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A modification of Polin’s variety

K. A. KEARNES AND M. VALERIOTE*

Abstract. In this note we settle a question posed by Hobby and McKenzie in [2] on the nature of locally
finite equational classes which satisfy some nontrivial congruence identity.

We settle problem c14 from [2] by exhibiting a locally finite equational class V
which omits types 1 and 5 and which satisfies some non-trivial congruence identity,
but which contains a finite algebra having a type 4 minimal set with a nonempty
tail. For background to this problem, the reader is encouraged to consult Chapter
9 of [2] and the paper [1] by Day and Freese on Polin’s Variety.

Loosely stated, Polin’s variety consists of algebras created by replacing the
points of an (external) boolean algebra B by a family of (internal) boolean algebras
{Ba : a�B} so that whenever a]b in B, there is a homomorphism jb

a from Ba to Bb.
These homomorphisms are compatible in the sense that if a]b]c then j c

a=
jb

a $ j c
b. The algebras come equipped with operations which allow one to recover

both the internal and external boolean algebras.
Our example is a simple modification of this idea wherein we replace the

internal boolean structures by distributive lattices having a distinguished largest
element 1. The proof that the resulting equational class satisfies some nontrivial
congruence identity is practically the same as that presented by Day and Freese for
Polin’s variety in [1]. The tame congruence theoretic properties of the class referred
to earlier can easily be established.

Let B be a boolean algebra, S a function which assigns for each a�B a
distributive lattice S(a) with a largest element 1, and �jb

a: S(a)�S(b)�a]b in B�
a system of lattice homomorphisms such that ja

a= idS(a) and if a]b]c then
j c

a=j c
b $ jb

a.
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Define A(S, B) to be the algebra with universe  b�B{b}×S(b) and having the
following fundamental operations:

� (a, s)� (b, t)= (a�b, ja�b
a (s)�ja�b

b (t)),
� (a, s)�(b, t)= (a�b, ja�b

a (s)�ja�b
b (t)),

� (a, s)%= (a %, 1).

Call such an algebra a boolean-by-distributive algebra, and let B/D be the closure
under isomorphism of the class of all such algebras. It is not difficult to see that this
class is closed under subalgebras and direct products. Setting V to be the
equational class generated by B/D we have:

THEOREM 1 V is a locally finite equational class which satisfies the following
congruence identity :

x� (y�z)5y�(x� (z�(x�y))). (1)

Proof. The corresponding results for Polin’s variety are established in sections 2
and 7 of [1]. The proofs presented there can be used, almost without change, to
prove our theorem.

THEOREM 2 V omits types 1 and 5 and contains a finite algebra A which has
a type 4 minimal set with nonempty tail.

Proof. Since V satisfies a nontrivial congruence identity then by Theorem 9.18
of [2], it omits types 1 and 5. As an exercise, the reader can check that V actually
omits type 2 as well.

Let A be the boolean-by-distributive algebra A(S, B) where B is the two element
boolean algebra, S(0) is a one element distributive lattice and S(1) is a two element
distributive lattice. It can be easily checked that A has a unique nontrivial
congruence a, that the type of �0, a� is 4 and that A is �0, a�-minimal. This implies
that the tail of A, considered as a �0, a�-minimal set, is nonempty.

Further generalizations of Polin’s construction have been investigated in the
manuscript [3].
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