponds to a transformation

-1 0
D:( . _1>, (7.96)

that is, to a change of sign in the wave function. When J = % it is necessary to rotate the

state by 47 to return the state to its original configuration.

Euler angles

Rotations of rigid bodies are conventionally characterized by three Euler angles (a, 3,7).
The first rotation is about the z-axis by an amount a. The second rotation is about the
(new) y’-axis by an amount (5. Finally, we rotate by an angle v amount the (new) z’-axis.

The full rotation can be written in terms of rotation matrices,
R(o, B,7) = Ry (7)Ry (B)R.(w). (7.97)

This is a bit too complicated for practical applications, so let us simplify it. We can decom-

pose two of the rotations as follows

Ry’ (ﬁ ) =
R (’7) -

R.(a)R,(B)R, " (ax)
Ry (B)R.(v)R,'(B).
(7.98)

Thus we have

R.(y)Ry(B)R.(a) = Ry(B)R.(v)R,' (B)Ry(B)R.(a)
= R.(a)Ry(B)R; (@) R.(7)R.().
(7.99)
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Rotations about the same axis commute, so as

R(a, ,7) = R.(a) Ry(B)R-(7), (7.100)

which involves only rotations about the original axes. Thus the rotation operator is

D(a, 8,7) = D:(a)Dy(8)D-(7). (7.101)

Let us work in a basis where J, is diagonal, so rotations about the z-axis are simple. In

that case it is conventional to define

Dgnm/ = <j7 m/‘e—%ae—%ﬁe—%’Y Js m)
. '
_ 6—2(m’a+m’y) <]’ m/|e—%5|j’ m>

= et (8).

(7.102)

As an example, consider again J = % The rotation operator is
es 0 cos(2) —sin(%) e T 0
D(a, B,v) = o 2 2 i 7.103
(@ 6,7) ( 0 ez ) ( sin(g) cos(g) 0 ez ( )

_i(aty) 8 . )il
e~z cos(5) —e "z sin(§)
D = C L, 2 T 2) ). 7.104
(a, ,7) ( 6(2 )sin(g) e(;)cos(g) ) ( )

or

Considered as an operator acting in the space of all states, the rotation operator is

reducible in J. This happens because [jz, j] =0 and [jz, D] = 0. As a consequence,
(', m Dl ) o 63 (7.105)

Thus the entire rotation matrix for all values of J is block diagonal

’D(jl)
’D(jz)
b= D) (7.106)
where ,
z T —
DY)y = (S| expl=.] - iig)|.].ma) (7.107)

a (27 +1) x (2§ + 1) matrix, is called the “Jth irreducible representation of the rotation

matrix.”
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Relation of Y,"’s and D’s

The spherical harmonics are coordinate space representations of angular momentum eigen-
kets. The arguments of the spherical harmonic are the values of the unit vector parameter-

izing the orientation of the coordinates.
(7lim) = Y"(7 = (8, 6)). (7.108)

Let us exploit this fact to find explicit expressions for a class of rotation operator matrix
elements. A ket oriented in the 7 direction can be constructed from one along the z-axis
using a rotation matrix,

1) = D(R) |2). (7.109)

We project this relation into coordinate space. We can parameterize the rotation with Euler
angles a = ¢, 8 = 6,7 = 0. Then

(Lom'@) = Y (Lm'|D(R)[1,m") {I,m"|2)

m’’

= D Dl (6.0,0) {L.m"]2)

(7.110)

(I,m'|Z) is just the complex conjugate of a spherical harmonic, evaluated at 6 = 0. At § =0
only the Y,°’s are non-vanishing, so the ¢ dependence disappears. The Y,*’s are proportional
to the Legendre polynomials. At 8 = 0 the Legendre polynomials are equal to the identity,

SO

20+1
l =1/ ——0meo- A11
(1.m12) = \/ =0 (Ta11)

N TR

We will use this improbable identity momentarily.

Thus Eq. [[.110/ becomes

Clebsch-Gordon coefficients, rotation matrices, Y,""’s, ...

Do you recall how we could write states involving two independent angular momenta in

terms of eigenstates of total angular momentum? We may need to know how these states
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transform under rotations. This, of course involves the rotation matrix in a reducible basis.
Its expectation value is

(J1, Jo,my, mo|D(R)|Jy, Jo, m)y, mb) = D7 D (7.113)

! !
my,m| T ma,my

We can also write the reducible state as a superposition of irreducible states, and express
the result in terms of a sum of matrix elements involving a single rotation matrix. Not
surprisingly, this involves a pair of Clebsch-Gordon coefficients:
(1, Joymy,mo| D(R)|Jy, Jaymiy,my) = Dy Dp2
= > (i Jo,mymalJ, M, Ty, J) X
J,M, M’
(J, MID(R)|J, M") (J1, Jo, my, my | J, M, Ty, Jo)
= > (i, Jo,mymalJ, M, Ty, J) X
J,M, M’
(Jy, Jo, miy, mb|J, M, Jy, Jo) Dy (R).
(7.114)

This is a completely general result. However, suppose that all the J’s are integers. Recalling
Eq. [[112] we learn that Eq. [[.114] can be written as

m o 200+ 12l + 1 ,
Y™ (0,0)Y;2(0,9) = \/( : (415)22 )Z(ll,lz,ml,m2|l1,l2,l,m>><

U'm/

47 ’
! —Y" .
<llal27070|l1>l2>l a0> 2 +1 l (9’ ¢)

(7.115)

Multiply both sides by Y;™ (6, ¢)* and integrate over the solid angle. By orthogonality, this

gives

/ dQY; (0, 9)7Y;™ (0, 0)Y (0, ¢) =

20+ 1)(21, + 1
\/( 14%(23’(4—21) ) (L oy my, mally, o, U',m') (1,12, 0,014, 12,1, 0) . (7.116)
This certainly looks horrible! On the contrary, it is a very beautiful (and useful) result.
Matrix elements like the left hand side commonly arise in practical calculations, where the

initial and final state wave functions are eigenfunctions (or superpositions of eigenfunctions)
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of orbital angular momentum — spherical harmonics. If the object whose matrix element is
desired can also be written as a superposition of spherical harmonics, we have the integral on
the left side of Eq. to evaluate. Eq. makes this evaluation trivial. The point of
course is that the reducible state (a product of two spherical harmonics) can be written as a
superposition of irreducible states (a single spherical harmonic, in coordinate representation).
The result simply involves a product of Clebsch-Gordon coefficients. These are tabulated.
(The reader is encouraged to perform some of these integrals without using this result, to

appreciate its utility.)

Notice that the m— dependence is contained entirely in one Clebsch-Gordon coefficient.
This immediately gives a selection rule: the integral is zero unless m’ = mj+msy. (This is just
the z— component of angular momentum conservation, between the initial state, operator,
and final state.) The remainder of the expression (which is often called the “reduced matrix
element”) is independent of m. To look ahead, the integral is a special case of the Wigner-

Eckhart Theorem, which we will derive in a few pages.

Note that we can use of the fact that the Clebsch-Gordon coefficients are real numbers,

to write expressions more symmetrically without regard to order.

Vector and tensor operators

We have been using vector operators like fJ, S, r,... for some time, without thinking very

deeply about their vector nature. Classical vector quantities transform under rotations as

V; = ZRijUj (7117)

where R is the rotation matrix. In quantum mechanics, a state transforms as |a) — D(R) |a).
The components of the expectation values of a vector operator are also c-numbers, and they

will transform as a vector under rotations:

(o] ) 5 ZRU (a]vj|a) = a|ZR”v]|a (7.118)

In quantum mechanics, a state transforms as |o) — D(R) |ar). We could equally well evaluate

the rotated matrix elements by rotating the states,

(aldi]a)y = (| D (R)5;D(R)|a) - (7.119)
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Equating these expressions tells us that a vector operator is an operator that transform

under rotations as

DI(R)6;D(R) =Y _ Rij;. (7.120)
J
In the case of an infinitesimal rotation, where
D(R) =1 - %ej ‘h, (7.121)
Eq. [[.120] demands that »
Ui — %[@', J-h] = Ry, (7.122)
J
To interpret this expression, assume that n points along the z-axis. The rotation matrix is
1 —e 0
R—|e 1 0 (7.123)
0 0 1
and the vector transforms as
v, —%[U;, J.] = v, — ev,
Uy —%[v},, J.] = 0, + €v,
v, =,
(7.124)
This is a special case of the general requirement for vector operators that

We can turn the discussion around: any operator which obeys this relation is, by definition,

a vector operator.

The generalization of a vector is a tensor, specifically, a Cartesian tensor of rank N. It

transforms under rotations as
Tijk..n — Z Riy Rjj Rigr - - RNN'Tirjonr - (7.126)
i'§'k!...N'
Cartesian tensors transform reducibly under rotations, and so are not the most convenient

objects for study. To see how to proceed, consider the simplest example of a rank N = 2

Cartesian tensor, a dyadic. It is defined as a direct product of two vector operators

ﬂj = U;V;. (7127)
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This is a collection of 9 numbers, the T;;’s. We can decompose it as follows:

v = 152-]-(u V) + 1(uivj — uv;) + (w — 152-]-(u . V)) : (7.128)

3 2 2 3
The first term in the decomposition is a scalar under rotations, the second is an axial vector
(a cross product) and the last term is a symmetric traceless tensor. This decomposition
preserves the number of components (3 x 3 = 9) in the the dyadic. There is one scalar term,

three axial vector terms, and five terms from the traceless, symmetric tensor.

“Spherical tensors” transform simply (and irreducibly) under rotations. Their elements
are linear superpositions of Cartesian tensor elements. A simple way to define a spherical

tensor from a Cartesian vector v is via the replacement

™ =y (v). (7.129)

q

The rank-1 spherical tensor (a vector) is very useful. To build it, we make the substitutions

z/r =v,, y/r =v, and z/r = v, to give

3 3z 3
o_ [ 2 _ . ]2z N _ ]2
W\ = 2 o 1=
3 [z +iy . 3 (4, +iv
yH 2 T(): = Y
e () o e (M
[15 [(x+iy\” ) 15, .
Y52 = 32—7r( . ) — T = ?)Q—W(vxj:wyf

(7.130)
and so on.

How do spherical tensors transform under rotations? We know that the spherical har-
monics can be written as Y, (n) = (i|l,m). Furthermore, we recall the transformation law
|n') = D(R) |n). We also know that

DI(R) |1,y = > D (R)*|1,m) . (7.131)

ml

Taking the inner product of both sides with (n| gives
(B|D(R)|1,m') = (W|i,m) = Y, (i) = > DY (R)Y™ (). (7.132)

This is the transformation law for states. Noting that D) (R)* = Dgl)m,(R_l). We expect

mm/

that operators ought to transform as

DYR)TFDR) => 1D (R (7.133)

ml
!

q
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and this is the definition for the transformation property of a spherical tensor operator.
Alternatively, we can consider the defining relation for a spherical tensor operator through

commutators of the operator with J. These are
., T®] = hqT® (7.134)

and

(e, T0) = ha/(k F q)(k £ ¢ + DT (7.135)

Combining tensor operators

As we saw in the last section, we can write the components of a vector operator u in spherical

basis

==y
wo =1y U1 =T (“7\/5%) . (7.136)

Let us assume that we have two vector operators u and v. A few special cases of their

combination written as tensor operators are

T =——u-v (7.137)

i
TO = ﬁ(u xv), TV =uivy. (7.138)

In general, we combine spherical tensor operators just like we combined angular momenta,

using Clebsch-Gordon coefficients:

T® = " (k1 ko, 1, qolkn, Ko e, q) XD 2082 (7.139)

q2
q192

Let us examine how this transforms under a rotation.

DUR)TID(R) =Y (k1 ko, qu, ok, ko, i, @) D (R)XFVD(R)DI(R) ZUPD(R)  (7.140)
q1492

or

DT(R)Tq(k)D(R) = Z <k’1, k2a q1, C]2|k?1> k2> k> q> X kl qlql Z Z(kz 4242 1)'

/

q192 q1

(7.141)

We can also write

2 (R )D(@)(R_l) = Z (K1, k2, q1, ol o, o, K7, 4) </€17/€27Q17Q2V€1,kzak”aq/>D(k”)(R h.

qlfh 4292
k"q"q

(7.142)
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Equating all of these long expressions, we have

D'(R) ZZZZZ (K1, k2, q1, q2|ky, Koy Ky q) X (7.143)

k" q1q2 ¢} g}

<kla k2a q1, Q2|k‘1, k2a >q > <k17 k27 qi1, q2|k17 k27 kﬂa q > D‘(]]f;”)(R—l)X(/kl)Z({Q)

a a3

Recall that Clebsch-Gordon coefficients are real. Performing the sum over ¢;q» will yield the
identity operator, which will introduce a di,» and d,,7. They collapse the expression to the

more manageable

~

DU RYIMD(R) = Y (ks ko, al, ghla, bo k) XSV 20 | DY (R (7.144)

q 9195

Since the object in the large parentheses is T ) from Eq.[[.139] this is our defining transfor-
mation for a tensor operator, Eq. [T.]

Let us consider three useful results for matrix elements of tensor operators, written as
(o7, m/ |T |a j,m). (The alphas stand for the non-angular momentum quantum num-

bers.) The first is the m-selection rule,

<o/,j/,m/\Tq(k)\a,j, m> = 5m’,q+m (7145)
The matrix element of the commutator of J, and 7, q(k)

(1., T®)] — hgT® = 0 (7.146)
is

(@, |[ 1, TP] = hgT P, j,m) = h(m' —m — q) (o, j, m/|TP|a, j,m) = 0. (7.147)
Either m’ = m + ¢ or the matrix element itself must vanish.

Next is the Wigner-Eckhart Theorem:

. LT e, 5)
P ! | TR . — (i k ki m) il )
(o, 3", M| 7 v, j,m) = (5, k,m, q|3, k, j', m") e

The quantity (o, j/||T™®||e, 7) is called the “reduced matrix element.” It is fully independent

(7.148)

of m,m’, and ¢. Thus all of the geometrical dependence is contained in the Clebsch-Gordon
coefficients. From the m-selection rule we know that the only non-vanishing elements occur
when |j — k| <7 <j+k.
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To prove the Wigner-Eckhart theorem, we return to the relation

e, T®) — i/ (k F q)(k £ q + DT =0 (7.149)

We evaluate the equality between angular momentum states:

(@, §'m|[Je, TO) = /(K F q)(k £ g + DT |a, j,m) = 0. (7.150)

Letting the angular momentum operators act on the states, we have

VG Em) (G F o+ 1), m + 1T o, j,m) =
VEFQk+q+ 1), j,m'|T%) |, j,m) +
VEFm)G£m+ 1), 5, m [T |a, j,m + 1)

(7.151)

The coefficients of this equation are identical to the ones relating the Clebsch-Gordon coeffi-

cients themselves; there is only a translation of variables, given in Table[ll Because there two

CG WE
J J’
m
Ji
my
Ja

ma

rT Tl

m’
J
m
k
q

sums of three terms with the same coefficients are equal to zero, the must be proportional
to each other. This means that

(J1, Jo, ma, mg £ 1]y, Ja, J, M) = const x <O/7j/7m/|Tq(i)1‘a7.j7 m) (7.152)
or
(o', m! TP lev, j,m) = C (. ko, qlj k. ' m) (7.153)

where
(o, 7'||T™]|a, 5)

V2i+1

This theorem is a very useful tool for the evaluation of matrix elements and for finding

C:

(7.154)

selection rules. Let us consider a few examples.



Quantum Mechanics 179

First, consider matrix elements of a scalar operator (tensor of rank 0). They are

(o, 4IT™]]ex, j)

V2Zi+1

Scalar operators have no directional dependence and thus cannot change the angular mo-

<o/,j/,m/\5’|oz,j, m> = 5jj’5mm’ (7155)

mentum of a state.

The projection theorem states that matrix elements of a vector operator can be written

as R R
<O/>j> m/|’] ' V|Oé,j, m>
R+ 1)

(o, j,m'|Vyla, j,m) = (G, | Ty |5, m) . (7.156)

This follows from the Wigner-Eckhart theorem, because matrix elements of V, and .J, can

be written as

>

—~
s}

) = (VI
y = Ci([l])

>

—~
<

(7.157)

where (1 is a shorthand for all except the reduced matrix element Two other related matrix

elements are

<j ) V) = <j0‘70 - jlv—l - j—1‘71>
= Co([|VI]])
Co (|IJ]|) =h*J(J +1)

[
Il

(7.158)

where (s is another linear combination of coefficients. Combining these results yields

VI
CID

which is Eq. [[.156 when written less schematically.

(J-V)

y (J-V)
(J-J)

n2J(J +1)

(Vo) = (Jo) = (Jy) = (Jy) (7.159)

The projection theorem’s most famous application is for the Zeeman effect in light atoms.
In a small magnetic field, the energy levels of the atom split due to the interaction of the

electrons’ magnetic moments with the field,

- (L +2S) (7.160)
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where L and S are the total orbital and spin angular momenta of the valence electrons. This
splitting is called the Zeeman effect. The projection theorem gives us the splitting. (We
defer discussions about why L and S are good quantum numbers for multi-electron light
atoms, and why diagonal matrix elements of Hp give the energy shifts.) Choose the axis
of quantization along B and define this as the 2 axis. We rewrite L,+2S, =J,+5, and
consider the matrix element

(L,S,J,M|J*+J-S|L,S,J, M)

R2J(J+1)

The quantity g; is called the Lande g-factor. 2J . S=—(J—S8)2+J2+8*=-L2+J2+82

and the g-factor is

(L,S,J, M|J + S|L, S, J, M) = KM = g;hM (7.161)

JJ+1)+ SIS +1)—L(L+1)
2J(J+1)

The magnitude of the Zeeman splitting reveals information about the quantum numbers of

the state.

g, =1+ (7.162)

Our third example involves the electric quadrupole moment of the deuteron, and illus-
trates the strengths and weaknesses of the Wigner-Eckart theorem. The deuteron is a bound
state of a proton and a neutron. It is not a typical nucleon — it is one of only a few stable
nuclei with an odd number of protons and an odd number of neutrons. It is weakly bound
(Ep ~ 2.2 MeV, about 1/10 of typical nuclear binding energies). It was discovered by Urey in
1931, before the discovery of the neutron. It has a nonzero magnetic moment and a nonzero

electric quadrupole moment.

Nuclear physics is complicated! The neutron and proton are nearly degenerate in mass,
1
2
structureless particles like the electron — they themselves are bound states of quarks. The

both have spin and have their own spin magnetic moments. However, they are not

nuclear potential is short range, but it is not simple, either (unlike the Coulomb potential).

It’s worth pausing to describe the phenomenology of magnetic moments. The orbital

magnetic moment is simple: from
B eB
Hg=—"L 7.163
B ome ( )
i =e/(2me)L (or p = e/(2me) or ehi/(2mc) for the Bohr magnetron). Now spin: for an

electron, it is conventional to introduce the g—factor and write
(& —
i =g9g—3>S. 7.164
=95 (7.164)
For the structureless electron described by the Dirac equation, g = 2. The value was known

before Dirac, from analysis of the spectroscopy of light atoms. It’s a rather confusing story,
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with several competing factors of two — S = %, g = 2, and Thomas precession, so g = 2
was immediately realized to be a major success for Dirac. The real g-factor is a bit more

complicated —

g:2[1—|—%+...] (7.165)

where the extra terms come from processes where the electron emits and absorbs virtual

photons. You need quantum field theory to describe what is going on.

Back to the proton and the neutron. The literature is presented in several slightly
inconsistent notations, but the bottom line is that g # 2. If we write /TL’ES) = ge/(2Mc)S,
then g,(,s) =2x2.79 and g5 = —2 x 2.79 x 0.68. (particle physicists remember the -0.68 as
—2/3). These values were completely unexpected when Otto Stern measured the proton’s

magnetic moment in the 1930’s. (The theorists all predicted g = 2 because of Dirac.)

Now for nuclei: it is conventional to define the magnetic moment of a nucleus with total

angular momentum J as

[ —
i=qg—J 7.166
[l gzmp ( )

setting the scale with the proton mass.

And finally, the deuteron. The deuteron has J = 1 (from observing hyperfine splitting
in deuterium), and S = 1 (as a thought experiment, scatter a neutron off a proton: the
total spin is % + % = 1,0 and the deuteron is a nearby resonance in the S = 1 channel). It’s
reasonable to expect that L = 0 just because our intuition suggests that the lowest bound
stats are S-waves. However, the nonzero quadrupole moment (measured by Rabi) tells us
that there is a small admixture of L = 2 in the wave function.

We take the magnetic moment from the magnetic energy (H = —[i - E) in the M =J
state:

p=(LSJ, M = J|p.|LSJ, M = J). (7.167)

The projection theorem turns this into

<LSJ, M= J|g- JILSJ, M = J>
= M: P ’M:
r T (.M = J| 1M = )
<LSJ, M = J|ji- JILSJ, M = J>

J+1

(7.168)
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We need several ingredients to evaluate this formula. First,

f=gOL+¢®s. (7.169)

(s)

) = 1 and g,(f) = 0 (the neutron is neutral!). And we have g, and g,(f), given above.

Next, g
There are a couple of two”s associated with the conversion of individual spins to total spins.
For S, consider the |11) state, which is [11). The expectation value of the magnetic moment
in this state is

(s)

eh s s € g(S)_'_g"
() = 5y (05 + 0 = Mci( — )s.. (7.170)

There is an identical factor of two for the orbital angular momentum, using |22) = |11) [11).

Putting the pieces together, we have

- - —

(¢¥ + ¢S - T+ L- )5

_ 171
f MC (7.171)

2(7 +1)
And, as we saw before, L2 = (J — §)? and 5% = (J — L)%, so J - § = (J2 + 5% — L2)/2 and

J-L=(J?— 5%+ L[?))/2. this gives

e 1
- ) 4 gENGG+1) =11 +1 1
p 2Mc4(j+1)[(gp +. )00+ =+ 1) +s(s+1))
+UG+1D) -+ 1) +s(s+1))].

(7.172)

We can now consider two cases: First, S=1, L=0, J = 1:

(s) (s)
_ 9 +gn’ €
5 Ve (7.173)
or g = 0.879. The second caseis S =1, L =2, J =1, and
3 1

I S O NS NS 174
9=7- 79" +97)~03 (7.174)

The observed value of g is 0.857, so the deuteron is mostly S = 1, L = 0, J = 2. The
mismatch between 0.857 and 0.879 tells us that the state is not completely L = 0.

Now we return to the quadrupole moment. It is
Q=e(322 —1?). (7.175)
It is one component of the rank-2 quadrupole tensor @);;. Its expectation value in the J =1
deuteron state is (keeping only the labels J and m)
(@ = LmlTg"[L,m)
e(l,m,2,0|1,2,1,m)
V3

el -
(7.176)
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We can determine (), or to be more precise, the reduced matrix element, by doing the full
calculation any convenient combination of states (m) and component of ();; and dividing

out the known Clebsch-Gordon coefficient and other factors.
We need the Clebsch - Gordon coefficients for 1 + 2 = 1. Tables give us
(1120/1211) = 1/1/10
(1020]1210) = —/2/15
(1 —120|121 — 1) = 4/1/10.

(7.177)
What is (1||7|[1)? T0(2) = r%(3cos?f — 1). Evaluate (Q) in the |10) state:
2 (1|71 .
ELﬁH) - / dPripi_y or?(3cos® 0 — 1)y . (7.178)
Notice that if the deuteron were pure [ = 0, () would vanish,
(1||T||1) ~ /dcos 0Py (cos @) = 0. (7.179)

But @ is not zero (it is 0.28 e-fm? where one fm is 107'% cm). One fm is about the size of a

proton, so () is a small quantity.

If we know that S =1 and J = 1, then we could in principle have L = 0, 1 or 2. If the
deuteron is a parity eigenstate, then either it is positive parity (L =0 or 2, S or D —35; or
3D; in the standard 251 L ; notation). If it is negative parity, it is >P,. It seems unlikely to
have a P-wave bound state and no S-wave one, which favors a mixture of S and D. However,
that is the end of the story we can tell. All we can do to go further is to parameterize the

wave function as a superposition of S and D wave,
¥ = coswfy(r) |00) + sinw fo(r) [20) , (7.180)

with a model for the potential and the two radial wave functions, and then use (Q to determine
w.

A little group theory

It’s probably useful to conclude this chapter with a brief discussion (little more than a

dictionary) of aspects of group theory which have found their way into quantum mechanics.
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A group is a set of elements G with a multiplication rule connecting the elements of the

group to each other. Group properties include

e Closure: For any a,b € G, ab=c € G
e Associativity: a(bc) = (ab)c

e An identity element: a-1=1-a

e An inverse: aa ' =ata =1

A representation of a group is a set of square non-singular matrices My, M, ..., one M for
each group element ¢, which multiply like the group elements. If the matrices are n x n then
we speak of an n-dimensional representation of the group. If the matrices corresponding to
different group elements g; are different, the representation is called “faithful” and the group
is isomorphic to the matrix group. Otherwise we have an “unfaithful representation” with a

“homeomorphic” relation of the group to the set of matrices.

In physics we typically encounter two types of groups

e point groups, which consist of discrete sets of elements

e Lie groups, which are continuously connected groups whose parameters of products of
elements are continuous, differentiable functions of the products of the elements. An

example of a Lie group is the rotation group.

There are two types of Lie groups as well, compact and non-compact groups. A compact
group is one in which the parameters of the group have a finite range of possible values (the
rotation group is an example). In contrast, non-compact groups do not have a finite range
for their parameters. An example of a non-compact group is the part of special-relativistic

transformations corresponding to boosts.

In physics we often speak of “symmetry groups.” By that, we mean a set of transforma-
tions which leave the system unchanged. For example, rotations, which leave the length of
vectors unchanged, form a compact symmetry group. The symmetry is the transformation
/|2‘

x — x’ which leaves |x|? = |[x/|2. The transformation is, of course,

x' = Rx (7.181)
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where |x'|? = xTRTRx = |x|?>. The vectors x are assumed to be 3-dimensional, and so the
matrices R must be 3 X 3 symmetric matrices with RR = 1 in order to preserve the norm.
These matrices have 9 — 6 = 3 free parameters (since there are 6 constraints imposed by
R'R = 1). Hence three parameters characterize R. (They could be the three Euler angles,

or the angles of rotations about three axes.)

The maximum number of independent parameters which label the group parameters is
referred to as the dimension of the Lie algebra, and mathematicians call this the dimension
of the adjoint representation of the group. The rotation group is called O(3) — the group
of orthogonal transformations in three dimensions. (Clearly, one can repeat the story in N

dimensions, and arrive at the group of transformations O(N).)
As a second set of transformations, consider the matrices which rotate spinor states
U=e @892 |y — o). (7.182)

The matrix U must be unitary to conserve probability. U is also unimodular (i.e. the
determinant must be equal to 1). The representation is two-dimensional because there are

two possibilities for the spin. The most general unitary unimodular matrix can be written

U(a,b)z( a b ) (7.183)

as

—b* a*
where a and b are complex and the unimodularity condition gives the relation |a|> +|b|? = 1.
Because a and b are complex, four real numbers label the transformations. Unimodularity
gives one constraint, leaving three free parameters. Of course, we knew that already, from
constructing the j = 1/2 rotation matrix: we count one angle and two (of three constrained)

components of a unit vector, recalling

Re(a) = cos(%) (7.184)
Im(a) = —n.sin(?)
Re(d) = —nysin(2)
Im(b) = —nsin(2)

(Because >, n? =1, only two of the n;’s are independent.) These parameters are called the
“Cayley-Klein” parameters and are used in classical mechanics to study rigid body rotations.
The product of the U’s is itself a U, and

U~ (a,b) = U(a*, —b). (7.185)
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The matrices constituting the U’s form a group called SU(2), the “special unitary group of

two dimensions.”

Although O(3) and SU(2) both characterize rotations, the groups SU(2) and O(3) are
not isomorphic groups, that is, there is no one-to-one correspondence between the group

elements. We can see that by comparing rotations by 27 and 47. In O(3) both rotations are

-1 0 10
3 x 3 identity matrices. In SU(2) one is ( 0 ) ) and the other is ( 01 ) In fact,

U(a,b) and U(—a,—b) correspond to the same 3 x 3 rotation in O(3): for a given R, U is

double-valued.

If one did not require that det U = 1, one would just have a “unitary group,” U(2). The

group of unitary transformations in one dimension, U(1), is
U =e". (7.186)

This is the group of gauge transformations of electrodynamics. It is an “internal symmetry”
group, in that the dynamical variables contain information which has nothing direct to do
with space or time. (Of course, ¢ could vary with x and ¢, if we are considering a local gauge
transformation.) One could also consider special unitary groups of rank n. The group SU(3)
has been particularly important in particle physics. For example, the theory of the strong
interactions, Quantum Chromodynamics, declares that quarks come in three “colors,” or
that a fermion spinor carries a three-fold internal index (red, green, blue?). This symmetry
is an SU(3) gauge symmetry; the transformation converts one color into a mixture of other

ones.

Another example of an internal symmetry could apply to a magnetic material. We could
imagine treating the spins, or locally averaged magnetic moments, as classical variables which
could rotate in three dimensions (with an internal O(3) symmetry), or could be confined to
a plane (an O(2) symmetry), or perhaps we could simply divorce the dimensionality of
the internal degree of freedom from a geometric picture and think about an O(N) internal
symmetry. Restricting the magnetization to the real line, or perhaps to the values +1, would
take us to a discrete group Z(2). Of course, in all of these cases we have a symmetry group
only if the underlying dynamics respects the transformation of variables. This considerably

restricts the possible kinds of terms present in the Hamiltonian.
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Generators of Lie groups

Look more closely at the group elements infinitesimally close to the identity operator. They

may be written
S S
U 14iY Mgy —exp(iy_ Asey). (7.187)
j=1 j=1

If the group has S ¢; parameters, then there will be S generators A; where j = 1...5.
If the group is to remain a group (products of group rotations remain in the group), the
generators of the group must obey an algebra which is called a “Lie algebra.” The algebra

is conventionally given through the commutators

The coefficients ¢;;;, are called “structure constants.” In SU(2) the generators are propor-
tional to the Pauli matrices, \; = %ai, and ¢ = %eijk. In SU(N) it happens that there
are N? — 1 generators and more complicated structure constants. (To count: there are
N? linearly independent Hermitian matrices with N rows and columns, and one constraint:
det U = 1. The magic identity det e? = exp Tr A applied to A = Z'Zj Aj¢; says that the \’s

must be traceless, which is our constraint lowering N? to N? — 1.)

It may happen that some of the c¢;;;,’s are zero, so that the generators commute. The
“rank” of a group is the maximum number of mutually commuting generators. For SU(2),

the rank is one.

If Hamiltonians are to be invariant under the group transformations, they will involve
combinations of the operators which can be constructed from the generators, which commute
with all the generators. These are called the Casimir operators. They are very useful because
their value in a representation is independent of which generator happens to be diagonal. It
turns out that the number of Casimirs is equal to the rank of the group. Since SU(2) is rank

1, it has one Casimir, .J 2 the square of the angular momentum.

Exactly as in the case of angular momentum, we want to construct states which are
eigenstates of as many generators as possible, plus all the Casimirs. The quantity which
is important in the present discussion is the dimensionality of a representation: it is the
size of a matrix in which the Casimirs are degenerate. This dimensionality is 2j + 1 for
SU(2) or O(3). For some more vocabulary, we call the smallest nontrivial representation the
“fundamental representation.” For SU(2) this is j = 1/2. The “adjoint representation” has

a dimensionality equal to the number of generators, j =1 or d = 3 for SU(2) or O(3).
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In most physics applications, we encounter SU(2) and O(3) over and over again, recycling

results for our needs.

Isospin

Isospin is an interesting case of a symmetry group with wide applications to nuclear and

particle physics.

Its introduction (by Heisenberg, in the 1930’s) was inspired by the fact that the masses
of the proton and the neutron are roughly equal, and that nuclear forces seemed to be
independent of whether the interacting particles were neutrons or protons. Let us think of
the proton and the neutron as being different components of the same object, the nucleon,

which forms a two-component representation

pz(é) nz(?) (7.189)

This is a familiar construction. We do not think of the spin-up and spin-down electrons as
separate entities, just different versions of one underlying state, the electron. The quantum
number which differentiates the neutron from the proton is called “isospin,” and we have
chosen the states to be eigenstates of I3, in complete analogy with S,. Notice that there is
a relation between charge and isospin of Q) = I3+ %B , with B, the baryon number, equal to

unity. In complete analogy to spin we have

Bl =gl sln) =2 |n) (7.190)

and isospin raising and lowering operators

Liny=Ip)  LIp)=1n). (7.191)

These define the Lie algebra for isospin to be that of the group SU(2), via [1;, I;] = i€ 1.
The picture can be tested by assuming some form for the Hamiltonian in an isospin ba-
sis and by computing relations between different processes, basically, making predictions of
ratios using the Wigner-Eckhart theorem. Isospin symmetry can be tested in nuclear spec-
troscopy by asking whether nuclear levels form isospin multiplets. Isospin will not be an

exact symmetry because of electromagnetism: the proton is charged, the neutron is neutral.

Relations among processes can best be described by jumping ahead twenty years, to the

early 1950’s. There happen to be three pi-mesons, 7, 7, and 7#°. The 7+ and the 7~ are
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a particle-antiparticle pair, and are therefore degenerate in mass.. The mass of the ¥ is
not very different from this value (135 MeV versus 140 MeV), so to good approximation we

can consider them all to be of equal mass. The three states smell like an isotriplet state,
|I =1,13=1,0,—1). Mesons have B = 0, hence () = I3 for this multiplet.

Pions have a distinguished place in the zoo of strongly interacting particles: they are the
lightest mesons, and they are responsible for the long distance part of the nuclear potential
(the Yukawa potential).

Shortly after the discovery of the mesons, they were used in scattering experiments which
observed the lightest excited states of the nucleon. These are the four states AT+, AT A
and A~ all with mass of about 1230 MeV. With @ = I3 + %B these states plausibly form

an isospin quartet

)

I = ). (7.192)

7[3 :%7%7_

NI
N

(NI

Again, ) = I3+ B/2. One can check the hypothesis (and make predictions) by computing
relative rates for low energy pion-nucleon scattering at energies where the cross section
is dominated by the A resonances. Ratios of the amplitudes agree with the appropriate
products of [ = % @ I = 1 Clebsch-Gordon coefficients.

Here is the classic example: at energies close to the mass of the A, pion - nucleon
scattering is resonance scattering, that is, the reaction m + N — 7w + N proceeds through
the intermediate state m + N — A — 7w + N. The scattering amplitude in a particular
channel (77 p, 7~ n, and so on ) is proportional to the product of the amplitude for the initial
state to couple to the particular isospin 3/2 state, times an amplitude for the intermediate
state to couple to the final state. These amplitudes are proportional to the Clebsch -Gordon
coefficients for 1 + 1/2 = 3/2. We can decompose the Delta states into (for example)

an=2h = ik - e Zod

= a2

[ATT) = ) =1[7"p), (7.193)

(7.194)
and so on. Then we can write

Alntp— ATt = 7tp) = A
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A’ - AT w77n) = \/7\/7
A — AT — %) = \/7\/7

The three cross sections would be in the ratio 1:2/9:4/9.

(7.195)

The 1960’s story is that the up and down quarks are I3 = :t% members of an [ = 1/2

1 0
-(3) () i

Now the charge assignment is @) = I3+1/6: the 1/2 for B is now 1/6 because a quark carries

multiplet;

baryon number 1/3. Work out the (fractional) charges! And the proton is (q, ¢, ¢)1=1/2,1,=1/2,
a (u,u,d) bound state.

All this discussion has an old fashioned flavor. The modern story is also worth mentioning.
[sospin is an accidental symmetry which arises because the up and down quark masses are
both tiny, much smaller than the typical scale of strong interaction dynamics. If they were
degenerate, and if one could ignore electromagnetism, isospin would be an exact symmetry
of the Standard Model. It is not exact in Nature because the masses are not precisely equal
and because the quarks have different charges. The analog situation for the atomic physicist
would be to do spectroscopy in the presence of a tiny external magnetic field, which slightly

breaks rotational invariance, but still to recognize the near existence of the symmetry.

And one more decade: the 1970’s saw the introduction of “weak isospin:” the electron

and neutrino are bundled into one leptonic doublet of weak isospin

zz<f) (7.197)

while the W boson, which induces transitions from charged to neutral leptons, is proportional
to an isospin raising or lowering operator W+ oc I.. (In fact, all the families of quarks and
leptons — at least the ones which interact with W ’s — are members of doublets of weak isospin.)
Readers who know their particle physics will recognize all of this as a wildly oversimplified

story, but hopefully everyone will appreciate the many applications of SU(2) to physics.
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The classical mechanics of a collection of particles assumes that the particles are distin-
guishable, that one can somehow label all the particles at some point in time and follow their
individual motion forever after. This assumption is untenable in the real world of quantum
mechanics: identical particles really are identical. All electrons are alike. The consequences

of that fact are deep and vast. Let us introduce them slowly, and by example.

We consider first a two electron system, like the Helium atom. Temporarily ignoring
spin, we may write its Hamiltonian as a sum of kinetic terms, potentials for the interactions

of the individual electrons with the nucleus, and an interaction term for the two electrons,

/\

I:I = % + % + V(ZL’l — 1'2) + V(ZL’Q) + V(l’l) (81)

Electrons are identical particles and so the Hamiltonian should be (and is) invariant under
an exchange of the coordinates of the two electrons, H(1,2) = H(2,1). The wave function
of the system depends on the coordinates of the two electrons. Call it ¢ (xq,z2) or ¥(1,2),
where we extend the idea of exchange to include possible spin degrees of freedom. One
can invent an exchange operator Prs, which acts on the wave function to interchange the

coordinates of the two particles

P(1,2) = 9(2,1). (8.2)

On physical grounds, a glance at Eq. 81l tells us that H and Py, must commute. We can do
the calculation for energy eigenstates, H(2,1)1(2,1) = E1(2,1). Then

H(1,2)Pa(1,2) = H(2,1)1(2,1) = Ew< 1)
= EPu(1,2) = PuEd(1,2)
= PpH(1,2)(1,2) (8.3)

or [H, Ppy) = 0. Therefore, one can find simultaneous eigenstates of H and P. The eigenval-

ues of the exchange operator will be 41, since

P (1,2) = ¢(1,2) (8.4)

implies PAlgw(l, 2) = +19(1,2). The eigenstates of the exchange operator are a symmetric

state and an antisymmetric state,
vi(1,2) =

¥(1,2) = (¥(1,2) = 4(2,1)) (8.5)
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for which P = +1 and —1, respectively.

This exchange symmetry is called “statistics” for short. It applies to all of the degrees of
freedom of the state, both spatial (coordinates or momenta) and internal (spin). It happens
that there is a relation between the intrinsic spin of a particle and its statistics, called the

“spin-statistics” theorem:

Systems made of particles with integer spin (photons, pions, He! atoms, O'® nu-
clei, Rb®" atoms) have totally symmetric wave functions and obey Bose-Einstein

statistics. They are generically called Bosons.

Systems made of particles with half-integer spin (electrons, neutrinos, He® atoms,
Li® atoms) have totally antisymmetric wave functions and obey Fermi-Dirac

statistics. Generically, they are called Fermions.

In these statements, “particle” refers to anything whose internal composition is irrelevant
to the situation at hand. A helium-4 atom is composed of two electrons, two protons and
two neutrons and therefore is a boson. Any many - Helium-4 system’s wave function is
symmetric under exchange of the coordinates of two Helium-4 atoms. The wave function
is antisymmetric under the exchange of two protons, for they are fermions. This fact is
irrelevant if one is not probing any physics of the protons which is independent of the physics

of Helium -4 atoms.

The spin-statistics theorem has its origin in the connection between quantum mechanics
(specifically the quantum mechanics of many particle systems, as described by quantum field
theory) and special relativity (specifically, causality). Its derivation is outside the scope of
this book, but will be found in any good quantum field theory text. It is simply not possible to
construct a consistent description of Nature for bosonic spin 1/2 particles or fermionic spin-1
ones. The connection between spin and statistics was presented as an unproven principle by
Pauli in the 1920’s, as a way of understanding the spectroscopic properties of atoms. It was
proven by him in the context of quantum field theory in 1940. For nonrelativistic quantum
mechanical systems, we simply have to take the spin-statistics theorem as a fact and deal
with it.

We can build both the symmetric and antisymmetric wave functions for three particle

systems by inspection:

¥9(1,2,3) = (¥(1,2,3) +(2,3,1) +¥(3,1,2)

Sl
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+10(2,1,3) +1(1,3,2) +1(3,2,1)) (8.6)
¥4(1,2,3) = %(wu,z,?j)+¢(2,3,1)+w(3,1,2)
—9(2,1,3) —(1,3,2) — (3,2, 1)). (8.7)

An important special case is that of NV noninteracting fermions. Here the Hamiltonian

is a sum of identical terms, H = Zf\il H;. The one particle energy eigenstates obey the

equation
Hyup, = Ejup, (8.8)
while the unsymmetrized N —particle wave functions are simply a product of one particle
solutions,
Hup(1,2,3,...,N) = Eug(1,2,3,...,N) (8.9)
with

andE:E1+E2+-~-+EN.

The antisymmetric wave function can be constructed from these solutions by forming the

the Slater determinant

—_

uA(1,2,3,...,N):ﬁ uEz.(l) Up,(2) . (8.11)

Determinants change sign if two columns are exchanged. Exchanging two columns exchanges
the labels on two particles and the minus sign is just the expected antisymmetry property. If
two of the single particle wave functions are identical then two of the rows of the determinant
are equal, and the determinant will vanish. This is to be expected, since antisymmetry means

that two fermions can never be in the same state.

Statistics apply to the complete wave function, including both space and spin compo-
nents. If we decompose the wave function for many fermions into spatial and spin wave
functions, only one of them need be antisymmetric. The spin wave function could be to-
tally antisymmetric, in which case the spatial wave function must be symmetric. Then the
fermions can be in the same spatial state. Equivalently, if the spatial part of the wave func-
tion is totally antisymmetric, then the spin wave function is symmetric and the two fermions

can be in the same spin state. Explicitly, a (separable) two-body spatial wave function,
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which is an exchange eigenstate, is
1
Yap(ry,x2) = ﬁ(uA(xl)uB(xg) + ua(xe)up(xs)). (8.12)

The symmetric wave function carries the plus sign. To satisfy statistics, the spin wave
function in that case must be antisymmetric. The antisymmetric spatial wave function

(with its minus sign) requires a symmetric spin wave function.

As an example of this connection, suppose we have a state of two electrons, with the
same radial quantum number n, and both with orbital angular momentum L = 1. We can

write the wave function as written

Y(1,2) = Vapace(1, 2)Vspin(1, 2). (8.13)

It must be totally antisymmetric. We recall that two spin—% particles couple to total S =1

or 0, and that the wave functions are

1y = MM
1

100 = (D1 + 15D

-1 = W

00) = (1) 1) — 1) [1)).

V2
(8.14)

The triplet states are symmetric under exchange of the two particles. The singlet state is
antisymmetric.

An identical story can be told for the orbital angular momenta. We recall that 1 ® 1 =

2@ 1@ 0. Some of the resulting wave functions are

22) = [11)]11)
1
1) = ﬁ(\11>|10>—\10>|11>)
1
00) = (1= 1)[11) + [11)[1 = 1) — 210} [10)).

(8.15)

We observe that the L = 2 and L = 0 states are totally symmetric under exchange, and

the L = 1 states are totally antisymmetric. It is easy to convince one’s self that the same
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connection will hold for all combinations of L ® L — the L ® L = 2L states are symmetric,
so the L ® L = 2L — 1 ones are antisymmetric by orthogonality, and so on. To preserve the
antisymmetry of the entire wave function, when the electrons are in a spin triplet state they
cannot be in L = 0 or L = 2, and similarly if the electrons are in the spin singlet they cannot
have L = 1. A two-electron atom with the electrons in the same radial and orbital state
will have missing levels. This is in contrast to the situation when the two electrons have
different radial quantum numbers. All levels will be present, because the radial part of the
wave functions could be made symmetric or antisymmetric to compensate for the symmetry

of the space and spin degrees of freedom.

Helium

The helium atom provides an interesting example of the effects of statistics. The two valence
electrons couple to either S =1 or S = 0. These cases are called “ortho-helium” and “para-
helium,” respectively. Because ordinary electromagnetic transitions are electric dipole, the
spin of the electron is not affected by emission or absorption of photons. Thus, spectro-
scopically, helium effectively decouples into two distinct kinds of atom, with its own set of
energy levels. Of course, the ground state is para, if both electrons are to sit in the same
(lowest) orbital. Helium was a mystery in the pre-quantum days; Bohr-model arguments
simply failed when applied to it. Heisenberg was the first to realize that the combination of

statistics and interactions could account for the properties of helium.

Again neglecting small spin-dependent terms, its Hamiltonian is

. ~2 ~2 Z€2 Z€2 62
Py 2

S 2m 2m o |7 — o]

(8.16)

If we discard the Coulomb repulsion between the electrons, the Hamiltonian becomes sepa-

rable. The wave function is a (symmetrized) product of hydrogenic states

¢(1> 2) = % (¢n1l1m1 (Tl)wmlzﬂ"bz (T2) + 'lvbmhml (7’2)¢n212m2 (rl))XSwz (817)

where xq,s, represents the spin wave function. The probability to find one of the electrons

near r; and the other near ro is

|¢(1a 2) |2d3T1d3T2 = dgrldgr2[(|¢n1l1m1 (7“1) |2|¢n2l2m2 (T2) |2
iRe(¢lelm1 (T1>¢n212m2 (7”2)1?22127@ (T1)¢n111m1 (T2)))] (8 18)
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The cross terms in the above expression are often referred to as “exchange terms” or “ex-

change densities.”

Now let us switch the Coulomb repulsion back on and look at its diagonal matrix elements

62

<Z|V‘7’> = / d37”1d37’2m(‘¢mhm1 (T1> |2‘wn212m2 (T2> |2

1
iRe(@D;lllml (Tl)@bnzlzrm (T2)¢22z2m2 (r1)¢n1l1m1 (T2)))
(8.19)

In perturbation theory, this quantity is the shift in energy due to the electrons’ Coulomb
repulsion. The last set of terms is the exchange interaction. We can write this expression

schematically as

(i|V]iy= A+ B (8.20)

The plus sign corresponds to the spin singlet wave function and the minus to the spin triplet

wave function. The expression can then be rewritten as expression as

~

1
IV]i) = A= 5(1+1-6)B (8.21)

where we recall ¢, - &5 = +1 for S = 1 and -3 for S = 0. Even though the Hamiltonian had

no explicit spin dependence, statistics induces a spin-dependent energy splitting.

The number B arises from electromagnetic interactions. It can be quite large — electron
volts, in typical atoms. This is huge, compared to “intrinsic” spin splittings, arising from,
for example, hyperfine interactions. The exchange terms are responsible for the difference in
energy between excited states in ortho and para-Helium. It is easy to tell the story, without
equations: when the electrons have S = 1, their spatial wave function has a node at zero
separation, so on average, they are farther away than they would be if they were in the
singlet state. Since they are farther away, their energy due to Coulomb repulsion is lower.
(This story will be true when the spatial wave functions have no nodes; otherwise it might
fail.)

These exchange-related energies are also the origin of spin forces in magnetic materials.
Depending on the sign of B, materials can be either ferromagnetic (the lowest state is when
the spins are aligned) or antiferromagnetic (the S = 0 state is lower). Magnetism is due to

the Pauli effect, plus Coulomb repulsion.
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Diatomic molecules

In diatomic molecules, the electronic wave function sets up a potential in which the nuclei
move. This motion can be described as a mix of rotation and vibration. The lowest energy
state of the system are in the ground state vibrational level, and the excitations are rotations,
for which the Hamiltonian is

12

H== 8.22
i (8.22)
with I the moment of inertia, equal to pa?, with reduced mass i and internuclear separation

a. Therefore, the energy eigenvalues are

E=Ts) (8.23)

21
Of course, [, is an integer, and the coordinate-space wave functions are spherical harmonics,
(xz|lm) = Y;"(0, ¢). Parity plays the role of the exchange operator for these systems. (We
recall, the spherical harmonics are parity eigenstates with eigenvalue (—)!.) For molecules
with different nuclei, such as HCI, all [’s are allowed. As in the case of atomic spectroscopy,

statistics of identical nuclei will remove states from the expected spectrum.

When the two nuclei are identical bosons, such as C*2C'?, the wave function must be
symmetric. The total angular momentum of the C'? nucleus is known to be zero, and so

statistics only depends on [. Bose statistics demands that only even values of [ are allowed.

For molecules with fermionic nuclei, such as Hs, the situation is similar though slightly
more complicated. The proton is a spin—% fermion. The spin wave function for the pair will
either be a spin singlet or a spin triplet. The corresponding spatial wave functions must be
antisymmetric for the triplet and symmetric for the singlet, and only odd [I’s are allowed for

the triplet and even [’s for the singlet.

The absence of these states was an early warning of new physics in nuclei. At the time
of the first analysis along the lines we have made (1929) the neutron was undiscovered and
nuclei of charge N and mass number A were thought to be composed of N protons (for
charge N) and N — A additional protons plus electrons in lieu of the N — A neutrons. For
N with N = 7, A = 14, this would be a system of 21 fermions, with, correspondingly,
Fermi statistics. The proton - neutron system has fourteen fermions and Bose statistics.
Missing states favored the latter case. The neutron was not discovered until 1932, so this

issue persisted for several puzzling years.
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Quarks and color

The proton and neutron (and all strongly interacting particles) are not fundamental particles;
they are bound states of quarks. Quarks are point-like spin—% fermions, like electrons or
neutrinos. In addition, they are fractionally charged, carrying a charge of % or —% (in units
of the electronic charge). There are six types of quarks, referred to as “flavors.” The up,
charm, and top quarks (just labeled as u, ¢, and t) have charge 2/3 while the down, strange
and bottom quarks (d, s, b) all have charge -1/3. Quarks bind together in two ways (other

possibilities may exist, a topic of some current research interest):

Mesons are bound states of a quark and an antiquark. We can imagine naively that their
spin must couple as % ® % = 1@ 0, so that mesons appear as spin singlets and triplets.
Indeed, that is the pattern of low lying states. The lightest mesons have J = 0 and the
lightest excited states have J = 1. Higher states can have higher angular momenta, which

can plausibly be inferred to be a combination of spin and orbital angular momentum.

Baryons are bound states of three quarks. Again, naively, we expect the spins of the
particles to add as % ® % ® % = % S5 % The lightest baryons are made of up and down quarks
(the lightest quarks). The proton and the neutron are spin—% baryons (their quark content
is, respectively, uud and udd). Including the strange quark, we would expect to see a set of

J= % states. They are the decuplet

uu uud udd ddd (8.24)
suU sud sdd
SSU ssd

SS8S

and in fact all of these particles are well established resonances,

AT AT A" AT (8.25)
»t »0 D

But there is a problem with this story: The J = % spin wave function is symmetric. For

example,

3.8) =D M) I (8.26)
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We would expect the space wave function of the lowest energy state to be symmetric. (This
can be tested, in the form factors for scattering. No evidence for nodes ever appeared.) We
seem to have a violation of the spin-statistics theorem. The resolution (by Greenberg) was
to propose that there is another quantum number associated with quarks, called “color,”
and that it is the color part of the wave function which carries the antisymmetry. This can

be done through the Slater determinant.

e T2 T3
g 92 93 |- (8.27)
b1 by b3

This seemed quite contrived at the time, but it turned out to be true. The strong
interactions involve the color degree of freedom in the same way that electromagnetism
involves charge. It is believed that the strong interactions permanently confine quarks into
colorless or “color singlet” objects, for which the color wave function is Eq. B.27. To pursue

this subject would take us too far afield, but here is a suggestion of a check of the idea:

In the proton and neutron, the spin wave functions of the uu or dd pair must be identical.
This forces their total spin to be J = 1. Now the proton or neutron wave function is 1®% = %
Construct the wave functions and compute the magnetic moments of the two baryons in terms
of the magnetic moments of the v and d quarks. Presumably, the masses of the two quarks
are nearly equal, because the proton and neutron are nearly mass-degenerate, so the ratio of
magnetic moments is the ratio of the charges. How close is your prediction to the observed

ratio of magnetic moments, f,,/p, = —0.6847
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General remarks about perturbation theory

A general problem in any practical calculation is that the Hamiltonian cannot be diagonalized
exactly. Hamiltonians which describe real world problems are usually infinite dimensional,

SO writing
) =D el (9.1)
J

and directly attacking

det((il H|j) — 05) = 0 (9.2)
or trying to integrate

L0 ~ .

iz [0) = H ) ;1) 1) (9.3)

J

is not going to get you very far.

However, often H is almost diagonal
H = Hy+ \Hy, (9.4)
where A is a small dimensionless parameter and Hj is time independent and solvable,

ﬁ(] |¢0> - W(] |¢0> . (95)

Then the idea is to treat the small part of the problem as a perturbation: we assume that
the energies and eigenfunctions of the complete system are nearly those of the dominant part
of the Hamiltonian. The effect of the small part is treated approximately. Specifically, we
write

H = Hy+ \H;. (9.6)
and we want to solve

H |v) =W ). (9.7)
The quantity A is a small expansion parameter. We wish to find |¢)) and W as power series
in A\,

W) = [o) + A|r) + A ho) + - - - (9-8)

and
W =Wy + \W, + XN2Wy +---. (9.9)

The time dependent analog is

(BIU(t, to)|a) = dage Vot L NUL (£ t0) + N2Us(t, o) + . . . (9.10)
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The method of solution of the time independent Schrédinger equation is called Rayleigh -
Schrodinger perturbation theory. The time dependent situation is just called “perturbation
theory,” but contains as a special case the very useful “Golden Rule” which is the basis for

most practical calculations.

Most theoretical calculations begin and end with perturbation theory, so a few more

remarks are in order:

To a mathematician, AH; < H, means that there is a basis where (i|H|i) > (i|H|j),

that the Hamiltonian matrix is diagonal dominant.

Sometimes, one might actually be able to control the parameter X in a laboratory setting.
(For example, the effect of an external magnetic field on an atom can be made small by
making the field small.)

Sometimes you can’t. An example is

2 7 2 4
2 p €o p 7o
277L0 r [87”003 S] (9 )

(where the first two terms are Hy and the terms in brackets are H;) or the interaction of an
electron in an electromagnetic field, with the same Hy and Hy = e/(mc)A - p. After the fact,
you discover that there is a small expansion parameter, a = ¢2/(kic) = 1/137 or (v/c) = «,
BUT you can’t realize H, experimentally. In the electromagnetic case, how can you have an

electron which doesn’t couple to a photon?

This raises an interesting cascade of issues. Just to mention one of them: how are
the parameters in IEIO (the mass parameter mg and the charge ey — let’s call these objects
“coupling constants” in what follows) related to quantities measured in experiment where
the Hamiltonian is the full H?

The answer: the measurement of a coupling constant is the results of comparison of a
theoretical calculation of an experimental situation, which is fit to experimental data. The
coupling constants are determined in the fit. Often, the theoretical calculation is pertur-
bative, and it is done to some finite order of perturbation theory. Then the experimental

quantity F is related to theory as
E = To(e(], m0> + )\Tl(eo, m0> + )\2T2(60, mo) + ... (912)

Think of E as the experimentally measured charge of the electron. This formula means that

e is a function of the “bare parameters” ey and mgy. The quantities ey and mg have to be
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determined from some small set of experiments. Them one can go on to perform additional

experiments, and make predictions.

I've never seen this discussed in a quantum mechanics course, but you will see it when

you study quantum field theory.

Another thing to notice about Eq.[0.12} the theoretical calculation implicitly assumes that
the ... are zero. The theoretical prediction will change when the next order in perturbation
theory is computed. This means that all perturbative calculations have in inherent ambiguity,
which is usually hard to quantify. Dealing with this is a recurring problem in theoretical

physics.

Pure nonperturbative techniques tend not to have universal applicability. There are many

special cases. Generally, completeness is lost,
N
)= eili) = > eild) (9.13)
J J

(this is also the case for many practical perturbative calculations) and then the issue is, how

to restore it.

Sometimes there is no good choice for . Sometimes, in this situation, a A is introduced

as a bookkeeping device, and set to unity at the end of the calculation.

Rayleigh-Schrodinger perturbation theory

The perturbative expansion is developed simply by substituting the power series expansions
for W and |¢) into the Schrédinger equation

(Ho+ A1) ([t0) + Mtn) + A [eh) +-+) = (Wo + AWy + X Wy + - -+) x
(Itho) + Alor) + A2 [¢h) +---), (9.14)

and equating terms order by order in A. At zeroth order (of course) is
(Ho — Wo) [th) =0, (9.15)
which we assume is exactly solvable. At first order,

(Ho — Wo) [tb) = (Wi — Hy) [vo) . (9.16)
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In second order we have

(Ho — Wo) [¢2) = (W1 — Hy) [t) + W [ho) (9.17)
Higher order terms in the series rapidly become unwieldy.

Now let us solve these equations. We assume that |io) = |u,,) is an eigenfunction of H,
with eigenvalue Wy = E,,,. In the formulas we develop, we also assume that the subscript m
is a discrete index. It is not really necessarily need to assume this property, just convenient.
For a continuous spectrum, sums become integrals. However, it will be necessary to assume

that the eigenvalues F,, are non-degenerate.

A glance at the left hand side of Eq. tells us that one can add an arbitrary amount
of the wave function [¢)9) to the wave function [¢1) without changing anything. We will
make use of this fact for our convenience, by defining |¢,) to be orthogonal to [i) (i.e.
(Yo|tn) = 0). Taking the inner product of the first order equation with the bra (1| gives

(ol (Ho — Wo)lthy) = 0 = (| (W1 — Hy)|tho) (9.18)
or
Wi = (vo| Hy| o) (9.19)
or (explicitly labeling the state)

W™ = (| Hy |t - (9.20)

This is a simple, important and useful result. The first order energy shift of the perturbation

is just its expectation value in the unperturbed state.

From Eq. [0.17], the second order energy shift is

(ol (Ho — Wo)|tha) = 0 = (wo| (W1 — Hy)|thr) — Wa (2o |tho) (9.21)

or
Wa = (ol (Hy — W1) ) . (9.22)
Note that W) only depends on |¢)y) and W5 only depends on |¢) and [¢y). In general to

find the energies to order n requires only the wave function to order n — 1.

The first order contribution to the perturbed wave function must be a superposition of
the unperturbed energy eigenfunctions, excluding |u,,) because the correction is orthogonal

to the unperturbed state

1) =D cnlun) - (9.23)

n#m
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Rewrite Eq. @16 to reflect that we are perturbing about |u,,)

(Ho = En) [¢1) = (W — H1) |um) (9.24)
and substitute for |¢4):
> (Ho = En)en un) = (Wi — Hy) |uy,) (9.25)
n#m
Z(En — En)en |un) = (Wh — I:II) |t - (926)
n#m

Now take an inner product with by (uy|, and, recalling (ux|u,,) = 0, we have

cx(Bp — Ep) = Wi (ug|um) — (ug Hy ) (9.27)
or X
(| Hifu)
= (9.28)

Thus the complete result for the first-order correction to the wave function is

un|H1|um)
Up) L omy 9.29
= 3 fun) (9:29)

n#m
We now see the necessity of our requirement that the eigenvalues be non-degenerate. If they

were degenerate, the expression would diverge.

The first order wave function allows us to the second order energy correction. Exploiting
the orthogonality of |¢1) and [|¢y), we obtain

Wy = (¢|Hilvo) (9.30)

- (o)

n#m

_ Z| un|Hl|um |

n#m

The complete energy shift through second order is

| (| Hi ) |
E,—-E,

E = By + (| Hilun) + Y (9.31)

n#m
As a useful mnemonic for remembering the order of terms in the denominator of the second
order correction, observe that the second order perturbation always lowers the unperturbed

ground state energy. (This is actually a deep statement, to which we will return.)
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Two simple examples with oscillators

Let us look at a couple of examples which can actually be solved exactly. They both use the
one dimensional simple harmonic oscillator H = % +1mw?2?. We begin with a perturbation

H, = A\i2. Of course, we can exactly diagonalize H in this case. The full potential is

1 1
V= §mw2i2 + 22 = 5w 232, (9.32)

and so the exact energies are E,, = hw’ (n + %) with

22 A
”/:m:w+@+”” (9.33)

Perturbation theory should recover the power series. To first order, we expect

hA
AFE = Cy— (9.34)
In Rayleigh-Schrodinger perturbation theory, the first order correction is
E, = (0| 2%0)
= S ol@+alyh)
— % (0]a* + aa' + a'a + a'?|0)
_ % (9.35)

which agrees (as it should) with the direct expansion of the exact result.

For a slightly less trivial example, consider the perturbation H, = )\&. This situation
also has an exact solution, since

)\2
C 2mw?’

N P TS U
V= —mw it + A\t = —mw” | T + (9.36)
2 2 mw
The perturbation amounts to a translation in the origin of the oscillator plus an overall
constant increment of the energy. The translation does not affect the energy, so
)\2

2mw?’

AE =

(9.37)

Now we approach the problem using Rayleigh-Schrédinger perturbation theory. The first

order term vanishes:
h
T =  — a Al =
A(0]z|0) = A T (0[(a+a")|0) = 0. (9.38)
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For the second order shift, we need to compute

(B o) = A 5 (@ @) = Ay 5 b (939

Therefore, the sum collapses to a single term,

Z' n|H1\0 Y12 (1 H|0) 2

FE, = =
s Ey — Ey— E;
(ss)
)\ 2mw> )\2

The calculation of the energy eigenvalues agrees with the exact result.

The perturbed wave function is

) = [0)+) |nE an1|” (9.41)
n#0 0

- |o>—%\/ﬁ|1>

The original wave function for the unshifted ground state is

(z]0) = (i)m exp (—”;—;Uﬁ) (9.42)

mmw

The perturbation shifts the origin of the oscillator, so the true wave function has just been

translated. Expanding the shifted wave function for small A,

N e (AN (Y M Y (- 1,2)
Tmw P 2h mw  \mmw mw P\ an '
The O(\) term is, indeed, the first excited state.

A rearranged series (Brillouin-Wigner perturbation theory)

The initial equation whose perturbative expansion we wish to construct can be rewritten as

(Ho = W) ) = =AH, [¢) (9.44)
and its (formal) solution is

W) = —(Ho — W) "' \H, [0). (9.45)



Quantum Mechanics 209

Inserting a complete set of unperturbed states |n) with eigenvalues f]o In) = 7&0) In),
Eq. 9.45 becomes
1 ~
) = — Z WO [n) (n|AH1|¢) (9.46)

The sum runs over all states [n). We assume that the exact wave function |1)) will be close
to one of them, which we will label as |m). We separate that term from the series. We also

relabel |¢) as |u,,) guide the eye. We have

|n) n\)\H1|um>
|um) = C'|m) + (9.47)
2w
where .
ANH |,
C:%. (9.48)

We solve this implicit equation by iteration:

C|n) nIAHﬂm> C'|n) (n|\Hi|p) (p|\H,|m)
) = Clm)+ Y > © ©)
w,, — W (W = Wa YWy — W)

n#m n#m,p#m

= <|m +y Q"m|” + 0y Q”{f”“") )+--->(9.49)

where we have defined Q;; = <Z|)\[:[1|j> Eq. inverts to give (m|\H|uy) = C(W,, —
W )), so taking the inner product of |u,,) from Eq. 049 with (m| \H; gives

an@nm ananme
- ; W =) 2 W~ WO W, — iy T O

The usefulness of this expansion stems from the fact that one can write down any particular

n#EmM,p#£m

order in the expansion by inspection. For example, the order N + 1 contribution is

Qmi1 thz T 'QiNAiNQiNm
Z (0) (0) 0" (9-51)
FEM,.. . iNFEM (Wm_VVzl )(Wm—V[/ZQ ).'.(Wm_VI/’iN)
Of course, it is not completely useful, since the defining equations are implicit. This version of
perturbation theory is called “Brillouin-Wigner perturbation theory.” Occasionally, it might
be possible to solve the implicit equations iteratively. A more useful reason for describing

this method (in the author’s opinion) is this: One can write a series solution for the energy,
W = WO £ AW 4 22 . (9.52)

and insert it into the Brillouin-Wigner series. Collecting terms order by order in A will allow
one to generate the much more complicated Rayleigh-Schrodinger expansion in a straight-

forward way.
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Degenerate state perturbation theory

In the presence of degeneracies the expansions in the preceding sections break down due
to vanishing energy denominators. Physically, the perturbation expansion fails because its
implicit assumption — that the perturbation produces a small effect on the states and energy
expectation values — is simply false, when applied to states which are degenerate before the

perturbation is applied.

To illustrate this situation, suppose that we have an unperturbed system with two states
which are degenerate in zeroth order. Call them |l) and |m). Assume also that there is
a small term which can mix them. Call its matrix elements X (i|H,|j) = AH;;. The full

Hamiltonian is, then,

. Ey+ \H, AHp,
= o+ i l ) (953)
)\Hml EO + )\Hmm
The eigenvalues are
Hy + Hypm Hy — Hpm \*
W = Ey+ A <%) + A\/(#) + [Hpt? = Wy, W, (9.54)
The energy eigenstates are
1) = all)+5m) (9.55)
m) = —B[l)+alm)

(where of course |a|? + |3|*> = 1). While the energies are smooth functions of ), the eigen-

vectors are not. To see that, call
Wi = Ey + e (9.56)

Then the eigenvector equation, determining o and (3, is
(EO — (E(] + >\€))OK + )\Hlmﬁ =0 (957)

and therefore Aea = AHy,,,8 or
Hlm

o
15} €
All X dependence has disappeared. This illustrates the point, that when a degeneracy is

(9.58)

present, it is simply not the case that the eigenfunction of the full Hamiltonian differs from
the eigenfunction of Hy by an O(\) correction. Indeed, if the perturbation did not have a
diagonal term, Hy = H,,, = 0, we would find a/5 = +1.
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So much for the two state system. Now suppose that we have a zeroth order system
with many states, and two (or more) of them are degenerate. We add a perturbation to the
system. The way we can deal with it is to first separate the degenerate subspace from the
rest of the system, and diagonalize the entire Hamiltonian in it. Then reconsider the entire
system, using not the original degenerate states, but the rotated states. Our old Hamiltonian

matrix was

E(] + )\H” )\Hlm )\Hlk
R AH,, Eo+ \H,,, A\H,,
i l 0 F , (9.59)
)\Hkl )\km Ek + )\Hkk c..
and in the rotated basis it becomes
W0 AE
R 0 W, MNH .
H = . (9.60)

AH; MHps Ep+ Ay,

Now all degeneracies have been lifted, and ordinary Rayleigh-Schrodinger perturbation
theory gives the perturbed wave function (to first order) as well as the perturbed energy (to

second order). For state |1),

J#l
(| H]j) |2
E=W;+\> % (9.62)
iz Wi J

Notice that there are no W; — Wy, denominators in the sums because, by design, the pertur-

bation does not connect |I) and |/m) — their numerators are exactly zero.

Several comments are in order: First, the author regards the expression “degenerate state
perturbation theory” as an oxymoron: the small terms can drastically affect degenerate
states. Second, one may encounter situations where states are not degenerate, but their
unperturbed energy splitting is small compared to the effect of the perturbation: E; — F,, <
AHy,, for example. Then it might be advantageous to treat the states as if they were
degenerate, diagonalize the subspace exactly, and proceed. Finally, this business can become
quite delicate. We have not considered the case where H;; = H,,,, and H;,, = 0. In this case
the perturbation does not lift the degeneracy, and one must consider higher-order formulas.

There is a brief description of this situation in Schiff.
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Hydrogen: relativistic correction

We illustrate the uses of perturbation theory in some classic examples drawn from the physics

of light atoms.

Recall that the Hamiltonian for a non-relativistic charged particle in a Coulomb potential
is Hy = p?/(2m) — Ze*/r. This Hamiltonian leaves out many effects in the physics of
the physical electron - proton bound state. The largest of these contribute to what is
know as “fine structure,” the relativistic correction to the kinetic energy and the spin-orbit

interaction.

The true relation between energy and momentum for a relativistic particle is £ =
VP22 +m2ct. Because the electron’s velocity is small (v/c ~ «), the energy can be ap-

proximated as
2 2
_ .2, D p
E =mc +%_8m302+'” (9.63)

and the quartic term can be treated as a perturbation. Its expectation value can be partially

evaluated using tricks:

) = | #(pz)%

2m3e \ 2m
1 . Ze? . Ze?
= <_W <H0 + T) <H0 + T))
= L (o _op0ze dy 4 22 (1Y) (9.64)
2m3c? " " r 72

The matrix element <%> can be computed using the virial theorem,

1
Ze? <—> = 2E0, (9.65)

r

The calculation of <%2> requires a sum over Laguerre polynomials. It happens to be

(%)= sty 0

he
2mc?

1 7’m?cta?
—_y_zmea 9.67
<> s (14 1) (9:67)

2 . .
and & = o~ o, this is

Recalling that the Bohr radius is ag =
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The complete expression is

Za? 3 2
By=2% A .
l . Ry <4n 21+1) (9.68)

where “Ry” is shorthand for for the Rydberg, —13.6 eV. Note that this perturbation lifts
the degeneracy between the n and 1 states. We list a few representative values of the term
in parentheses in Table @ The scale of the correction is about 1075 eV for hydrogen.

state n, | value

Is n=1,1=0 _75

28 n=21=0 F2

2 n=21=1 3

Hydrogen: spin-orbit coupling

Recall that the electron has a spin magnetic moment

j=-°3 (9.69)
mc

It moves in the electric field of the proton. The effects of special relativity convert the electric
field into a mixture of electric and magnetic field. If the electron were moving with a uniform

velocity, this magnetic field would be

—
—

B= —% x E. (9.70)

For a central potential, the electric field is

- - 10V
E=-VV({) = —r——— !
VV(7) Tr e (9.71)
and so the transformed magnetic field would be
- U 1oV 1 10V 11 ov\ -
e () e = ) o

However, the electron is not moving with a constant velocity as it orbits the proton. It is
accelerating. The correct answer is a factor of two smaller. The extra factor is called Thomas
precession term and its rescaling by 1/2 is the limiting value for non-relativistic velocity and

small acceleration. (See Jackson for a more extensive discussion.)



Quantum Mechanics 214

The physical result is unchanged: the electron’s magnetic moment interacts with an

external magnetic field. The interaction is

I:I € 10V—» =

so — ———L- .
2m2c? r Or S (9.73)
With V = —Ze?/r, this becomes
~ 1 Ze?2 1 -
Hy,=-————L"-5. 9.74
2m2c?r3 (9.74)

As we contemplate a perturbative calculation of the energy shift due to this term, we
recall the quantum numbers of the eigenfunctions of that original Hamiltonian. They are n,
I, my, s, and my. We also recall that each level n is 2n? degenerate. The interaction term

couples these degenerate states:
S 1
L-S=1L,S,+ 3 (L S_+L_S,) (9.75)

the first term couples either states with m; = m; and m, = m, and the second two terms
couple m; = m; £ 1 and m), = ms; F 1. We are faced with a problem of degenerate state
perturbation theory. We can avoid it by finding a basis where the perturbation is diagonal.
This is easy to do: recall that the total angular momentum is J =L+ S and choose basis

states |j,mj, 1, s). Then, because J? = L* + 5% + 2L - S, our perturbation is diagonal

- —

L-S=-(-L*-5%). (9.76)

1
2
The complete spin-orbital energy correction is

1 Ze?h?

AESO - <n>j> mjal>S|HSo|naja mjal>s> = 4W

<%> (J(J+1) = L(L+1)—S(S+1)).
(9.77)

Through a tedious calculation, the radial matrix element can be evaluated,

1 73 1
<§> ~ an?l (I+H+1) (9.78)

(Note that the numerator of Eq. vanishes if [ = 0.)

All the dimensional factors combine to give a term which is the same size as the relativistic

correction,
Z4a?
O ne. (9.79)

AEvso ~

n
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This is no surprise; both terms come from special relativistic corrections to the nonrelativistic

limit. If we sum these two terms, we find

Z4a? 1 3
AE,, + AFE,.q = —R ‘ - — 9.80
+ AE,. V3 (j T 4n) (9.80)

Surprisingly, even though the relativistic and spin-orbital corrections break the degener-
acy between states of the same j and different [, in the final analysis, they are degenerate!
In hydrogen, the famous special case is the degeneracy of the 25 1 and QP% states, while the

QP% state lies higher. Solving the Dirac equation gives this result immediately.

Hydrogen: hyperfine interaction

Nuclei have the same connection of magnetic moment and spin as electrons. The nuclear

magnetic moment is parameterized as

Zegn
2My

M = I (9.81)
(where I is the nuclear spin, not isospin!) and gy is the gyromagnetic ratio: for the proton
it is 2.79 and for the neutron it is —%gpm = —1.91. The magnetic moment of the nucleus
generates a magnetic field which couples to the electron’s spin, giving a “hyperfine” splitting.
The Hamiltonian is familiar,

e

—

Hypps = —S-B. (9.82)

mc

A short calculation gives the connection between M and B. It begins with the vector

potential of a magnetic dipole,
> - =1
A=-MxV (—) . (9.83)

= —

The magnetic field, B=VxA4,is

Bo—%x <M ¥ (1)) iV (1) v <MV (1)) o (9s4)

fypo = 200N ((§. 9)(I- 6)% _ 5. (1)) | (9.85)
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We now specialize to the ground state energy of Hydrogen. The wave function is

1gs) = t100(7) |8, ms, I, mr) . (9.86)

Summing repeated indices, the energy shift is

d d 1 1
ABhts = 57— Gl <$ ms, 1, m1|/d r|th100(7)[? ( = §.IV? (T))|s,ms,l,m1>.

2Mym T dx; idr
(9.87)
The first term of this expression as
d d 1
i — d3 7)|? — . .
JJ / $‘¢100($)| dIZ d.ﬁlfj \/m (9 88)

If ¢ # j the integral vanishes by parity. Thus J;; is proportional to d;;. Because the ground
state wave function of Hydrogen is spherically symmetric, the term is

Jij = bij5 /d 7|1100(7)|? idd— (—) = i3 /d 7|1100(7)|* V2 (T) (9.89)

Recalling that V?1 = —474(7), the integral over the Dirac delta function yields

4
J = —§|w100(0)|2, (9.90)
which combines with the second term to give

gy 81

= St g [mO)F (5-1). (9.91)

Since [t100]? = 1/(7ad) = (m*c2a?)/(7h?), we have

AEhfS

— ot (5T
AEhfs—gNMNOé mc 3<S [> (992)

This correction is on the order of MﬂNazRy, about 1/2000 the size of the fine structure.
In hydrogen both the proton and the electron are spin—% particles, so the total angular

momentum is

F=I+§8 (9.93)

and

- - h? 3
S~I:§<F(F+1)——>. (9.94)
F'is either 0 or 1, so

(9.95)
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This splits the ground state of hydrogen. A calculation of the numerical factor shows that
the frequency of the splitting is 1420 MHz. Transitions between the two hyperfine states
generate this famous spectral line, used by astronomers to determine the density of hydrogen

in interstellar clouds.

Before we turn to the next set of examples, let’s pause to think about something which
might seem obvious, but may not be — parameter counting. We began discussing hydrogen

with the Hamiltonian for a particle (the electron) in a Coulomb potential,

_ e (9.96)

All observables (energies, expectation values of functions of p and r) depend on only two
parameters, m, and the combination Ze? — let’s say Za where o = ¢2/(hc) is dimensionless.
We could determine these parameters from two experimental inputs (compare them to two

theoretical calculations) and then everything else we would calculate would be a prediction.

Perhaps we would like to be more accurate: a single electron atom is not a particle in a
Coulomb potential, it is a two-body system. We know how to account for that; we replace
the electron mass by the reduced mass m = memy/(me + my). This gives more accuracy,
but at the cost of adding another parameter, the mass of the nucleus my. We need an

additional experiment to fix it.

Now we want to be more accurate and we think about fine structure. New dynamics
must come in: the spin of the electron. We need to know that the electron has spin 1/2.
And there is a new parameter: the magnetic moment of the electron, or maybe better to
say, the electron’s g— factor, g = 2 so ji = ge/(2mc)S. We are up to four experimental
parameters (maybe five, counting the electron’s spin). For the final topic in this section
there are the analogs for the nucleus: the nuclear spin (and diffferent nuclei have different
values for their spin) and the nuclear g— factor gn. As we demand more and more accuracy
in our theoretical calculations (or perhaps better to say, more and more fidelity between
theory and experiment) we are often forced to add more and more inputs from experiment.
(But not always: the electron’s g— factor is not quite equal to 2; using the quantum theory
of the electromagnetic field we can compute it more accurately — to a point — before we need
new experimental inputs.) This might not sound like a good thing. Of course, we can now
predict more quantities with higher accuracy, so it may be a good thing, after all. Either

way, that’s the way life is!
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Applied magnetic fields and spectroscopy

When a single-electron atom is placed in an external magnetic field, the electron feels an

interaction
Hr = —fiyt - B (9.97)
where the total magnetic moment is a sum of an orbital and a spin part, fiw: = fiort + fspin
and
e - e =
_»07“ =——0L _’s in — ——S. 9.98
flory = =5 — fisp — (9.98)
Thus
= (E + 25) . B. (9.99)
2mec

Recall that the atomic Hamiltonian, neglecting relativistic energy, but keeping the spin-

orbital interaction, is
2 2 2
- P Ze 1 Zet - =
H=—— L-S 9.100
2m r + 2m?2c? r? ( )

We should, in principle, treat the magnetic term and the spin-orbital term on an equal foot-

ing. This is difficult, because the preferred direction of the magnetic field breaks rotational
invariance. The two easy limits to analyze are the cases H 1 << f[s_o (the Zeeman effect) or
H; >> H,_, (the Paschen-Back effect).

For the Zeeman effect the optimum basis is states that are diagonal in j, m;, [, and s.
Let B = |§|2 Then the perturbing Hamiltonian is

A eB eB
H=—(WL,+S5,+5,)=—(J,+ 5, 9.101
! 2me (L: + 5+ 52) 2me (J: +52) ( )
The first order energy shift is
eB . )
AFE = Q—W<],mj,l,$|JZ+Sz|j,mj,l,8>. (9.102)

Matrix elements of the operator (J, +S,) are readily evaluated using the projection theorem

<ja mj,l,$|j" (j+ §)|j? mj,l,$>

(7,mj, 1, 8|S, m;, 1, s) = (4,m;, 1, s|J.|7,m;, 1, s) (9.103)

Rj(j+1)
The identity
(J=S)?2=J+52—-2].§ =17 (9.104)
yields
J-(J+8) = J2+1(J2—L2+S2) (9.105)

2
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Figure 9.1: Zeeman splitting in the n = 2 levels of hydrogen.

and the energy shift is

AE =
2me

(9.106)

eBh [ JJ+1)—L(L+1)+S(S+1)
ome (1 + 2J(J + 1) ) i

The factor in the brackets is known as the Lande g-factor g;, and the energy shift is given

compactly as

2me

my. (9.107)

For a single electron atom, the total angular momentum will be either j = [ + % or

j=1- % For these special cases the Lande g-factor is

1 I+ I+ -1 +1)+3 1
_ =1 2 2 4:1 T 1
l+5 =g =1+ ) + 5 (9.108)
1 (=H(+3)-1+1)+2 1
l—= =1 2 2 4—-1-— 1
A Y (I VN 2t (9-109)

As an example, consider the n = 2 levels of Hydrogen. Fig. shows the splitting in
units of eBh/(2mc). The magnetic field breaks degeneracy between 2P, ), and 25, levels.

The other limit is one of strong magnetic field. In this case we can either neglect the
spin-orbit coupling term, or treat it as a perturbation to the Hamiltonian after diagonalizing
the magnetic moment term. Again we assume the magnetic field is in the z-direction. The

interaction Hamiltonian is
N ehB
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m_j AE degenerate m_| m_s m_l+2m_s

32— 2 \ 1 12 2

——— g j=4/3 12 23 —_— 0 12 1
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— -1 12 0
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Small B field Large B field

Figure 9.2: Transition from weak to strong magnetic field in the n = 2 levels of hydrogen.

Now, [ and s are separately good quantum numbers, so we take states |l,m;, s, ms). The
energy shift is just

) hB
AE = (I,my, s, ms|H|l,my, s, my) = ;—(ml +2m,). (9.111)
mc

Consider again the n = 2 state of Hydrogen. Fig. shows the evolution of the splitting

from weak to strong magnetic field. A new degeneracy is introduced by large magnetic field.

Applied electric fields and spectroscopy

An external electric field also split energy levels. This splitting is called the Stark effect.

The interaction Hamiltonian is
Hy=er- E = e|E|z (9.112)

As usual, we have picked the electric field to be in the z direction. Consider first the ground
state. In first order perturbation theory, the energy shift vanishes due to parity: the operator

has odd parity; the squared wave function is even. Specifically,
AFEp = / dPxpjggeEzihroo = 0 (9.113)

Physically, this arises because the atom, a parity eigenstate, cannot have a permanent dipole
moment.

However, the external electric field could induce a dipole moment. Recall that the polar-
ization is

P=E (9.114)
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where Yy is the electric susceptibility. The change in energy is

1

1= -
AE = 5P B = §XE2 (9.115)
This energy shift should arise as a second-order perturbative result. It is
1, m|z|100) |2
EZ = ’E? ., . 9.116
100 nlmz;é:IOO ElOO - Enlm ( )
The matrix element is
(n, 1, m|2[100) = / 2B Qe cos(8) b1oo. (9.117)
Its angular part is
/dQYlfn cos(6)Yoo- (9.118)

Because %Ym = cos(0)Ypo, the angular integral is

1
V3

Thus, the matrix element from the ground state is non vanishing only to the m = 0 state.

/dQY}:{n COS(@)}/OO = 5l,15m,0 (9119)

Physically this happens because the perturbation conserves L,.

The evaluation of the sum of terms involving | (n00|z|100) |? is nontrivial. Parameterizing
the result as| (n00|z|100) |* = aZf(n), where f(n) is some dimensionless function of n, the

series becomes

o0 o0 2
AEG) = —E*a2 Y = —243E%Y f(n)n (9.120)

f(n)
n=2 2a2mc2 (]' - )

n2

The induced dipole moment is related to the energy shift by AE = —p'- E , SO

f(n)n’
, = —4Fad § . 9.121
The electric susceptibility (per atom) is then
op 3 2 : f(n)n®
Xzﬁzaon n2—1. (9122)

It happens that the dimensionless series in Eq. [0.122] sums to a value of 1.125. The

contribution of particular terms is shown in Table [l
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nzmi

2 0.74
3 0.10
1.125

While the precise value is not easy to obtain, it is possible to find upper and lower bounds

on the sum using simple arguments.

The n = 2 term by itself gives a lower bound on the sum. For an upper bound, consider

the inequality

. 100|H1|nlm) |?
; < El Z| (100|H;|nlm) |>. (9.123)
Completeness collapses the sum to
! > (100 H;|nlm) (nlm|H;|100) = ! (100| H2|100) (9.124)
By — B, &= ! T BB e '
Because of rotational invariance,
1
(100|2%100) = (100|2%/100) = (100|y*|100) = 3 (100[r*100) = a?. (9.125)
Our inequality is
2E2
AE > (100|z|nlm) |
En0 — B0 Z | {100]z]
e2E>
= ——————(100|2%100
Er00 — E210 (100}=71100)
= —2F%}—— (9.126)
L=7
(9.127)
In summary, we have found
fn
0.74 < < 1.333. 9.128
e o
So much for the ground state. Now consider the Stark effect in the n = 2 sector.

Neglecting spin, this level is fourfold degenerate (one S-wave and 3 P-wave states). The
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m=0
n=2

m=0 splitting

N —————————— m=1,-1 Still Degenerate

m:O -_—

Figure 9.3: Stark splitting in the n = 2levels of hydrogen.

Hamiltonian for the interaction is

211) |21 —1) |200) 1210)
0 0 0 0 1211)
H = 0 0 0 0 121 — 1) (9.129)
0 0 0 (210]2]200) | [200)
0 0  (200z[210) 0 1210)

We have a problem in degenerate state perturbation theory, whose resolution involves diag-

onalizing the degenerate subspace. This is straightforward. The eigenkets and eigenenergies

1
) = (1200 £ [210)) (9.130)
E: = TF3aq. (9.131)

Because the matrix element (2lm|z|2{'m') is only non-zero for m' =m and I’ = 1,1 =0 or
I' =0, 1 =1, the other two eigenstates remain degenerate, unaffected by the perturbation.
The pattern of splitting is illustrated in Fig. The spin-orbit term would lift the remaining

degeneracy.

Helium

Keeping only Coulomb terms, the Hamiltonian for the two electrons of Helium is

2 Ze2 2 Ze2 62
H:ﬂ___‘_p_2_ +
2m T1 2m T2

— =M+ H, + V. (9.132)
|7 — 71
Neglecting spin, statistics, and the inter-electron repulsion, we take as the unperturbed

Hamiltonian Hy = H; + Hs and use its eigenfunctions as our zeroth-order states. The
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ev (n1,n2)
27— (22
> Continuum
0 —————(1,infinity)
1.3)

-13.6—— (1.2)
Ordinary Atomic Physics

B44— (11

Figure 9.4: Spectrum of helium.

potential term is treated perturbatively. The unperturbed wave function is a product of
hydrogenic wave functions

w(ﬁ, T2> = Unqlym (T1>un2l2m2 (T2) (9133)
and the zeroth-order energies are just
— 1 1
2 ny ns

This gives a ground state energy for He of approximately —108.8 eV. Note that ionization
energy (the cost to completely remove one electron while leaving the other in the n = 1 state)
is exactly half this, —54.4 eV. Taking this value as the zero point energy of the system, we
plot the excited states spectrum in Fig. [0.4l Notice that if both electrons are raised above
the n = 1 state, the atom can “auto-ionize” — the lowest energy state is in the ionization
continuum. Therefore, these states are intrinsically unstable. To describe an ordinary atom,

we must leave at least one electron in its ground state.

In Chapter [ we described the interplay of spin and statistics on the spectrum of helium.

Recall that electrons are spin—% fermions. The total spin is therefore S =1 or S = 0.

For ortho-Helium, the electrons have S = 1. These spin states are spin symmetric, so
the spatial wave function must be be totally anti-symmetric. This forbids double occupancy
in the ground state. Para-Helium states have S = 0. This state is antisymmetric, so the

spatial wave function must be symmetric. The ground state of Helium must be para-He.



Quantum Mechanics 225

We now consider the effect of Coulomb repulsion of the electrons, treated as a perturba-

tion, on the energy levels. Take the ground state, first. The unperturbed ground state wave

1) = 1)
V2

function is

Y(71,7) = Uroo(r1)Uroo(72) (9.135)

and
3/2 .
Ul()o(’f’) = —F— <—) e o, (9136)

The first order energy shift is

AE — 62/d3T1d3T2|U100(T1_?|2|[]j00(r2)|2

|71 — 7%
Z\° e —27
- (—) < / P2y Ay rdid, SR 22 A0lr + 12)] (9.137)
Qg ™ |7’1 — 7"2|

To evaluate this expression, expand 1/|r; — 7| in Legendre polynomials. Pick the z— axis

along either ry or ro. we have

l
“< P(cosh)  (9.138)
>

AFE = (ao) 7T2 Z/TldﬁdQWQd’r’nggeXp[ 2Z/CL0(7”1+7‘2)]

Only the [ = 0 term will survive the sum. The integral is straightforward and yields

5Z¢2 5
© —2ZxRy. (9.139)

AE =
8&0 4

(We could have anticipated the overall scale of €?/ag on dimensional grounds.) Then the

first order shift in ground state energy is
Egrounda = Eo+ AE = —108.8 eV + 34 eV = =748 eV (9.140)

(with respect to the energy with both electrons removed, or —74.8 4+ 54.4 = —20.4 eV com-
pared to the 1SHe™ ion. This is not quite the experimental result of Ey.pung = —78.975 eV.
We will revisit this result in Chapter [0l and improve on it.

Now we turn to the excited states. The para- wave function is

Ua(1)Us(2) + Up(1)Ua(2)

U(1,2) = 7 (9.141)
while the ortho-wave function is
(1 2) —
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The labels a and b are the set of quantum numbers associated with those states.

The first order energy shift is

s = 5 [ena rzm—mm L(DU2) + Uy(1)U(2)" (Ua()T3(2) = Uy(1)Ua(2))

= ¢ [ andr—— OFGEF £ U O0) U5 )]
= J+K (9.143)

where the (4) is for the ortho states, and the (—) is for the para states. .J is called the

“direct term” and has a classical interpretation as the Coulomb interaction of two charge

densities p,(r) = —e|U,(r)]2.
/ﬁ /ff%“%“X (9.144)

|71 — 72
K is called the “exchange energy.” It has no classical analog.

Although spin had nothing to do with the energy difference between para and ortho

states, we recall that we can write the energy shift as an effective spin-spin interaction
1
AE, = Ju — 5(1 + 01 09) K. (9.145)

o1-09 =1or-3for S =1or 0, respectively. K,,; will be a number of the order of electron
volts. It is a much larger number than an intrinsic dipole-dipole interaction, which is the size
of a fine structure splitting. The large spin-dependent energies seen in magnetic materials

arise due to the effects of statistics.

J is certainly positive. but what about K? If [ = n — 1 then the U,;,’s have no nodes,
implying that K is also positive. Physically, we would also expect K > 0 because the S=1
states would tend to be spread out more than the S = 0 ones. This physical argument forms
the basis for Hund’s rule for the spectroscopy of multi-electron atoms: “Higher spin states

are shifted lower in energy,” Like all good rules, it has exceptions.
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Consider replacing the true ground state wave function |t¢g) associated with a Hamilto-
nian H by any other trial wave function [¢), which obeys the same boundary conditions as
|1). It is a remarkable fact that the expectation value of the Hamiltonian in the trial state

|1} is an upper bound on the exact ground state energy of H:

WA
(W)

Furthermore, Ey.;qi = Eje if and only if the trial wave function happens to be equal to the

Etmal Z Etrue (101)

true ground state wave function. To prove this result, expand the normalized trial state in

a superposition of energy eigenstates

= cnltn) (10.2)
and compute

(WIHW) = chen (bm|H ) . (10.3)

m,n

Orthogonality collapses the sum to

(| Hp) = Z [enl® B (10.4)
and since all the FE,,’s are greater than Ej,
(G| H|Y) > Ey > |eal (10.5)
o n
(VIH[Y) > Ey (10.6)

since the sum is unity.

This remarkable fact has practical consequences: Variational methods form a vast and
important part of the literature of approximate solutions of the Schrodinger equation. In
many cases the bounds are coarse and only of qualitative use. However, one can use the
variational principle to construct better and better approximations to the ground state wave
function. The energy tells whether one wave function is “better” than another by giving the
winner’s energy a lower value. Sometimes these calculations can be made extraordinarily

precise.

There are various ways to exploit the variational principle: In the most commonly seen
case, the the variational wave function is characterized by a set of parameters, «;. The
energy is extremized by the constraint that

OE(«)
Oy

=0 (10.7)
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The solution of these equations give the “best” (minimizing) «;’s (and hence the best trial
wave function accessible to the parameterization). Generally, the normalization condition of

the state is a dependent. We can work directly with Eq. [10.7, or we can define

_ (@) [H|p())
P = ) (10.8
The minimization condition becomes
OE 1 9, e (WIH[Y) |¢>
or ) A ,
9 (Y|Hy) — B (|ly) = 0. (10.10)

The reader might recognize this as a constrained minimization problem, where F plays the

role of a Lagrange multiplier.

Variational calculations can be used for excited states, but in that case the trial wave
function must be orthogonal to the exact ground state, and to all states with lower energy
than the one desired, for all values of the variational parameters. If that is the case, then
one can replace the Ey of Eq. by

(WH|p) = ZE|CJ| >E12\cj\2 (10.11)

and one has a variational bound. Otherwise, the bound on the energy is only that it is greater
than the ground state. If the variational wave function can do so, it will prefer to increase
the amplitudes of lower energy states: the variational wave function always finds the lowest
energy that it can. Sometimes, it is easy to orthogonalize the trial wave function against
other states. For example, in a central potential problem, an [ = 1 trial wave function will
bound the energy of the lowest [ = 1 state, regardless of whether there is a lower [ = 0 state.
Sometimes, it is hard to do this. An example would be to find a bound on the second-lowest

even-parity state.

Typically, variational results for energies are much better than variational results for
matrix elements. To see this, suppose that the trial wave function consists of the ground

state plus a small admixture of some orthogonal excited state, |1)) = |g) + €]1);) Then

(Y(@)|H](a)) _ Eo+ B

W@(@)  1t+e = Eo+ O(¢?) (10.12)
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If the ground state wave function is known to ten per cent then the true ground state energy

can be computed to within one per cent. Expectation values for operators are less forgiving:

@OW) _, - ) . .
oy = (olOlo) + (WolOln) + (1110lo)) + (10.13)

The expectation value of the operator can be determined to within ten per cent, and (unlike
the for energy) the sign of the extra piece is unknown. Exceptions to this rule (usually only
of academic interest) occur if the operator is anti-Hermitian, or if the operator is diagonal

in the trial (and true) bases.

A simple harmonic oscillator example

We assume the standard Hamiltonian H = % + %mwi@, and attempt to variationally bound
the ground state energy using the trial wave function |¢)) = N e~P7*/2 The expectation value

of the potential term of the Hamiltonian is

dra2e= b
() = fde (10.14)
Differentiating under the integral, we write
—Bax? 0 — B2
dxx“e =93 dxe (10.15)
w0 o1 1
n_ _ /9% 4+ 4
(z%) = Baﬁfg 25 (10.16)
Similarly,
0? B
a—;f = (=B + B*?) e (10.17)
and the expectation value of the kinetic energy is
h? h*p
KE) = —— (- 2 (x?) = —. 10.1
(KE) = L (<5 + 0 (%)) = 1 (10.18)

The total energy is E(f) = T—Tf + WZZQ- The f—dependence of the energy is shown in
Fig. [0l Obviously, there is a minimizing value of § = mw/h, for which F(5) = hw/2. Of
course, this happens to be the exact result, because one of the members of the family of trial

solutions happened to be the exact ground state.
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Figure 10.1: Dependence of the oscillator energy on the variational parameter.

Helium ground state energy

Recall that the calculation of the ground state energy of helium, which treated the inter-
electron repulsion perturbatively, did not agree very well with experiment. A variational
calculation should be able to improve this result. The Hamiltonian for helium was

. P Ze*  py Zeé e?

i P2 . 10.19
2m (&1 +2m T2 +|F1—’F2| ( )

Let us assume that the trial wave function is separable, 1(ry, o) = 1(r1)¥ () with

1 [ 2:\*? .
Y(r) = T (a—o) exp (—Z"r/ay) . (10.20)

This is a product of hydrogen-like wave functions, and the variational parameter is Z*. As

a trick to do this calculation, notice that if

~2 Z* 2
(£ -Z%) vty = o) (10.21)
then '
€= §Z*oz2m602. (10.22)
The expectation value of the energy in the trial state is
N2 Z€2 ]52 Z€2 62
E Z* — d3 d3 * * &__ P2
@) = [ @ratra e (B - 2o B o200 C Yyt
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Rewriting
p_ze _p Ze (220 (10.24)

2m r o 2m T T

this energy is

E(Z*) =2¢ —2(Z — Z*)é? <1>Z* + €2 <#>Z : (10.25)

T |F1—F2|

The virial theorem tells us that

1 7% 2
e? <—> - Z*a*mec?. (10.26)
T/ g Qo
We previously found (see Eq. [0.139) that
1 5.1
62 <ﬁ> = —Z*—a2m602 (1027)
|7’1 — 7"2‘ 7% 4 2
Thus the total energy is
* 1 2 2 *2 * 5 *
E(Z*) = @ mee 27+ AZ7 — ZZ . (10.28)
Minimizing with respect to Z* gives Z* = Z — 5/16 and
1 5.\
E = —§a2m602 (2(2 — 1—6)) (10.29)

There is an obvious physical interpretation of this result: Z* can be thought of as an effective
nuclear charge see by each electron, which is suppressed because of screening by the other
electron. The variational ground state energy of Helium is £y = —77.38 eV, as compared to
the true ground state energy of -78.975 eV and the result from perturbation theory of -74.8
eV. A better trial wave function could be used to lower the variational bound still more:

Bethe and Jackiw offer some examples.

Ritz variational method

The Ritz variational method is often used in research, but the author has not found it to
be well documented in elementary texts. The idea is to take a restricted (or finite) basis of
states, which we assume to be orthonormal, and write our trial state as a superposition of
them

) =D ali)- (10.30)
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We diagonalize the Hamiltonian in the basis. This gives us a set of N energies {E} =
Ey, Ey, ..., En_1. The lowest energy is a variational upper bound on the true ground state

energy.

The proof of this statement uses Eq.[I0.91 The «a;’s are variational parameters (note that
we regard o and a; as different). We seek an extremum while regarding E as the Lagrange

multiplier which preserves normalization

oz {{01H10) — B i)} =0 (1031

Noting that
(Wly) = j{:<1 i (10.32)

and writing
(| H|p) = Z e - (10.33)

With A, = (m|H|n), Bq. I031 becomes

83’-* {Z o R, — Z a,*ﬂamE} =0 (10.34)

whose solution involves the set of N linear equations

There is only a solution when
det (hpm — 0nmE) = 0. (10.36)

This is, of course, the eigenvalue equation in the restricted basis. Its lowest energy solution

is thus our variational upper bound.

As a particular case of this equation, recall the formula for the correction to the ground

state energy from second-order perturbation theory.

) 2
E,=E)+ % (10.37)
l
I#n

Note that the contribution of every term to the lowest state’s energy is negative. Why is

this? Perturbation theory represents an approximate diagonalization of the Hamiltonian
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matrix. Suppose we restrict the sum to a finite basis. The approximate ground state wave

function will be given by the familiar sum

N
[Yo) = |w0) + D _ i le)) - (10.38)
i£0

This sum is equivalent to a variational choice for the wave function. As we add more states

(increasing N) the wave function must improve, and the variational bound on the energy

must become lower and lower.

A research example

[ spend a lot of my time (and a computer’s time) finding eigenmodes of complicated Hamil-
tonians. In my problems, space is discretized on a lattice, the wave functions are column
vectors whose length is the number of discretization points, and the Hamiltonians are very
large sparse matrices acting on the vectors. Here is an algorithm (see T. Kalkreuter and H.
Simma, Comp. Phys. Comm. 93, 33 (1996)) which I find useful:

Suppose that we are given a Hamiltonian and we want to find the N lowest energies
wave functions corresponding to those energies. We start off with an initial set of trial wave

functions {1J}. We then perform the following sequence of operations to refine them:

1) Diagonalize the Hamiltonian in the subspace of the set of wave functions {1 }.

2) Take the lowest energy wave function ( call it |¢g)) from the set. Construct an orthog-

onal wave function by the application of H followed by projection

1) = H | o) — |o) (o H |0) (10.39)

and normalize it. Then diagonalize the Hamiltonian in the 2 x 2 subspace of the states
|¢o) and |¢y). Find the lowest energy state (call it |¢y)).

3) Replace |¢g) by |¢f) and repeat Step 2 some number of times, until the change in

energy of the state is small.

4) After we are confident that our lowest energy state is reasonably converged, take the
first excited state from step 1 and orthogonalize it (using Gram-Schmidt or some other

finite vector orthogonalization process) with respect to the lowest energy state. Then
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go to step 2 and repeat the entire process for the excited state. Othogonalize with
respect to the ground state, as well. When the first state seems stable, repeat for the
third state, and so on. During the construction of states for the Nth level, all trial

states must be orthogonalized against all the lower energy states.

5) When all N states have been “improved,” return to step 1 with them, and repeat the

whole procedure.

Typically, the quality of the variational state degrades as its energy rises, so if N states are
needed, it might be a good idea to work in a basis which is larger than N, and throw away

the extra states.

In contrast to low eigenmodes, finding the eigenmode of a matrix H with the highest
eigenvalue, when the spectrum of H is bounded from above, is simple. We start by taking any
trial vector |¢). It has the usual expansion in energy eigenfunctions of H, [¢) =3, a; |7).

Now consider the state constructed by repeated application of H. It is
[on) = BN |[0) = Y oy EY 1)) (10.40)
J

The state with the largest coefficient in the sum is the one with the largest eigenvalue, so

|tn) is merely this state, rescaled, plus small corrections.
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Time dependent perturbation theory
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Just as we did for energy levels, approximate solutions may be constructed for the time
dependent Schrodinger equation. The story begins similarly:. We assume that the Hamilto-
nian can be written as H = Hy + V, where Hjy is “large” in some sense, time independent,
and can be diagonalized. We further assume that V' may be regarded as a perturbation. The

time evolution will be developed in terms of the eigenfunctions of Hj.

It is very useful to replace the time dependent wave function by a time evolution operator,

and to find matrix elements of that operator. It is defined through

[0(1)) = U(t, to) [¢(to)) (11.1)
and it obeys an equation of motion

L OU(t,to)
Zhi@t

Matrix elements of U connect initial states at some early time with final states at some later

— HU(t, to). (11.2)

time. What they encode is called the “transition amplitude” from the initial state to the
final state. It is

A = (BT, to)|alto))
= Usalt,to) (11.3)

Often, the early time is chosen to be far in the past (fy — —o0) and the late time is far in
the future (¢ — oo) — “far” in the sense of some natural time scale in the problem. In order
to specify the transition amplitude, we must be able to specify the initial and final states
la(to)) and |B(t)). However, we can only construct the wave function if we can diagonalize
the Hamiltonian. This is a problem, if H = Hy+V and only Hy can be diagonalized. The
way to evade this problem is to define V'(¢) so that it vanishes at the early or late time where
we specify the wave functions. Sometimes this is easy, when V' is explicitly switched on and
off at specific times, for example V(') o O(t' — tg) — 0(t — t'). Sometimes the amplitude
of the perturbation is constant in time. To make sense of the calculation, in that case we
must assume that the perturbation is switched on and off adiabatically at early and late
times. One way to do this is to replace V(¢) by V() exp(—elt|), and then to take € to zero,

cautiously.

Path integral formulation of time-dependent perturbation theory

Constructing the formulas for time-dependent perturbation theory beginning with the path

integral is a bit more transparent than working directly with the equation of motion. We will
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begin with this approach. We write the Hamiltonian as H = Hy+ V. We assume that the
initial and final states are eigenfunctions of Hy. The matrix element of the time evolution

operator is
Usa(t) = (Ble” ") . (11.4)

We slice up the exponential into a set of N infinitesimal intervals where NAt = t.
Usalt) = Jim_ (8] (e=00+712) |y (11.5)

Inserting complete states of H, between the exponential factors gives

—i(Ho+V)At/h =i (Ho+V)At/hy: \ i ).
Usalt) = Jim Y7370 D7 (Ble™ B8 (| DA i) (i) o). (11.6)
11 12 7/N1

So far, we have not used the fact that the size of V' is small compared to Hy. Now we do so.

We expand each exponential in a power series in V'

o {(Ho+V)At/h _ —iHoAt/h [ é V4 O(Aﬁ)} (11.7)

The transition amplitude becomes

Usa(t) = A}l_lgozz >3 ﬁ\e_ZHOAt/h< .étv(tn)) lir) x

i1 12 IN—1

(e 20 (1= 22V @) )l il 1), (11.8)

Let us take this long formula and regroup it into a sum of terms order by order in powers of

V. At zeroth order we have

Usa(®) = Jm >3 - Zﬁ\e‘mt/h (D)]in) {inle 02 D)]iz) o] - -|a) - (11.9)

which collapses to
US(t) = (Ble 07" a)) = Gge ot/ (11.10)

because all the states are eigenstates of Hy.

In first order we need one V out of the product of terms in the big sum. In each time
slice there is a 1 — ZAtV The result will be a sum of terms, one for each time slice. To see

what we get, let us imagine that there are three time slices. Then the evolution operator is

Uﬁa Z Z B‘e—z (Ho+V) At/h‘ > < ‘6 i(Ho+V) At/f|j> <]|€ i(Ho+V) At/f|a> (1111)
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Figure 11.1: Representation of Eq. I1.12.

The order V! contribution is

—iH 1At N\ /.| —iH . . —4iH
Unalt) = {ple 20 (Z2E0 ) 0 e 50y e 24 4

iat

<ﬁ|6_iﬁOAt/h|’i> <Z-|6—H:I()At/h ( -

@mmwmww+

A A o At
(sl =) gl (S0 Y ). (12

This long formula is represented pictorially by Fig.[[T.1l The matrix elements in which there
is no interaction (i.e. no V terms) give

<i|6—iﬁ0At/ﬁ|j> — 6ij€_iEiAt/h. (1113)

Since the initial and final states, as well as the intermediate states are eigenstates of Hy,
Fig. [I.1 has the following interpretation: In the earliest time the state begins in eigenstate
|a) and then propagates through time into state |i), which must be identical to it. The
propagation through time without any interaction does not change the physical content of
the wave function, it just introduces an overall multiplication by a phase. The state then
propagates for another time At into state |j) which again must be equal to state |i). In
the third time slice, where the transition is from |j) to |3)) there is something new — the
perturbing potential presents itself to transform the state. One can interpret the other lines

in the picture similarly.

Summing over the three first-order contributions gives

At ; -
Uity === D (Ble™ )My (t))em Pt M) (11.14)

o
all slices t;
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T~

potential acts

Figure 11.2: Space-time representation of the first order transition amplitude.

Converting the sum over time slices into an integral yields the first order expression for the

transition amplitude

«

2 . -
Uk (tr.t) = 7 / dte” PO (BIV (1)) e P10, (11.15)
t;

We can represent this process by a cartoon, Fig. [[1.2l The lines represent the propa-
gation of the system in its initial and final state. The vertex represents the action of the
perturbation, which transforms the system from its initial state to its final state. The inter-
action only acts at one point in time, but which time this is will be unconstrained. We must

integrate over all times where it acts to get the full amplitude for the process.

Note that in the formula for the first order amplitude, there is no trace of any intermediate
states. All we have are the initial and final state, which we specified. The system evolves
from the initial time until the perturbation acts, simply by rotating its phase (the e~*%a(t=t)
factor) and after the perturbation has acted and the system has gone into the final state, its

phase continues to rotate, but now controlled b the energy Fg.

Next, let us go to second order. Again we illustrate the expansion using only three
time slices. The representation of the amplitude is shown in Fig. [1.3] We have not shown
terms which are order V2 at a single time slice. In the N — oo limit they represent a
vanishingly small component compared to the terms with a single V' on each time slice.

Compare Fig. [I1.4l The second order contribution to the transition amplitude is
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Figure 11.3: Pictorial representation of the second order transition amplitude, with three

time slices.

Figure 11.4: The second order amplitude with many time slices.



Quantum Mechanics 243

s>

i>

a>

Figure 11.5: Space-time picture of the second order transition amplitude.

. 2
U(i) — (_ZATT/) Ze—iEﬁnlAt/h <B‘V(tn1)‘7z> e~ B (n2—ny At/h( |V( nz)‘a> —ZEQ(N—TLQ)At/h'

(11.16)

Again promoting time to a continuous variable, we have

Ve (") 2 / dt» / dtye B GV (1)) B0 GV (1)) ¢ TEo (0,
(11.17)

We can represent this as another cartoon in Fig. I1.5. Now the perturbation acts twice,at a

pair of time points. Between these points, the particle propagates as an eigenstate of H.

Note the sum over intermediate states. In principle, the initial application of V' could
take the initial state into any intermediate state, as long as the final application of V' can
connect it to the final state. To groom the formula, let us define a potential (the “interaction

representation” potential)

~

V(t) = eHot/hy (4)eiHot/h (11.18)
and the “interaction representation” evolution operator
Uty t;) = e Uy (1 ;) ot (11.19)

With these definitions, the entire series can be written more compactly as as

Ulty,t;) = 1—%/t dt,V (1) (——) / dt2/ AtV (t2)V (t)
(--) / dt3/ dt2/ (t)V () (11) + - (11.20)
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Figure 11.6: Electron-electron scattering: two intermediate states.

This is called the “Dyson series” for the evolution operator. Note the nested time integrals,
preserving the ordering in the multiple time integrals of the temporal points where the

potential acts.

As an example of the sum over intermediate states, imagine (rather poetically) computing
the transition amplitude for electron - electron scattering. The interaction term involves the
emission and absorption if a photon from the electron. The initial state |a) is a state in
which the two electrons have momenta pj and py. The final state |3) is also a two-electron
state where the particles carry momenta lgl and /;2. All we know about this process is that
two electrons came in, scattered off one another, and two electrons came out. We do not
know which electron emitted a photon, and which one absorbed it. We must sum over both
possibilities. The situation is shown in Fig. [1.6l In the left panel, the intermediate state
consists of a electron with momentum p,, another electron with momentum £, and a photon,
while in the right panel the intermediate state’s electrons carry momentum p; and k5. These

intermediate states are different.

Hamiltonian formulation of time-dependent perturbation theory

We repeat the derivation of the Dyson series, by a direct attack on the equation of motion
of the evolution operator. Again writing H = Hy + V, it is

.0 ~
iUt to) = (Ho + V) Ult, o). (11.21)

Our calculation simplifies if we work with the interaction representation perturbation and
evolution operator, Eqs. I1.I8 and IT.19. With these replacements, Eq. I1.21] becomes

ih% [e—iHot/hﬁeiﬁot/h} _ (Ffo 4 V) o~ iHot/hT ifloto /. (11.22)
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The left hand side is

O oy 7 AP I oul .,

Zh@ [e—zHot/hUezHoto/h} _ Hoe—zHot/hU_'_e—zHot/hihE ¢ifloto/h. (11.23)

SO R
[ﬁoe—iﬁot/ﬁf] ‘l’ €_iﬁ()t/hihaa—U 6iﬁoto/ﬁ _ (HO + V)e—’ilfl()t/ﬁfjeif{oto/ﬁ (1124)

t

or .
oUu A . R NN

Zha _ (ezHot/ﬁve—zHot/ﬁ) U=vr. (11.25)

This is just a first order differential equation. Integrating it, we find
t
in [0t t0) — Do, 10)] = / AV (VT to). (11.26)
to

Because U (to,to) = 1, the evolution operator satisfies the integral equation

-
Ult,to) =1— %/ VT t). (11.27)

to

Like all Volterra integral equations, it can be solved by iteration:

A~

. t ) SN\ 2 pt t1 R )

U(t,t0>=1—1/ ¥ (#) + (—3> /dt1/ AV V() 4. (11.28)
h to h to to

The operators V(t) may not commute at different times, and so it is important to pre-

serve their time ordering. This is Eq. [[1.20, derived more succinctly, although perhaps less

transparently.

The two-state system as an example

Let us check our perturbative formalism against an exactly - solvable example, the two-state

H=h < j _GA ) (11.29)

Suppose that at time t = 0 the system is in state

b = < (1) ) (11.30)

system
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and that our object is the time-dependent transition amplitude into the state

W= < (1) ) . (11.31)

at a later time. This problem can, of course, be solved exactly. Recall that we can construct

the solution as an expansion in energy eigenfunctions
Y(t) = Aphe™™ + Aap_e™! (11.32)

The eigenvalues of H are +w = +v/\? + €2. The un-normalized solutions can be written as

by = ( g ) (11.33)

with
(A —w))a+eB=0, (11.34)
or
be=c| ° . 11.35
A
W —
The orthogonal eigenstate is
- A
bo=c| . (11.36)

Then Eq. [[1.32] becomes

U(t) = Ay < . i \ ) e AL ( ”__EA ) et (11.37)

The C’s have been absorbed into other constants without loss of generality. The t = 0

boundary condition requires that

1 € w— A
<O>:A+<w—)\>+A_< . ) (11.38)

and so )
€ w—
Al = ———— A= ————. 11.39
T e 4 (w— N2 €24+ (w—AN)?2 ( )
The amplitude into the the "down” state at a time ¢ is

e(w—A)

( 0 1 ) P(t) = (w— N)Ae ™ —eA_e“' = R e

(e —e™"). (11.40)
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This is exact. To compare it to the perturbative solution, it is necessary to expand it in a
series in €. Recall that w = /A2 + €2 = A+ ¢€%/(2)). With this result, the coefficient in front
of the harmonic time dependence becomes

e(w—N) € X 5y le

o S (11.41)
2 —_)\)2 €2\ 2
e+ (w—2A) e+ (£) 2\

Next we compute the matrix of the evolution operator perturbatively. We regard A\ > ¢

and identify Hy and V' accordingly. In lowest order, the transition amplitude is

. t
¢ 1 _id(t—t —iA(t' —
U“(t):ﬁ/o dt' e (L V] 1) e A0, (11.42)

The signs on the exponentials are due to the signs on the energies. Evaluating the matrix

element gives

. t
Unp(t) = —%e"\the / dt'e= 2 (11.43)
0
_ % [e—m _ ei)\t:| .

With the approximation w = A in the exponentials, the perturbative result agrees with the

expansion of the exact solution.

Special cases of time-dependent perturbation theory

A number of special cases of time dependence are often encountered in the literature. To
begin, V' (t) could simply be some arbitrary function of time. Then the transition amplitude
just has to be computed in a case-by-case basis. The only reason to list this possibility (which
is a staple of examination questions) is to remark: in general, the transition amplitude can
connect initial and final states of different energy. This should come as no surprise: if the

Hamiltonian is time dependent, energy is not conserved.

Next, we have the so-called “Sudden Approximation.” The potential is a simple impulse

in time. This can represented as
V = Vod(t — to) (11.44)

Of course Vj itself might be complicated. The lowest order time evolution operator is (rather

trivially)
Use = _%e—EBtg/heiEatl/h (BIV]a) . (11.45)
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The probability that the state is in |3) at a time ¢ is then

BV |a) |?
Usal® = % (11.46)
Potentials which are harmonic in time
V(t) = Voe ™" or V(t) = Vy cos(wt) (11.47)

are often encountered. Since the expression for the evolution operator can almost be written
down by inspection after going through the case of a constant potential, the evaluation of
the evolution operator in this case is left as an exercise for the reader. (The answer will be

given below).

Finally, the potential may be constant in time. This is something of a misnomer, because
we are formally required to switch the potential on and off adiabatically. Neglecting this
formal requirement, the transition amplitude becomes

t
Use = 3 (BIVfap e iBstateits [ i, (11.48)

1
h tl
The integral is straightforward to evaluate: it is

¢ —i(Ba—Eg)ta/h _ —i(Ea—Eg)t1/h
/2 o—iBa=Bp)t/h _ € ﬁ_ : ¢ " . (11.49)
f —i(Ea — Eg)/h

Just for simplicity, let us set ¢; — 0. We also define hw,s = E, — Eg. The transition
probability to be found in state |/3) at time ¢ is

U@l =~ (8|V]a) [ {2 - QCZS“‘W)} (11.50)

I Wog

In this expression, there is no reason for a transition not to connect states of different energy;
there is a transition probability when FE,, is different from Ejg. Energy is not conserved. This
is no surprise, the potential was nonzero for a finite interval ¢ — the Hamiltonian is time

dependent.

For a harmonic perturbation, with V' ~ exp(—iwt), this becomes

U(t) gal? = % (BIV]a) |2 {2 = 2005((wag — w)t) } . (11.51)

(Wap — w)?
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(122

2n/t 4mit

Figure 11.7: Frequency dependence vs. wqg of the transition amplitude of Eq. [I1.50

When our spectrum is discrete, this is the end of the story. If we set w = wag, |Usa(t)]?
diverges. Perturbation theory has broken down. This is actually no surprise; recall the discus-
sion of the exact time dependence of the two state system in Ch.[3] especially Eq. At res-
onance, when w = wygs, |Upa(t)|? oscillates between zero and unity. Of course, |Ug,(t)[> = 1
is not a small number; there is no reason for perturbation theory to still be applicable in
this case. We would only expect it would be valid when the transition probability was small.
The mechanical way perturbation theory fails is that it does not include the width of the

Lorentzian which regulates the expression.

Fermi’s Golden Rule

Now we consider a situation in which we have many final states |3) whose energies Ejs are
all nearly equal. Our perturbing Hamiltonian V' will be assumed to be a constant in time.
In this case, two things happen: first, the transition probability |Us,(ts)|? is proportional
to ty — the rate of the transition o — [ is a constant in time. And second, transitions only
occur when Ejg is very close to E,, and at long times only when Ej is equal to E,: energy

is conserved in the transition.

These results follow from the behavior of Eq. II.50. We can think of the object in the
curly brackets as a function of w,s. We plot it in Fig. [[1.71 At the origin where w,st is
small, the function approaches %tz. The envelope of the function falls away as 1/ wiﬁ. Nodes
of the function are found at integer multiples of 27 /t. They become ever closer to the origin
as t grows. The width of the function collapses to zero like 1/t. This all means that as ¢

grows, the function is dominated more and more by the peak around w,g = 0.
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We interpret this result as meaning that at long times only transitions where w,g = 0 are
allowed: the final and initial states have the same energy and energy is a conserved quantity.
Furthermore, consider transitions into any of the related states 5. Then the total transition
probability out of state |«) is the integral over the curve. In the limit of tiny w,gs, the area
under the curve, the product of its height times its width, is proportional to ¢, P(ty) = Wt;.
The constant of proportionality W is the rate of transitions per unit time — it is called the
“transition probability per unit time.” To flesh this out a bit more, suppose that there are
p(E)dEg states available in the energy interval dEz. The total transition rate (transitions

per unit time) will be

1
W = lim - /P(a — B)p(Es)dEs. (11.52)
This is the rate at which states of energy Lz are populated.

A physics application of this idea is the lifetime of an excited state. The number of decays

of N parent states at time ¢ is
dN (t)
dt
The solution of this equation is the usual formula of radioactive decay,

— _WN(). (11.53)

N(t) = Noexp(—Wt). (11.54)
so that 1/WV, the “inverse transition probability per unit time,” is also the lifetime of the
state.

To get a practical formula, proceed in stages. Inserting the explicit time-dependence of
Eq. IT50 into Eq. I1.52 yields

. 1 2 — 2 cos(wyat
W= lim /ﬁ (BIV|a) |2{ - (Was f)}p(Eg)dEB. (11.55)
F—0 waﬁtf

As we argued, at large times the object in curly brackets becomes strongly peaked about
wWap = 0. We have also argued that in that limit, its integral (over w or energy) is a constant.

To find the constant, pause to define the function I(t) as

t .
/ €Zwa*8tdt
0

To find the constant of proportionality, write it as

1 2

It) i 2 (1 — cos(wapt))

= )i (11.56)

I(t) = A8(hws). (11.57)
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and integrate the expression over an energy interval. If it is proportional to a delta function,

the integral will be equal to a constant and the value of the constant will normalize the delta

A / dEI(t) = / R e Gl CL2) (11.58)

function. So

oo (hw)?t
or @)
2 [ 1—cos(z 2

Thus the transition probability per unit time is

2T
Wao = [ Z1(8IVIa) P(Ea ~ EwolEs)dE. (11.60)
This expression forms the basis for many practical calculation of time evolution. It is such
an important result, that Fermi called it the “Golden Rule.” We will make extensive use of

it. I like to build the variations on what I call the “useless form of the Golden Rule,”

Waa = | (BIV]a) (55 — Fa). (11.61)

It is useless because the presence of the delta function means that the expression is either
zero or infinity! But it is a useful building block. Many physical systems have a continuum
of energy eigenstates, which are highly degenerate. The properties of the states, the so-
called “density of states,” generally has nothing to do with the physics of the process which
populates them (| (8|V]a)). When the transition probability per unit time is summed over
the available “phase space” of these possible states the delta-function will select a subspace

of them which can be populated by the transition process.

For example consider the decay of a 2P state of hydrogen into the 1S state plus a photon.
There are many potential final states: in principle, while the photon must have energy
E, = FEyp — Eg, it could be emitted in any arbitrary direction. The direction of its wave

number k is arbitrary, even though E, = = he|k]| is fixed.

We could equally well have considered the case of many initial states and one final state.
Imagine illuminating an atom in its ground state with broad-spectrum radiation of intensity
I(w). Our transition is 154~ — 2P. This is a harmonic perturbation, V' ~ exp(—iwt), and
the I(t) expression in W is modified to
2(1 —cos((wpa —w)t))  2m

— Z2§(Es — Eq — hw). (11.62)

1) = = — o)t h
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The density of final states p(Ejs)dEjs is replaced by I(w)dw in the summation over what is
absorbed. Then the total absorption rate is

_ Eg—E, 27

=) 2 (BIVa) . (11.63)

Wia = /I(w)dw% (BV]a) [28(Ey — Ey — hw) = I(w

Now return to Eq. [[1.60L Physicists like to write the differential transition probability as
27
AW = ==| (B|V|a) *6(Es — Ea)p(Es)dEp. (11.64)

For a harmonic potential, V() o« cos(wt), the single delta-function becomes

i[(s(Eﬁ B — ) + 6(Ey — B + hw)). (11.65)

The two terms have simple interpretations: the two exp(ziwt) parts of the cosine have the
correct frequency dependence to add or subtract energy from the initial and final state, and

cause transitions up or down in energy.

All this discussion was in the context of first order perturbation theory. Let us see what

happens in second order. The evolution operator is

N\ 2 ty t1 ] ) i .
U =) <_%) / dt, / diye™ists it il —an)is gals (81| (1]V |ay)
5 ti t;

(11.66)
We evaluate the integral over dt, to give
i\2 . .
Ua = Y (—ﬁ) (BIVI) (1|1 ] et et
g
ty —i(wa—wy)t1 _ p—i(wa—wy)t; )
/ dt, (e — ) emilwr—waltr (11.67)
i)
(11.68)
The first term in the long parentheses in this expression is
1% 174 . by .
ﬁa h Z ﬁ| |7 7| |Oé> —zwlgtfezwati/ dte_l(wﬁ_wa)t. (1169)
t;

In the limit ¢; —t; — oo the integral forces hwg = hw,, just as in the equation for first order
perturbation theory. At long times the integral over the second term in the long parentheses

becomes small compared to the integral over the first term. Dropping the second term and
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keeping the overall time integral from the first term gives us the second order expression for

the transition amplitude

|4 Vl]a
Upa(t) = [6as — ${(BIV]a) + 3, O 4. ]
X ft,f dte=iws—wa)t] y eilwsty—wati)

(11.70)

The last factor, exp(—i(wgts —wqt;)), will disappear when we take the absolute square. The
integral from ¢; to ¢; is the same expression that we have already found in lowest order. We
treat it exactly as we did when we derived the first order Golden Rule It will (again) enforce
energy conservation in the sense that the transition probability will vanish unless wg = wq,
and the transition probability per unit time will be a constant. The same thing happens

when we go to higher and higher order in the perturbative expansion for Ug,(t).

The term in braces in Eq. [[1.70]is called the “T-matrix.” At second order it is

(BIT|a) = (BV]a +Z |V|7 |V|O‘>+~-~. (11.71)

The upshot of this calculation is that we can write an expression for the Golden Rule which

goes beyond first order perturbation theory, simply by replacing V' by T

Wia = 2 (BIT o) (55 — E.). (11.72)

Notice that the sum in Eq. I1.7T] runs over all intermediate states, regardless of energy.
Referring to the sketch of the process in Fig. [[T.5] we interpret this result by saying that
because the system only remains in state |y) for a finite time interval, energy need not be
conserved in the transition from |a) to |7y) or from |v) to |5). Alternatively, we can say that
only on small time scales, where ¢t ~ 1/(wa — w,), are transitions possible, which do not

conserve energy.

In casual introductions to quantum mechanics, one often sees discussions in which the
“position-momentum uncertainty principle” AxAp > h is introduced along with an “energy-
time uncertainty principle,” AEAt > h. They really have very different meanings: the usual
uncertainty principle is a statement about states and observables, which at heart comes
from the non-commutativity of operators. The energy-time uncertainty principle is quite
different. It is a “principle” only in the sense that we have just described, that processes

need not conserve energy over short time intervals.
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Chapter 12

Electromagnetic interactions in

semiclassical approximation
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In this chapter we use time dependent perturbation theory to analyze the physics of
the absorption and emission of electromagnetic radiation by quantum mechanical systems.
This subject is of great practical importance, since electromagnetism is the most common

experimental probe used to study matter.

We will analyze radiative transitions using what is called the “semi-classical approxima-
tion.” In this approximation, the “matter” part of the system, the charged particles which
emit and absorb radiation, will be described using the Schrodinger equation. The electro-
magnetic field, however, will be described as if it were classical. This approximation is (of
course) inconsistent. There is no honest way to describe radiation processes as involving the
emission and absorption of photons when radiation is classical. However, the reader who is
willing to live temporarily with this inconsistency will find that the formalism captures es-
sentially all the practical parts of the subject of radiation: selection rules, lifetimes of states,
probabilities for emission of radiation into particular directions or polarizations. The price
to be paid is the necessity to adopt some ad-hoc rules for how to initiate calculations and
how to interpret their results. We will return later to construct a fully quantum mechanical

description of the electromagnetic field.

Einstein relations

In 1917 Einstein set the stage or the interaction of radiation with matter. In this paper
(Physikalische Zeitschrift 18, 121 (1917), reprinted and translated in D. ter Haar, “The
old quantum theory,” (Pergamon, 1967)) he described the three kind of processes involving
radiation and matter, and relations between them. 1917 was of course before the discovery
of quantum mechanics, and one of the successes of quantum mechanics was to verify and
quantify his work. Einstein envisioned three kinds of processes involving electromagnetism

and matter:

1) Spontaneous emission: While this process has no classical analogue, it comes first
on Einstein’s list. A system in state |n), with energy FE,,, spontaneously decays into
another state |m) of energy E,, by the emission of a photon of energy hw = E,, — E,,.
Einstein parameterized the probability of the decay dWW in a time dt by

AW = A,dt (12.1)

where A,,, is called an “Einstein coefficient.” We recognize it as the transition prob-

ability per unit time for the initial state to decay to the final state, with the emission
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of a photon.

2) Absorption: A system in state |m) may absorb a photon from a source of energy hw
and is then promoted to state |n). In modern language, the rate for this process is

parameterized with an absorption cross section, defined as

energy absorbed by atom

o (12.2)

unit time x energy flux

Note the units of o — length squared (hence the name). The cross section represents
an inherent strength of a reaction. Equivalently, one can consider the absorption
rate itself. This quantity should be proportional to the intensity of the radiation
of the appropriate frequency, I(w), illuminating the system. The absorption rate is

parameterized through a second Einstein coefficient B,,,,
Rate of Absorption = I(w) X Byp. (12.3)

We have flipped the subscript to label the states as we did for spontaneous emission,

but to represent the transition as going from the lower energy state to the higher one.

3) Stimulated or induced emission: Finally, a system illuminated by radiation might emit
radiation as a result of the presence of the electromagnetic field. This rate can also be

parameterized with an Einstein coefficient for emission, defined through

Rate of Emission = I(w) X B,. (12.4)

The three Einstein coefficients can be related by imagining that they take place in a cavity
filled with black body radiation. The intensity of radiation (energy density per frequency
interval) is given by Planck’s formula
fwo? 1
1203 ehw/ksT _ 1"

I(w) = (12.5)

Suppose that the cavity also contains atoms which are in thermal equilibrium with the radia-
tion. Also suppose, for simplicity, that these atoms have two levels |m) and |n) with energies
E, > E,,, and that E, — E,, = hw. The three kinds of radiative processes (spontaneous and

stimulated emission, and absorption) can all occur in the cavity.

In equilibrium the rate at which excited state atoms are converted to the ground state
must be equal to the rate at which atoms are removed from the ground state. Calling N,

and N,, the number of atoms in each state, the equilibrium condition is

Rate(n — m) = Rate(m — n) (12.6)
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or

No(Apn + Bl (w)) = N (B I (w)). (12.7)
Solving this equation for the intensity gives

Amn

I(w) = .
]]VV_:LBnm - an

(12.8)

If we assume that the relative numbers of particles in each state will be given by Boltzmann
statistics (i.e. N,,/N,, = exp(—(—E,, — E,)/kT), Eq. [2.8 becomes

o Amn
B ehw/kTBnm - an

I(w) (12.9)
But the intensity is given by the Planck formula. Therefore the rate of absorption (per
atom, per frequency interval) and rate of stimulated emission must be equal: B, = Bun.-
Additionally, the rate for spontaneous emission must be related to the rate of absorption:

hw?)

Amn = —35 Brm- (12.10)

This was as far as Einstein could proceed in 1917. Along the way in our development of
electromagnetic interactions, we will be able to compute the values of the A and B coefficients
and verify Eq. 12.100

Necessary electrodynamic preliminaries

No professional calculation involving electromagnetism in quantum mechanics uses MKS
units. Most quantum field theory books use Lorentz-Heaviside units, a variation on CGS
with some rearranged 47’s. We will work with the slightly more familiar CGS convention,

where the four Maxwell’s equations are

- - 10H . - 10E 47 -
V-B=0 V- E =4mp

In Gaussian units, D=EFE and H = B in free space, and I seem to have been casual about
writing Bor H in my expressions. Introducing a scalar potential ¢ and a vector potential
A allows us to write the fields as

E:%—%%—f; H=VxA (12.12)
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Recall that the scalar potential and the vector potential are not unique quantities. We can
perform a gauge transformation of the fields without the loss of any physical content in the
solutions.

> 10x

A A+Vy ¢p—oop—-= (12.13)
c Ot

We will treat the interaction of radiation and matter perturbatively. The analog of
zeroth-order solutions of the Schrodinger equation for the radiation field are the solutions of
the Maxwell equations in free space, J =0 and p = 0. A convenient gauge choice is Coulomb

gauge: ¢(z,t) = 0 and V- ff(x, t) = 0. Then the vector potential is a solution of the wave

equation
L 1024

VIA-=-=—2=0 12.14
c? Ot? ( )

for which
A(Z, 1) = Age' et 4 At p—ilthd—wt) (12.15)

We can also write this solution as

A(Z,t) = eacos(k - T — wt) (12.16)

where € is a unit polarization vector. The gauge condition, V-A=0 imposes the so-called
transversality condition on the vector potential, ffg -k =0. Thus k- &= 0. In Coulomb
gauge the two independent polarizations signal the two polarization states of light. (We will

always assume linear polarization in our formulas.)

The amplitude of the vector potential can be expressed in terms of the intensity of the
radiation. In this book we adopt the convention that “intensity” means energy density. De-

pending on the physical process under consideration there are two choices for the amplitude.

The first choice is appropriate when we consider an external source of radiation, appro-
priate to absorption or stimulated emission. We define the intensity of the radiation in a
frequency interval Aw as the time average of

1
I(w)Aw = = (E*+ H?). (12.17)
T
The fields are given by appropriate derivatives of Eq. 12.16k

~ 10A W, (2
E = —oap = g fasin (l{: T = wt) (12.18)

and

—

HzﬁXﬁz—EX&Siﬂ(E-f—wt). (12.19)
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. The instantaneous intensity is

1 - 2 o
[@Aw = laf*sin’ (k-f—wt){‘;’—zz-aﬂax k:|2|k|2} (12.20)
1 w? .
= 4—w—2$in2 (/f-a?—wt)
™ C

The time average converts the sin®() into a 3, so

w2

I(w)Aw = |al? (12.21)

8mc?

and the squared normalization of the vector potential is

8mc?
2

la]? = TI(w)Aw. (12.22)

The second choice for a normalization factor comes when we want to represent the radi-
ation field associated with a single photon. (This is the first of several stories we must tell
when describing the quantum electromagnetic field semi-classically.) A single photon with
frequency w has an energy hw or a time averaged energy density (energy per unit volume) of
hw /V. To write a solution for Maxwell’s equations which encodes this constraint, we simply
express the energy in the field in a volume V as

E2 H2 Vv 2 .
Jo T —|a\2{“—+k2}sin2 <k~f—wt>. (12.23)

8 8 c?
Again time averaging the sin?() term gives

1 w?

E=V_—|af*= 12.24
—la* (12.24
and because we are dealing with photons we force this to be equal to Aw. Thus
A 2
jaf? = SThE (12.25)

wV

For future reference, the complete expression for the electromagnetic field with “photon

normalization” is

. he\ /2 .
Az t) = (EZTVC) €cos (k: T — wt) (12.26)
<27rhc)1/2 Lz o
_ = i(k-ZT—wt) —i(k-ZT—wt)
= ele +e
wV ( )

Notice the factor of volume. It will disappear in final answers.
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Electromagnetic transition amplitudes

The Hamiltonian for a particle in an electromagnetic field is

[ ( — ej) +V(z). (12.27)

We decompose this into a zeroth order Hamiltonian
A p2

and a perturbation

V:—ﬁ (ﬁ-[f+ff-ﬁ> +§Zi22. (12.29)
We groom the momentum dependence, writing
(7 A+ A-5) v = (5 A) v+ A () + A- () (12:30)
where Y R .
prA=-V-A (12.31)
In Coulomb gauge, VA= 0, so
(p‘fﬂﬁﬁ):?ﬁﬁ (12.32)
and the interaction term becomes
V= _%g.zﬂ ;;iz (12.33)

In the remainder of this chapter we will only consider lowest-order processes, and so we will

ignore the term proportional to A2

Assume that at ¢ = 0 the vector potential is switched on. The lowest-order transition

amplitude from an initial state |n) to a final state |k) is

?

t
Un(t) = h/ dt' (k|V(t')|n) ewsnt’ (12.34)
0
The time dependent potential is

V() = -2 <€i(13-f—wt) I e—i(E-f—wt)> e (12.35)



Quantum Mechanics 262

This gives the transition amplitude as a sum of two terms,

B <k‘|‘/l|n> 6i(wkn_w)t — ]_ B <k‘|‘/'2|n> 6i(wkn+w)t — ]_

Upn(t) =
n(?) h W — W h Win + W

(12.36)

The coordinate-space matrix elements are given in terms of the final state and initial space

wave functions v, and 1, as

eh S
(k|Viln) = % dPripre* e Vi, (12.37)
and o
(k|Va|n) = Z;f /d?’rw;;e—““?- V. (12.38)

The two terms are responsible for different phenomena. The first term will give a large
transition amplitude only when wy,, = w. This represents absorption of radiation. Similarly,

the second term is responsible for emission.

Golden Rule expression for absorption

We now have all the pieces in hand to compute the transition probability per unit time for

absorption
2
W= S kil [PO(Be — By — ) e
2 fie?lal? I b
_ 2nhela? / it Te V| 3(Ep — By — hw).
m2c

We must deal, somehow, with the delta-function. Let us do this by considering absorption
from a beam of radiation. We know that the normalization of the vector potential is given
by Eq. I222. Using this expression for |a|? gives the differential transition probability per

unit second from a frequency interval Aw of

4m?c? e? 9
AW = " I(w)mzc2 hRAwO(AE — hw)| M| (12.40)

where M is the long expression for the coordinate space matrix element. We compute the
total absorption rate by replacing the finite widths by infinitesimals and integrating over the

intensity profile:
Am?hc?e?

|M?
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Figure 12.1: A schematic absorption cross section as a function of frequency.

By; is the Einstein coefficient for absorption.

One can also interpret the Golden Rule result a little differently. The delta-function can

be regarded as the infinitesimal limit of a sharp, narrow function such as a Lorentzian.

1
§(w — wy;) = lim - i (12.42)
1027 (1 — wpi)? + 2

Then the transition probability per unit time can be expressed in terms of an absorption
cross section, defined as
energy absorbed per unit time

- . 12.43
’ energy flux ( )

Thus

hw x W
¢ (3% lal?)
4 2h2 2
= O MO (AE — hw) (12.44)

mw?c

or

A2 h2e? v 1
o= | Mjsil* 5~

. 12.45)
2 2 (
mw=c 2m (w—wp)?+ 2L

The frequency dependence of the absorption cross section is shown in Fig. I2Z1] a sharp

absorption line.
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Stimulated emission

The calculation of the rate for stimulated emission is almost identical to the one for absorp-
tion. The Golden Rule tells us that it is

2

Wion = ?' (n|Va|k) P6(E, + hw — Ey) (12.46)
where the matrix element is
(n|Valk) = /dgrw;(r)e_iE'FE- V(r). (12.47)

Contrast this expression with the corresponding one for absorption,
(k|Viln) = /dgrU,:(r)e"E'Fi ﬁUn(r). (12.48)

Only the squared modulus of the matrix element goes into the transition probability. Because
of transversality, we can integrate by parts to show that

*

/ Pr(r)e*TE Vi (r) = — { / Brr (r)e e V(r)| (12.49)

or

(n[Valk) = — (k[Vi|n)" . (12.50)

This means that the two Einstein coefficients are equal, By, = B,;. Physically, this is a

consequence of the time reversal invariance of electromagnetism.

One body phase space

The transition probability per unit time for spontaneous emission is

27 )
Wri = [ {fIV) *6(Ey + hw — E;) (12.51)
where the perturbation is
orhe\? . -
V= ;—h ( ”7;‘/0 ) eFTE V. (12.52)
mec \ w

We must now confront the delta function. We do this by realizing that there are many
possible states for the photon which can satisfy the delta function. Its energy hw = E; —
Ey¢, and hence the magnitude of the photon’s wave number, h\/a = hw/c is fixed, but the
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Figure 12.2: Geometry for the calculation of one body phase space: the photon is emitted

into a region of solid angle df).

orientation of k — the direction of emission of the photon — can be arbitrary. (For the careful

reader, we are outside classical radiation theory when we do this.)

Place the decaying system at the origin of a coordinate system. The photon will be
emitted into some solid angle df2, as shown in Fig. We consider the (differential)
transition probability per unit time for the decay to occur while the photon is observed in
an element of solid angle df2. This rate is proportional to the number of available quantum
states into which the photon can decay. This number is called a “phase space factor.” The

differential transition probability becomes

AW = [3—g]d§22%| (fIV]i) |P0(AE — E,). (12.53)

Any less-differential transition probability will involve an integral which will include the delta
function. Rather than work directly with Eq. [2.53] let us proceed more generally.

Begin by thinking of the photon as being confined in a cubic box whose sides have length
L. For convenience, we impose periodic boundary conditions on the solution of the wave
equation. The components wave numbers of the modes will be quantized in units of 27 /L
(for example, k, = %’Tn, n =20, 1,...). Therefore in a range of wave numbers between k, and
k. + dk, there are L/(2m)dk, modes. Recalling that p = ik, the number of modes between
pand p'+ dp'is

L \?
dp = (ﬁ) dpdp,dp.. (12.54)
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Since L3 is the volume of the box, we can write this simply as

V 3
Grhy P

dp = (12.55)
This is the differential number of free particle states per momentum bin in a box of volume
Vr,. and hence this is the our differential phase space factor dp(E). (Often in the literature,
the “differential” is inconsistently omitted, and the right side of Eq. T2Z.55lis written as p(E).)

With this result, the transition probability for emission of a photon into an infinitesimal

momentum (or wave number) bin d*p is

d3p
(2wh)3

_27T

aw 3

| (fIVIi) ?0(Ef — E; + hw) V. (12.56)

The overall factor of V' seems peculiar. However, recall the normalization convention for a

“single photon” electromagnetic wave:

— 2 h 1/2 (k2 i(k-%
T ( T C) g<6z(k~x—wt) +e—2(k-x—wt)> (12.57)

wV

Its factor of 1/v/V will, when squared, cancel the factor of V' from the phase space.

A final rewriting of the Golden Rule expression uses the relativistic relation between
energy and momentum, E = |p|c, to convert the momentum integral to an integral over

energy, In spherical coordinates

PE,  E2dE.dS

c3 c3

d’p = (12.58)
The transition probability per unit time for emission of a photon of energy F. into a unit of

solid angle df? is, therefore,

vV E2dE,dS

W = (2rh)? 3

[AIVIiD P28, — (i - Ep)) (12.59)

This expression is readily integrated over the energy of the photon. The energy-conserving

delta function gives sharp spectral lines to the emission spectrum. The differential decay rate

C;—Ig may have nontrivial angular dependence, which can be used to diagnose the quantum

numbers of the initial and final states. The total decay rate summed over all final states | f))
is the inverse lifetime of the state, 5 Wy, =" = L.

Ti
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Multipole expansions

The matrix element in the Golden Rule expression for spontaneous emission is

, ieh (2mhc?
vy == (225

mc

) ’ / dgrw;(r)eiE'F eV (r). (12.60)

It is obviously nontrivial to calculate. Fortunately, in most cases it is not necessary to ex-
actly evaluate it. In typical atomic transitions the wavelengths of the photons are thousands
of Angstroms while the size of the atom is only about an Angstrom. Thus e*" ~ 1 ev-
erywhere that the atomic wave functions are nonzero. Setting e’*” = 1 is called the dipole

approximation. To see where this name comes from, write
* = { .
[ #rusTu =+ . (1261

Use j = m% the Heisenberg equation of motion, and and the fact that |f) and |i) are

eigenstates of the Hamiltonian to write

dr . d _ 1 -~ . . .
(FIS1i) = 5 (F1718) =+ (1T 7y = g 717 (12.62)
The matrix element in Eq. 12.61] becomes the matrix element of the dipole operator, —er,
= mwpg; K/ N\ =
[ Eri000) = =2 [ @roem) (12.63)

so we see how the dipole approximation got its name.

In dipole approximation the Einstein coefficient is

472 e? .,
Byn = 7| (k|e- mn) > (12.64)
(k|In) = 0 defines a “forbidden transition.” It may only be forbidden in dipole approxima-

tion, not to all orders, and so the actual transition rate will be computed by expanding

T =1 ik F— (kT (12.65)

N —

and looking for non-vanishing terms. If the first (n — 1) terms in this series vanish the I is
proportional to the nth term in the series. In atomic transitions, kr is on the order of 1073
to 10~* and “forbidden” in the dipole approximation means truly forbidden for all practical
purposes.. In nuclear decays, kr may be on the order of 0.1 and so higher order transitions

are much more common.
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Figure 12.3: Geometry for evaluating the polarization sum.

Return to spontaneous emission. In dipole approximation, the transition probability per

unit time for emission of a photon into an element of solid angle df? is

dr 1% E2dE, o1 ( eh (2mhc?
= Ey— E)—

0= e )) <[ (FIV) P (12.66)

me
Combining terms, exploiting Eq. [[2.63. and integrating over the delta function gives

dr acki’}i

o = L (1) P (12.67)

Commonly, the polarization of the emitted photon is not detected. In that case we must sum
over both of the projected polarizations. Picking the Z direction to lie along the direction of

the outgoing photon, as shown in Fig. [12.3] we have

Mol MP = |& - MP+1&- M = M, + | M,
pol

= |Mo|* + M, " + M| — | M|

oy k- MP?
— |M|2_ ‘ e |
= |M|*(1 — cos*0) (12.68)

and thus
| (fI€- i) [2 = [ (fI713) |* sin® 6. (12.69)
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Eq. I12.67 becomes

r k3.
e LR (12.70)
Performing the angular integral gives
ack?, i .
o= SR P [ dosi (12.71)
ack?, o [T 1 )
= \(flﬂz>|/ d¢/ d(cos 0)(1 — cos? 0)
i 0 -1
4ack?, »
i

This is also the Einstein coefficient for spontaneous emission, Ay;, and 1/I" is the lifetime of

the state 7 (assuming, of course, that this is the only allowed decay).

Note that there may be a nontrivial angular dependence in (f|r]i) but the polarization

sum followed by the integration over all space washes it out.

Note also that T' scales like k%,. Since the energy difference between the two levels is

equal to hicky;, the larger the energy gap, the quicker the decay.

“Selection rules” tell us when I' = 0. We can develop a sense for them by a looking at a
series of examples. First, suppose the system is a one-dimensional simple harmonic oscillator

oriented along the z-axis. The dipole matrix element is

(1) = 21li) = [ de, 2, (1272)

The operator, z can be expressed in terms of raising and lowering operators, yielding

. . h
<f|7?|l> = /dzwnf % (ménfvni_l + vV 1y + 1671f,7li+1) 'anl (1273)
Therefore, the only allowed transitions are those with An = 1.

A physical example of this selection rule is in the spectroscopy of diatomic molecules. The
nuclei vibrate and rotate in the minimum of a potential due to the electrons. Transitions
between these states have selection rules: for the vibrational levels, which are harmonic
oscillator states, the Av = 1 selection rule is what we have just derived. Angular momentum
controls the selection rules for changes in the rotational levels, and we consider that case

next.

The inverse lifetime for the Nth state (from the decay N — N — 1 is

1 4e*w? [ AN
— = — . 12.74
T 3hct <2mw) (12.74)
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n=2

n=1

n=0

Figure 12.4: Diagram of allowed transitions between harmonic oscillator states.

The higher energy states decay faster. Notice that there is only a single spectral line!

In single electron atoms, or more generally, in transitions between states in a central
potential, angular momentum considerations control selection rules. Neglect spin for the
moment. The wave functions separate into radial and angular parts. ¥(7) = R(7)Y;(0, ¢).
Write 7" in a spherical tensor basis,

. r—iy | Z+1iy T —1y Ai+igj)
r=|— , 2, =7r|—- , 2, . 12.75
( V2 V2 ) ( V2 V2 12.75)

The required matrix element is
(flrmlt) = /7‘2drR}rRi/dQY2?f*Ylm i

_ / rdrR5R; x 1 (12.76)

where I can be evaluated through the three spherical harmonic formula, Eq. [Z.116]

20, + 1
T= |2 0, 1,0,000, 151, 0) {1, 1 ma, mlle, )i, my) (12.77)
2lf—|—1

For the matrix element of a particular component of 7 to be non-vanishing,we need my =
m + m;. The Clebsch-Gordon coefficients allow Iy = [; +1 or Iy = [; — 1, but Iy = [;, is
forbidden by parity. Thus we have the selection rules
Am = =+1,0 (12.78)
Al = =+1

As an example, let us calculate the rate of the 2p — 1s electric dipole transition in hydrogen,

neglecting spin. The 2p states are

[1m) = Y™ () Rar (r) (12.79)
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and the 1s state is
100) = Y () Ryo(r) (12.80)

As Y = \/g (Y, YL, Y1), it is easy see that

e
3

T 41y

V2

(00|710) = \/ng (12.81)
_ Jipt—i

(00[f1-1) = \/;R =

where R is the radial integral (which is the same in all three cases). The squared modulus

(00[A11) = R

of all three of these matrix elements is equal, so the inverse lifetime of all of the 2p states is
the same,

1 41 (hw\*R? 4 (B, — Ey,)?
S [ e e O =P 12.82
T 3hcc? < h ) 3 9 (he)3 ¢ ( )
Inserting numbers, the lifetime is 7 ~ 1.6 x 10 9s.

This treatment did not include spin. Because the operator driving the transition, 7
is spin-independent, the transition cannot change the spin. The selection rule is As = 0,
Amg = 0.

Finally, we can have states which are simply labeled by quantum numbers for total
angular momentum, j and m. Because 7 is a rank-1 tensor (a vector) the Wigner-Eckhart
theorem tells us

. » 4 o . L (firllrllig:)
(fipmg|Pligim;) = — (W;}( )D = (Ji, Lymi, qlJi, 15y, my) 7%2‘% T (12.83)

We are now equipped to calculate the intensities of spectral lines. Two kinds of problems
are commonly encountered: First, we are given particular initial and final states, all of
whose angular momentum quantum numbers are specified. An example of such a problem
would be to imagine an atom in an external magnetic field. The initial and final states are

Zeeman-split. What are the intensities of all the spectral lines between the two multiplets?

In the second example, we cannot tell which m; goes to which m;. We want to compute
the absolute intensity of the spectral line, or the relative intensities of two lines from states

with the same radial wave functions. In this case we must average over the initial states and
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sum over the final states,

' T27;m; 2

my m;
Again writing 7" in a spherical tensor basis gives

{(Sagllrllizs)

. 12.85
27; +1 ( )

Up to proportionality factors,

(firllrlligs . . .
r— ZZZ' AT Py 65 e, gl 13 5 mg) 2 (12.86)

(25; +1)2

m; my g=—1

The reduced matrix element has no m;, ms or ¢ dependence, so

Ll P

2] ‘l‘l 7o | 1\2 ZZ Z ]2917]f>mf|]2717m27 ><jia]-;mi7Q|ji>1;jfamf> (1287)

m; my g=—1
The sum collapses to unity from completeness, leaving

(247 +1)

< (el sl (12:89)

To compute the reduced matrix element, one would typically calculate the full transition
probability for some simple choice of m; and m; and then compare it to a calculation using
the Wigner-Eckhart theorem.

Example: S — P transitions in a single electron atom

We illustrate all this machinery in the simple case of an electron in an S state of a single-
electron atom, which decays to a lower energy P state. First we consider the transition

S1/2 — P1/5. We decompose the states into an L — .S basis:

|11y 11) 10)
|P1yja2) = > i \/7| H \/7| H (12.89)
-3)

and

|S1/2) = { E’ 2 =00 1) (12.90)
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51
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Figure 12.5: S;/5 — P/ transitions in an external magnetic field.
The following matrix elements are nonzero:
11 11 1R
——|72==) = —\/=-—%=2Z 12.91
<322 d 22> © (1291)

51
22

11
3-=
<22

ClE
2

34/3

3
()
g3 ) - Ve
Mg3) - /% oo

The relative intensities of the transitions will just be given by the ratios of the squares of the

Clebsch-Gordon coefficients. In an external magnetic field, the splittings in the S; /5 and P/

multiplets are different (the Landé g-factors are different). This gives the following spectrum

and relative intensity.

E,= Ey+9; — 09
Ey= Ey+06 + 0
E.= FEy— 6 — 0
E;= FEy— 6 + 6

Strength

1
2
2
1

(12.92)

A photograph of the multiplet of lines would resemble Fig. [2.6l The total transition rate

will be £ (1 + 2+ 2 4+ 1) = (2/3)R%

The Sy/2 — P32 family of transitions is similar. The 2P/, states as

VEID 1) + /21100 11)

;

55 = 1))
52)
2Py = 22
3-3)

L 13-3) = D)

VERD I +/210) 1)

(12.93)
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Figure 12.6: Spectral lines in a transition S/ — P /s.

Figure 12.7: Spectral lines in a transition Sy, — P3/s.

Again we have the spin selection rule Am, = 0. This leaves six spectral lines. The relative
intensities will be
rel. intensity

HRE = & ; s
IFRIDE = £x 2 -
[(35317125-5) P = xg 1
The spectrum is shown in Fig. [2.7 The complete m— averaged rates are then
%Esi >, L3512 = 2P1p) Ix2x %z (125
3 2s, me ['(3S12 = 2P3pp) = §x4x i

If there were no Zeeman field splitting these lines, we would see two spectral lines with a
relative intensity of two to one. This ratio, plus the relative intensities of the Zeeman-split

lines are diagnostics which, in principle should allow us to assign quantum numbers to the
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states. (That’s how it was done in the old days!)

We have only scratched the surface of the vast, technical subject of radiative processes,

but perhaps we should leave it, to consider some applications which take us slightly farther
afield.

Completing the story of blackbody radiation and Einstein coefficients

At the start of this chapter we recalled the Einstein relation between the A and B coefficients
for emission and absorption by atoms in a black body,Eq. I2I0. The dipole A and B

coefficients were also found to be

4 e? .
Agi =Wy = 50| (£1710) (12.96)

By =2 (1l i (12.97)

The B coefficient is the coefficient for absorption of radiation with a particular polarization,
emanating from a particular direction. To reproduce the Einstein relation, we need to average
By; over all incident polarizations and over all directions of the incident radiation. There

are two polarizations so we need to calculate
1 271‘26
5 Z By = Z‘ (12.98)

We set up our coordinate system as in Fig. [I2.8, where €}, €, and k make up a right-handed

coordinate system. The polarization average is

1 ZBﬂ _ 27T < sin?0] (170 2 (12.99)

The black body presents an isotropic distribution of radiation to be absorbed, and so we

must also average over all angles.

<%ZBJ%’> = 2 gy pLae L8 (12,100

47

272 e? 1 4 A4rn%e?

= TN P x 5 x 5 = |10 P

This gives

Loas (12.101)




Quantum Mechanics 276

el

Figure 12.8: Coordinate system for polarizations and wave numbers, for averaging the B

coefficient.
or
Ay (12.102)

which is the Einstein relation.

Spin-flip transitions

Both the proton and the electron are spin—% fermions, so in the 1S state of hydrogen, the
total spin of the two particles is F= Sp+ §e =0,1. The FF' =1 and F' = 0 states states are
split by the hyperfine interaction, with a separation of 1420 MHz. Recall from Ch. @ that
the higher energy state is the F' = 1 state. This state can decay to the F' = 0 state if the
electron flips its spin. The perturbing Hamiltonian is the usual one for a magnetic moment
in a magnetic field,

eh

H=—-ji-B ji= 5 (12.103)

where this time the field is that of the emitted photon. (We ignore the contribution of the
proton because its magnetic moment is tiny compared to the electron’s. In positronium there

would be a contribution from both particles.) The photon’s vector potential is

R 2mhc? 3 U o
Ahoton = (%) z[e“k'f—“ﬂ + e—“’“'f—“ﬂ (12.104)

and so the magnetic field is

1
— — — — 2 h, 2 2 L7 o L7 o
B =V x Aphoton = ik X 5( ZVC ) z[eﬂk'x—wt) - e—“’“'x—wﬂ] : (12.105)
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Thus the Hamiltonian is
X e [ 9nhic\ 2 . . L
i = —2%6 ( ZVC ) o- (k X 6) [e’““'x—“t) - e—“’“'“f—wﬂ] (12.106)

The two exponential terms will give rise to transitions up and down in energy between the

two states. The 1420 MHz line is in the microwave band and the wavelength is approximately

21 cm, which means

27
kr ~
" 21 cm
The dipole approximation should work well. The final polarization summed differential

1
X 5/&% 1.2x 107" (12.107)

transition probability per unit time is then
1 E,

= —
d 87Ta(mc2)

_hPdES(E, — AE)S | (f]5- (/2:’ X a) i) |2. (12.108)

We evaluate the matrix element between the states

) 1
i) = 110) = (1) + 1et)
1) = 100) = —= (Hedy) — et (12.109)

V2

Only the matrix element of o, will be non-vanishing, and it is

(M= D e (111 +41) = 1. (12.110)

N —

To deal with the polarizations, we define a coordinate system where é; = Z and é; = kx €1,
as shown in Fig.[12.9. With this choice, <l§ X €2> =0and (E X él) = —ksind. The inverse

. . . Z Z
lifetime is thus

1aE§,c

T 7 8w (m)?he

E3
/d¢dcos€sin29 =2 T _° (12.111)

3 (mc?)? he’

We have used the fact that |k| = k = E. /(hc). The numerical value of the lifetime is about
2 x 10™ sec. In the real world, this is too slow to compete with more likely processes, like
collisional de-excitation. However, this is an interesting decay mechanism in the physics of

heavy quark systems.

Note that the perturbation does not couple to the spatial part of the wave function, and
so the matrix element could be calculated without knowledge of it. If the initial and final
states had different spatial wave functions (for example, in the transition 25 — 15), the
transition would vanish in dipole approximation. One would have to go to higher order in

the multipole expansion to get a nonzero rate.
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Figure 12.9: Coordinate system for the spin-flip matrix element’

Line breadth

In Ch. [[I] we introduced the “energy-time uncertainty relation” as the connection between
the time over which a transition probability was observed and the degree of energy non-
conservation which could occur. We now introduce a second version of this relation, in a
connection between the lifetime of a state and the width of the spectral line associated with
transitions as the state decays. We make this connection using perturbation theory, although

it is more general.

Suppose that long ago the system was in a particular state. As its wave function evolves
with time, one may ask for the probability that the system remains in the same state far in the
future. When we answer this question, we must be careful to switch the perturbing potential
on and off adiabatically. The physical reason for doing this is that if the perturbation
was switched on, we could not construct eigenstates of the zeroth order Hamiltonian. The
mathematical reason for doing this is that the calculation is delicate. Otherwise, we assume

that the perturbation is time-independent. Thus, we write
V = Ve (12.112)

and take the limit n — 0 at the end of the calculation. We work in the interaction represen-
tation. The t = —oo state is [¢(t)) = [i).

Consider first the transition amplitude to a state |n), which is not the same as the initial
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state. The first order transition amplitude is

: t
Upi(t) =0 — % (n|V]i) / dt'en giont et (12.113)
to
Performing the time integral and then and (setting ty — —o0) gives
: Vi '
Uni(t) = —L— V) ity (12.114)

i —wi) 1
Let us check that this gives the Golden Rule result, setting n — 0 at the end of the calcula-
tion). The transition probability is

L VI

L)) = = 12.11
Ui = o o o (12.115)

If the transition probability |U,;(t)|? is equal to the time interval times the (time independent)
transition probability per unit time, |U,;(¢)|? = txW,;, then we can write W,,; = d|U,,;(t)|?/dt
because W,,; should by definition have no explicit time dependence. Performing this calcu-
lation gives
W, = 2_77 | <n|v‘l> |2 62nt (12.116)
h? (wn — w;)? +n?

Asn — 0e?™ — 1, but evaluating WLM requires care. The limiting form which is appropriate

in the sense of contour integration is

7171—% n* + w?

= md(w). (12.117)

The transition probability per unit time takes its familiar form

2
Wos = Z20(E; = En)| (n|V]i) [ (12.118)

after rescaling the argument of the delta function.

Next we calculate the amplitude for the state to remain itself, when probed at very long
times in the future. The transition amplitude is

t

Ui(t) = 1—%(2’|V|z’)/ dt'en”

to
i 2 t t1 ) ) .
+<_ﬁ) / dt / MMy | (iV]m) Pt ioni et (12.119)
to to m

The first order term integrates to

. t . . .
—%<¢|V|¢>/ dt'en” :—%<Z‘;7‘Z>em. (12.120)

to
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The second order term is

. 2 t
1 . )
U(2) = _1 1% 2 / dt (n+i(wi—wm))t1 ,—i(wi—wm)t1 N1
: B Sl F o | e o

- () ]

—00

We separate the m = ¢ from the sum, so
@ _ (AN LGV P b [ d | (Vi) |
U™ = e’ + Z .
" h 2n? h ot 2n?h(E; — E,, + ihn)

We now want to show that

or equivalently

where /\; is a constant. To show that

dU; /dt i
— A,

for constant A; is equivalent. We do this by beginning with the explicit ratio

i i\2 (i|V]i B i|V]m)|?
dU/dt _ = (V] & + (=) %emu_;) S A

U“. 1 — h< “;‘ >e217t + -

(12.121)

(12.122)

(12.123)

(12.124)

(12.125)

We are doing perturbation theory, so we simply expand the ratio as a power series in V,

| @VIm) |?

(i[Vm)
= Vi)
( iVl +ZE E,, +ihn

or

(i[Vm) |*
Gvia) +ZE E,., +ihn

(12.126)

(12.127)

(12.128)
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To make sense of this relation, recall that we have been working in interaction repre-
sentation. We convert it to Schrodinger representation by re-introducing the zeroth-order

energy into the exponential, so that

Usii(t) = exp (—i (E; + Ay) t/h) . (12.129)

A; is complex. Its real part corresponds to an energy shift. To first order A; = (i|V]i)
which is the usual result from time-independent perturbation theory. The second order
expression looks familiar, but what about the ¢An in the denominator? We recall the identity

(only defined under an integral)

=P— +ird(x) (12.130)

where P stands for the principal value. With this relation we can decompose the second

order piece of A; into a real part,
V 2
Re ( ) PZ I | |m | (12.131)

which is just the second order energy shift, and an imaginary part,

h
Im (A ) =7 3 [ ilVIm) PO(E; — Bu) = 5 ) Wi (12.132)
m#i m#i
which is just the sum of W,,; transition probabilities per unit time,scaled by A to become

energies. The amplitude for the state to remain itself is thus
Uis(t) = exp~ ROGIM gy~ S Wnit/2 (12.133)
The squared modulus of this quantity gives probability that the state persists. It is
|Uii(t)|? = exp —t/7 (12.134)
where

- = Z Wi (12.135)

This makes complete sense: the inverse lifetime of the state is the sum of transition proba-

bilities per unit time for decays out of the initial state.

Notice that the state itself no longer evolves in time as a pure phase. It is still the case
that
i(t)) = Ua(t) 1), (12.136)
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but now .
1 t
Ui(t) = ——€et — — 12.137
(0 =esp (et - 57) (12.137)
Carry this function into the energy domain by Fourier transform:
f(E) = / dte’™PM U (1) (12.138)
_ /dteit(E—E)he—Ft/2ﬁ
B 1
- iT
E—e-%
The absolute square of this expression is
1
W= —m 12.139
HEF = e (12.139)

the line shape for a “Lorentzian.” We encountered this function before, in Eq.[12.42. A sharp
energy state, whose time evolution is given by a simple exp(—iwt), would be a delta-function
in the energy domain. The fact that the state can decay broadens the delta function.
The width of the state — its uncertainty in energy — is equal to I', which is h/7. Thus

't = AET = h. This is the careful expression of the “energy-time uncertainty relation.”

The quantity I' can be observed in spectral lines from transitions involving the state.
Because the state is not sharp, the spectral line will also have a Lorentzian line shape. We
are describing what is called the “natural width” of the spectral line. In practice, many
other effects can contribute to nonzero line breadth, including Doppler broadening, the shift

of the photon’s frequency because the source is moving. We will see Lorentzians again, in

Ch. 13

Coupled channels

An important ingredient in the study of condensed atomic gases is a so-called “Feshbach
resonance.” The idea is that perturbing the system with an external electric or magnetic
field, one can drive an energy level very close to zero energy. Then the system will become
strongly interacting, in the sense that the scattering length will diverge. (This point will be
discussed in Ch. [I3]) We can give a schematic illustration of this phenomenon through the

following solvable model.

Suppose we have a system with a set of “ordinary” energy levels ¢; where i =1,2,..., N.

Also let us have one “special” energy level which we denote by ¢,. We assume that we
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have control over the “special” energy level €3 through some laboratory apparatus. The
“ordinary” energy levels are also assumed to be decoupled from one another, but not from

the “special” energy level. We can then write down the Hamiltonian in matrix form

e Vo Voo Vo3
‘/1() €1 0 0
H=|Vyp 0 & 0 --- (12.140)

One can, of course, find the energy eigenvalues of this system by solving the secular

equation
det|H — 6;;E] = 0. (12.141)
Write out the determinant as
€1 — E O cee ‘/10 O

0= (o — E)det 0 eo—F - | —Vydet | Voy € — F e (12.142)

: : ’ Vso 0 e3—E

Vio a1 —F
+Vo2 | Voo 0 +

Vao 0 €3 — B
This is

0= (e0—E) H(ei—E) —|Voil*(ea—E)(es—E) - - - — Vo1 |*(e1 — E) (e3 — E) - - -4+ -+ (12.143)
or
0=(co—BE)[J(: = B) = >_ Vil ][ (e — B). (12.144)
i i i
There are N + 1 roots to this characteristic equation. Let’s focus on the case where one of

them, F is assumed to be close to €. In that case E is given by the implicit equation

(eg— E) — Z (E‘i‘/ii‘E) =0 (12.145)

or

|Voil?
E:eo+z Foo) (12.146)
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Figure 12.10: Naively tuning ¢y across the other e;’s.
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Figure 12.11: As the energy ¢ is tuned across the other e;’s, the true energy levels mix and

repel.
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Imagine varying our laboratory apparatus so that we vary the energy ¢,. The naive energy
spectrum for the system is shown in Fig. I2ZI00 But we know that in quantum mechanics

levels never cross. A more accurate picture would be shown in Fig. I2.11l

The secular equation knows about level repulsion and mixing. Single out another level

in the sum, €;. The secular equation is

_ Val? Voil* (a1 = E)
€1 — E= m + Z#Zl (Q — E) (60 — E) (12147)

When €, = €; this simplifies to

Vor|?

€0 —

61—E:

+ small corrections (12.148)

This is the secular equation for the Hamiltonian

€1 V10
Vor €

A

(12.149)

Of course, the true energy levels are not €; nor €, and the eigenstates are mixtures of
|0) and |i). Altering the position of the “special” level affects the energies of the nearby

“ordinary” levels.

When the spectrum of ordinary levels forms a continuum, the sum is promoted to an
integral, and it is convenient to break up the denominator into a principle value part and a

delta function

1 1
mo(E — €). 12.1

E_€—>73E_6+Z7r5( €) (12.150)

The eigenvalue equation has real and imaginary parts, with
Re(E) = € —I—P/de Vol (12.151)

(£ —¢)

and

Im(E) = /de|VOE|27T5(E —€) (12.152)

The self-consistent solution of the real part of the equation would give the energy levels. The

imaginary part of the expression gives the decay width of the state.
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Scattering via perturbation theory

Scattering experiments are among the most important tools of the physicist. A beam of
particles bombards a target. Particles emerge from the collision, moving at some angle with
respect to the beam, and are seen by detectors. The rate of scattering, as parameterized
by cross sections, angular distributions, energy loss, and so on, give information abut the

nature of the interactions and about the internal structure of the target.

Indeed, in my own field of elementary particle physics, almost all the experimental infor-
mation we have comes from scattering experiments. Even in those cases where we observe
the decay of excited states, the states whose spectra we study are produced in collisions of

other particles.

There are two ways to study scattering. The first is in the context of perturbation
theory and leads to the “Born approximation” and its higher order generalizations. This
is an appropriate approach if the forces causing the scattering are relatively weak and the
wavelength of the particle is relatively small. The second methodology works directly with
the time independent Schrodinger equation (H — E)y = 0, with £ > 0 and boundary
conditions such that the solution corresponds to an incoming plus an outgoing wave. These

two pictures are complementary.

Kinematic preliminaries

Suppose we have an object whose area A we wish to determine. A way to measure this
area would be to use the object as a target and to bombard it with particles. One could
measure the area as the counts per second or particle hits per second, divided by the beam
current [ (particles in the beam per unit area per second). To generalize this idea, think of
the scattering of the beam from a portion of the target a distance s from its center, which
scatters the beam in a direction labeled by a solid angle 2 where it is seen by a counter of

angular size d€2. The counting rate dN(0) is
dN(0) = I(sds)d¢ = Ido (13.1)

where do is a differential area element, so

%@ = do. (13.2)
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The counting rate may depend on 6 so we write the scattering rate as

AN(0,¢) do
—a =1 (13.3)

where do /dS2 is called the “differential cross section.” We also define the “total cross section”

to be the counts per unit time in a detector with 47 solid angle resolution, divided by the

1 dN do

The total cross section o may not have any physical meaning. For example, we will see that

beam current

in the case of Coulomb scattering, the differential cross section behaves as

do 1

b 13.
dQ ~ sin*60/2 (13.5)

as # vanishes. In this case the total cross section is divergent.

Let us specialize to two-body scattering (two particles, beam and target, going in and
coming out). We already know that we can write the coordinates in terms of relative and
center of mass variables, and that in the center of mass frame the two bodies can be treated
as a single body of reduced mass p. Scattering is easiest to visualize in the center of mass
frame. Both before and after the collision, the particles” momenta are equal and oppositely
directed. The particles emerge back to back at some angle 6, with respect to the original
direction. We will develop scattering theory in the center of mass frame and defer the
complicated (though trivial) problem of converting results from this frame to the laboratory

frame to any good book about classical mechanics.

Scattering experiments are usually performed in the laboratory in either of two situations.
The first is the frame with one particle (call its mass M) at rest and the other (of mass m)
moving with velocity vg. For historical reasons this is called the “laboratory frame.” This
label gives short shrift to modern particle physics experiments, which use colliding beams.
Here the laboratory and center of mass frames coincide. In the center of mass frame the two
particles have momenta p; and p, = —pp, and this frame moves at a velocity v with respect
to the lab frame. Then the components of the two momenta along T are p; = m(vy — v)
and po = —M7uv. Setting p; + po = 0 yields the velocity of the center of mass frame as
v =m/(M + m)vg. Then py = —Mmv/(M + m) = —pvy where p = mM/(M + m) is the
reduced mass. The other particle’s momentum is p; = muvg(1 — m/(M + m)) = pvy. In the
center of mass, the kinetic energy of the two particles is p3/(2M) + p?/(2m) = (1/2)uvg.
In the lab frame, the kinetic energy is (1/2)mvg = (1/2)pvd + (1/2)(M + m)v?, where the
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second term is the kinetic energy due to the motion of the frame. There are of course
similar formulas for relativistic kinematics. (In that case, it is much more convenient to use
kinematic variables with simple Lorentz transformation properties.) Notice that in the limit

that M /m becomes very large, y =m and 7 = 0.

The Born approximation

Let us consider the scattering potential as a perturbation. The two particles are assumed
to be noninteracting at large separation and approach each other as plane waves. They
interact weakly, scatter through some angle # and emerge as free particles or plane waves.

The transition probability per unit time is given by the Golden Rule.

In the center of mass frame we treat the two scatterers as a single particle of reduced
mass f. Its initial state has momentum p; and its final state has momentum py. In elastic
scattering the initial and final energies are equal, so p7/(2u) = p7/(21). The Golden Rule
tells us that the transition probability per unit time I'" due to a perturbing potential V' is

2T .
dr = —=| (py[V1pi} I"8(Ey — Ei)dp(Ey) (13.6)
where the phase space factor is
d3pf
dp(Ep) =V —= 13.7
PEs) =V gl (13.7)

for free particles in a box of volume V. This is identical to the phase space factor we found
for photons, Eq. I2.55] because the derivation just involved counting plane wave states in
a box. What is different is the energy - momentum dispersion relation, p}/(2u) = Ej for

non-relativistic motion as opposed to £y = cp; for the massless photon.

The zeroth order initial and final states are noninteracting free particle states

i = % exp(ifi, - 7/) (13.8)

and

Wy = % exp(if; - 7/h). (13.9)

Note that we adopt a “box normalization” for the states,

/ crly)F =1 (13.10)
\%

to adapt to the same conventions that are used in the phase space definition.
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We must now convert dI' into a differential cross section. The counting rate (particles
per unit time) dN is just dI'. The differential cross section is dN divided by the particle
current I, which is just the density of particles in the beam (one particle per volume V', in

our convention for the initial state wave function) times the particle velocity |p;|/u. Thus

2 uV

dspf
do="""
h |Pz|

| Py |V1Di) [o(Ey — Ei)VW- (13.11)

Note that the volume factors cancel between the phase space factor, the current, and the

normalization of the initial and final states.

It is expedient to rewrite the phase space factor to make the integral over the energy-

conserving delta function trivial. Observing that
&’ppd(Ey — E;) = pidppdQ(Ey — E;) = py(psdpy)dQ(Ey — E), (13.12)

we use By = pfc/(Qu) to make the replacement dE; = psdps/p. Then the phase space
factor becomes updE¢dQS(Er — E;). Integrating the energy over the delta function gives
the differential cross section as
do_ 2mpV”
¥ h |pj

oy 12 BlPf]
. . 13.1
| (0| V'[P7) | (2rh)? (13.13)

For elastic scattering |p;| = |ps| and the momentum factors cancel, leaving

do _ pV oo 2
= (VIR

= |f(O) (13.14)

We have introduced the “scattering amplitude,” f(6). It is conventionally defined with a

minus sign,
uwvo .
£(6) =~ (V1) (13.15)
In Born approximation
F0)=—5 “hz / dPre= 1Ty (7) eI, (13.16)
7
or
F(0) = _2:h2 /V(r)d?’rei‘ﬁ/h. (13.17)

where ¢ = py — p; is the momentum transfer. This is a very important formula, as much
because of its simplicity as for anything else. It says that the scattering amplitude is pro-

portional to the three-dimensional Fourier transform of the scattering potential.
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There is a similar formula in classical electrodynamics: the amplitude of an electromag-
netic wave scattered from a small fluctuation in the dielectric constant is given by the Fourier
transform of the shape of fluctuation into wave number space. The quantum mechanical for-

mula is actually simpler, because there are no polarization factors to track.

In elastic scattering, the magnitudes of the initial and final momenta are equal, so the

momentum transfer ¢ has a magnitude ¢ = 2|p|sin /2, where 6 is the scattering angle.

Now let us evaluate f(#) in the useful special case of a central potential, V() = V (r).
Evaluate the integral in a coordinate system where ¢ defines the Z axis. Then ¢ 7 = ¢r cosf

and an easy passage of steps yields a one-dimensional integral,

£0) = =2 [ varv ) sin z (13.18)

As a specific example, consider the so-called Yukawa potential

A
V(r)y=—e™ (13.19)

r
where m is a parameter characterizing the inverse range of the potential. The choice of
m is motivated by Yukawa’s proposal for the origin of the nuclear force in the exchange of
mesons of mass m,: m = m.c?/(hc). In condensed matter physics and for light scattering,
this potential is called the “Orenstein-Zernicke correlation function,” and 1/m is called the
“correlation length.” In the limit of vanishing m and for A = Z; Z,¢e?, this potential describes

Coulomb scattering, or the famous Rutherford experiment.

A few lines of algebra yield the differential cross section

do 4% A?

Writing ¢* = 4p?sin® 6/2, we expose the angular dependence of the differential cross section,
do 4% A?

— = . 13.21
dQY  (4p?sin? /2 + m2h2)? (13.21)

This formula has several interesting limits. If the energy is very low, p/m << 1, the
differential cross section is isotropic: do/dcos@ is a constant. A variation on this limit is
scattering from a delta function potential. To convert the Yukawa potential to delta function
form, we chose A so that [ d*ré®*(r) =1 in the large m limit. We can choose A so that V
has the correct limit (as m goes to infinity): Set

—mr 00 ArA
1= A/d3r6 - 47TA/ rdre™™ = —= (13.22)
0

r m2




Quantum Mechanics 293

so that g
lim Vo & Vs (7). (13.23)
m—ro0 T
The differential cross section becomes
do ,u2v02
I 13.24
dQ)  Am2ht ( )

The range of the delta function’s potential is so small that the scattering wave cannot resolve
structure in it and scatters “minimally.”
The second useful limit is that of Coulomb scattering, where A = Z; Z5e? and m = 0:
do  p*ZiZiet  prZiZie!
dQ  4pisinte/2 q*

(13.25)

This is the famous Rutherford result. The cross section diverges as 6 vanishes. This is
because the Coulomb interaction is long range — no matter how far away the two particles

are, they still interact electrically.
Before continuing with examples, let us summarize a few general results about scattering

in Born approximation:

e do/dQ) and f(6) are functions of ¢ alone. That is, f(6) depends on p*/(2u) and 6 only
through the combination ¢ = 2p(1 — cos#).

e f(0) is always real
e do/df) is independent of the sign of V.
e f(0) becomes small for large ¢. This is due to the exp(—¢-7/h) term in the integrand.

e For small p, so that ¢ is small, and the potential is short range, the scattering amplitude

is isotropic.

Of these results, only the last one is generally true beyond Born approximation.

Because it is perturbative, the Born approximation is generally valid if the scattering
amplitude is small. Physically, we want the true wave function in the scattering region not
to be too different from a plane wave. Since f(6) has units of area, “small” must mean with
respect to some other quantity with dimensions of length. That could be the inverse wave

number of the beam. We could imagine our small ratio to be

KIf0) <1, (13.26)
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for example.

An alert reader might wonder: We have considered scattering on a bare point charge, and
re-derived Rutherford’s result. However, Rutherford actually did his scattering on atoms,
which are electrically neutral. How does that change the answer? And why do we read about
“big scattering at large angle?” We have found do /d) ~ 1/¢*, which certainly becomes small

at large angle.

The solution to this question introduces some interesting physics. Use the fact that
VZexp(iq- 7/h) = —¢*/R* exp(i7 - 7'/h) to write the scattering amplitude, Eq. I3.17, as

£(6) = 2W7’;q2 / V(r)d*rv2edn, (13.27)

Then integrate twice by parts to pull the differential operator onto the potential term:

M 3,. iq-F/hxr2
10) = 5o /d re T2V (). (13.28)
Now assume that the interaction is Coulombic. The beam particle has charge Ze, and
the potential arises from the charge distribution of the target, p(r). In that case Poisson’s
equation is
V2V (R) = Ze x (—4np(r)) (13.29)

and

2Zen
-
The object in the integral is the Fourier transform of the charge density, and is called the
“form factor” F(q):

f(0) = / dre’Thp(r). (13.30)

F(q)

@

f(0) = —2Zep

(13.31)

For Coulomb scattering on a point charge, p(r) = Z'ed*(r) so F(q) = Z'e and do/dQ =
47%7"%e*1i? /¢ as before.

Now we can understand “big scattering at large angles.” Rutherford had in mind a
model for the atom with had some smooth, extended charge density p(r) extending over the
entire size of the atom — about an Angstrom in range. The form factor for such a charge
distribution will fall off at large ¢ — for qag/h >> 1 it would be tiny. The form factor of the
delta function is a constant, so at any sufficiently large angle (or ¢) it will give a scattering

amplitude which is greater than that from any smooth charge distribution.
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As an example, imagine scattering on a hydrogen atom, when the electron is in its 1S

state. Then the total charge density, proton and electron, is

p(r) = e[0°(r) — s (r)|’] (13.32)

where [15|> = exp(—2r/ag)/(mad). The form factor is F'(q) = e[l — F.(q)], and a short

passage of steps gives

F.(q) = . (13.33)

2(12
(1+ 72)?
As expected, F.(¢ = 0) = 1. In this limit the form factor is just the total charge (in units
of the electronic charge). Thus, the differential cross section for charged particle scattering

from a hydrogen atom is

do 4722 1
- g e (1234
q (14 52)

Observe that as qag/h — oo (high energy or large angle), the electron contribution is
negligible compared to the proton. The Rutherford result is recovered. In the other limit,

qaog/h — 0, the cross section goes to a constant:

do  47%e*?

do P, 2oty
ds? q*

) T e

x 4( (13.35)

The atom looks neutral at long distance—there is no 1/¢* peaking.

Inelastic electron-atom scattering

It is easy to generalize the case of elastic Coulomb scattering to the situation where the
scattering excites the target. The process of interest is electron + ground state atom in state
1y — electron + excited state atom in state 1),,. The process is called “inelastic” because
the energy of the final state electron is less than the energy of the initial electron. Neglecting

symmetrization, the initial state of beam electron plus target electrons is

|0y = %e”p“’”wo(m, o, TN) (13.36)

while the final state is

1 .
——e P, (21, ..., TN) (13.37)

|f>:\/V
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The un-subscripted x labels the bombarding electron’s coordinate while the subscripted ones
are for the bound electrons. In principle, one should worry about statistics for the identical
electrons. However, if the bombarding energy is large, the exchange terms will be small and

we can treat the bombarding electron as distinguishable from the target ones.

As before, the potential is that between the atom and the beam, a sum of Coulomb

attraction and repulsions
7 2
Vir)= 22+ % A ‘ —. (13.38)
i=1

The differential cross section is

da(O—)n)_@Q_ﬁ IV 2 prm
dQ pi h

where the first term is the beam flux, the last term is the phase space factor, and the matrix

(13.39)

element is
(fIV]i) = /d3xequ/ﬁ (n| (—— —|— Z ‘_,_ fz . (13.40)

Specifically,
Zer L e? , N 5
N /de

¢n($1,...$N)*(——+Z |f ‘)¢0($1,... N)-

(13.41)

In the first term of this expression, r is just the separation between the bombarding electron
and the nucleus. It does not involve the bound electrons. Thus, the initial and final atomic

electron states must coincide if the matrix element is not to vanish.

(nl = == 10) = === (nl0) = ~==d,0. (13.42)

2 m—l—xl

(13.43)
(shifting the origin), and the integral becomes

] iqe/h A h2 ]
(n] Y e/ o) / Pt = T (]S ) (13.44)

|| q
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We define a transition form factor

ZF,(q) = (n| Z eiazi/h|0) . (13.45)

(Compare this formula to that for the usual (one particle) form factor, (0 Y, e4*i/"|0).)
Thus i h2 e
7r e

{(fIV10) = T(% — Fu(9)) (13.46)

and the differential cross section is
do(0 = n) p; 4Z%*p*nt
_Pf 18,0 — Fo(q)% 13.47
o = I s — Fafa) (13.47)
In an inelastic collision, the 9,9 term gives zero and the overall cross section is rescaled by
the ratio of phase space factor to beam current, p; # p;. In an elastic collision, ps/p; =1

and the result recovers the ordinary (elastic) form factor.

Photoelectric effect

As a final example of “Born physics” we consider the process (photon + atom — electron +
ion), the photoelectric effect. The physical process we have in mind is to compute the cross
section for absorption of X-rays in an atom. For simplicity, we assume that the electron
begins in the 1S state of an atom and is knocked out, the final state is a plane wave with
momentum P = hK. The energy of the ejected electron is ;. The Golden Rule gives the

differential transition probability

27 5 e -
ar = ST (RE]-S X ILS) Pp(E)3(By — Fas — B) (13.48)
As before, the phase space factor is
ds2
EN6(E; — Eivs— E,) = K|V ——= 13.4

Here m = m. = p the reduced mass. We convert dI' into a differential cross section by

dividing by the beam intensity, (1 photon/volume V) times ¢. Thus
do  2m

- V2|hK|(2:T)3| FIViY 2. (13.50)

We compute the matrix element with the following ingredients: The outgoing electron’s wave

dQ  he

function is

V= —=e", (13.51)
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the vector potential is

Y AN
A= ( ZVC ) e*re, (13.52)

(absorbing the frequency dependence into the delta-function: note: we can’t use the dipole

approximation!) and the initial electronic wave function is taken to be hydrogenic,

23 1/2
VY = <—) e (13.53)
T
where A = Z/ag. Then the matrix element is
2rh2A3\ 2 1 | .
(FIV]i) = i( T f/ ) - / dBre K. gt (13.54)
me w

The operator p'is (h/z)ﬁ We can push p'to the left to get

1/2
(FIV]i) = — (2733) (hE - &) / dBreitme> (13.55)

mc

where ¢ = k — K is the wave number (scaled momentum) of the recoiling atom. We visualize
the scattering as follows: the electron and atom emerge back to back, with K at an azimuthal
angle of ¢ to the polarization direction. K has a polar angle of 6 with respect to the beam.

We did the integral when we evaluated the form factor of Hydrogen. It is just
8TA

. 13.56
@+ P 1350
Putting all the pieces together, we have
do 27 hKm €? 2\3h3 6472\
— = — K sin6 o 13.57
00 fe 2rhp o (Rsinfeoso) (13.57)
e? sin?0 cos® ¢ hk A2\ K\?
=32— — — 13.58
he k2 me <q2—|—)\2) (A) ( )
The answer is not terribly illuminating. Let’s make some approximations.
First, call the atom’s ionization potential /. FEnergy conservation says hck = [ +

R*K?/(2m). I is equal to h?A?/(2m). Go to high energies, so that A?K?/(2m) and hck
are much greater than I. But don’t go too high in energy, or you will have to deal with

special relativity: keep mc? > hck. Energy conservation neglecting I tells us that

hek = h2K?/(2m), (13.59)
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so K? = (2mc?)/(hck)k?. Putting all the inequalities together,
2mc? >> hek ~ R2K?/(2m) >> 1 (13.60)
or K? >> k? and K? >> \?. Then

¢ = (K —k)?~K?—2Kkcos = K*(1 — 2k/K cos ) = 2mck/h(1 — hK/(mc) cosf).
(13.61)
Now hAK/(mc) = pc/(mc*) = v/c = B for the electron, so finally ¢* = 2mck/h(1 — 3 cosf).

q®> >> A\? 50 ¢*> + \? can be replaced by ¢?. The last alteration we make is to write

and we have re-introduced the ionization potential. We can rewrite

2 2 2mlI I
N AL m - . (13.63)
@+ ¢ 2mckh(1 — Bcosf)  hek(1 — BcosB)
After all these substitutions, the differential cross section is
do 32 sin? 0 cosiqﬁ I\* (hcl{:)7/2 hck 1 (13.64)
ds? (1 — [ cos 9) hck I mc? k2
The last two terms are —_— ok (he)? P
fick 1 _ hek (Re)” _ (fe) - (13.65)
mc2 k2 mc? (hek)? mc?® hek 1
SO o2
do hek (he)? sin? 6 cos? ¢
— =32 ) 13.66
a2 “ ( I ) Imc? (1 — Bcosf)? ( )

That was a lot of work, but we have separated the angular and energy dependences in a
useful way. Now we can understand a number of features of the photoelectric effect: First,
the angular factors show that the ejected electron is thrown dominantly forward, from the
(1 — Bcosf)* in the denominator. Near threshold, the antenna pattern for the electron is a
dipole (sin? ) but as the energy rises, the pattern is folded up. The sin? in the numerator
is from the €- K factor in the interaction: the elctron’s momentum follows the direction of
polarization. This pattern is superficially quite similar to that for bremsstrahlung or other

radiation process, but note, this is the pattern for an ejected electron, not a photon.

Notice that the cross section falls steeply with E, = hck: o ~ (I/E,)~"/2. The cross

section switches off at E, = I due to energy conservation (the ejected electron must have



Quantum Mechanics 300

positive energy). In a real atom, there are of course many energy levels (s, p, d) with
I, > I, > I;..., and so the total cross section is a set of overlapping shoulders, one for
each threshold. It is often customary to plot the cross section as a function of wavelength;
then the cross section rises with wavelength and there are a series of “notches” as the energy
falls below the threshold to ionize a particular atomic level. The notches serve, of course, as

markers for the energy levels of electrons in the atom.

At very high energy, E, > 2mc?, the photoelectric cross section falls to zero, but a new
process takes over and dominates: the photon can convert to an electron-positron pair in
the presence of the electric field of the nucleus. This is called the “Bethe-Heitler” process

after the two physicists who first calculated its rate.
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Photo-disassociation of the deuteron

A problem related to the photoelectric effect is a nice venue to discuss phase space in more
generality. Let us examine the photo-disassociation of the deuteron. In this problem a
photon with momentum KK and a deuteron of momentum Pp collide to produce an outgoing
proton and neutron, with momenta p, and pj,, respectively. The interaction Hamiltonian is

(as usual)
e (7 eﬁ)%—pi FV(F, — 7)) (13.67)
= - = Ty —Tn), .
2m,, br= 2my, b
with the inter-nucleon potential described by V(r). We expand the Hamiltonian and work
to first order in e to write
v, P
Hy = P 4+ =

Vi(r); 13.
St e TV (13.68)

the interaction term is the usual electromagnetic expression

(& —
Hi = ——p, - A. 13.69
I m, Pr ( )
We define center of mass and relative coordinates through MR = MypTy + My, Ty, With M =
my + my,, and 7 = 7, — 7,. The reduced mass is y = m,,m,/M. Then
2

2
HOZ_R+p_T

TR TRAd0! (13.70)

The form of V(r) is un-needed, other than to specify the wave function of the proton and
neutron in the deuteron ¢ (r) in the initial state
iPp-R
Vv

The final state is assumed to be a product of plane waves for the proton and neutron,

e

i) = W(r). (13.71)

f) = % exp(if, - fp/m% exp(ifi, - Fa/B). (13.72)

Let us assemble our ingredients for the Golden Rule. The photon, deuteron, proton
and neutron energies are E, = hck, Ep = mpc® + Epin(D), E, = myc* + Ejin(p), and
E, = muc® + Epin(n). Writing myc® = m,c* + m,c* — B, where B is the binding energy of
the deuteron, energy conservation becomes FEy;,(p) + Eyin(n) = E;, = hck + Epin(D) — B.
Physically, the energy of the photon plus the deuteron’s kinetic energy equals the sum of the

two outgoing projectile’s energies plus the energy to disassociate the deuteron.
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The transition amplitude becomes

_ s =iy o hg=iban/h o i
M = (f|H;li) = | d"Rd’r TeTp e B e ), (13.73)
where )
- 2mwhe o
A= 1/2 _ik-7p 13.74
(—ka ) Tee (13.74)

is the vector potential at the location of the proton. Again letting the momentum operator
pp, = h/ zﬁp act to the left on the outgoing proton wave function, the transition amplitude

becomes

1 e 2mhé® Jo

v & | BBRdPre—iBrT/ho—iBaTalhiPo-R/h _ 13.75
1/3/2 mpc( wkv) Pr 6/ " ’ ) o | !

We now replace r,, and 7, by the relative and center of mass coordinates, r, = R +
(mn/M)r, r,, = R — (m,/M)r. The exponential factor in Eq. [3.75 becomes
my

iR (Pp+ hk — 7, — 7)) + i - (5750 = (B — hik)

My

) (13.76)

Notice that M is a product of an integral over R which is independent ¢ (r) times an integral

over r which contains all the physics. Call that term M,

1 e 2mhc? 12.-

= Ve mpc( o) P / dr exp(—i(—"Lp, + T2 (f, + hE)) - Py(r).  (13.77)

M,
M M

Let’s break away from the calculation for a moment and focus on the R part of M. We
can integrate over R, working in a box of volume V = L3. In one dimension it would be an

integral of the form

L ‘ iQL/h _ q
T L — 13.78

/ aQrh 578
The Golden Rule needs the square of M. To deal with Eq. [[3.78 we first square the result
of the integral and then take the L — oo limit. Just as the time integral in the square of

the Golden Rule amplitude

T iwT

. —1

/ dteT =S~ (13.79)
0 1w

squares to give an energy-conserving delta function,

wl 1
lim |[“—— [ = 2776 (w), (13.80)

T—o0 w
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so the spatial integral squares to give a momentum conserving delta function,

e QL/h _

lim \

Jim | P = 2rLa(Q/R) = 2hLA(Q). (13.581)

Thus the squared center of mass integral contributes a factor
L3(27h)*6%(Pp + hk — [, — ) (13.82)
to the Golden Rule expression:
dr — 2%|Mr|2(27rh)31/63(ﬁp Bk — 7, — p)(Ea+ hek — B — B, — E)p(E).  (13.83)
The phase space factor must count all the states for both outgoing particles, so it is

dgpp dgpn
(2rh)3 " (2wh)3

p(B)=V (13.84)

Had we had N particles in the final state, p(E) would have been a product of N terms, one

for each particle. One often sees this written in the literature without explanation:

AT (i = 1, s . .. \MPQW ZE ZE )(2mh)35%( Zpl Zp] HVdp] (13.85)

Eq. [3.83 clearly indicates that both momentum and energy are conserved in the process, a

very sensible result.

Including the flux factor for the beam, J = w,¢x(one photon in volume V) = (¢/V),
gives the differential cross section
V2 2m

do = - =2 | M, [2(27h)36% (Pp+ hk— —Pp—Pn)d(Eq+hck—B—-E,—E,)

dgpp d3pn
(2rh)? (27h)?

. (13.86)

All the volume factors neatly cancel, as they should. To groom this expression, we can just
integrate over one of the outgoing particles’ momentum. This will impose overall momentum

conservation on the process and give a familiar-looking result,

2 &3
do = = |MP—=22_5(E, + hek — B — E, — E,,) (13.87)
he (2mh)3
where ok
N = mipc( 7;; W2 g / dr exp(—ig - F(r) (13.88)
and
hi = =225, + 22 (5, — hE) (13.89)
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Notice that in Eq. [[3.86] we do not have to specify any particular reference frame. The
center of mass frame is a convenient one, however. In it, Pp+hK = 0, ]3,, =—Pp=p= hK ,

and E, + E, = p?/(2p). Performing the phase space integrals leaves

do 21 pyp

do _ v 13
0~ e 2 M (13.90)

If we write p, = h[?, D = —h[?, we find

_»mp"i_mn =My > ~MN
N g gy
M M M

q= (13.91)

This is essentially the same calculation as for the atomic photo-effect. Psychologically,
it is easier to deal with the atomic case, because the kinematics in that case “naturally”
seems to be one-body (photon in, electron out), although of course both situations have two
particles in the final state. In the case of the deuteron, m,/M = 1/2 and § = K — k/2
while in the atomic case m,,/M — 1 and ¢ = K — k. In the deuteron, the reduced mass is
@ = my/2; in the atom, u = m, the electron mass. If we had more than two bodies in the
final state, we would have had a 3N dimensional phase space integral over all the particle’s
momenta, and four delta functions as constraints. The 3N — 4 dimensional integral would
have bounds induced by the requirement that all the particles’ energies must be positive.

It’s a bit of a mess, but completely comprehensible (at least in principle).

We have not completed the calculation, of course. What should we take for the wave
function of the deuteron, ¢ (r)? The deuteron is barely bound, B ~ 2.2 MeV. The range of
the nuclear potential is a few times 1072 ¢cm — the size of the proton or neutron. Because the
deuteron is so weakly bound, its wave function must have an enormous tail in the classically
forbidden region. A good model for the deuteron is to put the particles in an attractive
square well potential and adjust the parameters in the potential so that the binding energy

is nearly at zero. Then the wave function is nearly all outside the well, and

Y(r) = \/g e;m (13.92)

Of course, k is \/2uB/h?. With this choice for ¢)(r) the integral is pretty much identical to

the one for the plotoelectric effect.
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Scattering theory from the Schrodinger equation

The Lippmann-Schwinger equation

A second approach to scattering theory treats it as a special case of the time-independent

Schrodinger equation

(ﬁfo + v) ) = E|¢). (13.93)
The zeroth-order Hamiltonian is Hy = Z-. Its free space solution (an eigenstate of HO)
P/

= — 13.94
(#16) = e (13.94
If one were to reduce the strength of the potential to zero, one would expect that |¢) would
reduce to |¢). To capture that behavior, rewrite the Schrédinger equation as an integral

equation,

¥) =

V ) + [9) . (13.95)
E—

As it stands, the equation is not well defined because Hy has a continuous spectrum; one
must avoid the pole in the first term. This is done by shifting the singularity slightly off the
real axis, modifying Eq. [3.95] to

1

Wv 105 + |0) . (13.96)

[*) =

This is called the Lippmann-Schwinger equation. To understand what we have done, evaluate

the Lippmann-Schwinger equation in coordinate space. It is

1
(@lv) = [ @' (ol g ) 1V 10%) + o) (1397)
where .
Gi(x,2') = (x| . fic |z") (13.98)

is a free particle Green’s function. One may compute it by passing to momentum space,

Gi(w,2) = / & / & {alp) 80 — ) —— W) (13.99)

j:
/ P (F— @) /h
(2771) E — % =+ z¢
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2 zp|:c @'| cosO/h
= T / de/ (cos 9 ﬂ:
-1 - = 1€

ol _ o
ezp|m z |/f —e ip|T—x |/h]

_ Y
i@ﬁﬂfﬂﬂl pp E_Z Lic

To simplify notation, let p = hq and 2mE = h*k?. Making these substitutions, one finds
poles at ¢ ~ k =+ ie,

, im o
Gi(z,2') = W/ qdq[

Am?|% — x

which can be evaluated by closing the contours separately for each exponential, and then

) N
62q\x il —e iq|Z x\]

13.100
— k2% 4 je ( )

taking the e — 0 limit. This gives

1 2m e:l:ik|:?:'—:(?’|
+ _

This is the Green’s function for the Helmholtz equation,
2
(V2 + EDGE (2, 2)) = —=-63(& — o). (13.102)

Now one can understand the +e: the +ie solution represents an outgoing spherical wave,

and the —ie solution is an incoming spherical wave.

To check this result, one can return to the Lippmann-Schwinger equation. Inserting the
Green’s function gives

+ik|T—a|

e
(@p*) = (zlo) — 55 [ da'———== (2| V [v7). (13.103)
2o | 7
For usual coordinate-space potentials, (z/| V' |2”) = V(2')6%(z' — "), so
+ 3 /eilk| £| / /1,/,E
(™) = (2lé) — 5 h?/dxﬁ (2') ('|p*) . (13.104)

We can confirm the meaning of the 4ie solutions by considering a short range scattering
potential and computing the wave function far away from it. In that limit, |& — | ~ r—fea.
Inserting the homogeneous (plane wave) solution to the Schrodinger equation for (z|¢), the
Lippmann-Schwinger equation becomes

ik-E +ikr

e m e i
(#h%) = G = g | VT )
ik-& +ikr
T f(K.E) (13.105)

@rhpz " Ty
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where k' = k7. This confirms the statement that the (+i€) convention corresponds to an
outgoing wave and the —ie one to an incoming wave. The physical situation of scattering

uses the outgoing wave solution.

Explicitly, the scattering amplitude can be given entirely in terms of a matrix element
involving |4, ),

1 2m
4m B2
(27)3 2m

ir W2

(27)® / (2‘2;’/ me TV (a!) (2lvy) (13.106)

(K'[V]s) -

Let us assume that the potential is weak and solve the Lippmann-Schwinger equation by

iteration:
1
(ali) = {olo)+ [ & (ol VI () (1.107)
1
= Galo)+ [ ¢ ol Vi) @)+

Keeping the first term in this series corresponds to the first order Born approximation. To
go further, it is useful to define an operator T'|¢p) = V [ip4). The operator T is labeled as
the T-matrix, in analogy with the the T-matrix used in time-dependent calculations. With

this definition,
1

Vv = —_—V 13.1
V) V‘¢>+VE—H0+2'6 P+) (13.108)
and so .
T|p) =V Ve—e—«——T 13.109
6) = VI6)+ V5T 19) (13.109)
or )
T = —T. 13.11
V+VE_H0+z'e (13.110)
The formula for the scattering amplitude
- - 1 2m
(ke K) = == =55 (2m)° KV (13.111)
is equivalent to
- o 1 2m 3 1
flk, k") = —EF(QW) (K'|T|k) . (13.112)

These results suggest that one can approach scattering problems by solving the operator

equation for T directly. A simple approach is just to iterate:

1 1 1
T-ViV— *  yaiv v Vi 13.113
Y B ootV E-—Htic E—Hotic T ( )
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As an example, the second order contribution to the scattering amplitude is

- 1 2m 1
(2) l - 3/ s -
fo ) Ar h2 @) RV 5 Hy + ic

1
— 3 3/ / -
- W P [ @ () Vi)
1
_ 3 3/ / / / /
= W P [ [ @ 00 V) el V)

= M [ [ i) ViRt eV ) .

Here G(z,x') is the free particle propagator. The physics of Eq. I3.113 is simple, and is

V|k) (13.114)

illustrated by the second order formula we have just written: the particle comes into the
region of the potential and interacts with it at location z’. It then propagates as a free
particle (through the Green’s function) to location x and interacts again. This evolution
would continue in higher order. We must sum over all the locations 2’ and z. It is quite
reminiscent of the interpretation of the evolution operator in time dependent perturbation

theory, except that here we have no explicit time dependence.

The optical theorem

The optical theorem relates the imaginary part of the forward scattering amplitude to the

total elastic cross section,

koot . o
i Imf(6 =0), (13.115)
where f(k, k) = f(6 = 0) and
do
Otot = /d—QdQ (13116)
To verify this result, begin with
o L2m _ 2 M
f(0=0)= s (27m)? (K|T|k) = —(27) 72 (k|T|k) . (13.117)

Replacing |k) by [¢)") using the Lippmann - Schwinger equation, the imaginary part of this

expression can be written as

m (k|T|k) = Im (T |VT|k) (13.118)

1
— T — -
= T o VIT) = (Ul Vg V 1)
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Since this expression is to be evaluated under an integral, the principal part expansion allows

us to write write

1
-7
E — Hy+ e F — H,
If V' is Hermitian, the first term in Eq. [[3.119 and the P term are real. Only the delta-

function piece conributes to the imaginary part, so

+ind(E — Hy). (13.119)

m (k| T|k) = —m (V4 [VIO(E — Ho)V]ihs) . (13.120)

Furthermore, the definition for the T-matrix, 7' |¢) = V |¢4), tells us that this expression

can be written as

m (k|T|k) = —n (k|TS(E — Hy)T|k) (13.121)

= —W/d?’k:’ (k|T\K"Y (K'|T\k)Yo | E — fEk™
N 2m

- / AR (k| T|K) |2

h2k’6(k K,

(13.122)

inserting a complete set of |k) states and picking up the Jacobian from the change of
variables in the delta function. (In the second line, Hy |k') = h?k’?/(2m) and of course
E = h?k?/(2m).) Evaluating the integral and inserting the necessary numerical factors to
replace | (k|T|k') |* by | f(k, k)|, we find

(27r)2m mk

s ) [ a0l @i

=TIk P

Imf(0=0) = [-

_ _/dm
- —/dQ|f (K, k

- 47r dQE

k
= — Ot
17 Tt

(13.123)

This is the desired result. Note that it is an exact relation, independent of any properties of

the scattering interaction.

Several remarks are in order.
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First, the optical theorem is really a consequence of unitarity. Being very general, quan-
tum mechanical evolution can be thought of as the action of an operator S (this is basically
the evolution operator U, but the literature of scattering uses the letter S for what is called
the “scattering matrix” or “S-matrix”) — [ou:) = S |1i,). S is unitary, so STS = 1. We are
usually not interested in the case where [t),,;) is identical to |1);,) so we write S = 1+4T'; the
“1” leaves the state unchanged and the T changes it. Then STS =1=1+i(T —T") + |T|>.

The optical theorem is basically the cancellation of the last two terms of this expression.

Sometimes having an exact relation can be used even when the physics at hand is im-
perfectly known. We will use the optical theorem when we construct the general form of the

scattering amplitude as an expansion in Legendre polynomials or “partial waves.”

The optical theorem is only exact if the scattering amplitude is computed exactly. The
relation will not be satisfied if f(k, k") is computed approximately. In our simple example,
suppose S = exp(id) = 1 + 4§ — 1/26% + .... The constraint STS = 1 is only true when all
the terms in the series are kept. A place where this is encountered is the (first order) Born
approximation, where f(k, k') is real. Higher order terms in the expansion will (gradually)

unitarize the scattering amplitude.

Sometimes people use the optical theorem as a check on their approximate calculation:
how far can I trust what I did? Sometimes it is a guide to model building. The author is
old enough to remember the use of this formula, with an approximation of the scattering
amplitude which was believed to be very accurate at small angles, to predict total cross
sections — today’s physics example would be the total cross section for proton - proton

collisions at very high energies, such as at the Large Hadron Collider.

There is an optical theorem in electrodynamics, where energy conservation replaces uni-
tary evolution. It is a bit more annoying to derive than what we did because the objects in
the calculation (the E and B fields) carry vector indices. Our derivation implicitly assumed
that we were dealing with spinless particles — ¢(z) is simply a complex field. There is an
extensive literature of scattering with spin, or scattering where the initial and final states

are very different, but perhaps you should go to the specialized literature to read about that.

And finally, unitarity imposes some pretty remarkable constraints on the scattering am-

plitude, which we will encounter below.
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Spherical wave states

Suppose that the scattering potential is rotationally symmetric. In this case it is very
convenient to work with states which are simultaneous eigenstates of the free Hamiltonian
Hy, the total squared angular momentum, f)z, and the projection of the angular momentum
along the z-axis, L. These states are called spherical wave states; we will denote them as

|E, I, m). They must satisfy the orthogonality relation
(E' U, |E,1,m) = S d(E — E'). (13.124)

We expect that the projection of these states into a momentum or wave number basis will

be proportional to the spherical harmonics,
(KB, 1,m) = gp(k)Y;"™ (k). (13.125)

If the particle is assumed to be traveling along the z-axis (i.e. the wave number vector
points along the z-axis) there should be no z-projected angular momentum associated with

the state. This result follows from

L. = (zp,—ypa) [F2) (13.126)
= (xpy —yps) ke =0,k, =0,k, =k) =0.

We can expand |kZ) in the spherical wave state basis by using completeness,

|k2) = Z/dE’ |E" 1, m" = 0) (B, I',m' = 0|kz). (13.127)
l/

An arbitrary momentum state |E) can be constructed by performing a rotation from the

momentum state along the z-axis, which can be characterized by Euler angles
k) =D(a=¢,8="0,y=0)|ks). (13.128)
With this relation, a general spherical wave state in the momentum basis is

(E,1,m|k) = Z/dE’ (E,1,m|D(¢,0,0)|E,I',m =0)(E,I'm' =0|k3).  (13.129)
ll

The rotation matrix is an independent entity from the spherical wave states, so

(E,1,m|k) = Z/dE/(S(E — EN6wDE (B I, m' = 0|k2) (13.130)
ll
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or

Recalling that that D!, is proportional to Y;”", Eq. I3.131] becomes

- A
(RIE,Lm) = | 77 =Y,

Our goal is now to find the functional form of the proportionality factor g,.(k). Begin
with

(k)i (k). (13.132)

o o h?k?

- E) (E|E,1,m) =0, (13.133)

which tells us that g..(k) = N§ (ﬁ2k2 E) Now perform the expansion

(E' U, m!|E,l,m) = / PR E U, |K"Y (K| E, 1, m) (13.134)
h2k"? h2k"2 ,
_ 2 2 _ _ / m’x m
= /k dk:dQNcS( o E)a( o E)Yl (Q)Y™(Q)
= INPESE ~ B G

The normalization constraint is N = \/% and so the momentum spherical wave state is

B, hoo (2K o

The coordinate space spherical wave state is computed straightforwardly. We expect that

(Z|E,l,m) o ji(kr)Y;"(r). To find the constant of proportionality we use

(Z|k) = 27? 7 Z/dE (Z|E,1,m) (E,1,m|k) (13.136)

§ : / dE ¢y (kr) Y™ (7) f 5 (—hsz E) Y™ (k)
= C )Y (T — .
— 11 l m 2m l

Exploiting the identity between the spherical harmonics and Legendre polynomials

21+ 1
S oYY (k) = Bk - 7) z; : (13.137)
we find o1 "
7|k) = Pk -7)j . 13.1
(k) zlj ik ikra—— (13.138)
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Furthermore, the expansion

etk T A+1_ . 1,
@n)32 — zl: i Py(k - T)]z(kr)wl ; (13.139)
yields the relation ¢; = \ / 2:’;* The final results are
- h h2k2> ~
ElE,m) = ——6(E— Y (k 13.140
@Etm) = s (B- T )y (13.140)

F|E L m) = ﬁ,/mﬂ(k;r)y (7). (13.141)

We will use all this machinery in the next section to derive some extremely useful results.

Partial wave analysis of scattering

If the potential is spherically symmetric then T is a rotational scalar. Consequently,
7,1 =0 [T,L.]=0. (13.142)
The Wigner-Eckhart theorem then tells us that
(B L,m|T|E", ', m) = 6 bmmTi(E). (13.143)

Expanding the scattering amplitude in the spherical wave state basis gives

- - 1 2m e
kK = _EF kZZ/dE/dE (K|E' U, m!y Ty (E)ou S (E, 1, m|k)

Im U'm/

= Z Ty (E)Y,™ (kY™ (k). (13.144)

We now define the “partial wave amplitude,”

T(E
k) =" lk( ). (13.145)
Taking k to lie along the z-axis,
20+ 1
Y™(2) = 6,0\ ——— 13.14
(%) o\ i (13.146)

and in general

- 2 1
YO(k) = 1/ Z; P(cos 0). (13.147)
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The scattering amplitude becomes

Flk. K'Y = (20 + 1) fi(k) Pi(cos6). (13.148)

=0

At large distances from the scattering source, the coordinate space wave function was found
to be ,

I Sy (G 13.149

<$\¢+>—W e +rf() : (13.149)

Our goal is to combine these expressions into a compact formula for the outgoing wave.

To begin, we use
e** =37 (20+ 1)Pi(cos ) (€72)' ji(kr). (13.150)
l
In the limit kr > 1, the Bessel functions take their asymptotic forms
sin (kr — 1) gilhr=im/2) _ gmilkr—in/2)

Ji(kr) — o = H : (13.151)

and so the wave function is

(len) = [ ST+ 1) Pi(cosh) et — et +Z(2l+1)P(cos€)f(k)eikr
T e\ 4 ‘ 2ikr : ! (k)=
_ 1 Py(cos6) . pikr  pilkr—ir)
= @ ;(QHUW ((1+2zkfz(k)) — - ) (13.152)

This is not a terribly illuminating expression, but it conceals a very useful nugget of
information — a completely general parameterization of the partial wave amplitude f;. To
extract the nugget, notice that the first term in this expression is an outgoing spherical
wave and the second piece is an incoming spherical wave. Now recall that probability must
be conserved in a scattering process. Probability conservation implies the existence of a

conserved current, or that V-J= %. If the process is time-independent, V-J= 0, and
/f dA =0 (13.153)

where the integration is implicitly taken over a spherical surface at infinity. For this ex-
pression to hold, the squared amplitudes of the incoming and outgoing spherical waves in
Eq. 03.152] must be equal, forcing

1= |1+ 2ikfi(k)] (13.154)
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which tells us that 1 4 2ik f;(k) must be a pure phase,
1+ 2k fi(k) = 2ok, (13.155)

The quantity ¢;(K) is the called the “phase shift for the 1th partial wave.” (The 2 in
the exponent is a convention.) Notice that there are three equivalent expressions for the

scattering amplitude,

e —1  e¥ging, 1
k) = — — . 13.1
fik) %k k k cot &; — ik (13.156)

You will see all of these expressions in the literature.

Written in terms of phase shifts, scattering amplitude becomes

2i5,

FO) =Y (20 +1) (6 o )P,(cose). (13.157)

=0

This formula is very often used to analyze the results of scattering experiments. It is com-
pletely general; its derivation only depended on unitarity and rotational invariance. Note
that it says that only one energy dependent parameter (0;) per partial wave is needed to

parameterize the scattering amplitude.
We write the differential cross section as

;Z_g = |f(0)? = % 2(21 + 1)(20' 4 1)e% =% sin 6, sin 0, P, (cos 0) Py (cos 6). (13.158)
w

The total cross section is simply the differential cross section integrated over solid angle.

Using
4
/dQPI(COSH)Pp(COSG) = 2147:15”/’ (13.159)
it is
47 . 9
0= 13 Z(2l + 1) sin® J;. (13.160)
!
Let us check the optical theorem:
I :
fO0=0) = + > (20 + 1)e sin 6, (1) (13.161)

N
I
o

Il
) =
NE

(20 + 1) sin §; (cos 0; + i sin §;)

N
Il
o

) 1
(20 + 1) sin? §; = °

—
=4
=
>

I
=

Il
| =
[

N
Il
o
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The derivation of these results assumed potential scattering and, therefore, that the
scattering process was unitary. A variation on this language can be used to parameterized
a particular non-unitary variation of this picture. We imagine that a scattering process can
either involve an emerging final state particle, and further that this particle has the same
energy as the incident one, or that the incident particle is completely absorbed by the target
and nothing comes out. We refer to the two processes as “elastic scattering” or “absorption.”
This is clearly a phenomenological description, but the general case of scattering where many
different final states might emerge can be cast into a generalization of this language. This is

done as follows:

Recall that the flux into the origin per partial wave is

1 1 e—ikr 2
— 13.162
‘ (2m)3/2 2ik (13.162)
and the outgoing flux per partial wave is
1 1 » eikr 2

We define an “inelasticity factor” n;, with 0 < 7, < 1, from the ratio of the outgoing and

incoming fluxes,
flux out

= 13.164
n flux in ( )
With it, we write
1+ 2ik fy(k) = ne* (13.165)
so that the elastic scattering amplitude is
26,
me™ —1
k)= ———. 13.166
ik =" (13.166)
The total elastic cross section is
_ 2 _ 2
Oo = /dQ|f(«9)\ =4m ) (21 + 1)|f) (13.167)
!
where ) - (26)
9 + n; — 2ncos(20;
= . 13.1
£ - (13.168)
The absorption or inelastic cross section is
flux lost 7 9
Cinel = Oahs = g —— = 75 d@+1)(1-n). (13.169)

l
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Im(kf_I)
n

1/2 ) 23

Re(kf_I)

Figure 13.1: Variables in an Argand diagram.

The total cross section is the sum,

T
Otot = Oel + Oinel = = 2(21 +1) (1 +nf — 2 cos(20;) + 1 — nf) (13.170)
1

— % D21+ 1)2(1 = mrcos(25:)).

l

The formalism preserves the optical theorem:

m(f(0=0)= (2 + 1)%28(250 - gam. (13.171)

l

The Argand diagram, Fig. [[3.1] is a convenient way to present information about scat-
tering amplitudes: it is a plot of

2i51 _ 1

kfi(k) = 25—~

13.172
2 (13.172)

in the complex plane: as we vary k, kf;(k) traces a circle of radius % when n = 1. The circle
touches the real axis of kf; when 6 = 0. We represent scattering data as point on or within
the circle. A typical Argand diagram would look like Fig. [13.21

How can we compute phase shifts from a given potential V' (r)? If the potential is iden-
tically zero beyond some distance, V(r) = 0 for r > R | then for r > R, the wave function

corresponds to that of a free outgoing wave. This solution can be constructed from linear
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Im(kf_I)

Re(kf_I)

Figure 13.2: A typical Argand diagram is a path in the complex plane. The scattering

amplitude kf(k) follows a path in the complex plane as k is varied.

combinations of the spherical Bessel and Neumann functions, the Hankel functions.

exp (i(kr — In/2))

W= gi4in - , (13.173)
ikr
—i(kr — Ir/2

BBy ing — SR Z<Z_]; 7/2). (13.174)

The arrow shows the asymptotic limiting form for large value of the argument. The first
Hankel function thus represents an outgoing wave while the second Hankel function corre-
sponds to an incoming wave. The general solution to Schrodinger’s equation with V' (r) =0

will be the superposition

(zepy) =

W S (20 4 1) Ay(r) Pr(cos ) (13.175)

where
A(r) = VR (kr) + PR (k). (13.176)

Its limiting form must match the one we had previously found, in Eq. I3.152, so that cl(l) =
se¥° and cl(z) = 1. Thus, for r > R we have

Ay(r) = e (cos 8,5y (kr) — sin g (kr)) . (13.177)

Next, we patch together the solutions from r < R to those for R > r at the boundary

of r = R. Matching functions and derivatives is most economically done by matching
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logarithmic derivatives at the boundary. So define for the interior solution the quantity

T dAl r d¢inside
= —— = ) 13.178
ﬁl Al dr lr=R ¢inside dr r=R ( )
From the outside wave function we have
cos 6,4 (kR) — sin 6,2 (kR)
= kR dr dr . 13.179
b cos 6,51 (kR) — sin §;ny(kR) ( )
Equating the expressions and grooming a bit gives
i (kR)
i (k kR - B
tan(gl — .]l( R) Ji(kR) (13180)

m(kR) | kREGE — 5

(Recall, parenthetically, that the most convenient expression for the interior Schrodinger

equation is the one-dimensional form

d?uy(r) 2mV Il +1)
e <k2— TR )ul:Eul (13.181)

where u,(r) = rA;(r).)

An example might be helpful: consider a hard sphere potential,

0 r>R
Vir) = 13.182
(r) { oo r< R ( )

Obviously, the potential acts as a boundary condition: A;(R) = 0, and so

Ji(kR)
tan g, = . 13.183
o (kR) ( )
Consider first s-wave scattering:

sin(kR)
tan do = — e = —tan(kR) (13.184)

kR
or §g = —kR. The wave function has just been shifted in space. At low energy (i.e. for long

wavelength, kR < 1) the phase shifts for the higher partial waves are small,
o (k —(k 20+1

tan §; = 21EF) (kR) (13.185)

m(kR) (2 + D2l —
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Figure 13.3: The hard sphere potential and the phase shift for s-waves.

and only s-wave scattering will be important. This is a general result, as can be seen from
Eq. I3.180 - the expression in the square brackets is only order unity for small kR. The

cross section can then be approximated as

do  sin?6
d—g - SH;TO ~ R? (13.186)

or

o = 4T R? (13.187)

This is four times the expected geometric cross section, mR?, but when the wavelength is
small compared to the geometric size of a scatterer, we do not expect geometry to give a

correct answer.

Very high energy scattering, with kR > 1, can be treated as scattering from a classical
target. Recalling that

\L| = |7 x p| = rp = rhk, (13.188)
we can define a maximum angular momentum [,,,, = kR. The cross section can then be
written as

A IR
o= > (204 1)sin® 5. (13.189)

=0

Using the asymptotic forms valid at large kR,

sin(kR — lw/2)
kR

cos(kR —Im/2)
kR

Ji— (13.190)

(13.191)

n; —
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the phase shifts approach the limiting value

tan ; = tan (kR - %T) (13.192)
or I
5 = kR — g (13.193)

Inserting this into the formula for the cross section and, because many partial waves con-

tribute, converting the sum to an integral, the cross section becomes

4y maz =R I
o= 5 Z (20 + 1) sin? <kR—5) (13.194)
=0
4 [HR .9 lm
~ ﬁ/o (204 1) sin (l{:R—;)
N 47 o1 9
~ kz(kR) 5 = 2nR”.

The sin? term has averaged to % because it is fluctuating so rapidly.

We might have expected that the cross section would just have been the area of the
target, mR2, so what about the extra factor of two? Write the scattering amplitude as the

sum of two terms,
kR kR

£(0) = L 2(21 + 1)e*® Py(cos ) + i 2(21 + 1)P(cos ) = f1 + fs. (13.195)

2ik
1=0 1=0

The cross section contribution from f; is

kR
o= /dQ\fs|2 - % S @+1) =R (13.196)
=0

The f, amplitude makes no reference to the potential, is pure imaginary, and is large at
0 = 0, because that is where the Legendre polynomials are peaked. It is called the shadow
amplitude,

. kR
fs = i ;(21 + 1) Py(cos 6). (13.197)

For small angles and big I’s the Legendre polynomials can be approximated as the first Bessel

function of [ argument,
Py(cos @) — Jo(16). (13.198)
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[f_s|"2

60 1/kR

Figure 13.4: Schematic plot of the shadow scattering differential cross section.

Then the shadow amplitude is approximately

2i ("R RJ, (kRO
f, = i/ dLgo(10)l = SR (13.199)
2k J, 0
Graphically, the differential cross section | f,|? is shown in Fig.[I3.4l The corresponding cross
section is
2J3(kRO)d(cos f o 2d
Osh :/dQ|fs‘2 :27T/R Ji RH> (cos 6) :27TR2/ 7‘J1(?| 5:7TR2, (13.200)
0

where we have set & = kR to do the integral. The interference term between f; and f;
averages to zero because 20,4, — 20, = m while f, is always imaginary. So the result is 27 R?,
half from the actual phase shift, and half from the shadow term.

That they are equal is easy to see if we look immediately behind the scattering center,
where nothing should be observed, and a shadow must be created. In fact, the shadow term
can be thought of as giving the entire cross section, from the optical theorem. This occurs

because Im f; averages to zero, while the partial waves of f, add coherently,

. kR
47 A7 7
—1 = —Im(— 2l +1)) = 27 R2. 13.201
—Tm fo(0) = =Tl ;( [+1)) =2k (13.201)

Universal features of scattering at low energy

At very low energy, only s-wave scattering is important, since the phase shift for the [th
partial wave goes like k2*1 and the cross section scales as o; ~ k*. Outside the region where

the potential is nonzero, the wave function is

u(r) = sin (kr +9) . (13.202)
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N

=R

Figure 13.5: Wave function when V' = 0.

Figure 13.6: Wave function when V' < 0 and 6 > 0.

How is the sign of J related to the sign of the potential? We have three cases, illustrated
in Figs. [[3.5H13.7k

1) V =0 : In this case the phase shift 6 =0

2) V < 0: In this case the interior wave number, k' = /22(E — V) is greater than the
exterior wave number k = 2%”2E . The location of the first node occurs closer to the

origin than in the V' =0 case. Thus 6 > 0.

3) V. > 0: In this case ¥ = (/22(E — V) is less than k = /242, This implies that
6 < 0.

As seen in Fig. [[3.6] we expect that § grows larger as the potential becomes deeper an

deeper. (Compare Fig. I38) Eventually the point might reach § = m. At this point the
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Figure 13.7: Wave function when V' > 0 and 6 < 0.

O=Tt

Figure 13.8: Variation of the phase shift as V() becomes more and more negative.

cross section will fall to zero. This is quite odd — the cross section is zero even though the
potential is very attractive. But it has been observed, in electron scattering from noble gas

atoms, where it is called the Ramsauer-Townsend effect.

Let us continue to assume that k is very small. For V = 0 the Schrédinger equation

d*u

- 20 = 13.2
5 Ru=0 (13.203)
becomes P
u
— = 13.204
72 0 (13.204)
or
u(r) = const. X (r — a). (13.205)

Another way to see this result is from the limiting form of the exact solution (recall,
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Figure 13.9: Linearizing the wave function about its zero.

5l ~ k2l+1)2
)
lim sin (kr + dp) = k (7’ + —0) . (13.206)
k—0 k
Comparing the two expressions,
0
—a= ?0 (13.207)

Recall that it is the logarithmic derivative of the wave function which enters into the
expression for the phase shift, Eq. [3.180 With u = sin (kr + §), the logarithmic derivative

at the matching point is

! ) 1
L (l{:r+5)‘ = kcot (k (w—))‘ ~ . (13.208)
U R k R 1r—alr
Furthermore, if the range of the potential is small then
1 1
~—= (13.209)
r—a a
or )
lim k cot (kr 4 0) = ——. (13.210)
k—0 a
The scattering amplitude is
1 1
— I 13.211
/ kcotd — ik 1/a+ ik (13.211)
The cross section itself is
1
0 =47 lim —————— = 4ma’. (13.212)

k—0 |k cot § — ik|?
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Figure 13.10: A repulsive potential generally implies a positive scattering length.

Figure 13.11: An attractive potential might impliy a negative scattering length...

The quantity “a” is called the scattering length. Notice that it completely characterizes the

cross section at low energy, regardless of the shape of the potential.

What can we say about the sign of the scattering length? If V' = 0, then the wave function
rises linearly from the origin and @ = 0. Now suppose V' > 0: A repulsive V suppresses the
wave function under it. If we were extrapolate a linear wave function to the origin, we would
find an @ > 0. This is illustrated by Fig. I3.10. An attractive potential (V' < 0) might give

a positive a (Fig. [[3.10]) or a negative one (Fig. I3.12)).

We can take the analysis a bit farther. We have assumed that k is small, but have not
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Figure 13.12: Or a positive scattering length.

found any dependence of ¢ on k. To remedy that, recall Eq. [[3.180, specialized to s-waves:

W(kR) [kRZE -3
tan g, = 20K | M, (13.213)
no(kR) kR:L —
Substituting for the spherical Bessel functions gives
—1—pB+kRcotkR kR — (14 B)tankR
tan oy = — tan(k = . 13.214
Ao an(kFR) [—1—ﬁ—thankR} 1+ 3+ kRtankR (13.214)

For kR < 1 we can expand this expression and pick up the leading k dependence (note
tanx = z(1 + 2%/3)),

kR)?
tan 8y = —(kR) | 2 1++(5T)+ ((1]{:]:)5 ) (13.215)
This says that
%tanéo = —R(Ci+Cok* +--) (13.216)
or, more conventionally,
k cot 6y ~ —% + %rokQ. (13.217)

Again, the scattering length is a. The quantity 7y is a new parameter, called the effective

range. The cross section is characterized by two parameters:

4dma?

= kY. 13.21
o 1+(1_%)k2a2+0(> (13.218)

The O(k*) represents both higher order terms in the Taylor expansion and the still - uncom-

puted p-wave contribution.
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This is a remarkable result: regardless of the actual shape of V(r), the scattering am-
plitude at low energy is completely characterized by two parameters. This represents a
decoupling of short and long distance physics: the detailed behavior of the system at short
distance (<< 1/k) does not affect long distance (~ 1/k) probes. This is good news: to
understand long distance physics, one does not have to understand short distances. For
example, consider cold trapped atoms: how do they interact? Atoms are hopelessly compli-
cated and it would be a very difficult problem to compute the scattering amplitude for two
atoms at any moderate energy. However, to understand atomic interactions in a trap, one
only needs two numbers, a and rq. If they cannot be computed from first principles, they
can be determined from one or two experimental measurements. Then all other properties
of the trapped atoms which depend on how they interact (for example, the shift in the crit-
ical temperature T, for Bose-Einstein condensation, away from the ideal gas result) can be

expressed in terms of a and 7, plus the mass of the atom.

There is corresponding bad news: one can’t learn much about short distance physics with
long distance experiments. An old illustration of this fact comes from the 1930’s. After the
neutron was discovered, a natural question to ask was, what is the neutron-proton potential
V(r)? One could do scattering of protons on deuterium (at energies of a few MeV) and
determine the associated p — n cross sections. Then one would pick a parameterization for
V(r), calculate do/dS2, fit the data, and determine the parameters. This project failed,
because all potentials which give the same a and ry produce identical scattering amplitudes,

regardless of their detailed shape.

The modern generalization of this story is called “effective field theory.” We describe
low energy behavior of Nature using Lagrangians or Hamiltonians which consist of only as
many operators as there are relevant parameters (here a and 7¢), regardless of whether the
field variables describe fundamental physics, or not. In the strong interactions, the relevant
degrees of freedom at low energy are the pions, plus static protons and neutrons. They
are not the fundamental constituents of strongly interacting matter, quarks and gluons. If
desired, one could use the more fundamental theory to predict the parameter values of the
low energy effective theory. However, all of low energy physics will be contained in them,

and one would use the low energy theory to do calculations.

Physics at low energies depends only on the symmetries which are manifest at low en-
ergies, and the values of a few low energy parameters. In a BEC, the important degrees of
freedom are the (local) wave function of the condensate, and the symmetries are invariances

under global phase rotations (and local ones, if couplings to electromagnetism are included).
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That the condensate has an atomic substructure is irrelevant to its low energy, long distance

properties.

Let us illustrate how the scattering length and effective range appear in the “spherical

square well,” V(r) = —=Vj for r < R, V = 0 otherwise. Recall the bound state solution

sin(Gr) r <R
= 13.219
U(T) { e M r>R ( )

where % = |E,| and ﬁgfj = Vo — | Eb|. Recall also that G*+\? = 2202 Marching solutions

and derivatives at the boundary (or matching logarithmic derivatives) gives us
GRcot(GR) = —AR (13.220)

which can be solved to give the bound state energies. In the scattering situation, the energy

of the incoming state is positive, and so the wave function is

u(r) = { zzggz ) :: i g (13.221)

. 1. . 2172 21.2 .
We again have the familiar relations f’ég = Vo + Esur and % = Fyeqr. Matching wave

functions and derivatives at the boundary gives
KRcot(KR) = kRcot(kR + ), (13.222)

which will determine the phase shift.

Now suppose that F,.,; ~ 0. Additionally, suppose that the potential is such it supports
one bound state, which is also close to zero: |E,| ~ 0. This corresponds to K ~ G. The

interior solution can be expanded in terms of bound state parameters as

Kcot(KR) = Gcot(GR) + (K — G)%(G cot(GR)) (13.223)

= A+ (K —G)[cot GR — GR(1 + cot? GR)]

= —A+(K—G)(%—GR(1+2—Z)).

(13.224)

If A\/G is tiny, this is
Kcot KR=—-X— (K — G)GR. (13.225)
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Furthermore, Taylor expanding K — G in the assumed small k? + \2, we find

1 1
2mV, 9 9 9\ 2 2mVy 9\ °
K-G = ( 2 — AN+ AN +E — 2 —A (13.226)
1 BN
e
1R N
2 G
(13.227)
Then 1
Kcot(KR) = =\ — 5(/f2 + AR (13.228)
For small kR compared to  we can expand the expression
kcot(kR +0) = kcotd — k*R(1 + cot?§). (13.229)
Then we can combine the two equations to rebuild Eq. [13.222]
1
kcotd — k*R(1+ cot®§) = —\ — 5(k;2 + AR, (13.230)

Replace the cot?d by A\?/k?, the leading behavior in the expression (we only need to work

to order k%) and we have

2
1
kcotd — E*R(1 + %) =-\— 5(k;2 + AR, (13.231)
or .
kcotd = —\ + 5()\2 + k*)R. (13.232)
Since kcotd = —1/a + %r0k2, we can read off the scattering length as
1 1,
B N 13.2
" A 2R)\ (13.233)

and the effective range is just ro = R. The scattering length has little to do with the length
scale in the problem (R) — the direct connection of the scattering length is to 1/\, the size

of the wave function in the classically forbidden region.

We began this derivation by making the assumption that the bound state energy was
close to zero. Notice that as the potential is tuned so that the bound state energy is driven
to zero, the scattering length diverges as 1/A: the cross section can become enormous. There
is a contemporary use of this relation for trapped cold atoms: their interactions can be tuned
by tuning parameters in the potential, and can be made large by bringing the energy of a
bound state close to zero energy. The words “Feshbach resonance” are used to describe this

situation.
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Analyticity properties of scattering amplitudes

Far from the origin, the general form of the (un-normalized and [ = 0) wave functions are

ikr —ikr
Voot = 20— = C (13.234)
r r
eikr 6—ikr
= Sk —
(k) r r
(13.235)
for the scattering solution, and
6—Kr
,lvbbound = , (13236)

for the bound state. For the bound state, only particular values of K = K, are allowed, while
we have a continuum of possibilities for k£ for the scattering solution. Recall that the bound
state wave function the scattering wave functions are solutions of the same Schrodinger
equation (only the boundary conditions at infinity are different). They must be connected
somehow. To make the connection, imagine evaluating the scattering solution at one of the
bound state energies. It is

e—Knr eKnr

T T

bk =iK,) = S(K) (13.237)

It would reproduce the bound state solution if the incoming wave’s amplitude were zero,
that is, if

wincoming 1
= — — 0. 13.238
woutgoing S(ZKn) ( )

The connection between the bound state and the scattered wave function will only hold if
this ratio goes to zero at the special values of kK = ¢K,,. This will happen only if the scattering

amplitude has poles at all these values,

S(k) <[] k%an (13.239)

This is a very general and profound statement. It says that one can determine bound state
properties from very careful scattering experiments. Recognizing that the connection we have
discovered applies to all partial waves, we put an index on 5, the scattering amplitude in

the [th partial wave, We add to our list of properties of S; = %%

1) S; has poles at k£ = i K for all bound states.
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2) S; = e* for all k > 0.

3) Because tand; or § ~ k**1 at small k, S=1at k=0

Let us check that these results can be obtained from the effective range formula:

625%—6_@5 e 41 S+1 11 .,
If S has a pole at some k, then —> 1 and
1 , 1
— = —ik+ 5r0k2 (13.241)
At the bound state, we recall the definition of Eq. [[3.219] that k = i\, or
1 1
—=A- §r0A2 (13.242)

This agrees with Eq. [13.233]

In the scattering length limit, the scattering amplitude is

1

S — 13.243

/ 1/a+ ik ( )

Notice that we need a > 0 to have a true bound state, so that ik = —1/a and e**" becomes
e~/ The pole at ik = —1/a with a < 0 does not correspond to a bound state. People

speak of a “virtual bound state,” but that is just a shorthand for having a < 0. These
situations occur in low energy proton-neutron scattering. The total spin S = 1 channel has
a bound state (the deuteron) which is at a tiny energy, 2.2 MeV compared to the mass of the
neutron or proton; the singlet state has no bound state, but its scattering length is negative

and about four times as large as the triplet’s.

Resonance and scattering

Recall that the total cross section can be written as

A7 &
o= 2 (20 + 1)sm 0. (13.244)
1=0

There is a maximum value each partial wave can contribute to the cross section, which
obviously occurs when |sind;| = 1 or ¢; is an integer multiple of m/2. This is called the

“unitarity bound.”
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o_l/o_max

/_/ new physics

Figure 13.13: Projecting a scattering cross section above the energy where the unitarity

bound is satisfied.

The unitarity bound is often invoked as a harbinger of new physics. Imagine that an
experiment only measure a certain region of the energy spectrum, and in that region the
cross section in some partial wave is observed to be rising. (Compare Fig. [313]). A linear
projection the data might carry the cross section above the unitarity bound. Since this is
not allowed, some new physics must appear, which will modify the scattering amplitude and

preserve unitarity.

One kind of new physics is a resonance. To introduce the idea of a resonance in a
perhaps too-unphysical way, suppose that the phase shift §; happens to increase with energy
and crosses the value 7/2 at an energy Ej, as shown in Fig. [3.14l This behavior can be

parameterized as

1
=T
tan 0;(E) ~ —2 ) 13.245
an () ~ g (13.245)
Then the cross section can be re-expressed in terms of Ey and I, as
Am tan? d; ™ 2
=—Q2I+1)———=—(20+1 . 13.246
7= et ey T RV T (13.246)

The familiar Lorentzian line shape is characteristic of resonant behavior. (Often, the names
“Breit-Wigner” are attached to this shape.) From the formula, we see the physics of reso-
nance: the cross section becomes large because a state whose energy is close to the center of

mass energy in the scattering experiment is easily excited.

Resonances play an important role in scattering experiments: they are a way to observe

the spectrum of excitations in the target. It’s worth spending some time looking more closely
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90 <~

Figure 13.14: Resonant behavior in the scattering phase shift. The resonance is at energy
Ey.

Figure 13.15: Energy dependence of a resonant cross section.
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at what is going on. Let us continue the exposition by returning to a perturbative T-matrix

perspective. The second order expression involves a sum over all intermediate states

(1T = <f|‘27>_<ZLV|i> (13.247)

In this expression, E; is the CM energy for the scattering process. If there is an intermediate
state |j) with energy F;, it will dominate the T-matrix when E; is near E;. Then the
T-matrix can be approximated by a single term

V1) GV (13.248)

1T = S

Now consider the first order transition probability per unit time for state |j) to decay

into state |f) under the influence of the perturbation V:

it = o B (FIVIG) P (13.219)

This has units of inverse time. The corresponding quantity with dimensions of energy is
I'js = ks, and
Ljp = 2mp(Ey)| (fIVI5) % (13.250)

The two body phase space factor is

d3p

;) = OB = B) (13.251)

If the squared matrix element has no angular dependence then we can perform the angular

integral and the phase space factor becomes

Ampp
(2wh)?

We can substitute the I'’s for the matrix elements of V' into the relevant places in Eq. [13.248]

SO

I BS(E, - B) = (13.252)

p(E;) = Pyt

VIDRIGIVIDE Tyl 1
0 = =g T~ G= B, B

Now we return to the cross section for the reaction ¢ — f. It is proportional to the square of

(13.253)

the T-matrix element, weighted by phase space factors. (Recall, everything is s-wave, still.)

o = o) (Tl P (13.254)

rel
_ gy Ujslyi
hop™" (B = Ej)? (2mp(E;)))
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When E ~ Ej;, or when the c. m. energy is close to the resonance energy, the p(E)’s cancel

and we have

= ——— 13.255
7T hpan p(E) (E - ) (13.255)
T ijfji
= —— 13.2
R (E - E,) (13.256)

This is resonant behavior. The answer is a bit too extreme, because the cross section diverges
at I/ = I;. This just is an unphysical consequence of using lowest order perturbation theory.
We can fix this with the following simple argument: Suppose that the state |j) has a lifetime
of % (We know it can decay; we have just computed its decay rate into the state |f) in
Eq.[13.249)) Then

G) ~e™ (13.257)

and so

i) = |j)e et Eth (13.258)
_ ‘J> o1/ ME;—iT/2)t

We then recall how the second order T-matrix formula was derived. There was a factor of

exp(—iE;t/h) which upon integration gave a factor of E; in a denominator. We can just
ir

5 in the denominator,

1 1

replace E; byF; —

N _ 13.259
FE— Ej FE— Ej + % ( )
and we arrive at our final form for the resonance cross section:
IR
oli = f) = - 2 (13.260)

B (E—E)?+ 2

Although the derivation was done in the context of perturbation theory, it is true in gen-
eral. The formula has many practical applications. The I'’s have units of energy. Quantities
such as I'j; are called the “partial decay width” for the resonance to decay into final state

f. I' with no subscript is the ‘total decay width” and of course
=Y Tj. (13.261)
!

The physical interpretation of a scattering process parameterized by Eq. [[3.260] is that the
initial state couples to the resonance with a strength proportional to I'j; and the final state
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couples with a strength I';; (or, equivalently, the intermediate state couples to the final
state with the same factor). The range of energies over which the resonance contributes
significantly to scattering, I', gives a measure of the lifetime of the state. Sometimes, your
literature will convert I' into an inverse lifetime; more often the quantity is quoted as an

energy. The form of the expression “on resonance,” (at £ = E;) is also worth viewing:

47 Fjifjf 47 Fji ij
_ _ gi\ ( Lif 13.262
TR R (r T (13:262)

This suggests a useful experimental technique: while sitting on the resonance, one can mea-

sure “branching ratios” I';;,/I" for the resonant state either from the relative rate of produc-
tion of different final states at fixed initial state, or from the relative rates of production of

the resonance with different initial states.

The whole derivation assumed s-wave scattering. If the resonance occurs in the (th partial

wave, the expression just picks up an overall factor of 2 + 1.

Many real-life experimental situations are more complicated. There can be multiple,
overlapping resonances, in which case one must add the amplitudes for the different res-
onances. Often, scattering can proceed through the resonance and through non-resonant
channels (“background”). In that case we parameterize the scattering amplitude as

1
~ir

=—= —+R(E 13.263
E-p+ L ) (15269

kfi(E)
where R(E) is the smooth background. The resonance will interfere with the background.
The phase of the resonant scattering amplitude depends strongly on energy, while the back-
ground amplitude generally varies slowly. A typical interference one would see in a resonance
would look like Fig. or, cleaning the graph, Fig. 317 The background may be some
known physics, and then the interference pattern will be a diagnostic for understanding
the resonance. This was used at the time of the first experiments for Z° production in
electron -positron annihilation. The Z° has a mass of about 91 GeV and its production
ete™ — Z° — putp~ interefered with the (known) QED process eTe™ — v — ut ™.

Unitarity arguments were quite important in the development of the Standard Model
of the weak and electromagnetic interactions. Low energy cross sections for various weak
processes were observed to rise as a positive power of the energy, with an extrapolated energy
for the loss of unitarity estimated to be several hundred GeV. Something new had do occur.
That new physics was, of course, the W and Z particles. The same arguments are made

today, involving the scattering cross section for particular polarization states of W’s, to infer
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interference with
same sign

interference
with opposite
sign

Figure 13.16: A resonance interfering with background, with regions of constructive and

destructive interference labeled.

Figure 13.17: A resonance interfering with background.
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the existence of some new physics beyond the Higgs boson within the energy reach of the
Large Hadron Collider.

Scattering with identical particles

Consider a scattering process involving two identical spinless bosons. The wave function is
symmetric under exchange of the particles’ coordinates. In the absence of symmetry consid-
erations, the wave function of the final state is a function of the relative spatial coordinate

T = ¥y — Zr. To generate a correct result, we must explicitly symmetrize the scattering

amplitude, '
UaE) = ¢ e 4 (F(0) 1 flr— ) (13.264)
The differential cross section then becomes
Q= 10+ fr 0P (13.265)
— UOF + 1fr— 0 + el £ (0)f(x — 6)]. (13.266)

Note that it is symmetric under the replacement § — m — 6.

Fermion wave functions are antisymmetric. Two spin—% fermions can be in a relative spin
state S = 0, state, in which the spin wave function is antisymmetric and the spatial wave
function is symmetric, or in a S = 1 state with an antisymmetric space wave function. The

scattering amplitudes in the two cases are then
S=0— f(0)+ f(r—10) (13.267)
S=1—= f(0)— f(mr—0) (13.268)
where of course f(f) is the unsymmetrized scattering amplitude.

Scattering experiments are often performed using an unpolarized beam and target. A
mixture of the two scattering channels is observed. For spin—% fermions the initial - spin -

averaged and final - spin -summed differential cross section is

do

1 3
o Zuvs|2+Z|FA|2 (13.269)

= [fOF +1f (7 = ) = Re(f(0)f(r — 0)].
Symmetry has an immediate effect on the partial wave expansion

£(0)=>" fiP(cos). (13.270)
l
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Under parity PP(cosf) — (—1)'P,(cos #). Therefore the space-symmetric scattering ampli-

tude is a sum restricted to even partial waves,
Fs(0) = Y fiPi(cost) (13.271)
1 even
while the antisymmetric amplitude is restricted to the odd partial waves
Fa(0) = ) fiPi(cos ). (13.272)
1 odd

As an interesting consequence, there is no s-wave scattering amplitude for a pair of fermions
in a spin-triplet state, and no p-wave amplitude for the scattering of two identical spinless

bosons.



Chapter 14

Classical waves — quantum mechanical

particles

341
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The quantum electromagnetic field

By now, you know very well that systems which have a classical description as particles
have a quantum mechanical description which is wave-like: at the very least, their behavior
is described by the Schrédinger equation, and we naturally expect to see wave phenomena

such as interference in the normal state of events.

But what about systems whose classical limit is a system of waves, such as the electro-
magnetic field, vibrations of a crystalline solid, and the like? You colloquially know that
these systems show particle-like behavior, in that their energies are quantized in multiples
of a fundamental frequency, F = nhw, with n =0, 1, 2, ...: For the electromagnetic field,
this is a description in terms of photons. We have yet to explore what this particle - like
behavior really means. It happens that it is ubiquitous: any classical system which is a set
of coupled (or uncoupled) harmonic oscillators shows photon-like behavior. Let us describe

this, now.

This will be a minimalist development of the quantum mechanical electromagnetic field.
I will not worry about special relativity per se, or about setting up the formalism to deal with
high orders of perturbation theory. The goal is to improve on the semi-classical description

of radiation given in Chapter [I2] to make it a fully quantum mechanical one.

We recall that the quantum mechanics of a single simple harmonic oscillator is described

using raising and lowering operators

R mw [ . ip St mw [ . p
= . S M . 14.1
¢ 2h (x+ mw) ¢ 2h (ZE mw) (14.1)
such that [a,a'] = 1 and
Fuw
H = T(aTa + aa'). (14.2)

Eigenstates of H are the number states |n) where
a'a|n) =n|n); alny =+vnn—1); a'ln)y =vn+1|n+1) (14.3)

andn =0, 1, 2,.... Of course, £, = hw(n + 1/2). Finally recall the Heisenberg equations
of motion for the raising and lowering operators are equivalent to the classical ones for the
complex amplitudes

iha = [H,a] = a = —iwa (14.4)

and similarly for af.
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So much for one oscillator. Suppose we have many uncoupled oscillators. The Hamilto-
nian is
miw?z?

2

p.
H=S H, = i . 14.5
DH=D gt (145)

“Uncoupled” means that [z;, p;] = 0if i # j. Clearly, we can solve this system by introducing
separate creation and annihilation operators for each oscillator, just putting a subscript on
the raising and lowering operators. The only nontrivial commutator will be [a;, a}] = 0.
The Hamiltonian becomes
H =" hwala; + 1) (14.6)
- 2

Our states are product states, with an integer for each index:

[{n}) = [n1,n2ng. ) (14.7)

where

ail{n}) = Vil n— 1m0 )
aj‘{n}> = Vni+1|“‘7ni—17ni+17ni+l--->
(14.8)

The energy is a sum of terms, each of which has its own integer.

The problem of quantizing the electromagnetic field, or any linear wave system, can be
solved if we can rewrite the classical system as a set of uncoupled harmonic oscillators. Before
explicitly considering electrodynamics, let’s begin by looking at a slightly simpler problem,
a set of coupled oscillators. Suppose our classical Hamiltonian is a generalized quadratic

function of the coordinates and momenta:
p; 1
H= Z 5] + Z §£Ej‘/}k£fk (14.9)
J Jk
with Vj, = Vj;. (This is not the most general quadratic Hamiltonian we can consider, but it
will suffice for our needs.) The equations of motion, which tie all the z’s and p’s together,
pj = —Vikxy
T; = pj,
(14.10)

can be uncoupled by defining linear combinations X; = R;x; or z; = Rj_lle. Then

p; = ViR X, (14.11)



Quantum Mechanics 344

Rujlpn = Ry' X)) = X, = Ryjp; = Py (14.12)

SO
Py = =Ry VieRy)' X, (14.13)

Now choose R so that anijRj_ll is diagonal, equal to —wf&nl. The system decouples:

P = —wX;
X, = P
(14.14)
and P2 2X2
H= — . 14.1
; 5 T ) (14.15)

Our coupled system has been re-written as a set of uncoupled oscillators. The w,’s are the

frequencies of the normal modes.

Now for the quantum mechanical case. We could begin with the original Hamiltonian
Eq. and replace the p;’s and x;’s by operators obeying the usual commutation relations.
However, the Hamiltonian couples the coordinates, and hence the raising and lowering op-
erators. It is better to jump immediately to the diagonal case, Eq. 1415, and work with the
P,’s and X,,’s: define A,, = X,,+iP, and AIL = X, +1iP,. Operators associated with different
normal modes commute among themselves. They obey the standard commutation relation
of number operators, the states are given by Eq. [I4.7 and the energies are integer-spaced

multiples of Awy for each normal mode k.

Finally, note that if we have a classical system with a set of dynamical variables v, and

if we can write the classical equations of motion for a system as
U = —1WU Uy, = Wy, (14.16)

then it is a collection of uncoupled oscillators — and so is the quantum system. The classical
v’s refer to the normal modes; their quantum mechanical operators act on states whose
frequencies are the eigenfrequencies of the classical system. The Ry, matrices give us the

translation dictionary between the normal mode states and the local degrees of freedom.

So, are the classical Maxwell equations oscillator-like? Recall that in Coulomb gauge

-

(V- A=0and ¢ = 0) the vector potential is a solution of the wave equation

L 1024
VA - Zz =0 (14.17)
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In a box of volume V', with appropriate boundary conditions, the wave numbers of A are

quantized and we can write the vector potential as a superposition of eigenmodes

O 2mhe 1/2ﬁ 7 o
A(Z,t) = Z Z ( 7 ) € <ak0(t)e’(k'x) + aza(t)e_’(k'x)> (14.18)

E o=12

The o index labels the polarization, and if VA= 0, then €, - k = 0.There are of course two
such polarizations, which can be chosen rather arbitrarily. The factors ay,(t) are the Fourier
coefficients or amplitudes of the wave number k part of the superposition. The pre-factor is
our old one-photon normalization, chosen purely for convenience because the a’s could take

on any classical value.

Now, do the classical Fourier coefficients have Eq. [14.16 as their equation of motion? If
they do, we are done: the quantum electromagnetic field is a a direct product of oscillator

states; that is, it is composed of photons.

This is straightforwardly done, modulo an annoying factor of two. If we keep both a and
a* in the equation for A, we over-count the number of k£ modes by a factor of two. We can
take care of this over-counting if we clip out half the k£ modes, perhaps by restricting k, > 0

in the sum.

Inserting Eq. I4.18 into the wave equations gives us

d2 Qo
dt?

where wy = ck. The solution is, of course,

+wlag, =0 (14.19)

ke (1) = all) (0)e=™ + o) (), (14.20)

The annoying factor of two now returns, usefully. We can remove the restriction k£, > 0 if

we define ay, = a,(i,)(O) if k£, > 0 and a,(i)(O) if k, < 0. This amounts to just keeping the

solution
o (t) = !V et 14.21
ko = Qp, € ( : )
or d
Z’;" = —iwkae. (14.22)

This gives us a set of classical variables with the desired first-order equation of motion. The

energy in the field is also that of a set of oscillators:

U= g [0 B = S a0 ) s i) (1429)
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And there we are: the classical mechanical electromagnetic field is a collection of oscilla-
tors, one for each value of (k, o). We replace the Fourier modes by a set of number operators.

The Hamiltonian becomes

hwy,
H=Y" T(akga,TW + agoal,). (14.24)
ko

The quantum vector potential is an operator (as are all dynamical variables). Looking at it

again, we see that it is a superposition of raising operators and lowering operators:

1= 2mhe 1/2~ ik-@ T —ik-@
A(Z,t) = Z Z ( v ) € (a;we +a, e ) . (14.25)

E o=12

It acts on our photon-counting (number basis) Hilbert space to increase or decrease ng, — to
increase or decrease the number of photons in a mode. We can make a suggestive change in
nomenclature: ay, is conventionally called an “annihilation operator” since it decreases the

number of photons in a state; a,Tm is called a “creation operator.”

The Hamiltonian of the electromagnetic field,

1
Hyoq =Y hwlaf,a, + 5] (14.26)
ko

2
has an annoying feature — the second term. The energy of an oscillator in its ground state
is hw/2. Since there are an infinite number of modes of the electromagnetic field, this “zero
point energy” is infinite. Fortunately, we do not have to think about it. We only care about
energy differences in calculations, and so we could only imagine seeing the zero point energy
in very unusual circumstances (quantum gravity, anyone?) or under changes in the boundary

conditions, the Casimir effect. So we’ll ignore it henceforth and just write

Hypq =Y hwal,ap,. (14.27)
ko

Let’s use this formalism to reconsider emission and absorption of light by an atom, finally

treating the electromagnetic field quantum mechanically. As in Chapter 12 we write

where Hy = Hgiom + Hraq is the zeroth order Hamiltonian, whose eigenstates we use in our
perturbative expansion. The (first order) interaction term is
p-A

Hipy = —e——. (14.29)
mc
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For the case of emission, our initial and final states are

19 = @) srom |- > Thos - - ) rad
1F) = Batom |- ko + 1) 10g
(14.30)
and we need to write the interaction term explicitly, in order to evaluate it,
2mhe ” b ik
zn - T . sz WY 14.31
e (2 PN e+ ol (1431)
Its matrix element is
27?710 ik t
k) = =3 (3 " 05 o) o + L) (14.32)

Note that our choice of |f) and |i) means that (f|ar,|i) = 0. Only the creation term

contributes. The matrix element becomes

e (27?710

<f|Hmt|Z> = —% A oV

1/2
) Ve + 1{b|p- ée7*|a) . (14.33)

This is formally a time-independent perturbation. Therefore, the Golden Rule’s delta func-
tion constrains the energy difference between the initial and final states, §(Ey + hwy — E,).
Here the hwy comes from the energy of the state of the electromagnetic field. It compensates
mathematically for the e*™* of the semi-classical calculation. The Golden Rule, including
one-body phase space for the states of the electromagnetic field, gives the differential decay

rate

2w [ 2whe d’p
r_ =" 1 —ikx 2 E - F 4, 14.34
0 = 27 (220 (o + 1] 05 10} PS(Ew + b — B2) x Vg, (1430

Note that apart from the (ng, + 1), this is exactly the same result we had in semi-classical
approximation. (This means that all of our discussion about selection rules and intensities
goes through unchanged.) But now our calculation is completely quantum mechanically
consistent. The operator A has taken us from an ng, photon state to an ng, + 1 photon

state.

For absorption, the final state is

‘f> = ‘b>atom | <y Nge — 17 .. ’>rad (1435)
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and the Golden Rule gives us

_27T

ar
h

(i}”—‘ff) Mo | (B - €% [28( B, — by — Ea). (14.36)

The n or n + 1 factors are sensible. Recall that if we had had an external beam of intensity

I(w)Aw (energy per unit volume), then

27 c?
2

I(w)Aw. (14.37)

|aemt‘2 =

If the beam is actually N photons of energy Aw, we’d expect

27he 2rc?
N < — ) = I(w)Aw (14.38)
or
Nhw =VI(w)Aw. (14.39)

This seems consistent.

Note that the emission rate is proportional to ng, + 1. If there were no photons in the
initial state, this would be unity. But this case is what we meant by “spontaneous emission”
— the atom just decays. The ng, part of the expression corresponds to what we meant
by induced or stimulated emission. Just as in the case of absorption, it is proportional to
the intensity of radiation already present in the to-be-occupied state. There is of course a
more holistic way to regard our result: if |i) has ny, photons already present, the decay
rate for the atom is enhanced by a factor ng, + 1. The photonic state becomes even more
populated. Hmm...light amplification by stimulated emission of radiation? Perhaps there are
practical applications. Note that the effect has a rather trivial origin, from the algebra of the
raising operator, (n + 1|a’|n) = v/n + 1. The same thing will happen for all oscillator-analog
systems.

By the way, do you recall the Einstein relations? We had N, atoms in state a, N, in
state b, in a black body cavity,

N, b,
N = e et (14.40)
In equilibrium, and with E, < E,)
dN, . .
- = —Ny(absorption(b — a)) + N,(emission(a — b))
dN, . .
- = —N,(emission(a — b)) + Ny(absorption(b — a))

(14.41)
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In equilibrium dN;/dt = 0 for either i, meaning that N,/N, = (emission rate)/(absorption
rate) = (ko + 1)/ng,. Thus

or
1
Nko = 5 (14.43)
erT — 1

which is the Planck formula, mode by mode. Phase space just counts the number of available

modes per wave number interval.

Particles to waves to particles again

Our discussion about the free electromagnetic field gave us a language to talk about the
creation and annihilation of photons. It also gave us a Hamiltonian, Eq. [[4.27, which was
additive in the photon number. Finally, it gave us a vector potential operator, Eq. 14.25
Notice its structure: each operator (ax,, for example) is multiplied by a spatially dependent
function (ay(z) = (25<) 12 Ee"(’;'f)) which is a solution to the classical wave equation (or “field
equation”) (V2 + k?)ax(z) = 0. Here V? is just a differential operator, with no connection

to momentum or any quantum operator.

Let’s think about some analog situations in Nature. In particular, consider a collection
of non-interacting particles. If they have a set of energy levels ¢,, then the energy of a

many-particle system is
E=Y en (14.44)
j=1

where n; is the number of particles in energy state j. Note the resemblance to the photon

formula.

Next, think more closely about conservation laws. Generally, quantities like charge are
conserved, but the number of particles might not be conserved. For example, in a gas of
electrons and positrons, the number of electrons or positrons is not conserved because they
can annihilate. Only the difference in their number, the net charge, is conserved. Also, it is
often useful to think about particle creation and annihilation in a more extended context:
imagine the situation when an electron in an atom leaves the 1S state to go to the 2P state:
Anyg = —1, Anop = +1. The total particle number is conserved, the number of particles in

any given state is not.
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Finally, why are all electrons alike? We could have asked before, why are all photons
alike? A crazy but consistent answer: they are all states created by A(z,t), and there is only

one operator A(z,t).

The combination of all these ideas, that particles are field quanta which can be created
and annihilated, is called Quantum Field Theory. It is a more general formulation of quantum
dynamics — the quantum mechanics of a one or a few particles in a potential contains a
subset of quantum field theoretic ideas — and all of (quantum) Nature is described at the
most fundamental level we know about by one quantum field theory or another. In addition,

many “effective field theories” are used to describe particular natural systems.

Let’s formulate quantum field theory for Schrédinger particles. The idea is to imagine
thinking of the Schrodinger equation as a differential equation (V2 is just a differential

operator, nothing more)

LO0P(x,t) R
ih—p—= = —%v% + V(2)9. (14.45)
Let 1, (x) solve
2
gV V() (z) = Bt (@) (14.40)

and write the general solution to Eq. [14.43 as

Y@, t) =Y ba(t)hn(z) (14.47)

where 9
h— = F 14.4
ih— b, (14.48)
or 5
=y ) 14.4
T iwpby, ( 9)

This is just a “classical” differential equation, but we appear to have two thirds (the wave

equation, a time dependent b) of the photon game ingredients in hand. If we could write

H=> ebiby (14.50)

we could re-interpret the expansion coefficient as an operator in an abstract Hilbert space.
So we need to find an H which can be used to give Eq. [[4.49 as an equation of motion. A

natural guess for H is

H= /d%w*(x, t)[—%w + V(2)]h(z, t) (14.51)
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which reduces to
H=> E,b.b, (14.52)

just from orthogonality. Now boldly interpret b, as an operator with commutation relations

(b, b1 ] = Opm [bayb] =0 [bl B ] =0 (14.53)

ny ¥m n’»-m

(so that different levels n don’t interact). The Heisenberg equation of motion is

b, t
ih—t = [bn, H] = > [bn, bib;1E; = Enby. (14.54)

J

We have a theory of “field quanta of the Schrodinger equation.” Our Hilbert space is a

number - operator - diagonal space

[{n}) = |ni,na,m3, .. ) (14.55)

where the subscript labels levels of the Schrédinger differential operator. The quantity
Y@, t) =Y U (@)ba(t) (14.56)

is an operator, a sum of a product of a c-number function of the spatial coordinates times an
(annihilation) operator acting on the space of states. In contrast to photons, for Schrodinger

particles, different operators create or annihilate particles:

Wi t) =D e ()bl () (14.57)

Note that the b’s act on states like harmonic oscillator operators: bl b, |n) = n|n). The
quantity n is an integer n = 0, 1, 2,.... Also bl |n) = v/n+1|n+1), b, |n) = /n|n—1).
This follows immediately from the commutation relations. As we can have any number of

particles in the state, we have just invented a quantum field theory for bosons.

What about fermions? We want to keep

H=> E,blb, (14.58)

but we want to restrict n to be only zero or unity. It turns out that we can do that — and pick

up the minus signs needed in many - fermion wave functions — if we replace the commutation
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relation for the b’s by an anti-commutation relation

b, L) = bubl + bf by = S

[bn, by = bpbm 4 bpby =0
(b, 0], = olbl, +0lbl =0
(14.59)
Then
. 0b,
ih—t = ZE (b, bF ]
= ZEm (byb} by — B byby)
= Y Enl(Onm — bl,bn)bm — bf,bmbn)
= Y En(Sumbm + bbby — bl,buby)
= FE,b,.
(14.60)
The desired equation of motion is preserved.

Now we want eigenstates of blb,. Note that (blb,)(blb,) = bl (1 — bib,)b, = blb, —
bLbLbnbn. The second term is zero applied to any state because b,b, = —b,b,. So if |\) is an
eigenstate of b} b,

bhbn 1A) = A[N)
(bhb) (Bh0a) [A) = A*[A) = A|A)
(14.61)
or A2 = )\, meaning that A = 0, 1. Only zero or one particle can occupy a state.
Finally, we need matrix elements of b, and b. We have
bV IN,) = N,|N,); N, =0,1
(14.62)

so bl |N,) = C,, |1 — N,,). To find C,,, square this:

|Col® = (Nulbubl |Nw) = (No|(1 = bba|N,) = 1= N, (14.63)
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Thus C,, = 0,/1 — N,, where 0,, is a phase factor. Similarly,

b [N,) = 00/ Ny |1 — N, (14.64)

For most applications, the value of the phase factor is irrelevant.

Although the formalism looks different, everything is the same as in ordinary quantum

mechanics. Let’s see how that works out. Note that
= ba(t)n(2) (14.65)

is again an operator which annihilates particles in states n. Let’s look at the (anti)commutation
relations for ¢ and 1:

[z, )T (2!, )]+ ZZ% Vb (') [, b1 ]+ = 8 (& — ) (14.66)

from a combination of the commutation relations for the b’s and completeness for the 1’s.
Similarly, [ (z,t)y(2', )]+ = [T (x, )T (2', )]+ = 0. You can show that when the Hamilto-
nian is
h2
H = /d?’mﬂ(x, t)[—%VQ + V]u(z,t), (14.67)

the Heisenberg operator equation

oY (x,t)

i
o

= [¢(x,1), H] (14.68)

gives the time-dependent Schrodinger equation for . The number density operator is
n(z,t) = i (x,t)(x,t) and the total particle number is

N = /dga:n(:)s,t). (14.69)

We can build states beginning with the “vacuum state” |0), which has no particles in it. It
obeys the relation ¢ (z,t) |0) = 0. Following this line, 1(z,t)|0) should be a state with one

particle at z. Is it? Look at the application of the number density operator

n(@', )tz 1) [0) = @', ), t)pi(z, 1) |0)
= M@ )8 (@' — 2) F ¢ (2, 1)y (2’ 1)) [0)
= & =), 1)]0).
(14.70)
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The state is an eigenfunction of the number density operator with an eigenvalue which is a
delta function. This is the mathematical equivalent of the statement that there is a particle

located at x. Integrating, we find that the state is an eigenstate of the number operator,

N[0} = [ dEnte 0 (w0 0) = 1) ), (14.71)
so the state does have one particle in it. Similarly

F(xy, )t (22, 1) 0) (14.72)

is a state with two particles in it, one at xq, the other at x,.

Electrodynamics (yet) again

We return one last time to quantum electrodynamics, this time with number operators for

particles in addition to those for the electromagnetic field. The interaction Hamiltonian is

H; = / Bl (a, t)[—,e—h,af V] (, t) (14.73)

mc

and the zeroth-order Hamiltonian is a sum of a particle term
3 R
H, = /d wa(x,t)[—%V + V]b(z,t) = ; E,blb, (14.74)

and a radiation term

Hmd = Z hwkaloa;w. (1475)
ko

To actually perform calculations, we have to insert the explicit formulas for the field operators

into Hy, arriving at

Hy = Z Z[bizbn’akaM(Ea o,n,n')+ bLb;LaLUM(—/Z, a,n,n') (14.76)

nn' ko

where

1/2
ME i) = ~20 S () [ eavpoletan o) aT)

imc ” wV
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is the complex amplitude we have seen so many times before. However, look more closely:

Our initial and final states are

|Z> = |“‘an"“>particle|“‘nk'0"“>rad
1£) = | Naseo Dparticie | - o -+ raa
(14.78)

and H; induces transitions among these states. Its first term destroys a photon of momentum
k, destroys the particle in state n’, and creates a particle in state n. The second term again
destroys n’ and creates a particle in n along with a photon in k. The first term obviously
represents absorption of the photon while the second one is for emission. Let’s examine the

matrix element for absorption:

(f1H1li) = M(k,0,1,7") (O —18/Tr0 )/ N/ Ny F 1, (14.79)

again the same answer we've gotten many times before plus something new: extra Bose or
Fermi counting factors associated with previous occupancy in our initial and final states. In
particular, if our final state is already occupied, and we are a fermion, we can’t go there.
This is new physics. Apart from this, all the formalism of quantum field theory is overkill
for this problem. But, in dealing with many particle states, and in cases where the analogs
of the M’s can be pre-computed, it is a very convenient language. We need only think about

the many-body part of the physics.

Light scattering

Most students who take a graduate quantum mechanics class also take a graduate electricity
and magnetism class and learn a little bit about the scattering of light on matter. The
story is entirely classical and starts with electric dipole scattering from a single scattering
source. The story can proceed to considering many scatterers, or extended scatterers, simply
summing or integrating over the locations of the individual scatterers. This allows one to
understand a wide variety of phenomena: the blue sky, the red sunset, Bragg peaks in X-
ray crystallography, critical opalescence, and much more. If you can find a copy, the old
article “How light interacts with matter,” by V. F. Weisskopf (Scientific American 219 3,60,

September 1968) is an evocative description of this physics.

The classical description of microscopic dynamics models the atom as an electron on a

spring of natural frequency wy with a damping force F' = —I'dZ/dt in an external electric
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field E exp(—iwt):

m—— + [ + muwii = eéyEy exp(—iwt). (14.80)
For a steady state solution Z(t) = €y exp(—iwt), so there is an induced time dependent
dipole moment, which serves as an antenna. After a short passage of algebra we discover

that the differential cross section for scattering from an initial polarization €, into an outgoing

polarization direction € is

4

do e? 2 w

21=
— =(—= . . 14.81
aQ (mc2) €& |wg — w2 + |2 ( )
The prefactor
2
e

is the classical electron radius, about 107!% c¢m, and it sets the scale for the cross section,
far tinier than the physical size of the atom. Notice how Rayleigh scattering (o oc w?)
is recovered for w < wy. At high frequency, the cross section becomes independent of
frequency. This is called Thomson scattering. (It is the same formula as for scattering off a
free electron.)

Of course, this is all classical, and it is a natural question to ask: how much of this
classical result remains, with a fully quantum mechanical description? The answer: quite a
lot! Let’s do the calculation. (Note: this is a very old subject. Apparently Heisenberg and
Kramers guessed the answer before the development of quantum mechanics. The description

that follows is based on the one in Dirac’s book.)

Light scattering is a second order process: the initial photon is annihilated, the final

photon is created. We have to take the interaction Hamiltonian

A-A (14.83)
and work to second order in the first term and first order in the second term.

Label the incoming photon’s momentum as ¢; and the outgoing photon’s momentum as
¢> (with energies cq; = hw; and cqy = hws); give the incident particle a momentum p; and

energy FEi; the final state particle has momentum p; and energy Es.

Focus on the photon operators to start the calculation. All the terms in the 7" matrix

operator will have to be sandwiched between initial and final states

|iph0t0n> = a['glo'l ‘O>
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‘fph0t0n> = a;gcrz ‘O>
(14.84)
and so the A% photon operator piece of T' will be (temporarily suppressing lots of irrelevant
factors)
Z Z <O|GQ202 (akaoa + alaaa)(akbob + a;fﬂ)g}))aqlol |0> : (1485)
ky,04 ka,0a

For a nonzero matrix element, there are two possibilities: k,0, = k101 and kyo, = kqos, or

koo, = kooy and kyoy, = kioy. The A2 term gives

(FIH i) = 2[251021[‘/2”_2;21% o explilps — pa)e/B)expli(a — a)a/B)  (1486)

I have written the electron’s (or atom’s) wave function as a product of a relative piece (with
state labeled as |7) or |f)) and plane waves for the center of mass motion. These factors get
stripped off (or integrated over) to give the phase space integral for the cross section. The
derivation is identical to ones we have done before (for the photoelectric effect, for example).

The result is that the Golden Rule formula for the differential cross section is

1 &g d’ps
do = — T|? 2mh)383 (g, + P — o — P
9 Vel (277'71)3‘ | [(27Th)3( ™ ) (ql + D1 q2 p2)]
2
xfé(cql + Ey —cqo — E3).
(14.87)
With v, = ¢ and d3qy = dQq3dqs a few integrals over delta functions give us
do |T|2 2
—_— = W 14.88
ds) (27rh02)2w2 ( )
and it’s obviously useful to define
2mhc? —
T = T 14.89
o (14.89)
for an even cleaner expression,
do — oWy
— = |T|?PZ=. 14.90
- = 7 o (14.90)

The constants multiplying 7 are obviously the normalization factors for the two photon

fields, which cancel against terms in the phase space formula.

Keeping only the A% term, and assuming that we simply have free electrons for our initial

and final matter states, gives the Thomson cross section

do e?

i (@)2‘5 A (14.91)
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Let’s write the full expression for 7' and make some comments before evaluating it. We
have to work to second order in the A - p term. There are two possible time orderings: first,
the initial photon could be absorbed before the final photon was emitted. The intermediate
state consists only of matter states |n). The energy denominator is AE = hw; + E; — E,, =
hwy — hw,;. But there is a second possibility: the atom could emit the final photon before
absorbing the initial one. The intermediate state consists of the matter state |n) plus the
two photons. The energy denominator is AE = hw; + E; — (E,, + hwy + fws) = —hwe — hwy,.
We have

2

. Z (17~ &ln) (nlp- &) (f15-Gln) (nlp-&li)yy )y o)

= —2[62 . 61(5]62‘
C W1 — Wnpy w2 + Wi

There is a lot of physics here! Notice that while the A? term does not change the state
of the atom, the other two terms can. The final state |f) does not have to equal the state
|i). Of course, energy is conserved overall. The physical process is called “fluorescence” (if
wy < wi) or “Raman scattering” with “Stokes” or “anti-Stokes” transitions, when the matter

state gains or loses energy.

Back to Thompson scattering for a second. The two new terms do contribute to the dif-
ferential cross section, but they are momentum dependent and for an initially static electron
and an incident photon energy much less that the electron mass, they are sub-dominant.
Only in that case is wy = wy: the correct kinematics produces the familiar Compton energy
or wavelength shift (or to be precise, the non relativistic form of that formula, since we are
treating the electron nonrelativistically). The fully relativistic differential cross section is
called the “Klein-Nishina” formula. If you take a quantum field theory class, you’ll probably

have to evaluate it at some point.

Back to atomic scattering. Eq. [14.92]is a bit awkward to use, but we can fix that with
the usual substitution (f|pli) = imwy; (f|Z|i) where hwy; = Ef — E;. But now, can we see
Rayleigh scattering (o oc w?) in some variation of Eq. I4.927 Amazingly, yes. Let’s pull the

polarization factors out and write the dot products as sums on repeated indices. Then

(fladn) (nlZwmlt) — (flem|n) (nlxli)

W1 — Wn; Wa + Wp;

— e2

m 1
T = @6%61 [5lm5fi —+ % ;anwm'(

). (14.93)

We can make the first term look like the other two by using x;p,, — pixm = thdy,, so that

Gindgs = 5 S (U latkn) (olpmli) = (Flpin) (ol
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= T3 (Ll (i) i — {Flam ) (ola) wpm)

n

(14.94)

This allows us to write

— 2 WniW fn . WniWn

TﬂﬂuhZanWMWWGfi%mmmmmwm@ﬁﬁy
(14.95)

Dirac adds in 0 = wy Y, ((flziIn) (n|zm|i) — (flzm|n) (n|z]i)) to give

2 .
T = gt ;((f\xl\n) (ki) (s — 2 )
. WniW fn
= (fl@m|n) (nfz|i) (Wsn — Wy + W + ws).

(14.96)

The energy conservation relation w; — wy; — wy, = wy collapses both terms in the sum to

T e am Z(<f|l'l|n> <n|:l?m|2> _ <f|xm|n> <n|xl|z>) (14.97)

mc? h - Wi — W Wo + Whp;
so that
do e’ 2 <f‘xl|n> <n|xm|1> <f‘xm|n> <n|xl\z> 2
(= — — . 14.
ds? (mc ) w1w2| 6261 ( W1 — Wny W + Wp ) (14.98)

n

This exposes the o ~ w* Rayleigh form for elastic scattering, when w; = wy. When all the
wy; terms are much greater than wy, the terms with the energy denominators are suppressed
compared to the contact term and the Thomson formula re-emerges. On resonance, where a
denominator vanishes, the formula breaks down. We know what to do in that case: somehow

introduce the decay width into the denominator, as we did when studying resonant scattering.

The free electron gas at zero temperature

Let’s use the language of quantum field theory to calculate some of the properties of a gas
of non-interacting electrons at zero temperature. The ground state wave function has one
filled state for every value of momentum up to the Fermi momentum pg, and then all states
are empty. This makes the momentum space properties of the Fermi gas pretty simple.

However, the coordinate space properties are nontrivial, and those are our goal.
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We should spend a few moments trying to make all the factors correct. The ground state

wave function |®) must be such that
(Blal,ap®) =1 |p| <pr (14.99)

and zero otherwise, where
[aps, @l ] = 6% (p — ')y (14.100)
We will have a lot of momentum integrals to do, and it is convenient to simplify notation.

Put the system in a box of volume V. Then the momentum spectrum is discrete and in fact

there are V distinct p’s in all. Replacing the Dirac delta function by a Kronecker delta,
[ps, @by ]4 = 00, 1) s, (14.101)

a properly normalized field variable is
1 ,
U(r)=—=> e"a,. (14.102)
VV £
To check (suppressing the spin label):

WO ) = 3 e oy, ay]

1 - /
= ezp(r—r )
V2

1%
= _67"7"’
1%
(14.103)
The number density operator is n(x) = 1 (x)(z) and its expectation value is
1
(@[T (2)y(2)]0) = % > (@lafa,|®)
op’
1
= V Z np
p
__N
= =3
(14.104)

The gas has uniform density — no surprise. (Incidentally, to make contact with the usual

>-vf =

statistical mechanics story,

(14.105)
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per spin state.) The Fermi momentum is defined via the number density,
N PF
Y

With our confidence high we move to more interesting observables. Consider the Green’s

Amp*dp  p}

function, a generalization of Eq. T4.104]
Gz —a') = (Plpl(x)ys(2)|@) (14.107)

It is the amplitude to remove a particle at location ' and put it back in at location z. From

the calculation of the density , it is

(@lyl(x)s(2)|D)
_ % S rupei?)

N 2, npse ™)
Voo s

(14.108)

The last step is done to pull in an overall factor of the density, n = N/V. Our technical
problem is the integral

PF o,
= / dBpe? T (14.109)
0
We do this in spherical coordinates, picking the Z axis along the Z — 2’ direction and calling

|# — &'| = R. This gives

PP .
I = 27 / p2dpdcosheiPticos?
0

PF N R
_ or / . dpsmp
0 pR

PF
= 27 / p*dpjo(pR)
0

(14.110)

where jo(z) is the spherical Bessel function. Dropping this result into Eq. I4.108 and groom-

ing it a bit gives
Ji(prR)
prR

Glr—1') = gn (14.111)
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and the limiting value of this expression at R = 0 is just n/2, as we expect. (Half the

particles have one of the spins.)

A more interesting question: what is the probability to find a particle at location 2/, given
that there is one at location 27 One way to answer this question is to remove a particle of
spin s at x, leaving behind N — 1 particles, and then measure the density of particles of spin

s’ in the new state, |®'(r,s)):

(@ (r, ) |0 (s (M) (r,5)) = (@)L () () (r) @)

n
= (5)2958’(r - T/)
= Z e—i(p_p’)re—i(q_q’)r’ <<I>|aj,saj]5/aq’8’ap'8|®>
pp'qq’

(14.112)

There are two cases. First, suppose s # s’. Then it must be that p = p’ and ¢ = ¢’ to get a

non-vanishing contraction of the a’s and a'’s. Then

n
(5000 =) = 3 (@lnyungy|)
Ppq
= MNgNg.

(14.113)

This means gs¢(r — ') = 1. The different spins do not know about each other.

If s =& then either p=p', g =¢ or p=¢',qg = p'. The first term will contain a factor
(P a;;sa:gsaqsaps @) = (®[ 1psnigs [P) (14.114)
after anti-commuting the operators through. The second term has a factor

(| a;sa:r]sapsaqs | D) = — ([ npsnigs | D) (14.115)

Putting the pieces together,

1 : /
C(r,r") = 7z Z NpsTgs(1 — ' P=D=)

pq
1 i(r—r’
) D s
p

= =n?—ng(r—r')?

(14.116)



Quantum Mechanics 363
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Figure 14.1: pair correlation function for the non-interacting Fermi gas.

recalling the expression for the Green’s function. We can call C(r,r') = n?G(r — r')) where

G(r) parametrizes the interesting physics. From the explicit functional form of g(r),

Gr)=1- (%MW»? (14.117)

Note that G(r) vanishes at r = 0. This is a consequence of Fermi statistics: if there was a

particle already at a location r, there will not be a second one there, too.

Particles that interact among themselves

So far we have discussed “free particles” — particles in a potential V' (z), but otherwise not

interacting with each other. How can we introduce two-body interactions? This is easy —
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add to our one-body Hamiltonian

H, = /d%ﬁ(z,t)[—%w + V(2)](z,t) (14.118)
a two-body term

Hy = /d3zd3x'wT(9§,t)@DT(x',t)v(x,x')@b(x,t)w(x',t). (14.119)

Note that we have chosen the same ordering of operators as we used for the pair correlation
function. Here v(z) is the potential between the particles. Now suppose that v(x,2’) is, in

some sense, small. If it were zero, it would be natural to expand in plane wave states,

(2,1) \/_Zb etk (14.120)

If v(x,2') is actually a function of the relative separation of the particles, v(z — '), then we

can write the Hamiltonian in a plane wave basis as

Bz R2k?
Zbklbk2/— ik(1—k2)x 2m

kikz

By dPxy '
£ Sttt [ G )

k1 ko k3 ki

(14.121)

The first term is

R2k2
“ bl 14.122
; m k1 VK1 ( )

(from the delta function in the integral) and the second term can also be condensed: define

r — 2’ — x, change variables from x, 2’ to x, r, and use

dsxld $2 ’L(k:3 kl)

Tl v(r)etkaketks—ke — 53k — Ly 4+ ks — ky)v(q) (14.123)

where ¢ = E3 — kK, and
&,
v(q) = | —e"Tv(r). (14.124)

Then the two-body Hamiltonian is

Z Z Z k1+q kg qbkzbkm (14125)

ki ka2 ¢
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that is, the interaction scatters particles of wave number k; and ko into wave number k; + ¢
and ko — ¢ (Or, it annihilates initial state particles and creates final state ones.) We can

compute the lowest order T-matrix by specifying initial and final states,

i) = b},b},10)
[f) = 0},0},10)
(14.126)
and then the lowest order T-matrix element is
(fI Hali) = v(q)°(ps + pa — p1 — p2) (14.127)

No surprise again, but we can do so much more.

For an off-beat example of the use of this formalism, consider a weakly interacting col-

lection of bosons near absolute zero.

Excitation in a Bose-Einstein condensate

Recall your statistical mechanics for bosons: the number of particles in a state k is given by

1

N(k) = Gormm 1

(14.128)

where T' is the temperature (in energy units, £k = 1) and C is related to the fugacity or

chemical potential. In a normal system, C' and the particle number are related:

N A3k
/ - 306E(k — (14.129)

However, as T falls, there is no C' which can solve the equation. You have to split off the

1 Ak 1
N=—_1V 14.1
c-1t /k%PCJWW—l (14.130)

and it contributes a finite amount to the right hand side. The mathematics is telling us

zero energy state,

that the (E = 0) ground state is macroscopically occupied — there is a condensate. This is
in contrast to the microscopic occupation of each remaining phase space differential volume

element d°k.
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Let’s think about the condensed system in the language of second quantization. The

ground state has order N particles in it,
bhbo |0 = No |4b) . (14.131)
In addition, there is some occupation at k # 0
bLbi [§) = N (k) (14.132)
given by Eq. above.

To make life interesting, let’s assume that we do not have an ideal Bose gas, but suppose
that there is some interaction among the bosons. We can describe it by some potential
v(r). In fact, let’s assume that v(r) = v83(r) so that v(¢) = v is a constant. (This is
old-fashioned language. Looking back at Eq.[14.127 we see that the T-matrix is a constant,
and recalling the chapter about scattering, we are replacing the T-matrix by its scattering

length approximation.)

Now for approximations. The ground state operators do not commute, [bo, b(T)] =1, but
bibo [¥0) = Ny |p) where Ny > 1. In this sense, by and b “almost” commute. Let’s treat
them as classical objects, whose size is about v/ N. Then, in Hs, there is a natural hierarchy

of terms:

1. bgbgbobo, the scattering of condensate particles, has a size roughly vbj ~ v N?
2. Terms like bngbObO vanish — they do not conserve momentum.

3. Order N terms: blb', boby + bibibib_ for two particles either leaving or entering the
condensate, and 22bzbkb$b0 which controls the scattering of a normal particle off the

condensate

4. Ordinary particle scattering is an order (1) effect.

The Hamiltonian of item (3) is

HE =0 S (0}b! + bib_y + 4BLby). (14.133)
k=0

We must be slightly careful with item (1): the total number of particles is

N =05+ bl (14.134)
k0
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and so
by =N>—2N Y biby. (14.135)
k40
Then, our approximate Hamiltonian, which considers scattering into or out of the condensate,
is 1252
H=Y" %bzbk + N0+ Nv Y (bidl, + beb_y + (4 — 2)bLby). (14.136)
k k0
Now notice something important: this H is quadratic in the b’s. We can make a change of

variables, to a new basis, az and ay, and write

H=Nv+> elk)afay; (14.137)
k

that is, the system is described by a set of excitations of “quasi-particles” annihilated by ay.

These are the normal modes of the system. The transformation will be

b, + Libl ), o bl Loy
R e R O i (14.138)
V1-12 V1-12
o T T
—L — Lia_
by = Ak — kG g, f = G — ZkC—k (14.139)

V1I-L13 V1i-12
Of course, we have to find L and we do this by making the substitutions into H and choosing
it to cancel the unwanted terms. Notice that
[bk7 bch’] + Li [bT—kv b—k’]
1—-L12

lax, af,] = — b (14.140)

so the correct creation-annihilation operator algebra is maintained. Physically, a; annihilates
an original boson carrying momentum £ (for a momentum change = —k) or creates a boson
with momentum —k, which is also a momentum change —k. A wee bit of algebra yields

I s 2Nv — E(k‘)

L 2Nv

(14.141)

where €, = h%*k?/(2m) and
h2k? k?
)2 4+ 2Nv— (14.142)

E(k) = (5 -

E(k) is the energy of an excitation with momentum k. As the equation and Fig. [4.2]
show, the high momentum quasi-particles are just the original particles. However, the low-

lying, long wavelength spectrum has a linear dispersion relation, E(k) = Cshk where C5 =
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20>

E 0D

Figure 14.2: Quasi-particle (phonon) dispersion relation for the weakly-interacting condensed

Bose gas.
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/2Nv/m. These are sound waves — they are called “phonons,” in complete analogy with the
quantized vibrational modes of a crystal lattice. The non-ideal weakly-interacting condensed

Bose gas is best thought of as a gas of non-interacting phonons.

Finally, suppose we have an impurity atom (of mass M) moving through the condensate.
The only way it can lose energy is to create an excitation in the condensate. Suppose it has
initial momentum hg, and also suppose it creates an excitation of momentum Ak at an angle

0 away from its direction of motion. Conservation of energy says

h2 q2 h2

- - — - _ )2
i VAl k| + E(k)
TR
= m[q + k* — 2kqcos 0] + E(k)
(14.143)
o k>  ME(k
gk cos @ = 5 + 77,2( ) (14.144)
Calling the impurity’s velocity v = hq/M, this is
k ME()  hk  E/hk
cosf = 5+ T = oM + o (14.145)

For phonons, E(k)/hk > Cs, so we need v > C, for cosf < 1, allowing a phonon to be
emitted. This means that if the impurity atom is moving too slowly, it cannot emit a
phonon, and it cannot lose energy. Now look at the process from the point of view of an
observer riding along with the impurity. The condensate streams past without friction (if
the velocity of the condensate is low enough). This is superfluidity — we have just discovered

that the condensate is a superfluid!
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Atoms

An exact treatment of the Z-body Schrodinger equation for electrons bound to a nucleus is
very hard, and, in the days before supercomputers, it was impossible. Not wishing to do
these calculations, we will have to make approximations from the very beginning. Let us
begin our study of atoms keeping only the Coulomb interaction for all the electrons. Our

many-electron Hamiltonian is

ﬁ_i(ﬁ? SRS o P (15.1)
_, 2m T & _»" )

i=1 j=1 i<j

At zeroth order, we choose to neglect the inter-electronic repulsion, and keep only the nuclear
attraction. We might be able to justify this for heavier atoms, where Z > 1. It is certainly
a simple approximation: our many-electron wave function becomes a product of hydrogenic
wave functions. The additional imposition of the exclusion principle allows us to build atoms.
So we begin, with Table [5.11

Table 15.1: Filling the periodic table.
Atom Highest e~

H 1s
He 152
Li 15225
Be 152252

B 15%2522p

But wait! In hydrogen, the 2s and 2p energies are degenerate at the order we are working.
Why, in the periodic table, are the s levels filled first?

Clearly, we need a better approximation. This is provided by the “central field approxi-

mation:” each electron feels the Coulomb repulsion of all the others, but angle-averaged:

V(Tk) = _Z’f’—j + e@cpk(rk) (15.2)
where
perk(r) = e/dQZ |us ()|, (15.3)

itk
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V2<I>0Fk(r) = —47Tpcpk(’/’) (154)

or
iﬁrzaq)cpk(’r’)
r2or or

How can this be done? Why might it be a good approximation?

= —47Tpcpk(7”). (155)

To carry out this calculation, assume that the many-electron wave function is separable,

’lZJ(’I"l, To,... ,Tz) = ul(rl)u2(r2) . .UZ(Tz), (156)

and pick some convenient functional form for all the u’s. From them, compute popi(r) and
®cpp(r). Then solve
n:_, Zé

[_%Vk T + eDopp (i) uk(ry) = exug(ry). (15.7)

This is the Schrodinger equation for a particle in a radial potential, so the solution is
uk(F) = R(r)Y," (6, ¢). (15.8)

This reduces the problem to the solution of the radial part of the wave equation. Repeat this
procedure for each k. Take these u;’s, compute popr and ®opg, and repeat the procedure

until it converges.

What we have described is also known as the “self consistent field” or “Hartree” approx-
imation. The solution will show the following generic features: The innermost electrons will
see the nuclear potential, shifted by a constant by the outer electrons. This can be under-
stood without calculation, from Gauss’ law: E =0 inside a spherical charge distribution, so
the potential is a constant. The outermost electrons see the nucleus, screened by the other

electrons,V (r) = —(Z — 1)e?/r. Both of these are known to be good approximations.

Why does this procedure work? To give a partial answer, the spherical symmetry of the
charge distribution is easy to understand, if all the levels of an orbital are filled. This follows

from the identity
Z 1Y;™(6, )| = constant. (15.9)

But there is a more complete answer: this is actually a variational calculation. Let us
repeat the derivation with that idea in mind. We begin, again, with the ansatz Eq. [[5.6

We will not antisymmetrize it; we simply force our allowed states to be consistent with the
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exclusion principle. We use this wave function in a variational calculation of Hy = Ev with
the Hamiltonian of Eq. I5.1l We find

<H> = /.../d?”f’ldg’l“g...dg’l"z’gb*H’gb

= % [uitrglgy ¥ - 2
DSl UG ) )
=y / wi(re) Hyug (ri ) dry,
k (15.10)
where 2 oo p
Hy=—5 Vi T+ /UET(Tj)auj(m)d?’m (15.11)

7k
Eq. I5.100is the expectation value of Hy for a trial wave function uy. From our variational

discussion, the minimum energy is obtained when w; is an eigenfunction of Hy,

which is the eigenvalue equation for the Hartree wave function. The electronic energy of the

2
e
E= Z€k - Z//‘“j(rj)‘2|uk(7“k)|2ad37”jd37”k (15.13)
k

>k

atom is then

The sum ), €, counts the pairs’ Coulomb repulsion twice; hence the correction term. Note
that this does not give the central field approximation directly (it is still just an approxima-
tion). However, it arises naturally for all closed shells.

Now we can return to the periodic table. The n = 1 shell is as before. To handle n = 2,
recall that the angular momentum barrier, h?I(I + 1)/(2mr?), pushes higher [ states away
from the nucleus. One an electron is at bigger r, other electrons can screen the nucleus.
This makes it energetically favorable to fill lower [ first. So we have the results in Table [[5.2
Next we come to n = 3, where we have s, p and d levels. The energy difference between
them is smaller than for n = 2. At some point a higher n’s s state has lower energy than a
lower n’s d state. So we fill the 3s and 3p states, then pause to fill the 45, making K and
Ca, before returning to fill the ten 3d states — Sc to Zn. The rare earths and the actinides
take a break in filling d orbitals to fill f ones.
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Table 15.2: Filling the periodic table.
Atom Highest e~

Li 15%2s
Be 15222

B 15225%2p

Ne  15%225%2pS

Atomic spectroscopy

The two largest terms left out of the central field approximation are the spin-orbital coupling

1 10V .- <
= ——— )L, - 15.14
Vso %:(ch?rk@rk) K Sk (15.14)

and the difference between the true inter-electron interaction (even “true” in the sense of the
Hartree self consistent field calculation) and the central field approximate potential, which
we will call V.. In closed shells, Vso = 0; the term in parentheses in Eq. [5.14 is the same

for all, and terms with opposite m;’s and m,’s cancel among each other.

We can imagine two extreme cases. The first, V. > Vg0, occurs for light atoms and gives
rise to “L-S coupling” or “Russell-Saunders coupling.” Good quantum numbers are total
J (of course) and total S. The goodness of S arises from the same interplay of Coulomb
interactions, Fermi statistics and spin that we saw for helium. Since J = L + S, the total L

is also a good quantum number. Our states are then

75, Jiots Liots Stot) - (15.15)

We then treat Vgo perturbatively. We will omit a detailed calculation, and just remark

that it is possible to parametrize the spin-orbital interaction as
Vso = F(r)L- S (15.16)

where F(r) is some (hard-to-evaluate) radial function, and L and S are the total orbital and

spin angular momenta of the valence electrons. Then, squaring J = L + S,

<E~S>:%Z(j(j+1)—l(l+1)—s(s+1)). (15.17)
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Figure 15.1: Pattern of splitting for a pd pair of electrons under Russell-Saunders coupling.

As an example, suppose we have two valence electrons; for the sake of argument take
them as 4p4d. As in the case of helium, the Coulomb interaction differs depending on
whether the two electrons’ spatial wave function is symmetric or antisymmetric, and hence
on whether the total spin is 1 or 0. Usually, as we saw for helium, higher S lies lower. This
is called “Hund’s rule.” The electrostatic energy depends on the particular values of n and
[: in terms of the direct and exchange terms it will be AE = J,; + K,;. For our pd pair,
L=1+4+2=3,2,1for F, D, and P levels. The states of different L (for given S) will be
non-degenerate. Usually, lower L lies lower. A classical argument for this result is that we
want to minimize the Coulomb repulsion of the electrons, and if we put them all the same
orbital, we can maintain maximum separation if they all rotate together. Fig. [[5.1] shows

the resulting splittings expected.

Finally, we have Vgo. We have states of given S and L, which combine in the usual

way into all appropriate J’s, and then Eq. [[5.17 gives us the final pattern of splittings. The
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Lande interval rule

B(J+1,L,8)—E(J,L,S)=C((J+1)(J+2)—J(J+1)=20(J+1)  (15.18)

can be used to identify the J quantum number of a level.

What is the sign of the L-S coupling term? For less than a half-filled orbital, the situation
is like hydrogen: higher J lies higher in energy. However, if the level is more than half filled,
the situation reverses. As an example, consider four electrons in a p-orbital. Think of this as
six electrons and two holes. The six electrons form a closed shell and are inert. Holes have
positive charge, so their spin-orbit interaction flips sign compared to electrons’. (All other
effects go as €* and are charge-symmetric.) So for more than half filled levels, higher J lies

lower.

The author is a particle physicist and he is used to dealing with baryons, three-quark
bound states. In principle, multi-electron states are simple: combine two, then add the third
... Angular momentum technology beyond what we have introduced is really necessary if

you want to be professional about this.

And don’t forget missing levels due to the Pauli principle. Two valence p electrons in
different n states have the spectroscopy shown in Fig. [[5.2(a). However, if they have the
same n, their radial wave function is symmetric. Two electron states with even total L are
symmetric (|22) = |[11) |11), for example) while states of odd total L are antisymmetric. So
some states (such as and S=0 P-wave) are missing. Compare Fig. [5.2(b).

This is all quite intricate, but it allows us to predict the electronic ground state con-

figuration of atoms with one or two valence electrons. Examples are shown in Table [15.3]

Table 15.3:_Ground state wave function for some two valence electron atoms.

Atom electrons quantum numbers 2541,
B o S=1/2,L=1,J=1/2 2P,
C 2p? S=1,L=1,J=0 3P
0 2pi S—1.L=1J=2 5P,
F 9 S=1/2,L=1,7=3/2 2Py,

Ne 2p" S=0,L=0,J=0 S0
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Figure 15.2: Pattern of splitting for a pp pair of electrons under Russell-Saunders coupling,

in different radial states (a) or in the same radial state, with missing levels (b)
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For heavy atoms, the spin-orbital term
> GLi - Sk (15.19)
k

is much greater than the residual electrostatic interaction. This means that each electron’s

7 is a good quantum number and the system is said to be “j-j coupled.”

Because J = L + S and because S = 1/2, 2L -5 = [ for j = [ +1/2 and —(I + 1) when
j =1—1/2. Two electrons are all I can do: we have four states whose energies are given
by sums of the appropriate L - S values. We then add the two j’s to give the total j and,
indirectly, the splitting due to V.. An example of a pd state’s splittings is shown in Fig. 5.3

Molecules

Molecules are harder than atoms because, generally, we don’t have a central potential, and
rotational invariance is lost. This makes the solution of the Schrodinger equation much more
difficult. To compensate, the ratio m./M,yuceus is 107* or smaller. This means that in the

molecule, the nucleus moves more slowly than the electron.

The electrons think that the nuclei are at rest, so they feel an almost static Coulomb
potential from the nuclei. If the size of the molecule is roughly that of the Bohr radius, the

electronic energy levels will be Ey. ~ h%/(mea®) ~ eV’s, like in atoms.

To the nuclei, the electrons move quickly. As the nuclei move, they distort the electronic
cloud, which slightly changes the electronic energy. Thinking classically for a moment, the
nucleons move in an elastic medium. There is a minimum energy configuration, where the
energy | am describing is the sum of the Coulomb repulsion of the nuclei and the electronic

energy €(r), which depends on the coordinates of the nuclei.

The easiest way to describe the situation is to model it as a simple harmonic oscilla-
tor: V(R) ~ Mw2(R — R,)*> where M is a typical nuclear mass and R, is hte equi;ibrium
separation. If the nuclei move a distance AR ~ a, the potential V' goes up by an amount
h?/(mca?). Equating the two expressions, MwZa® ~ h?/(m.a?) says wg = h?/(a*m M) or

2 [m,

— 15.2
mea? \l M (15.20)

h(UON

The excitations are those of an oscillator, and are called “vibrational levels.” From this
calculation, they have an energy of 1/10 to 1/100 eV.
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Figure 15.3: Schematic picture of the energy levels of a pd electron pair, jj coupled.
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What is the nuclear velocity? We can get it from p?/(2m) ~ hw/2 or

h me
U?Luc ~ mgag (M)3/2 (1521)

The factor i/(mea) is the electron velocity so this calculation shows that the nuclei move

slowly. The nuclei also do not move over large distances. Again setting hw ~ Mw?§2, we
discover (8/a)? ~ y/m./M. This is means that §/a ~ 1/10.

Finally, the whole molecule can rotate. Assume that the rotation is rigid. Then

I(1+1)
o7

By ~ I (15.22)

where [ is the moment of inertia. Because all of the mass or the molecule is in its nuclei, and
because the molecule’s size is a, I ~ Ma? and E,, ~ h*(mc.a?)(m/M). This is about 10~
eV; rotation transition lines sit in the far infrared. Notice the hierarchical ratio of energies,

Eelec : Em'b . Erot ~1: (1523)

Me  Me
M M

The Born-Oppenheimer approximation encodes these simple ideas. The Hamiltonian is

2 2
Di Py
E o + E A + Vee + Vun + +Ven (15.24)

electrons nuclei

where V,, is the repulsive electron-electron Coulomb interaction, Vy y is the repulsive nuclear-
nuclear interaction, and V_y is the attractive electron-nuclear Coulomb interaction. To begin,
treat the ) 5o . (We already saw, it is about /m/M in size.) In fact, to

really begin, drop it altogether, so the nuclear positions are frozen. Generically, call their

positions R, and call the electronic coordinates r. The wave function ¢(r, R) obeys the

“electronic equation”
[Te + Vee(’f‘) + ‘/;N(Tv R)]¢n(ra R) = (En(R) - VNN(R))¢n(Ta R) (1525)

Vnn(R) is just a constant, and €,(R) is the nth energy level of the electrons. The functions
¢n(r, R) form a complete set of states for any R. (Dropping the nuclear kinetic term, R is

just a parameter.) So, use these states to expand the exact wave function,

qum r, R)c qum r, R)®,(R). (15.26)
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The expansion coefficients ¢, depend on R, so we have renamed them @, (R). Now take the

Schrodinger equation

(To + Tn + Vee + Vyn + +Ven)¥(r, R) = E¥(r, R) (15.27)
and substitute,
D O (R)(Te + Vee + Viow + +Vew) b (1, R) + Ty (1) o EZ‘P R)m(r, R)
(15.28)
or
> " @ (R)(€m(R) b (7, R) + Ty (1) D EZ<1> R)d(r, R) (15.29)
SO "
> ((em(R) + T )@ (R) (1, R) EZ(I) R)um (1, R). (15.30)

Note that Ty, which is proportional to 92 /OR?, acts on both ¢ and ®.

Multiply both sides by ¢, (r, R)* and integrate over R:

(em(R) + Tn) @ (R) = E®p(R) = > Aum (15.31)

where

Ao = [ dronr. R 1Y 51 (VA(@u(Ron(r. ) = n(r) ViR (15.32)

One can show that A,,, is O(m/M) compared to the rest of the expression. Neglect it,

therefore, leaving the “nuclear equation”
(em(R) +Tn)Pn(R) = EP,(R). (15.33)

The quantity €,,(R) is the effective potential energy for the nuclei due to electrons in level m,

plus the nuclear Coulomb interactions. For a bound state, it is a function with a minimum.

At this point, it’s useful to specialize to diatomic molecules. Then there is one coordinate,

the internuclear separation R. We have

h2 h2 82 h2L2
Ty = — 2= 15.34
T VA Y Vo VeI R V2 (15.34)
where Mpg s the reduced mass. The nuclear equation becomes
R 9 RPK(K+1
D, (R) + [em(R) + Q] (15.35)

- 29My OR? OMp R2
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We have introduced the rotational quantum number K (an integer, 0, 1, 2,...). The nuclei

move in a potential which is a sum of the electronic term and a centrifugal barrier.

To first approximation, we simply expand the effective potential about its minimum:
1
Vin(R) = Vio + 5k;no(R —Ry)*+... (15.36)

The nuclear states are a set of vibrational levels, F = (v + %)hwno where w2, = kpno/Mp and

v is an integer. We can add in the centrifugal term and repeat:

RPK(K + 1) )
= ——— ]+ B(R - 15.
Vin(R) = [Vio + MR, |+ B(R— Rk)* + (15.37)
where 1 3RK(K+1)
+
B=(Ckp+ ——— ... 15.38
(Gt =5arm ) (15.38)

We have a “stretched oscillator, ” with slightly different frequencies for the vibrational levels

as K rises.

If we ignore the stretching, the wave function is a simple harmonic oscillator in r and a

spherical harmonic in the angular variables
(1) = uy(r —rg) Y2 (0, ¢) (15.39)

where u,(r — rg) ~ exp(—Mzrw?(r — rg)?). The energy is

1. MK(K+1)

Epx = hw(v+ = , 15.4
K (’U"‘ )+ QMRR%{ (5 0)

a set of rotational bands beginning at a set of equally spaced energy intervals.

The resulting spectroscopy is simple: the interaction Hamiltonian is, in dipole approx-
imation, H = —er - E and from the Golden Rule, the transition probability per unit time
is

dr o 2 17) (15.41)

Because 7= n((r — rx) + rx) the matrix element

/druv/(r — 1) [((r —rK) +7ri)]u,(r — ri) (15.42)

connects states with v' = v + 1 (the (r — rx) piece) and states with v' = v (the rg piece).

In addition we have the usual angular selection rules AK = +1, Amg = +1, 0.
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Thus there are two kinds of transitions involving nuclear motion. The first are pure
rotational transitions, Av = 0, AK = 41. The energy of the photon which is absorbed (for
K — K +1) or emitted (for K — K — 1)

2
g D)

y = m[Kf(Kf +1) = Ki(K; + 1) (15.43)

Since the difference E(K + 1) — E(K) oc K + 1, this is a set of equally-spaced photon lines.
As we remarked earlier, the typical energy for rotational transitions is in the far infrared.
Vibrational-rotational spectra have selection rules Av = +1, AK = 4+1. An absorption
spectrum v — v + 1 can have two branches, K — K +1 and K — K — 1. The two K
differences are (K + 1)(K +2) — K)K +1) = 2(K + 1) and (K,)(K) - K(K +1) = —2K
(but K > 1). This is a “comb” of equally spaced lines with a gap at w = wy, the natural
vibrational frequency. Typically these lines sit in the near infrared. All of these features are
shown in Fig. [[5.4]

Finally, transitions can involve the electronic levels. The angular momentum of the

electronic cloud enters the problem. Life becomes complicated.

We conclude this section with a brief description of the H; ion, the simplest molecule.

The electronic Hamiltonian is
el @ - -

— - (15.44)
2m |”"— Ra| |F— Rp| |Rp— Ra|

where (see Fig. [[5.3) the two protons are located at R and B 4. As there is no exact solution

to this problem, we attempt a variational solution with a superposition of hydrogenic wave

functions,
U(r) = aha(r) + Bvp(r), (15.45)
where )
balr) = oy exp(=17 - Ral/ao) (15.46)

is called a “molecular orbital state.” The system is reflection-symmetric about the midplane,

so we choose o« = /3. Our parity eigenstates become

Yo (r) = CL[tha £ ¥p]. (15.47)

An immediate complication is that 14 and g are not orthogonal. The normalization factor

becomes

1 = Ci/d?’rwAinP :Ci[1+1+2/d3rw2¢3]
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Figure 15.4: Figures for diatomic molecules: (a) Electronic energy V,,(R) and its quadratic
approximation (b) modification of the potential by the centrifugal barrier (c¢) Vibrational-
rotational energy levels and (d) the vibrational-rotational “comb” with its missing line.
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= C1(2+2S(R)).
(15.48)
S(R) is called the overlap integral. Tt is roughly S ~ (e*/ay) exp(—R/ag).
The energy expectation value is
(A[H|A) + (BIH|B) + 2 (A|H|B)
H pum— pum—
_ (AlH|A) £ (A[H|B)
1+£S5
(15.49)

where (A|H|A) is a sum of three terms, €; the ground state energy of hydrogen, e?/R the

nuclear repulsion, and

2 2

e
— B

e

S / rlioa(r)P

the attraction to the other nucleus. A rough plot of €(R) is shown in Fig. [[5.5l The negative
parity state has no minimum, and hence, no bound state. The positive parity state is bound.
This makes sense: the odd parity state does not bind because it has a node at the midpoint.
The electron in the even parity state feels an attraction from both nuclei. Further, if either Z
is greater than unity, there is no binding: there is no H He* " ion. The variational calculation
gives a binding energy of £ = —1.76 eV and a mean separation for the protons of R = 1.3
A. The experimental values are -2.8 eV and 1.06 A. But it is easy to point to a failure for
our variational wave function: as R becomes small, ¢ should look like the wave function for
a He' atom, a hydrogenic wave function with Z = 2. Ours does not, so we know that we
can do better. Chemistry is all about clever variational choices, so perhaps we should leave

the discussion to the more specialized literature.
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Figure 15.5: The H, molecule: coordinates, the overlap integral, schematic electronic energy
vs R.
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