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 A UNIFIED APPROACH TO ASYMPTOTIC EQUIVALENCE OF
 AITKEN AND FEASIBLE AITKEN INSTRUMENTAL

 VARIABLES ESTIMATORS*

 BY DAVID M. MANDY AND CARLOS MARTINS-FILHO1

 AV\PSWRWLc HTXLYaOHQcH RI ALWNHQ aQd IHaVLbOH ALWNHQ HVWLPaWRUV LQ OLQHaU
 PRdHOV ZLWK QRQVcaOaU LdHQWLW\ HUURU cRYaULaQcH PaWULcHV LV XVXaOO\ HVWabOLVKHd
 LQ a WHdLRXV caVH-b\-caVH PaQQHU. SRPH JHQHUaO VXIILcLHQW cRQdLWLRQV IRU WKLV
 HTXLYaOHQcH H[LVW, bXW WKHUH aUH SURbOHPV ZLWK WKH H[WaQW cRQdLWLRQV. TKHVH
 SURbOHPV aUH dLVcXVVHd, aQd QHZ ZLdHO\ aSSOLcabOH VXIILcLHQW cRQdLWLRQV aUH
 SUHVHQWHd aQd aSSOLHd WR a YaULHW\ RI HUURU VWUXcWXUHV.

 1. INTRODUCTION

 CRQVLdHU WKH OLQHaU VWaWLVWLcaO PRdHO \Q = X, J + X Q, ZKHUH Y Q LV aQ (Q [ 1)
 VWRcKaVWLc YHcWRU, XQ LV aQ (Q [ N) (SRVVLbO\ VWRcKaVWLc) aOPRVW HYHU\ZKHUH IXOO
 cROXPQ UaQN UHJUHVVRU PaWUL[, /3 LV a (N [ 1) YHcWRU RI XQNQRZQ QRQVWRcKaVWLc

 SaUaPHWHUV, aQd U Q LV aQ (Q [ 1) HUURU YHcWRU ZLWK E(XQ) = 0 aQd E(XQXQ) = IQ ,
 aQ aUbLWUaU\ V\PPHWULc SRVLWLYH dHILQLWH (Q [ Q) PaWUL[. II Z, LV aQ (Q [ N) aOPRVW
 HYHU\ZKHUH IXOO cROXPQ UaQN LQVWUXPHQW PaWUL[ WKHQ aQ LQVWUXPHQWaO YaULabOHV (IV)
 YHUVLRQ RI WKH ALWNHQ (1935) HVWLPaWRU LV

 AQ (ZQaQXQ) -'YQQOQ

 ZKLcK LV KHQcHIRUWK caOOHd aQ ALWNHQ IV HVWLPaWRU. WKHQ IOQ LV XQNQRZQ a IHaVLbOH
 HVWLPaWRU PXVW bH cRQVWUXcWHd, XVXaOO\ HQWaLOLQJ a SaUaPHWHUL]aWLRQ WKaW aVVXPHV

 ILQ LV a NQRZQ IXQcWLRQ RI aQ XQNQRZQ (U [ 1) YHcWRU 0 ZLWK WUXH YaOXH 00, VR WKaW
 E(XQX) = IO, (00). TKHQ, aQ IV YHUVLRQ RI WKH IHaVLbOH ALWNHQ HVWLPaWRU IRU /3
 baVHd RQ aQ HVWLPaWRU I 'Q IRU 00 LV

 I3 Q (ZQ OQ (W) -1Q )17 IL'Q 0 Q) - OYQ

 ZKLcK LV KHQcHIRUWK caOOHd a IHaVLbOH ALWNHQ IV HVWLPaWRU.
 TKH VPaOO VaPSOH SURSHUWLHV RI IB aUH RIWHQ XQNQRZQ, VR PaQ\ HVWLPaWLRQ

 SURbOHPV LQYROYH VHaUcKLQJ IRU aQ HVWLPaWRU O'Q VXcK WKaW aW OHaVW aV\PSWRWLc

 QRUPaOLW\ RI \/Q(/(3, - /8) caQ bH HVWabOLVKHd. OQH IUHTXHQWO\ HPSOR\Hd aSSURacK
 LV WR VKRZ WKaW V/QRQ baVHd RQ aQ HVWLPaWRU 0" cRQYHUJHV LQ SURbabLOLW\ WR \/Q
 AQ VLQcH, LQ PaQ\ aSSOLcaWLRQV, NQRZQ VXIILcLHQW cRQdLWLRQV IRU cRQVLVWHQc\ aQd
 aV\PSWRWLc QRUPaOLW\ RI /3 , caQ bH aVVXPHd. 8,3 aOVR Pa\ SRVVHVV cHUWaLQ aV\PSWRWLc
 HIILcLHQc\ SURSHUWLHV. TKXV, XQdHU WKH VXIILcLHQW cRQdLWLRQV, LI VQ(,3Q - ILQ) cRQYHUJHV

 * MaQXVcULSW UHcHLYHd ASULO 1992; UHYLVHd FHbUXaU\ 1994.

 1 WH JUaWHIXOO\ acNQRZOHdJH KHOSIXO cRPPHQWV IURP RLcKaUd BaLOOLH, GUHJRU\ DXQcaQ, aQd aQ
 aQRQ\PRXV UHIHUHH, QRQH RI ZKRP bHaU aQ\ UHVSRQVLbLOLW\ IRU UHPaLQLQJ HUURUV.
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 LQ SURbabLOLW\ WR ]HUR IRU a SaUWLcXOaU HVWLPaWRU OQ WKHQ WKH IHaVLbOH HVWLPaWRU 3,,

 LQKHULWV WKH aV\PSWRWLc SURSHUWLHV RI 3Q.

 PURYLQJ cRQYHUJHQcH LQ SURbabLOLW\ LQ VSHcLILc caVHV LV RIWHQ a WHdLRXV SURVSHcW,

 VR LW LV XVHIXO WR HVWabOLVK JHQHUaO VXIILcLHQW cRQdLWLRQV RQ WKH VWUXcWXUH RI IO,(0) WKaW
 aSSO\ LQ PaQ\ caVHV aQd aUH UHOaWLYHO\ HaV\ WR cKHcN. TZR VHWV RI VXIILcLHQW

 cRQdLWLRQV KaYH aSSHaUHd LQ WKH OLWHUaWXUH, bXW QHLWKHU RIIHUV a cRPSOHWH VROXWLRQ WR

 WKH SURbOHP. SHcWLRQ 2 UHYLHZV WKHVH H[WaQW UHVXOWV aQd dLVcXVVHV WKHLU VKRUWcRP-

 LQJV. WH VKRZ WKaW WKH aV\PSWRWLc SURSHUWLHV RI cHUWaLQ ZLdHO\-XVHd HVWLPaWRUV WKaW

 ZHUH KHUHWRIRUH WKRXJKW WR bH NQRZQ aUH LQ IacW XQUHVROYHd LVVXHV. SHcWLRQ 3

 dHYHORSV QHZ VXIILcLHQW cRQdLWLRQV WKaW VXPPaUL]H WKH SURSHUWLHV RI VRPH IaPLOLaU

 PRdHOV WKaW aUH LPSRUWaQW LQ HVWabOLVKLQJ aV\PSWRWLc HTXLYaOHQcH RI ALWNHQ aQd

 IHaVLbOH ALWNHQ IV HVWLPaWRUV. SHcWLRQ 4 dHPRQVWUaWHV KRZ WKH VXIILcLHQW cRQdLWLRQV

 RI SHcWLRQ 3 aUH HaVLO\ aSSOLHd WR IaPLOLaU PRdHOV RI KHWHURVcHdaVWLcLW\, aXWRcRUUH-

 OaWLRQ, VHHPLQJO\ XQUHOaWHd UHJUHVVLRQV, aQd WKUHH-VWaJH OHaVW VTXaUHV. SRPH UHVXOWV

 IRU PRdHOV WKaW KaYH QRW SUHYLRXVO\ aSSHaUHd LQ WKH OLWHUaWXUH aUH aOVR HVWabOLVKHd

 YLa WKH QHZ VXIILcLHQW cRQdLWLRQV, aV ZHOO aV VRPH RI WKH XQUHVROYHd SURSHUWLHV IURP

 SHcWLRQ 2. HHQcH, WKH QHZ cRQdLWLRQV SURYLdH a cRQYHQLHQW PHWKRd IRU HVWabOLVKLQJ
 aV\PSWRWLc SURSHUWLHV LQ H[LVWLQJ aQd aV \HW XQH[SORUHd PRdHOV.

 2. EXISTING CONDITIONS FOR ASYMPTOTIC EQUIVALENCE OF /3HQ AND /3Q

 OQH VHW RI VXIILcLHQW cRQdLWLRQV IRU aV\PSWRWLc HTXLYaOHQcH RI bQ aQd /3, bXLOdV
 RQ VXIILcLHQW cRQdLWLRQV IRU aV\PSWRWLc QRUPaOLW\ RI \/Q(/3,, - /3). ScKPLdW (1976,
 S. 101) SURYLdHV cRQdLWLRQV IRU WKLV aV\PSWRWLc QRUPaOLW\ (aQd KHQcH cRQVLVWHQc\ RI

 3,8) ZKHQ IW,(00) = IQ. RHVWaWLQJ KLV cRQdLWLRQV IRU WKH caVH RI a JHQHUaO IOQ(00)
 PaWUL[ \LHOdV

 1 d
 (AO) -Z' 4O,(00)1X, --> N(0, Q) IRU VRPH V\PPHWULc (N [ N) PaWUL[ Q

 aQ-

 (A2) SOLP - Z'Q IQ (0 0) - 1XQ = Q][, a ILQLWH SRVLWLYH dHILQLWH PaWUL[.
 QHZ Q

 V( d
 TKH SURRI WKaW WKHVH cRQdLWLRQV LPSO\ /QB - N(0, Q][QQ][) LV
 VWUaLJKWIRUZaUd aQd SaUaOOHOV WKH SURRI SURYLdHd b\ ScKPLdW. TKHLO (1971, S. 399)
 VWaWHV addLWLRQaO cRQdLWLRQV WKaW, aORQJ ZLWK (AO) aQd (A2), aUH MRLQWO\ VXIILcLHQW IRU

 SOLPQ,,,, '\(/30, - 3,) = 0 IRU a VWaQdaUd GLS PRdHO, LQ ZKLcK XQ LV
 QRQVWRcKaVWLc aQd ZQ = XQ. 2 WKLWH (1984, S. 163) QRWHV WKaW TKHLO'V WKHRUHP Pa\
 bH H[WHQdHd WR WKH caVH RI JHQHUaO LQVWUXPHQWaO YaULabOHV ZLWK OLWWOH dLIILcXOW\. IQ
 SaUWLcXOaU, (AO) aQd (A2) cRPbLQH ZLWK

 (1) SOLP -Z'Q Z(IQ (0 O) -Q ( 0?) ')XQ = 0
 QHW Q

 2 TKHLO acWXaOO\ XVHV cRQdLWLRQV WKaW LPSO\ (AO) aQd (A2), bXW WKLV dRHV QRW aIIHcW WKH cRQcOXVLRQ.
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 (2) SOLP Z- Q) - Q I(0))XQ = 0
 Q-*RR Q

 WR SURYLdH VXIILcLHQW cRQdLWLRQV IRU SOLPQ, \/Q(3Q - aQ) =
 TKHUH aUH WZR PaLQ SURbOHPV WR bH RYHUcRPH LQ YHULI\LQJ HTXaWLRQV (1) aQd (2).

 FLUVW, cRQVLVWHQc\ RI aQ caQQRW bH cRPbLQHd ZLWK SOXWVN\'V TKHRUHP (aV aUJXHd,

 IRU H[aPSOH, b\ PaUNV 1967, SS. 505-506) WR HVWabOLVK HTXaWLRQ (1) bHcaXVH

 (OIQ)Z'Q QQ(6'Q) -X, LV a IXQcWLRQ RI aQ WKaW dLUHcWO\ dHSHQdV RQ Q, ZKLOH SOXWVN\'V
 TKHRUHP aVVXPHV WKH IXQcWLRQ LV LQdHSHQdHQW RI WKH VaPSOH VL]H. TKLV SURbOHP

 aULVHV LQ HTXaWLRQ (2) aV ZHOO, bXW a VHcRQd dLIILcXOW\ ZLWK HTXaWLRQ (2) LV WKaW

 CKHb\VcKHY'V IQHTXaOLW\ caQQRW bH HaVLO\ aSSOLHd bHcaXVH WKH SRWHQWLaO VWaWLVWLcaO

 dHSHQdHQcH bHWZHHQ RQ aQd XQ UHVXOWV LQ a cRPSOLcaWHd VHcRQd PRPHQW PaWUL[
 HYHQ LI ZQ LV QRQVWRcKaVWLc, aV LQ a VWaQdaUd GLS PRdHO. TKLV LV a VHULRXV SURbOHP
 VLQcH R Q aQd XQ aUH VWaWLVWLcaOO\ dHSHQdHQW LQ PRVW aSSOLcaWLRQV. HHQcH, cRQVLV-
 WHQc\ RI R'Q LV VXIILcLHQW IRU QHLWKHU HTXaWLRQ (1) QRU HTXaWLRQ (2), aV dHPRQVWUaWHd

 cRQcOXVLYHO\ b\ ScKPLdW'V (1976, S. 69) cRXQWHU-H[aPSOH. NHYHUWKHOHVV, aQ aS-
 SURacK OLNH TKHLO'V WKHRUHP caQ bH VXccHVVIXOO\ HPSOR\Hd LQ a QXPbHU RI ZHOO-

 NQRZQ caVHV ZLWK a cRQVLVWHQW HVWLPaWRU 6 Q (IRU H[aPSOH, VHHPLQJO\ XQUHOaWHd

 UHJUHVVLRQV ZHOOQHU 1962; ILQLWH RUdHU aXWRUHJUHVVLYH HUURUV FXOOHU 1976, SS. 424-

 425; aQd JURXSHd KHWHURVcHdaVWLcLW\ Ta\ORU 1977), aQd WKLWH aSSOLHV KLV H[WHQVLRQ

 RQ a caVH-b\-caVH WR IV HVWLPaWLRQ RI VHHPLQJO\ XQUHOaWHd UHJUHVVLRQV ZLWK aQd
 ZLWKRXW SaUWLcXOaU IRUPV RI KHWHURVcHdaVWLc aQd aXWRUHJUHVVLYH HUURUV.

 SLQcH HTXaWLRQV (1) aQd (2) LQYROYH RQO\ VOLJKWO\ VLPSOHU SURbabLOLW\ OLPLWV WKaQ
 WKH RULJLQaO SURbOHP, PRUH HaVLO\ YHULILHd VXIILcLHQW cRQdLWLRQV ZRXOd bH XVHIXO.

 FXOOHU aQd BaWWHVH (1973, TKHRUHP 3, KHUHaIWHU FB3) SURSRVH a VHcRQd VHW RI

 VXIILcLHQW cRQdLWLRQV IRU WKH VWaQdaUd GLS PRdHO. TKHLU cRQdLWLRQV aUH UHOaWLYHO\

 HaV\ WR aSSO\ bHcaXVH RQO\ RUdLQaU\ OLPLWV, dLIIHUHQWLabLOLW\, cRQWLQXLW\, aQd WKH
 RUdHU LQ SURbabLOLW\ RI 0'Q - 00 aUH LQYROYHd. FB3 LV XVHd WR HVWabOLVK aV\PSWRWLc
 HTXLYaOHQcH RI ALWNHQ aQd IHaVLbOH ALWNHQ HVWLPaWRUV LQ VWaQdaUd GLS PRdHOV b\

 VHYHUaO aXWKRUV LQ addLWLRQ WR FXOOHU aQd BaWWHVH (SZaP\ aQd MHKWa 1977; MaJQXV
 1978; RaM, SULYaVWaYa, aQd UOOaK 1980; aQd ScRWW aQd HROW 1982).

 UQIRUWXQaWHO\, FB3 RYHUORRNV bRWK RI WKH aIRUHPHQWLRQHd SURbOHPV HQcRXQWHUHd

 LQ YHULI\LQJ HTXaWLRQV (1) aQd (2). CURcNHWW (1985, S. 203) QRWLcHV WKaW WKH SURRI RI

 FB3 QHJOHcWV WKH SRWHQWLaO dHSHQdHQcH bHWZHHQ OQ aQd X Q, bXW dRHV QRW dHPRQ-
 VWUaWH WKaW WKH cRQcOXVLRQ RI FB3 LV LQcRUUHcW. IQ WKH ASSHQdL[, ZH HVWabOLVK

 cRQcOXVLYHO\ WKaW FB3 LV LQcRUUHcW b\ cRQVWUXcWLQJ a cRXQWHU-H[aPSOH LQ ZKLcK
 RQ LV QRQVWRcKaVWLc, VR WKaW WKH VWaWLVWLcaO dHSHQdHQcH LVVXH dRHV QRW aULVH, bXW

 (1IQ)X' IQ(W QOXQ aQd (1I\/A)XIQ(OQ)-XQ VWLOO IaLO WR cRQYHUJH WR
 (OIQ)X' WQQ(0) - XQ aQd (1I\IQ)X',IOQ(00)-OXQ, UHVSHcWLYHO\, bHcaXVH RI WKHLU

 3 WKLWH UHOLHV RQ dLIIHUHQW cRQdLWLRQV IRU WKH aV\PSWRWLc QRUPaOLW\ WKaQ (AO) aQd (A2), aQd OLVWV WKUHH

 cRQdLWLRQV UaWKHU WKaQ HTXaWLRQV (1) aQd (2) abRYH. TKLV LV bHcaXVH KH H[SUHVVHV KLV LQVWUXPHQWV aV Z'Q =
 XIQ Z' IRU VRPH RbVHUYabOH (Q X N) PaWUL[ ZQ, ZKLcK aOORZV WKLWH WR
 VWaWH cRQdLWLRQV LQ WHUPV RI WKH cRPSRQHQWV XQ I QQ, aQd ZQ RI ZQ . WLWK WKLV cKRLcH RI LQVWUXPHQWV
 WKLWH'V WKUHH cRQdLWLRQV aUH VXIILcLHQW IRU HTXaWLRQV (1) aQd (2) abRYH, ZKLcK LQ WXUQ aUH VXIILcLHQW IRU

 SOLPQ-- \/7L(3,Q - I3Q) = 0 (aVVXPLQJ (AO) aQd (A2)). HHQcH, XQdHU (AO) aQd (A2), HTXaWLRQV (1) aQd (2)
 aUH aW OHaVW aV JHQHUaO aV WKLWH'V WKUHH cRQdLWLRQV.
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 dHSHQdHQcH RQ Q. HHQcH, WKH cRQdLWLRQV RI FB3 dR QRW aVVXUH WKaW HLWKHU RI WKH

 dLIILcXOWLHV RI HTXaWLRQV (1) aQd (2) aUH VROYHd, aQd WKLV dHILcLHQc\ PHaQV WKaW PRUH

 cRQYHQLHQW cRQdLWLRQV WKaQ HTXaWLRQV (1) aQd (2) UHPaLQ XQNQRZQ. TKH bUHaNdRZQ

 RI FB3 aOVR PHaQV WKaW HVWLPaWRUV ZKRVH SURSHUWLHV aUH HVWabOLVKHd YLa FB3 Pa\
 QRW SRVVHVV WKH adYHUWLVHd SURSHUWLHV. TKLV LV SaUWLcXOaUO\ WURXbOHVRPH IRU WKH SaQHO

 HVWLPaWLRQ WHcKQLTXHV RI SZaP\ aQd MHKWa (1977) aQd WKH WZR-VWHS HVWLPaWRU RI

 MaJQXV (1978) VLQcH WKHVH SURcHdXUHV aUH ZLdHO\ cLWHd. CUaJJ (1992, S. 181) aOVR
 RYHUORRNV WKH SURbOHPV LQ YHULI\LQJ (1) aQd (2), aV WKH H[aPSOH LQ WKH ASSHQdL[

 VaWLVILHV KLV aVVXPSWLRQV bXW QRW KLV cRQcOXVLRQV.

 3. NEW SUFFICIENT CONDITIONS FOR ASYMPTOTIC EQUIVALENCE OF I3Q AND I

 DHVSLWH WKH NQRZQ LQVXIILcLHQc\ RI SOLPO a = 00 IRU SOLPQR -\Q(',1 - I3Q) =
 0, TKHLO'V aSSURacK aQd WKLWH'V H[WHQVLRQ aUH VXccHVVIXO LQ PaQ\ SaUWLcXOaU PRdHOV

 ZKHQ O'Q LV cRQVLVWHQW. OXU cRQdLWLRQV cOaULI\ ZK\ SOLPR /(I3,B - IQ) = 0 LQ PaQ\
 IaPLOLaU VSHcLaO caVHV RI IOQ(0) ZKHQ R Q LV cRQVLVWHQW b\ VXPPaUL]LQJ WKH VWUXcWXUH RI
 WKHVH VSHcLaO caVHV WKaW LV LPSRUWaQW LQ SURYLQJ WKH aV\PSWRWLc HTXLYaOHQcH.

 TKH dHSHQdHQcH RQ Q caQ bH SaUWLaOO\ addUHVVHd WKURXJK aQ H[WHQVLRQ RI

 SOXWVN\'V TKHRUHP SURYLdHd b\ APHPL\a (1985, TKHRUHP 4.1.5) WR WKH caVH RI a

 VHTXHQcH RI IXQcWLRQV WKaW dHSHQd RQ Q. TKH NH\ WR WKLV H[WHQVLRQ LV XQLIRUP

 cRQYHUJHQcH RI WKH VHTXHQcH aV Q -> RR. UQLIRUP cRQYHUJHQcH RI LQdLYLdXaO
 HOHPHQWV RI IWQ (0)6-) KROdV LQ PaQ\ PRdHOV bHcaXVH WKHVH IXQcWLRQV IUHTXHQWO\ dR
 QRW HYHQ dHSHQd RQ Q. FRU IXWXUH UHIHUHQcH, APHPL\a'V WKHRUHP IRU RXU cRQWH[W LV
 UHVWaWHd KHUH ZLWKRXW SURRI.

 LEMMA 1 (APHPL\a 1985, TKHRUHP 4.1.5). LHW LDQ (0) -> 9S( 0) XQLIRUPO\ RQ aQ
 RSHQ VHW S cRQWaLQLQJ 00, ZKHUH (S LV UHaO-YaOXHd aQd cRQWLQXRXV aW 00. II SOLPQO
 = 00, WKHQ SOLPQ- >PR(0PQ ) - S(00)

 TKH dHSHQdHQcH RQ Q LV QRW cRPSOHWHO\ UHVROYHd b\ WKLV OHPPa bHcaXVH WKH

 dLPHQVLRQV RI ZQ, IOQ(0) 1, XQ, aQd XQ VWLOO dHSHQd RQ Q. TKLV OHadV WR
 VXPPaWLRQV ZLWK Q2 WHUPV LQ HTXaWLRQV (1) aQd (2), ZKLcK LV SURbOHPaWLc VLQcH WKH
 dHQRPLQaWRU RI HTXaWLRQ (1) LQ RQO\ 0(Q) aQd WKH dHQRPLQaWRU RI HTXaWLRQ (2) LV

 RQO\ 0(Q 1/2). IQ PaQ\ PRdHOV WKH QXPbHU RI QRQ]HUR HOHPHQWV LQ DQ (0) -1 LV 0(Q)
 VR WKaW WKH VXPV LQ HTXaWLRQV (1) aQd (2) UHaOO\ KaYH RQO\ 0(Q) WHUPV, bXW HYHQ ZLWK

 0(Q) WHUPV WKH dHQRPLQaWRUV RI (1) aQd (2) Pa\ bH LQadHTXaWH IRU cRQYHUJHQcH
 XQOHVV WKH WHUPV LQ WKH VXPV cRQYHUJH LQ VRPH XQLIRUP PaQQHU. OIWHQ WKHUH aUH a

 ILQLWH QXPbHU RI dLVWLQcW HOHPHQWV LQ IWQ (0) -1 WKaW VLPSO\ UHSHaW aV Q -> RR. TKLV
 LPSRVHV WKH QHHdHd XQLIRUPLW\ SURYLdHd WKH LQdLYLdXaO HOHPHQWV RI IWQ (0) -1 aOVR
 VaWLVI\ LHPPa 1, aQd WKH RWKHU UaQdRP YaULabOHV LQ WKH VXPV VaWLVI\ VRPH URXWLQHO\
 HQcRXQWHUHd "UHJXOaULW\" aQd "VWabLOLW\" cRQdLWLRQV. IQ SaUWLcXOaU, HTXaWLRQ (1)
 UHOLHV RQ cHUWaLQ IRXUWK PRPHQWV bHWZHHQ WKH UHJUHVVRUV aQd LQVWUXPHQWV SRVVHVV-
 LQJ a XQLIRUP XSSHU bRXQd. ETXaWLRQ (2) UHOLHV RQ XQLIRUP bRXQdHdQHVV RI WKH

 VHcRQd abVROXWH PRPHQWV RI HacK LQVWUXPHQW, HUURU cRYaULaQcHV cRQdLWLRQaO RQ WKH
 LQVWUXPHQWV WKaW aUH XQLIRUPO\ bRXQdHd UHOaWLYH WR WKH cRUUHVSRQdLQJ XQcRQdLWLRQaO
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 cRYaULaQcHV, aQd abVROXWHO\ cRQYHUJHQW cROXPQ-ZLVH VXPV RI WKH LQYHUVH cRYaUL-

 aQcH. TKLV OaVW cRQdLWLRQ LV VRPHWLPHV LPSOLHd b\ VWabLOLW\ RI a VWRcKaVWLc SURcHVV,

 aQd WKH cRQdLWLRQaO cRYaULaQcH cRQdLWLRQ LV aOZa\V WUXH IRU a VWaQdaUd GLS PRdHO.

 TKH VWaWLVWLcaO dHSHQdHQcH bHWZHHQ 0Q aQd XQ LV PaQaJHabOH LI WHUPV LQYROYLQJ
 HOHPHQWV RI (OQ(0 )1 - _ Q(00)-1 caQ bH IacWRUHd IURP WKH VXPPaWLRQV LQ
 HTXaWLRQ (2), ZKLcK LQcOXdH HOHPHQWV RI XQ . TKLV IacWRULQJ RccXUV LQ PRVW PRdHOV aV
 a cRQVHTXHQcH RI WKH ILQLWH QXPbHU RI dLVWLQcW IXQcWLRQV LQ IOQ (0) - I. HHQcH, a ILQLWH

 QXPbHU RI dLVWLQcW IXQcWLRQV LQ IOQ(0)- caQ aVVLVW LQ WZR SURbOHPV: WKH dHSHQ-
 dHQcH bHWZHHQ RQ aQd XQ, aQd WKH QHHd IRU XQLIRUPLW\ LQ WKH cRQYHUJHQcH RI WKH
 WHUPV RI WKH VXPV.

 SXIILcLHQc\ RI WKHVH SURSHUWLHV IRU HTXaWLRQV (1) aQd (2) LV YHULILHd b\ WKH

 IROORZLQJ WKHRUHP.

 THEOREM 1. IQ addLWLRQ WR (AO) aQd (A2), aVVXPH WKH IROORZLQJ:

 (A3) IOQ(0)- KaV aW PRVW W < RR dLVWLQcW QRQ]HUR HOHPHQWV IRU HYHU\ Q, dHQRWHd
 b\ JZQ(0) IRU Z = 1, ..., W. TKaW LV, WKHUH aUH Q2 - W HOHPHQWV WKaW aUH
 HLWKHU ]HUR RU dXSOLcaWHV RI RWKHU QRQ]HUR HOHPHQWV LQ IO Q(0) FRU HacK Z,

 JZQ(0) cRQYHUJHV XQLIRUPO\ aV Q -0R0 WR a UHaO-YaOXHd IXQcWLRQ JZ(0) RQ aQ
 RSHQ VHW S cRQWaLQLQJ 00, ZKHUH JZ LV cRQWLQXRXV aW 00.

 (A4) TKH QXPbHU RI QRQ]HUR HOHPHQWV LQ HacK cROXPQ (aQd URZ) RI aQ (0) LV
 XQLIRUPO\ bRXQdHd b\ N < 0R aV Q -> RR.

 (A5) TKHUH H[LVWV C < RR VXcK WKaW XIQ I Z)LI < C IRU HYHU\ Q = 1, 2, ... aQdM =
 O, ..., Q, ZKHUH Z11 LV WKH (L, M) HOHPHQW RI IOQ(00).

 (A6) TKHUH H[LVWV B < RR VXcK WKaW

 (L) E(]MKXWTZLK[TT) B IRU L, M, W, X = 1, 2, ... aQd K, T = 1, ..., N

 (LL) E(LZMKZ LK) < B IRU L, M = 1, 2, ... aQd K = 1, ... , N
 (LLL) IE(XXWXIZMK, ZLK)I < BI ZTI IRU L, M, W, U = 1, 2, ...; K = 1, ..., N; aQd

 aOPRVW HYHU\ UHaOL]aWLRQ RI (]MK, ZLK),

 ZKHUH ]MK LV WKH (M, K) HOHPHQW RI ZQ, [WT LV WKH (W, T) HOHPHQW RI XQ, aQd XW LV WKH WWK A aaaaaaad
 HOHPHQW RI XQ. UQdHU (AO) WKURXJK (A6), LI SOLPO. RQ = 00 WKHQ \/3,Q - /3) ->
 N(O, Q-1 QQLM1). TKaW LV, (AO) WKURXJK (A6) aUH VXIILcLHQW IRU WKH IHaVLbOH ALWNHQ
 HVWLPaWRU baVHd RQ a cRQVLVWHQW HVWLPaWRU RI 00 WR bH aV\PSWRWLcaOO\ HTXLYaOHQW WR
 WKH ALWNHQ IV HVWLPaWRU (aQd KHQcH cRQVLVWHQW aQd aV\PSWRWLcaOO\ QRUPaO XQdHU
 (AO) aQd (A2)).

 PROOF. SLQcH (AO) aQd (A2) aUH KROdLQJ, WKLWH'V UHVXOW VKRZV WKaW LW LV VXIILcLHQW

 WR YHULI\ HTXaWLRQV (1) aQd (2). DHQRWH WKH (L, M) HOHPHQW RI IQ1(08) b\IALQ(0) aQd
 OHW JR(0) --0 bH WKH ]HUR IXQcWLRQ. WH PXVW VKRZ aKT aQd aK aUH RS(O) IRU
 aUbLWUaU\ (K, T), ZKHUH aKT LV WKH (K, T) HOHPHQW RI WKH OHIW VLdH RI (1) aQd aK LV WKH

 KWK HOHPHQW RI WKH OHIW VLdH RI (2). LHWWLQJ ILZQ ^M = 1 2, *.. , Q : ILJQ(0)
 JZQ(0)` bH WKH LQdH[ VHW RI HOHPHQWV LQ URZ L RI IO (0Y) WKaW aUH HTXaO WR JZQ(0),
 ZH KaYH
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 Q Q

 a KT =- Z LK XMT (I LMQ (6) IQ ( 0))
 Q1=1 M=1

 Q W

 Q , 2, Z+ LKMaW( Z)-TILMQ(O ))

 LaaaaaaaaQ a0Q
 -- aaaa Z LK XMT (ILMQ(O "ILMQ (60))

 QL= 1 Z =1 MEI L,,,

 L QaaaaaaQ

 + - ZLKXMT(LM(LMQ( -ILMQ(I()) )
 MLZUW=QILZQ

 W Q

 =- E E 2 ZZLK XMT (ILMQ( )ILMQ ( 0))
 Q W=1 L=1 MEILZ,,

 L Q

 +[- Z ZQLKQXMTZ(ILMQ( O) -L Z ]))
 Q L= 1 MOWUWOILZQ

 W Q

 E P L Z3LKXMTJ(()ZQ(0 =) -(JZQ () 0))
 QZ= 1 L= 1 ME-ILZQ

 L Q

 + -: E ZLKX)T(90 (O 0))

 L=1 MHI 1MOUWIMW

 1 IEaLZQ ZLKaMT 2 ^= TO MLZZaLQ

 1 W 1

 =_E (JZQ(O Q) -JZQ (O0)) E E Z LK XMT.
 Q W=L L= O MEILZQ

 B\ LHPPa I aQd (A3), JZQ(0 ? - JZQ(2 ) = (JZQ(A
 JZQ(O?)) = RS(O) IRU HYHU\ Z = 1, ..,W. SLQcH W LV IL[Hd aV Q ->RR, ZH QHHd
 RQO\ VKRZ WKaW

 Q

 E E ZLKXMT = OS (I)
 Q L= MELMVWQ

 IRU aUbLWUaU\ Z. TaNLQJ WKH H[SHcWaWLRQ RI WKH VTXaUH \LHOdV

 E [Q 2 E E ZLK XMT = Q2E E E E E( ZLK ZMK XWT [ T
 Q L= 1 ME=I LZQ Q L= 1 M= 1 WE-IMZQ TEI LZQ

 Q Q

 Q2E2 E2 B b\ (A6(L))
 L= 1 M= 1 WE-IMZ,, UEILZQ,

 N N2B b\ (A4),
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 VLQcH HacK LQdH[ VHW IM,, aQd IL,, cRQWaLQV QR PRUH WKaQ N HOHPHQWV.
 SLQcH WKH VHcRQd PRPHQW bRXQd LV LQdHSHQdHQW RI Q, aSSO\LQJ CKHb\VcKHY'V

 IQHTXaOLW\ cHQWHUHd aW 0 VKRZV WKaW (1/Q) XLQ1 XL ILZQ ZLKXMT = OS(O). TKH VaPH
 PaQLSXOaWLRQV XVHd abRYH VKRZ WKaW

 W Q

 aK = [(JZQ)0 )ZQ(R ) E E ZLKUMI]
 CQ = 1 = 1 ME-IL,,

 VR ZH QHHd RQO\ VKRZ WKaW (1/V/Q) 2LQ I EM.IL, ZLKUM = OS(O) IRU aUbLWUaU\ Z.
 TaNLQJ WKH H[SHcWaWLRQ RI WKH VTXaUH \LHOdV

 \= O 'aZ 1=1 M=1 WEOMZQ TEILZQ

 LQ

 Q I [ T EQ IE(]QK]LKE(XWXTO]LK]LK))

 Q L= 1 ME=-IL,, Q Laaaa= 1 M 1WE-IM ,, L E=-1[ILZQ

 1 Q

 S- E E E E JE(ZMKZLKIE(XWXTMZMKZLK)I)
 QM= 1 WE-IM,, L= 1 TE-ILZQ

 E E Z aE(I]JK]LKMJaWUZKL)

 QMa TEIZ Z E(IZMK]LKO)IZWTI] b\ (A6(LLL))
 QM= 1 WHLLZQ L= 1 THLLZQ

 J 2 Q Q

 V IE Z W, b\ (A6(LL)).
 M=1 WEIMZQ L=M1 TE LZQ

 B\ (A4), HacK U bHORQJV WR aW PRVW N dLIIHUHQW LQdH[ VHWV ILZQ IRU JLYHQ Z aQd Q
 bHcaXVH WKH UWK cROXPQ RI 1(00) 1 KaV QR PRUH WKaQ N QRQ]HUR HOHPHQWV. TKXV,

 Q Q

 Z Z IZWTINW N _T VNC b\(A5),
 L= 1 UEILZQ T1

 ZKLcK LPSOLHV

 1 Q Ba B2 a B 2 Qa
 EOQ JE M ZKUM _- Q L 1 NC - - N2C-B2N2C.
 1I\= 1 aQM= 1 WEOaMZQ J=1

 SLQcH WKH VHcRQd PRPHQW bRXQd LV LQdHSHQdHQW RI Q, aSSO\LQJ CKHb\VcKHY'V

 IQHTXaOLW\ cHQWHUHd aW 0 VKRZV WKaW ( 1/V') X!Q I EL ILZQ ZLKUM = OS(O). F* D

 REMARK. AV\PSWRWLc HTXLYaOHQcH aOVR PHaQV WKaW (AO) WKURXJK (A6) aUH
 VXIILcLHQW IRU WKH IHaVLbOH ALWNHQ IV HVWLPaWRU WR SRVVHVV WKH aV\PSWRWLc HIILcLHQc\

 RI WKH ALWNHQ IV HVWLPaWRU, ZKHWKHU WKLV bH aPRQJ: (L) OLQHaU XQbLaVHd HVWLPaWRUV

 (HYHQ WKRXJK WKH IHaVLbOH HVWLPaWRU Pa\ bH QHLWKHU OLQHaU QRU XQbLaVHd), aV LQ a

 FEASIBLE AITKEN IV ESTIMATORS 963
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 VWaQdaUd GLS PRdHO ZLWK (SRWHQWLaOO\) QRQQRUPaO XQ; (LL) cRQVLVWHQW XQLIRUPO\

 aV\PSWRWLcaOO\ QRUPaO HVWLPaWRUV, aV ZKHQ I3, LV aV\PSWRWLcaOO\ HTXLYaOHQW WR WKH
 Pa[LPXP OLNHOLKRRd HVWLPaWRU; (LLL) WKH cOaVV RI IV HVWLPaWRUV, aV LQ WKLWH (1984,

 TKHRUHP 4.57); RU (LY) VRPH RWKHU cOaVV RI HVWLPaWRUV.

 TKH H[aPSOH LQ WKH ASSHQdL[ VaWLVILHV (AO) WKURXJK (A6) IRU WKH cKRLcH RI

 LQVWUXPHQWV ZQ = XQ, ZLWK WKH H[cHSWLRQ RI (A3). TKLV YHULILHV WKH LPSRUWaQcH RI
 (A3). TR aSSUHcLaWH WKH LPSRUWaQcH RI (A4), cRQVLdHU WKH IROORZLQJ H[aPSOH. LHW 0

 bH a VcaOaU aQd WKH (L, M) HOHPHQW RI IOQ(0)- bHWI>(0) = 0 IRU L # M aQdIL (0) =
 1 + 0, IRU Q = 1, 2, ... aQd L, M = 1, ... , Q. SXSSRVH XQ LV a YHcWRU RI RQHV aQd
 00 = 0. SLQcH IOQ(60) = IQ, (AO), (A2), (AS), aQd (A6) aUH HaVLO\ VaWLVILHd ZLWK
 LQVWUXPHQWV ZQ = XQ SURYLdHd WKH HOHPHQWV RI UQ VaWLVI\ a cHQWUaO OLPLW WKHRUHP.
 SLQcH WKHUH aUH RQO\ WZR dLVWLQcWILM IXQcWLRQV, ZKLcK aUH XQLIRUPO\ cRQWLQXRXV RQ
 bRXQdHd VHWV aQd LQdHSHQdHQW RI Q, (A3) LV aOVR VaWLVILHd. HRZHYHU, (A4) IaLOV VLQcH

 ILQ (0) - 1 KaV Q 2 QRQ]HUR HOHPHQWV. TKLV OHadV WR (O/Q)Z'Q(Q ( 0 Q )-O
 ILQ (0) - )XQ = QO Q', ZKLcK dRHV QRW cRQYHUJH XQOHVV R'Q = RS(Q1). IQ SaUWLc-
 XOaU, HTXaWLRQ (1) caQ IaLO IRU cRQVLVWHQW ILQ, VXcK aV ILQ = (1/V/Q).

 FB3 XVHV a Ta\ORU VHULHV H[SaQVLRQ WR aSSURacK WKH SURbOHP RI HVWabOLVKLQJ

 aV\PSWRWLc HTXLYaOHQcH RI ALWNHQ aQd IHaVLbOH ALWNHQ HVWLPaWRUV. TKH Ta\ORU VHULHV

 aSSURacK caQ bH XVHd WR SURYH a YaULaQW RI TKHRUHP 1 SURYLdHd WKaW PRVW RI WKH

 bRXQdHdQHVV aVVXPSWLRQV RI TKHRUHP 1 VWLOO KROd. WULWLQJ WKH HOHPHQWV RI IQ (6) - 1
 aV Ta\ORU VHULHV abRXW 00 HVVHQWLaOO\ SURYLdHV aQRWKHU PHWKRd WR accRPSOLVK WKH
 IacWRULQJ RI WHUPV LQYROYLQJ HOHPHQWV RI IQ (6Q) -1 - IQQ (60) -1 IURP WKH VXPV,
 WKHUHb\ RbWaLQLQJ WKH QHHdHd XQLIRUPLW\ aQd VHSaUaWLRQ RI R'Q aQd X Q . OQH SURSHUW\
 QHHdHd WR RbWaLQ WKH XQLIRUPLW\ WKaW aVVXUHV cRQYHUJHQcH RI WKH Ta\ORU H[SaQVLRQV

 LV XQLIRUPO\ bRXQdHd dHULYaWLYHV RI WKH HOHPHQWV LQ IQ( 60) - 1 aW 00 aV Q -> RR. TKLV
 KROdV IRU PRVW PRdHOV, bXW HYHQ ZLWK bRXQdHd dHULYaWLYHV WKH Ta\ORU UHVLdXaOV

 dHSHQd RQ R'W. TKXV, WKH Ta\ORU UHVLdXaOV aUH VWaWLVWLcaOO\ dHSHQdHQW RQ XQ, aQd WKLV
 cRQIRXQdV aWWHPSWV WR XVH CKHb\VcKHY'V IQHTXaOLW\. TKH RQO\ Za\ WR cRPSOHWHO\
 aYRLd WKH dHSHQdHQcH SURbOHP LV WR IacWRU aOO WHUPV LQYROYLQJ 6'Q IURP WKH VXPV

 LQYROYLQJ UQ . TKH ILQLWH QXPbHU RI dLVWLQcW HOHPHQWV aVVXPHd LQ (A3) IacLOLWaWHV WKLV
 IacWRULQJ, bXW ZLWKRXW (A3) WKH Ta\ORU VHULHV ZLOO accRPSOLVK WKLV RQO\ LI WKH Ta\ORU

 UHVLdXaO dLVaSSHaUV. TKaW LV, WKH HOHPHQWV RI OQ(6)-1 PXVW bH SURSRUWLRQaO WR
 SRO\QRPLaOV LQ 0. FRUPaOO\, TKHRUHP 1 KROdV LI (A3) LV UHSOacHd b\

 (A3') TKH (L, M) HOHPHQW OI IO(6) 1 caQ bH H[SUHVVHd JQ(9)ILMQ(6), ZKHUH

 (L) JQ LV a VHTXHQcH RI IXQcWLRQV, LQdHSHQdHQW RI (L, M), WKaW cRQYHUJHV XQLIRUPO\
 WR a UHaO-YaOXHd IXQcWLRQ J(6) aV Q -> RR RQ aQ RSHQ VHW S cRQWaLQLQJ 00, ZKHUH
 J LV cRQWLQXRXV aW 00.

 (LL) ALQ LV a SRO\QRPLaO RI dHJUHH OHVV WKaQ Q] (] aQ LQWHJHU), ZKRVH SaUWLaO
 dHULYaWLYHV D M, ... , ,ILLQ (0) aW 00 (1 ? Q]) aUH aOO bRXQdHd b\ W IRU HYHU\ L,
 M, Q (LQcOXdLQJ 1 = 0. TKaW LV, LQcOXdLQJ WKH IXQcWLRQ LWVHOI).

 WH ZLOO QRW UHSHaW KHUH WKH SURRI RI TKHRUHP 1 XQdHU WKLV aOWHUQaWH aVVXPSWLRQ-a
 dHWaLOHd SURRI LV aYaLOabOH IURP WKH aXWKRUV RQ UHTXHVW. TKH aOWHUQaWH YHUVLRQ RI
 TKHRUHP 1 Pa\ bH XVHIXO LQ PRdHOV ZKHUH WKH QXPbHU RI dLVWLQcW HOHPHQWV LQ

 ILQ (6) -1 LV QRW IL[Hd.
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 4. APPLICATIONS

 TKLV VHcWLRQ dHPRQVWUaWHV WKaW TKHRUHP 1 aSSOLHV WR PaQ\ IaPLOLaU PRdHOV aQd

 aOVR PRVW RI WKH PRdHOV WKaW KHUHWRIRUH UHOLHd RQ FB3. AVVXPSWLRQ (A3) LV XVXaOO\
 HaVLHU WR YHULI\ aQd PRUH ZLdHO\ aSSOLcabOH WKaQ (A3'), VR ZH IRcXV RQ aSSO\LQJ WKH
 YHUVLRQ RI TKHRUHP 1 SURYHQ abRYH aQd VLPSO\ QRWH KHUH WKaW (A3') Pa\ aOVR bH
 XVHd LQ VRPH RI WKH PRdHOV. MRVW RI WKH aV\PSWRWLc SURSHUWLHV HVWabOLVKHd LQ WKLV

 VHcWLRQ aUH QRW QHZ, aOWKRXJK VRPH aUH, aQd WKH PHWKRd RI SURRI XVLQJ TKHRUHP 1

 LV QHZ aQd dHPRQVWUaWHV WKaW WKH WKHRUHP LV ZLdHO\ aSSOLcabOH SUHcLVHO\ bHcaXVH

 PaQ\ IaPLOLaU PRdHOV KaYH WKH baVLc VWUXcWXUH HPbRdLHd LQ aVVXPSWLRQV (A3)
 WKURXJK (A5). TKLV VWUXcWXUH IRUPV WKH baVLV IRU WKH SUHYLRXV caVH-b\-caVH SURRIV RI
 WKH NQRZQ aV\PSWRWLc SURSHUWLHV.

 TR cKHcN WKH aVVXPSWLRQV RI TKHRUHP 1, ILUVW UHcaOO WKaW ZKHQHYHU aV\PSWRWLc

 QRUPaOLW\ LV LQYHVWLJaWHd LQ a OLQHaU PRdHO (AO) PXVW bH HVWabOLVKHd. TKLV LV XVXaOO\
 accRPSOLVKHd b\ LPSRVLQJ aVVXPSWLRQV PRUH SULPLWLYH WKaQ (AO) RQ WKH PRdHO aQd
 WKHQ XWLOL]LQJ a cHQWUaO OLPLW WKHRUHP (CLT). FRU H[aPSOH, LQ a VWaQdaUd GLS PRdHO
 LQ ZKLcK WKH WUaQVIRUPHd HUURUV aUH IID, WKH LLQdbHUJ-FHOOHU CLT aSSOLHV.

 AOWHUQaWLYHO\, LI WKH WUaQVIRUPHd HUURUV aUH LQdHSHQdHQW ZLWK bRXQdHd VHcRQd aQd

 abVROXWH WKLUd PRPHQWV, XVH caQ bH PadH RI LLaSXQRY'V CLT. ScKPLdW (1976, S. 99)
 XVHV ScKRHQIHOd'V (1971) CLT WR HVWabOLVK (AO) LQ WKH aXWRUHJUHVVLYH PRdHO, ZKLOH
 CaPSRV (1986) XVHV HaQQaQ'V (1976) CLT WR HVWabOLVK (AO) LQ a VLPXOWaQHRXV
 HTXaWLRQV PRdHO ZLWK OaJJHd HQdRJHQRXV YaULabOHV aQd VARMA HUURUV. WKLWH

 (1984, SHcWLRQV V.4 aQd V.5) dLVcXVVHV XVHIXO H[WHQVLRQV RI CLT'V WKaW UHO\ RQ

 PL[LQJ dLVWULbXWLRQV aQd PaUWLQJaOH dLIIHUHQcH VHTXHQcHV. TKHVH H[WHQVLRQV aUH
 SaUWLcXOaUO\ XVHIXO IRU IV HVWLPaWRUV. SLQcH (AO) LV QRW RXU SULPaU\ cRQcHUQ aQd WKH
 aSSURacK WR (AO) YaULHV dHSHQdLQJ RQ WKH PRdHO, ZH aVVXPH WKURXJKRXW WKLV VHcWLRQ

 WKaW (AO) KROdV. AVVXPSWLRQ (A2) LV VWaQdaUd, ZKLOH WKH UHJXOaULW\/VWabLOLW\ aVVXPS-
 WLRQ (A6) LQYROYHV RQO\ PRPHQWV aQd RIWHQ caQQRW bH YHULILHd RU UHIXWHd. TKHUHIRUH

 ZH aVVXPH WKURXJKRXW WKLV VHcWLRQ WKaW aVVXPSWLRQV (AO), (A2), aQd (A6) (KHUHaIWHU

 caOOHd WKH PaLQWaLQHd aVVXPSWLRQV) KROd, aOWKRXJK WKHUH aUH ZHOO-NQRZQ caVHV LQ
 ZKLcK WKH\ IaLO. FRU LQVWaQcH, bRWK (A2) aQd (A6) caQ IaLO LI a WLPH WUHQd LV LQcOXdHd

 LQ WKH XQ PaWUL[, ZKLOH (AO) caQ IaLO LI XQ LV XVHd IRU LQVWUXPHQWV ZKHQ LW LV
 VWRcKaVWLc. IQ aQ\ SaUWLcXOaU cRQWH[W aVVXPSWLRQV VXIILcLHQW IRU WKH PaLQWaLQHd
 aVVXPSWLRQV PXVW bH LQ SOacH bHIRUH SURcHHdLQJ WR aSSO\ TKHRUHP 1. GLYHQ WKH

 PaLQWaLQHd aVVXPSWLRQV ZH PXVW cRQILUP (A3) WKURXJK (A5) IRU aQ\ JLYHQ cRYaUL-

 aQcH VWUXcWXUH IQ (6).
 TKH aSSOLcaWLRQV cHQWHU aURXQd a VHHPLQJO\ XQUHOaWHd UHJUHVVLRQV (SUR) PRdHO

 RI P HTXaWLRQV: \L = XL4O3 + XL IRU L = 1, ..., Q, ZKHUH \L aQd XL aUH (P [ 1)
 YHcWRUV RI dHSHQdHQWV aQd HUURUV, UHVSHcWLYHO\, IRU RbVHUYaWLRQ L RQ aOO P
 HTXaWLRQV;

 0'0

 ', X L2 cL
 XL =

 [O 0. X
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 LV WKH (P [ N) (SRVVLbO\ VWRcKaVWLc) PaWUL[ RI UHJUHVVRUV IRU RbVHUYaWLRQ L RQ aOO P

 HTXaWLRQV ([LM LV WKH (NL [ 1) YHcWRU RI UHJUHVVRUV IRU RbVHUYaWLRQ L RQ HTXaWLRQ,
 WKH ]HUR YHcWRUV aUH RI cRQIRUPabOH dLPHQVLRQV, aQd N = YLQ: NL); aQd I3 =

 (W31, ... I3Q)' LV WKH (N [ 1) YHcWRU RI XQNQRZQ SaUaPHWHUV cRPSRVHd RI WKH P
 (NL [ 1) VXbYHcWRUV I3L IRU HacK HTXaWLRQ. SWacNLQJ WKH Q RbVHUYaWLRQV \LHOdV WKH

 XVXaO H[SUHVVLRQ YQ = XJI3 + XQ ZKHUH YQ aQd UQ aUH (QP [ 1) aQd XQ LV
 (QP [ N), aQd E(XQ) = 0 ZLWK E(UQU'Q) = Q(I )

 4.1. AXWRUHJUHVVLYH EUURUV. SXSSRVH XL IROORZV WKH SWK RUdHU YHcWRU aXWRUH-
 JUHVVLYH (VAR(S)) SURcHVV

 XL = RMXL-I + R2XL-2 + -- + RSXLS + YL IRU L = 0, ?1, ?2,

 ZKHUH HacK RL LV aQ XQNQRZQ (P [ P) SaUaPHWHU PaWUL[ aQd YL - IID (0, E ) IRU
 a V\PPHWULc SRVLWLYH dHILQLWH (P [ P) PaWUL[ E. VHULILcaWLRQ RI (A3) aQd (A4)

 UHTXLUHV NQRZOHdJH RI WKH VWUXcWXUH RI IQ (0) -, ZKHUH 0 cRQVLVWV RI WKH dLVWLQcW
 HOHPHQWV RI E aQd HacK R1. FROORZLQJ GXLONH\ aQd ScKPLdW (1973) aQd JXdJH

 HW aO. (1985, SHcWLRQ 12.3), VLQcH E LV QRQVLQJXOaU CKROHVN\ dHcRPSRVLWLRQ Pa\

 bH XVHd WR cKRRVH a ORZHU WULaQJXOaU (SP [ SP) PaWUL[ A VXcK WKaW

 AE([X' XI]'[X/ ... X])A' = IS 0 E. IW LV VWUaLJKWIRUZaUd WR YHULI\ WKaW WKH
 (PQ [ PQ) WUaQVIRUPaWLRQ PaWUL[

 A

 - - -- I - - -

 -RS ... -RRI IP

 PQ=

 _I] -RS -R IP

 \LHOdV WUaQVIRUPHd HUURUV PQUQ VaWLVI\LQJ E(PQXQ(PQXQ)') = IQ 0 X, VR
 IQM0)-1 = P'Q(IQ 0 Y--)PQ .4 CaUU\LQJ RXW WKLV PXOWLSOLcaWLRQ UHYHaOV WKaW WKH
 XSSHU OHIW (SP [ SP) bORcN RI IQQ(61) - I LV A'(IS X - 1 )A + B'(IS 0 E1)B aQd
 WKH ORZHU ULJKW (S P [ S P) bORcN LV T'(IS 0 E - 1) T, ZKHUH

 4 FRU WKH P = 1 aQd S = 2 caVH WKH (2, 1) HOHPHQW RI A dLVaJUHHV ZLWK WKH WUaQVIRUPaWLRQ SURYLdHd
 b\ FRPb\ HW aO. (1988, S. 218) aQd GUHHQH (1993, S. 429) bXW aJUHHV ZLWK WKH WUaQVIRUPaWLRQ JLYHQ b\ FXOOHU

 (1976, S. 423) aQd JXdJH HW aO. (1985, S. 294).
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 WSRS_1 ... ... R, RR ... ... O-
 O *0 . *S ALU R2 R, *. AIW cR 0.

 B =. *S. S. IQ.. , T= . .

 . .. *. I. RP-R ... ... RQ. O

 R * R RS S S * R1 R0

 aQd ZH KaYH dHILQHd RR = -IP IRU QRWaWLRQaO cRQYHQLHQcH. TKH (P [ P) bORcN RI
 I,(O)-' LQ WKH (L, M) SRVLWLRQ (LQ WHUPV RI (P [ P) bORcNV) LV XJ-'L?L1
 R'- 'RW+OLMO IRUS < Pa[ ^L, M` aQd PLQ ^L, M` c Q - S. ZKHUH LW LV XQdHUVWRRd
 WKaW WKLV VXP LV ]HUR ZKHQ S - IL - MO < 0. HHQcH aOO HOHPHQWV RI IO (6) 1 WKaW OLH
 PRUH WKaQ S (P [ P) bORcNV RII WKH PaLQ dLaJRQaO aUH ]HUR, YHULI\LQJ (A4) ZLWK

 N = P(2S + 1). SLQcH WKH bORcNV RI I,(0) -1 aUH LQdHSHQdHQW RI Q WKHUH aUH aW
 PRVW W = SP(SP + 1) + (S + 1)P2 dLVWLQcW IXQcWLRQV LQ IQ (0) - 1, aOO RI ZKLcK
 aUH LQdHSHQdHQW RI Q IRU Q ? W (LPSO\LQJ XQLIRUP cRQYHUJHQcH WULYLaOO\) aQd
 cRQWLQXRXV aW 00 bHcaXVH WKH RSHUaWLRQV LQYROYHd LQ RbWaLQLQJ WKH bORcNV IURP 0 aUH
 cRQWLQXRXV aW 00 ZKHQ X LV QRQVLQJXOaU. TKLV YHULILHV (A3).

 AOO WKaW UHPaLQV LV WR YHULI\ (A5). FROORZLQJ AQdHUVRQ (1971, S. 177) WKH
 PU-dLPHQVLRQaO VAR(S) SURcHVV Pa\ bH UHZULWWHQ aV a SP-dLPHQVLRQaO VAR(1)

 SURcHVV HL = RH L + VL, ZKHUH H1 = (XS +1 ... X)' aQd VM = (O' ... O'YL)' aUH
 (SP [ 1) YHcWRUV, aQd

 R IP 0 0.. 0

 0

 R 0 IP

 RS RS_1 .. ... .. R1

 LV aQ (PS [ PS) PaWUL[. II WKH SURcHVV LV cRYaULaQcH VWaWLRQaU\ WKHQ WKH abVROXWH
 HLJHQYaOXHV RI R aUH OHVV WKaQ RQH, aQd aOVR E(HLH) - R ILJ-IE(HWH') IRU aUbLWUaU\
 W (AQdHUVRQ 1971, S. 182). FURP WKH dHILQLWLRQ RI HM, WKH VXP XLQ = IE(XMXM)I LV WKH
 ORZHU ULJKW (P [ P) bORcN RI YQQ=O IE(HMHM)I, ZKHUH I 1 dHQRWHV WKH HOHPHQW-ZLVH
 abVROXWH YaOXH. SR, LI WKH HOHPHQWV RI WKH OaWWHU VXP aUH bRXQdHd LQdHSHQdHQWO\ RI

 M aV Q -> Rc WKHQ (A5) KROdV. SLQcH

 Q Q Q

 > IE(HHM)I <2 2 > IE(HLHR)O < 2 2 IRLO E(HRH'b)I.
 L=_ L=O L=O

 UHZULWLQJ IR1O LQ WKH JRUdaQ CaQRQLcaO FRUP \LHOdV
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 Q Q

 E E(HMH;)M C< 21J_ E JA'M IJ-'1 IE(HRHO)I,
 L=1 \L=O

 ZKHUH A LV a bORcN dLaJRQaO PaWUL[ LQYROYLQJ WKH HLJHQYaOXHV RI R aQd J LV a IL[Hd

 PaWUL[ dHSHQdLQJ RQO\ RQ R. SLQcH WKH abVROXWH HLJHQYaOXHV aUH OHVV WKaQ RQH 0
 IA1M cRQYHUJHV, ZKLcK YHULILHV (A5).

 WH KaYH VKRZQ WKaW, LI WKH VAR(S) HUURU SURcHVV LV cRYaULaQcH VWaWLRQaU\ aQd WKH

 PaLQWaLQHd aVVXPSWLRQV KROd, WKHQ TKHRUHP 1 aSSOLHV aQd aQ\ IHaVLbOH ALWNHQ IV

 HVWLPaWRU baVHd RQ cRQVLVWHQW HVWLPaWRUV RI WKH cRQWHPSRUaQHRXV cRYaULaQcH X aQd

 WKH VAR SaUaPHWHUV R L SRVVHVVHV WKH VaPH aV\PSWRWLc SURSHUWLHV aV WKH ALWNHQ IV
 HVWLPaWRU. TR RXU NQRZOHdJH, WKLV UHVXOW KaV QRW SUHYLRXVO\ aSSHaUHd LQ WKH

 OLWHUaWXUH aW WKH OHYHO RI JHQHUaOLW\ SUHVHQWHd KHUH. CRQVLVWHQW HVWLPaWRUV IRU WKH

 VAR(1) caVH aUH dLVcXVVHd b\ GXLONH\ aQd ScKPLdW (1973) aQd JXdJH HW aO. (1985,

 VHcWLRQ 12.3), aQd TKHRUHP 1 YHULILHV WKH aV\PSWRWLc dLVWULbXWLRQ RI WKH IHaVLbOH

 ALWNHQ HVWLPaWRU IRU WKLV caVH. ZHOOQHU'V (1962) HVWLPaWRU aQd LWV YaULaQWV (ZHOOQHU

 aQd HXaQJ 1962) aUH aOO cRQVLVWHQW, VR TKHRUHP 1 HVWabOLVKHV ZHOOQHU'V UHVXOW IRU KLV

 VSHcLaO caVH RI S = 0. PaUNV (1967) (ZKRVH UHVXOWV aUH VXVSHcW dXH WR WKH UHOLaQcH

 RQ SOXWVN\'V TKHRUHP WR HVWabOLVK HTXaWLRQV (1) aQd (2)) cRQVLdHUV aQ SUR PRdHO
 ZLWK AR(1) HUURUV. AOO RI WKHVH PRdHOV aUH VSHcLaO caVHV RI WKH HUURU VWUXcWXUH

 cRQVLdHUHd KHUH aQd aUH LQ WKH VWaQdaUd GLS UaWKHU WKaQ WKH IV cRQWH[W, aV aUH

 W\SLcaO WUHaWPHQWV RI VLQJOH HTXaWLRQ PRdHOV ZLWK AR HUURUV (IRU H[aPSOH, FXOOHU

 1976, TKHRUHP 9.7.1, ZKR SURYLdHV a cRQVLVWHQW HVWLPaWRU RI 00 IRU WKH AR(S) caVH).
 AQdHUVRQ (1971, VHcWLRQ 10.3.2) SURYLdHV cRQVLVWHQW HVWLPaWRUV RI WKH cRYaULaQcHV

 RI a VWaWLRQaU\ HUURU SURcHVV, bXW KLV aSSURacK dRHV QRW aVVXPH a VAR(S) VWUXcWXUH

 aQd aOVR aVVXPHV WKH VWaQdaUd GLS cRQWH[W. MRUHRYHU, AQdHUVRQ dRHV QRW

 LQYHVWLJaWH IHaVLbOH ALWNHQ HVWLPaWLRQ RI I3. OQH XQUHVROYHd SURbOHP ZLWK WKH
 JHQHUaO VAR(S) caVH LV WKaW, aV IaU aV ZH NQRZ SUHOLPLQaU\ cRQVLVWHQW HVWLPaWRUV RI

 E aQd WKH R1'V IRU XVH LQ a WZR-VWHS HVWLPaWRU IRU LI KaYH QRW bHHQ SURSRVHd.
 TKH H[acW LQYHUVH Q(0) -1 dHULYHd b\ USSXOXUL aQd CaUSHQWHU (1969) ZKHQ X Q

 IROORZV aQ MA(1) SURcHVV VaWLVILHV QHLWKHU (A3) QRU (A4), VR TKHRUHP 1 dRHV QRW
 JHQHUaOO\ aSSO\ WR VARMA HUURU SURcHVVHV. TR RXU NQRZOHdJH, aV\PSWRWLc
 HTXLYaOHQcH RI ALWNHQ aQd IHaVLbOH ALWNHQ HVWLPaWRUV KaV QRW bHHQ HVWabOLVKHd IRU

 a JHQHUaO cRQVLVWHQW HVWLPaWRU aQ ZKHQ XQ LV VARMA ZLWKRXW a dLVWULbXWLRQaO
 aVVXPSWLRQ RQ XQ, HYHQ IRU WKH VLQJOH HTXaWLRQ QRQVWRcKaVWLc UHJUHVVRU cRQWH[W
 ZLWK MA(1) HUURUV.5 ZLQdH-WaOVK aQd GaObUaLWK (1991) cRQVLdHU JHQHUaO ARMA

 HUURUV bXW RQO\ dR VR IRU RQH HTXaWLRQ aQd cRPSaUH WKH IHaVLbOH ALWNHQ aQd

 Pa[LPXP OLNHOLKRRd HVWLPaWRUV ZLWK QRUPaO XQ, UaWKHU WKaQ WKH ALWNHQ aQd IHaVLbOH
 ALWNHQ HVWLPaWRUV ZLWK QR SaUWLcXOaU HUURU dLVWULbXWLRQ. APHPL\a (1973a) cRQVLdHUV
 ARMA HUURUV LQ a VWaQdaUd GLS PRdHO, bXW RQO\ HVWabOLVKHV UHVXOWV IRU a VSHcLILc
 HVWLPaWRU IL. CaPSRV (1986) cRQVLdHUV VARMA HUURUV LQ a JHQHUaO VLPXOWaQHRXV
 HTXaWLRQV PRdHO, bXW dRHV QRW H[aPLQH IHaVLbOH ALWNHQ HVWLPaWLRQ RI I3.

 NRWH ILQaOO\ WKaW VRPH aSSURacKHV WR HVWLPaWLRQ ZLWK AR(S) HUURUV XQQHcHVVaULO\
 UHO\ RQ QRUPaOLW\ WR RbWaLQ IOQ(0)1 (SLddLTXL 1958, GaObUaLWK aQd GaObUaLWK 1974,

 5HRZHYHU, FXOOHU (1976, S. 425) PHQWLRQV WKLV SURbOHP.
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 SKaPaQ 1975), RU RQ aSSUR[LPaWLRQV (SKaPaQ 1975), aQd VRPH aSSURacKHV JLYH

 aOWHUQaWLYH HVWLPaWRUV IRU I3 WKaW aUH cRQVLVWHQW aQd aV\PSWRWLcaOO\ QRUPaO ZKHQ

 HUURUV aUH AR(S) RU VAR(S) (DXUbLQ 1960, PLHUcH 1971, WKLWH 1984 VHcWLRQ VII.4,

 CaPSRV 1986), bXW dR QRW HVWabOLVK aV\PSWRWLc HTXLYaOHQcH RI IHaVLbOH ALWNHQ aQd

 ALWNHQ HVWLPaWRUV, SaUWLcXOaUO\ IRU aQ aUbLWUaU\ cRQVLVWHQW HVWLPaWRU 6 '. AOO RI WKH

 SUHYLRXV aSSURacKHV WR aXWRcRUUHOaWLRQ PHQWLRQHd LQ WKLV VXbVHcWLRQ H[cHSW

 GXLONH\ aQd ScKPLdW, PaUNV, WKLWH, aQd CaPSRV aUH IRU WKH VLQJOH HTXaWLRQ

 cRQWH[W, aQd aOO bXW WKLWH aQd CaPSRV aUH IRU WKH VWaQdaUd GLS UaWKHU WKaQ WKH IV

 cRQWH[W.

 4.2. HHWHURVcHdaVWLcLW\. SXSSRVH QRZ WKaW XL LV KHWHURVcHdaVWLc ZLWK E(XLX ')
 = LL IRU V\PPHWULc SRVLWLYH dHILQLWH (P [ P) PaWULcHV >L aQd E(XLX)) = 0 IRU
 L # M. TKHQ Q(0) aQd Q Q((0) aUH bORcN dLaJRQaO ZLWK dLaJRQaO bORcNV XL aQd
 L-1, UHVSHcWLYHO\, VR (A4) KROdV ZLWK N = P aQd (A5) KROdV SURYLdHd WKH
 cRQWHPSRUaQHRXV cRYaULaQcHV KaYH aQ XSSHU bRXQd aV Q --> R. TKLV LV aQ
 aVVXPSWLRQ WKaW LV OLNHO\ WR bH SOacHd RQ aQ\ KHWHURVcHdaVWLc PRdHO aQd Pa\ bH
 LPSOLHd b\ RWKHU aVVXPSWLRQV IRU aQ\ JLYHQ KHWHURVcHdaVWLc VWUXcWXUH, OHaYLQJ RQO\

 aVVXPSWLRQ (A3) aV a VHULRXV SURbOHP LQ KHWHURVcHdaVWLc PRdHOV. WKLWH (1984,

 VHcWLRQ VII.3) H[WHQdV Ta\ORU'V (1977) PRdHO RI cRQVWaQW YaULaQcHV ZLWKLQ VXb-
 JURXSV RI RbVHUYaWLRQV WR WKH SUR IV cRQWH[W. IQ WKLV PRdHO 0 cRQVLVWV RI WKH

 dLVWLQcW HOHPHQWV RI a IL[Hd QXPbHU RI dLVWLQcW >L PaWULcHV. TKLV \LHOdV a IL[Hd
 QXPbHU RI dLVWLQcW HOHPHQWV LQ Q(0) -1, QRQH RI ZKLcK dHSHQd RQ Q aQd aOO RI
 ZKLcK aUH cRQWLQXRXV aW 00 VLQcH HacK LL LV QRQVLQJXOaU. HHQcH (A3) LV VaWLVILHd,
 aQd aQ\ cRQVLVWHQW HVWLPaWRU RI WKH cRQWHPSRUaQHRXV cRYaULaQcH PaWULcHV LQ WKLV
 PRdHO \LHOdV a cRQVLVWHQW aQd aV\PSWRWLcaOO\ QRUPaO IHaVLbOH ALWNHQ IV HVWLPaWRU RI

 ,3 XQdHU WKH PaLQWaLQHd aVVXPSWLRQV. Ta\ORU SURYLdHV a cRQVLVWHQW HVWLPaWRU RI 00
 IRU WKH VLQJOH HTXaWLRQ VWaQdaUd GLS caVH, aQd WKLWH SURYLdHV a cRQVLVWHQW

 HVWLPaWRU IRU WKH SUR IV cRQWH[W. NRWH WKaW Q -> RR LQ WKLV PRdHO b\ OHWWLQJ WKH VL]H
 RI RQH RU PRUH VXbJURXSV RI RbVHUYaWLRQV JURZ ZKLOH NHHSLQJ WKH QXPbHU RI
 VXbJURXSV IL[Hd. DHSHQdLQJ RQ WKH HVWLPaWRU aQ, LW Pa\ bH QHcHVVaU\ WR OHW WKH VL]H
 RI aOO VXbJURXSV aSSURacK XR LQ RUdHU WR HVWabOLVK cRQVLVWHQc\ RI OQ

 AOWHUQaWLYHO\, VXSSRVH aOO Q >LL PaWULcHV aUH dLVWLQcW. MRdHOV RI WKLV W\SH aUH
 IUHTXHQWO\ HVWLPaWHd b\ aVVXPLQJ VRPH SaUaPHWULc VWUXcWXUH IRU WKH KHWHURVcHdaV-

 WLcLW\ RI WKH IRUP -KT = J(6'V T) ZKHUH O-KIT LV WKH (K, T) HOHPHQW RI XL aQd V/T LV
 a YHcWRU RI QRQVWRcKaVWLc H[SOaQaWRU\ YaULabOHV (IRU VLQJOH HTXaWLRQ PRdHOV, VHH
 GROdbHUJHU 1964, PaUN 1966, GOHMVHU 1969, GROdIHOd aQd QXaQdW 1972, APHPL\a
 1973b, HaUYH\ 1976, aQd APHPL\a 1977; ZKLOH PXOWLSOH HTXaWLRQ PRdHOV aUH
 dLVcXVVHd b\ SLQJK aQd UOOaK 1974 aQd MaQd\ aQd MaUWLQV-FLOKR 1993, ZKR aOVR
 dLVcXVV SaQHO daWa PRdHOV). IQ JHQHUaO, (A3) IaLOV LQ WKHVH PRdHOV bHcaXVH WKH

 QXPbHU RI dLVWLQcW HOHPHQWV LQ IQ (0) - 1 LQcUHaVHV ZLWK Q. HRZHYHU, WKLV LV SaUWLaOO\
 a SURdXcW RI WKH Za\ WKH OLPLWLQJ SURcHVV LV HQYLVLRQHd. II WKH OLPLWLQJ SURcHVV RQ

 VQ -V1 1 . P P 1 1 . P P ...V I I . .. VPM]

 LV "cRQVWaQW LQ UHSHaWHd VaPSOHV" (CRS; VHH TKHLO 1971, SS. 364-365) WKHQ WKH
 VaPSOH VL]H LV S Q, ZKHUH S LV WKH QXPbHU RI UHSHaWHd VaPSOHV, aQd WKH VaPSOH VL]H

 WHQdV WR LQILQLW\ b\ OHWWLQJ S -> PR. HHQcH, aVS X-> R ZH caQ VHW W = P(P + 1)Q/2
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 aQd WKH PRdHO bHKaYHV OLNH Ta\ORU'V "cRQVWaQW ZLWKLQ VXbJURXSV" PRdHO aV\PS-

 WRWLcaOO\. B\ WKLV aUJXPHQW TKHRUHP 1 aSSOLHV WR aQ\ PRdHO ZLWK a bORcN dLaJRQaO

 cRYaULaQcH PaWUL[ LI WKH PaLQWaLQHd aVVXPSWLRQV KROd aQd WKH bORcNV UHSHaW aV Q -> 00.
 TKHUHIRUH, LQ SaUaPHWULc KHWHURVcHdaVWLc PRdHOV XQdHU CRS ZH QHHd RQO\ RbWaLQ a

 cRQVLVWHQW HVWLPaWRU RI 00 LQ RUdHU WR LPPHdLaWHO\ HVWabOLVK WKH aV\PSWRWLc
 SURSHUWLHV RI IHaVLbOH ALWNHQ IV HVWLPaWRUV YLa TKHRUHP 1. CRQVLVWHQW HVWLPaWRUV RI

 00 aUH UHadLO\ aYaLOabOH (JXdJH HW aO. 1985, SS. 431-441 SURYLdHV a VXPPaU\ RI VLQJOH
 HTXaWLRQ HVWLPaWRUV, ZKLOH cRQVLVWHQW PXOWLSOH HTXaWLRQ aQd SaQHO daWa HVWLPaWRUV

 aUH dLVcXVVHd b\ SLQJK aQd UOOaK 1974 aQd MaQd\ aQd MaUWLQV-FLOKR 1993).

 NRWH WKaW WKH HLOdUHWK-HRXcN (1968) UaQdRP cRHIILcLHQWV PRdHO LV LQcOXdHd LQ WKLV

 cRQcOXVLRQ aV a VSHcLaO caVH LQ ZKLcK WKHUH LV RQH HTXaWLRQ, J(6'Y Y = 6'Y O, aQd

 YOO = ([A2 ... [32), HYHQ WKRXJK SUHYLRXV SURRIV RI aV\PSWRWLc QRUPaOLW\ RI WKH
 HLOdUHWK-HRXcN HVWLPaWRU KaYH UHTXLUHd aQ HVWLPaWRU IL RI 00 VaWLVI\LQJ ILQ -
 60 = OS((SQ) -1/2) (CURcNHWW 1985, MaQd\ aQd MaUWLQV-FLOKR 1993). TKXV,
 aV\PSWRWLc QRUPaOLW\ RI WKH HLOdUHWK-HRXcN HVWLPaWRU SHUVLVWV ZLWK ZHaNHU cRQ-

 YHUJHQcH RI ILQ SURYLdHd WKH OLPLWLQJ SURcHVV LV CRS. TKLV cRQcOXVLRQ KROdV RQO\

 bHcaXVH RI WKH CRS aVVXPSWLRQ. WLWKRXW CRS (A3) IaLOV LQ WKH HLOdUHWK-HRXcN

 PRdHO aQd WKHUHIRUH TKHRUHP 1 LV LQaSSOLcabOH. HHQcH, TKHRUHP 1 dRHV QRW SURYLdH

 a VWURQJHU UHVXOW WKaQ CURcNHWW RU MaQd\ aQd MaUWLQV-FLOKR. RaWKHU, TKHRUHP 1

 SHUPLWV VXbVWLWXWLRQ RI WKH CRS aVVXPSWLRQ IRU WKH VWURQJHU cRQYHUJHQcH RI 0IQ

 UHTXLUHd b\ WKHVH aXWKRUV. TKHVH aXWKRUV RbWaLQ WKH UHVXOW ZLWKRXW WKH CRS

 aVVXPSWLRQ bHcaXVH WKHLU VWURQJHU cRQYHUJHQcH, ZRUNLQJ WKURXJK WKH WKHRUHP b\

 CaUUROO aQd RXSSHUW (1982), SURYLdHV aQ aOWHUQaWLYH WR WKH IL[Hd QXPbHU RI dLVWLQcW

 HOHPHQWV XVHd b\ TKHRUHP 1 WR HQabOH aSSOLcaWLRQ RI CKHb\VcKHY'V IQHTXaOLW\ LQ

 RYHUcRPLQJ WKH VWaWLVWLcaO dHSHQdHQcH SURbOHP RI HTXaWLRQ (2). CaUUROO aQd RXSSHUW

 cRQVWUXcW aQ aSSOLcaWLRQ RI CKHb\VcKHY'V IQHTXaOLW\ IRU HTXaWLRQ (2) XQdHU KHWHUR-

 VcHdaVWLcLW\ ZKHQ WKHUH LV QRW a IL[Hd QXPbHU RI dLVWLQcW HOHPHQWV LQ IO Q (0) - 1, bXW
 RQO\ ZLWK cRQYHUJHQcH aVVXPSWLRQV WKaW UHTXLUH ILQ = O ((SQ) -1/2) UaWKHU WKaQ

 WKH ZHaNHU cRQVLVWHQc\ RI aQ.

 TKH CRS aVVXPSWLRQ cRXOd KHOS SURYH aV\PSWRWLc HTXLYaOHQcH ZLWK RWKHU, QRW

 QHcHVVaULO\ KHWHURVcHdaVWLc, HUURU VWUXcWXUHV. IQ JHQHUaO, LI WKLV aVVXPSWLRQ IL[HV WKH

 QXPbHU RI dLVWLQcW HOHPHQWV LQ WKH LQYHUVH cRYaULaQcH PaWUL[ aV Q --> 0, WKHQ LW ZLOO
 aVVLVW LQ HVWabOLVKLQJ (A3).

 NRWH aOVR WKaW, ZLWK WKH H[cHSWLRQ RI WKLWH, WKH KHWHURVcHdaVWLc PRdHOV

 cRQVLdHUHd LQ WKLV VXbVHcWLRQ ZHUH RULJLQaOO\ dHYHORSHd LQ a VWaQdaUd GLS cRQWH[W,
 aQd PaQ\ KaYH RQO\ bHHQ SURSRVHd LQ VLQJOH HTXaWLRQ PRdHOV, bXW WKH aV\PSWRWLc
 SURSHUWLHV IURP TKHRUHP 1 KROd LQ aQ\ PXOWLSOH HTXaWLRQ IV cRQWH[W ZLWK

 KHWHURVcHdaVWLc HUURUV SURYLdHd a cRQVLVWHQW HVWLPaWRU RI I Q LV aYaLOabOH aQd WKH

 PaLQWaLQHd aVVXPSWLRQV aUH VaWLVILHd aV ZHOO aV (A3). TKH PaLQ dLIIHUHQcH bHWZHHQ WKH
 UHVXOWV IRU KHWHURVcHdaVWLc PRdHOV SUHVHQWHd KHUH aQd WKRVH RI WKLWH LV RXU HPSKaVLV

 RQ WKH VWUXcWXUH RI IOQ(0) WR HVWabOLVK WKH aV\PSWRWLc dLVWULbXWLRQ RI \/(1Q - /3).

 4.3. SSHcLaO CaVHV. TKH WKUHH VWaJH OHaVW VTXaUHV HVWLPaWRU IRU a VLPXOWaQHRXV
 HTXaWLRQV PRdHO ZLWK RU ZLWKRXW OaJJHd HQdRJHQRXV YaULabOHV LV a IHaVLbOH ALWNHQ

 IV HVWLPaWRU LQ aQ SUR V\VWHP; ZLWK WKH SaUWLcXOaU cKRLcH RI LQVWUXPHQWV ZQ =
 (D(D'D) 1D D' 0 IP)XQ, ZKHUH D LV WKH (Q [ I) PaWUL[ RI T c N SUHdHWHUPLQHd
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 YaULabOHV LQ WKH V\VWHP; aQd WKH SaUWLcXOaU cRQVLVWHQW HVWLPaWRU IRU WKH (K, T)

 HOHPHQW RI WKH cRQWHPSRUaQHRXV cRUUHOaWLRQ PaWUL[ (1/Q) L (YLK - X LK PK)
 (YLT - XLTPT), ZKHUH YLK LV WKH KWK HOHPHQW RI \L aQd PK LV WKH WZR VWaJH OHaVW
 VTXaUHV HVWLPaWRU RI P8K. HHQcH WKH SURRI RI cRQVLVWHQc\ aQd aV\PSWRWLc QRUPaOLW\

 RI WKH WKUHH VWaJH OHaVW VTXaUHV HVWLPaWRU caQ bH YLHZHd aV a VSHcLaO caVH RI

 TKHRUHP 1. NRWH WKaW (A2) LV VaWLVILHd LQ WKLV cRQWH[W LI aOO HTXaWLRQV aUH LdHQWLILHd

 b\ H[cOXVLRQ UHVWULcWLRQV (ScKPLdW 1976, S. 205), ZKLOH (A6) LV XVXaOO\ XQYHULILabOH

 aQd WKHUHIRUH a SXUH aVVXPSWLRQ. HRZHYHU, VRPH cRQdLWLRQV RQ WKH LQVWUXPHQWV aUH

 QHHdHd IRU a JHQHUaO UHVXOW OLNH TKHRUHP 1 HYHQ WKRXJK WKH\ Pa\ QRW RUdLQaULO\ bH

 aVVXPHd ZKHQ H[aPLQLQJ SURSHUWLHV RI WKUHH VWaJH OHaVW VTXaUHV. FRU H[aPSOH,

 WKLWH (1984, S. 171) QRWHV WKaW KLV UHVXOWV aSSO\ WR WKUHH VWaJH OHaVW VTXaUHV ZLWK
 OaJJHd HQdRJHQRXV YaULabOHV SURYLdHd KLV XQYHULILabOH aVVXPSWLRQV RQ WKH LQVWUX-

 PHQWV KROd, aQd CaPSRV (1986, ASSHQdL[ B) aOVR LPSRVHV aVVXPSWLRQV RQ WKH

 LQVWUXPHQWV LQ a d\QaPLc VLPXOWaQHRXV HTXaWLRQV PRdHO.

 MRUH LPSRUWaQWO\, QR addLWLRQaO HIIRUW LV UHTXLUHd WR cRQcOXdH IURP TKHRUHP 1

 WKaW WKH HUURU YaULaQcH VWUXcWXUH LQ a VLPXOWaQHRXV HTXaWLRQV PRdHO QHHd QRW bH
 UHVWULcWHd WR cRQWHPSRUaQHRXV cRUUHOaWLRQ LQ RUdHU WR RbWaLQ a cRQVLVWHQW aQd

 aV\PSWRWLcaOO\ QRUPaO V\VWHP HVWLPaWRU IRU ,3 YLa IHaVLbOH ALWNHQ IV HVWLPaWLRQ. AOO
 WKaW LV UHTXLUHd LV WKaW LQVWUXPHQWV VaWLVI\LQJ WKH PaLQWaLQHd aVVXPSWLRQV bH

 aYaLOabOH; WKH HUURU VWUXcWXUH VaWLVI\ (A3) WKURXJK (A5), aV LV WKH caVH ZLWK WKH

 VAR(S) aQd KHWHURVcHdaVWLc VWUXcWXUHV cRQVLdHUHd abRYH; aQd a cRQVLVWHQW HVWLPa-

 WRU IRU WKH cRYaULaQcH PaWUL[ SaUaPHWHUV bH aYaLOabOH. NRWH, KRZHYHU, WKaW WKHUH

 Pa\ bH addLWLRQaO LdHQWLILcaWLRQ cRQVLdHUaWLRQV ZLWK VXcK a PRdHO (VHH HaUYH\

 1990, SS. 347-348). SLPLOaUO\, WZR VWaJH OHaVW VTXaUHV PRdLILHd WR accRPPRdaWH

 aXWRUHJUHVVLYH RU KHWHURVcHdaVWLc HUURUV LQ WKH HTXaWLRQ LV a cRQVLVWHQW aQd
 aV\PSWRWLcaOO\ QRUPaO HVWLPaWRU IRU a VLQJOH HTXaWLRQ SURYLdHd WKH PaLQWaLQHd

 aVVXPSWLRQV KROd aQd a cRQVLVWHQW HVWLPaWRU OQ LV aYaLOabOH.

 TKH dLVcXVVLRQ RI SUR PRdHOV LQ WKH SUHYLRXV VXbVHcWLRQV aOVR VKRZV WKaW WKH

 aV\PSWRWLc dLVWULbXWLRQ RI WKH IHaVLbOH ALWNHQ IV HVWLPaWRU LQ aQ\ VWRcKaVWLc
 UHJUHVVRU PRdHO caQ bH HVWabOLVKHd YLa TKHRUHP 1 ZKHQ HUURUV aUH aXWRUHJUHVVLYH

 RU KHWHURVcHdaVWLc, SURYLdHd LQVWUXPHQWV VaWLVI\LQJ WKH PaLQWaLQHd aVVXPSWLRQV aUH
 aYaLOabOH. TKLV SURYLVR Pa\ bH dLIILcXOW WR RYHUcRPH, KRZHYHU, aV dLVcXVVHd b\

 ScKPLdW (1976, CKaSWHU 3). AV a VSHcLaO caVH, WKH VWaQdaUd VLQJOH HTXaWLRQ
 aXWRUHJUHVVLYH PRdHO (ScKPLdW 1976, VHcWLRQ 3.2) LV LQcOXdHd LQ WKLV cRQcOXVLRQ.

 AQRWKHU aUHa RI aSSOLcaWLRQ IRU TKHRUHP 1 LV PRdHOV WKaW KHUHWRIRUH UHOLHd XSRQ
 FB3. AOO RI WKHVH PRdHOV ZHUH RULJLQaOO\ WUHaWHd LQ a VWaQdaUd GLS cRQWH[W, VR

 ZKHQ TKHRUHP 1 aSSOLHV ZH KaYH a JHQHUaOL]aWLRQ RI WKH RULJLQaO UHVXOWV WR WKH IV

 cRQWH[W. TKH QHVWHd-HUURU PRdHOV cRQVLdHUHd b\ FXOOHU aQd BaWWHVH (1973) aQd WKH
 WZR-VWaJH VaPSOLQJ PRdHO RI ScRWW aQd HROW (1982) bRWK KaYH bORcN dLaJRQaO

 cRYaULaQcH PaWULcHV. TKXV, aV dLVcXVVHd LQ WKH VXbVHcWLRQ RQ KHWHURVcHdaVWLcLW\,
 TKHRUHP 1 aSSOLHV SURYLdHd WKH bORcNV UHSHaW aV Q -> RR. FRU FXOOHU aQd BaWWHVH,
 WKLV PHaQV WKaW Q PXVW aSSURacK RR b\ OHWWLQJ WKH QXPbHU RI "LQdLYLdXaOV" aSSURacK

 RR ZKLOH WKH QXPbHUV RI "PHaVXUHPHQWV" aQd "dHWHUPLQaWLRQV" aUH bRXQdHd. FRU

 ScRWW aQd HROW, WKH QXPbHU RI "cOXVWHUV" PXVW aSSURacK RR ZKLOH WKH VL]H RI WKH
 cOXVWHUV LV bRXQdHd. NHLWKHU SaSHU PHQWLRQV WKLV W\SH RI UHVWULcWLRQ bHcaXVH bRWK
 UHO\ RQ FB3, bXW WKH JHQHUaO QHHd IRU a UHVWULcWLRQ RI WKLV W\SH LV QRW VXUSULVLQJ LQ

 OLJKW RI WKH dLVcXVVLRQ b\ AQdHUVRQ aQd HVLaR (1982). FXOOHU aQd BaWWHVH SURSRVH
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 cRQVLVWHQW HVWLPaWRUV IRU WKH SaUaPHWHUV RI WKHLU cRYaULaQcH PaWUL[. SZaP\ aQd
 MHKWa (1977) XVH FB3 RQ a cRYaULaQcH PaWUL[ WKaW KaV Q(Q+ 1)/2 dLVWLQcW HOHPHQWV,

 VR QRQH RI WKH aVVXPSWLRQV (A3) WKURXJK (A5) QHcHVVaULO\ KROd. SLQcH RaM HW aO.

 (1980) UHO\ RQ SZaP\ aQd MHKWa, WKH aV\PSWRWLc SURSHUWLHV RI WKH HVWLPaWRUV

 cRQVLdHUHd LQ bRWK RI WKHVH SaSHUV UHPaLQ XQNQRZQ XQOHVV a IXUWKHU UHVWULcWLRQ LV

 addHd. TKH CRS aVVXPSWLRQ addHd WR HLWKHU RI WKHVH PRdHOV HVWabOLVKHV WKH
 aV\PSWRWLc SURSHUWLHV, aV dLVcXVVHd LQ WKH SUHYLRXV VXbVHcWLRQ, aQd bRWK SaSHUV
 SURYLdH cRQVLVWHQW HVWLPaWRUV IRU WKH cRYaULaQcH PaWUL[ SaUaPHWHUV. UQIRUWXQaWHO\,

 MaJQXV (1978) KaV OLWWOH aVVXPHd VWUXcWXUH RQ WKH cRYaULaQcH PaWUL[, VR TKHRUHP
 1 dRHV QRW UHHVWabOLVK WKH SURSHUWLHV RI KLV WZR-VWHS HVWLPaWRU XQOHVV IXUWKHU

 UHVWULcWLRQV aUH SOacHd RQ WKH PRdHO. TKH JHQHUaO cRYaULaQcH VWUXcWXUH cRQVLdHUHd

 b\ MaJQXV PXVW bH aVVXPHd WR VaWLVI\ aVVXPSWLRQV (A3) WKURXJK (A5) LQ RUdHU IRU

 TKHRUHP 1 WR UHHVWabOLVK WKH aV\PSWRWLc SURSHUWLHV RI KLV HVWLPaWRU. IQ JHQHUaO,
 TKHRUHP 1 dRHV QRW aSSO\ ZKHQHYHU WKH QXPbHU RI QRQ]HUR HOHPHQWV LQ WKH LQYHUVH

 cRYaULaQcH PaWUL[ Pa\ QRW bH O(Q). TKH SURRI RI TKHRUHP 1 VXJJHVWV WKaW WKHUH LV
 OLWWOH KRSH IRU HVWabOLVKLQJ aV\PSWRWLc HTXLYaOHQcH ZKHQ WKH QXPbHU RI QRQ]HUR
 HOHPHQWV LQ WKH LQYHUVH cRYaULaQcH PaWUL[ LV QRW O(Q) XQOHVV VRPH addLWLRQaO
 cRQYHUJHQcH SURSHUW\ LV aYaLOabOH WR IXUWKHU UHVWULcW WKH cRQYHUJHQcH LQ SURbabLOLW\
 RI WKH WHUPV LQ WKH VXPV LQ HTXaWLRQV (1) aQd (2).

 5. SUMMARY

 SLQcH WKH VPaOO VaPSOH SURSHUWLHV RI IHaVLbOH ALWNHQ IV HVWLPaWRUV aUH XVXaOO\ WRR

 cRPSOLcaWHd WR HVWabOLVK, RQO\ aV\PSWRWLc SURSHUWLHV aUH NQRZQ IRU PRVW HVWLPaWRUV
 XQdHU QRQVcaOaU LdHQWLW\ HUURU cRYaULaQcH VWUXcWXUHV. TKHVH SURSHUWLHV aUH XVXaOO\

 HVWabOLVKHd WKURXJK a WHdLRXV caVH-b\-caVH SURcHVV RI VKRZLQJ cRQYHUJHQcH LQ

 SURbabLOLW\ RI WKH IHaVLbOH ALWNHQ IV HVWLPaWRU WR WKH ALWNHQ IV HVWLPaWRU. TKLV

 SURcHVV LV IXUWKHU cRPSOLcaWHd b\ WKH SUHVHQcH RI LQcRUUHcW H[WaQW VXIILcLHQW

 cRQdLWLRQV IRU cRQYHUJHQcH RI WKH WZR HVWLPaWRUV. WH LQWURdXcH QHZ VXIILcLHQW

 cRQdLWLRQV WKaW JUHaWO\ HaVH WKH WaVN RI dHPRQVWUaWLQJ cRQYHUJHQcH LQ SURbabLOLW\.
 TKHVH QHZ VXIILcLHQW cRQdLWLRQV aULVH IURP WKH RbVHUYaWLRQ WKaW LQ PaQ\ PRdHOV

 ZKHUH aV\PSWRWLc SURSHUWLHV aUH NQRZQ, WKH SURSHUWLHV IROORZ IURP WKUHH baVLc

 cRQdLWLRQV: cRQVLVWHQc\ RI WKH HVWLPaWRU IRU WKH SaUaPHWHUV RI WKH cRYaULaQcH
 PaWUL[, O(Q) QRQ]HUR HOHPHQWV cRPSRVHd RI a IL[Hd QXPbHU RI dLVWLQcW HOHPHQWV LQ
 WKH LQYHUVH cRYaULaQcH PaWUL[ (RU HOHPHQWV WKaW aUH SURSRUWLRQaO WR a SRO\QRPLaO LQ

 WKH cRYaULaQcH PaWUL[ SaUaPHWHUV), aQd abVROXWHO\ cRQYHUJHQW cROXPQ-ZLVH VXPV RI

 WKH cRYaULaQcH PaWUL[. SLQcH WKH QHZ VXIILcLHQW cRQdLWLRQV aUH dHULYHd IURP H[LVWLQJ

 PRdHOV, WKH\ SURYLdH a XQLILHd PHWKRd IRU SURYLQJ aV\PSWRWLc HTXLYaOHQcH RI
 ALWNHQ aQd IHaVLbOH ALWNHQ HVWLPaWRUV LQ PaQ\ IaPLOLaU PRdHOV. SLQcH WKH QHZ

 cRQdLWLRQV aSSO\ LQ IV cRQWH[WV UaWKHU WKaQ RQO\ VWaQdaUd GLS cRQWH[WV, WKH\

 H[WHQd PaQ\ GLS UHVXOWV WR WKH IV IUaPHZRUN. MRUHRYHU, WKH QHZ cRQdLWLRQV KaYH

 WKH SRWHQWLaO WR TXLcNO\ dHPRQVWUaWH aV\PSWRWLc HTXLYaOHQcH RI ALWNHQ aQd IHaVLbOH

 ALWNHQ HVWLPaWRUV LQ OLQHaU PRdHOV ZLWK KHUHWRIRUH XQH[SORUHd HUURU VWUXcWXUHV.

 UQLYHUVLW\ RI MLVVRXUL aQd UQLYHUVLW\ RI THQQHVVHH, U.S.A.
 OUHJRQ SWaWH UQLYHUVLW\, U.S.A.
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 APPENDIX

 THEOREM (FXOOHU aQd BaWWHVH 1973, S. 629, TKHRUHP 3). AVVXPH WKH WKUHH

 "UHJXOaULW\ cRQdLWLRQV:"

 (RO) FRU HYHU\ Q, WKH HOHPHQWV RI Q (0) aUH cRQWLQXRXVO\ dLIIHUHQWLabOH ZLWK
 UHVSHcW WR HacK cRPSRQHQW RI 0 LQ aQ RSHQ VSKHUH S cRQWaLQLQJ 00. DHQRWH
 WKH PaWUL[ RI dHULYaWLYHV ZLWK UHVSHcW WR WKH LWK cRPSRQHQW RI 0 b\ GQL (0) IRU
 L = 1, ..., U.

 (R2) OLPQ - (1IQ)XM Q (0) -1XQ LV a QRQVLQJXOaU PaWUL[ IRU HYHU\ 0 E S, aQd WKH
 HOHPHQWV RI

 OLP -X' GQL (0 )XQ
 Q \H Q

 aUH cRQWLQXRXV IXQcWLRQV RI 0 IRU L = 1, ..., U.

 (R3) FRU HYHU\ Q, IOQ (RQ) LV QRQVLQJXOaU, aQd WKHUH H[LVWV 8 > 0 VXcK WKaW I _
 00 = OS (Q - )-

 TKHQ, IQ SRVVHVVHV WKH VaPH aV\PSWRWLc dLVWULbXWLRQ aV /Q3.
 FXOOHU aQd BaWWHVH VHHN WR SURYH WKLV WKHRUHP b\ VKRZLQJ WKaW OQ - I3Q =

 OP (Q - 1/2-8). UQIRUWXQaWHO\, WKLV RUdHU LQ SURbabLOLW\ dRHV QRW IROORZ, aV WKH
 IROORZLQJ cRXQWHU-H[aPSOH dHPRQVWUaWHV.

 A. 1. E[aPSOH. LHW XQ bH aQ (Q [ 1) YHcWRU RI RQHV aQd aVVXPH IRU WKLV
 H[aPSOH WKaW XQ LV QRUPaO ZLWK

 OQ (0 ) = dLaJI() IK(WK ) MO0) ,
 ZKHUH 0 LV a VcaOaU aQd

 2 1 aa2 ( W + ] W + c cW )
 W 2C( W1) 12(+ + W

 IW(H) = _ W (W + O ,)) '0E( +

 2 ( (+ 1 0W) ' H GE 1+ '+ +c]

 cW = 2W(W + 1).

 A JUaSK RIIW(O) LV JLYHQ LQ FLJXUH 1. AVVXPH 02 = 0 aQd OHW OQ = (1/Q) bH RXU
 HVWLPaWRU IRU 00.
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 A.1.1. RHPaUNV.

 1. IW(0) LV cRQVWUXcWHd IURP SaUabROaV ZKRVH VORSHV aUH HTXaO ZKHUH WKH\ MRLQ.
 HHQcH, IW (0) LV cRQWLQXRXVO\ dLIIHUHQWLabOH RQ 9I IRU W = 1, 2,

 2. AV W LQcUHaVHV, WKH KHLJKW RI WKH "VSLNH" LQcUHaVHV aW a UaWH RI W aQd WKH
 VSLNH PRYHV OHIW aQd QaUURZV.

 3. 1I(W + 1) + 4IcW < 1I(W - 1) IRU W > 1. HHQcH, WKH HQWLUH VSLNH RccXUV
 bHWZHHQ 1I(W + 1) aQd 1I(W - 1), aQd LV cHQWHUHd aW OLW.

 4. XQ (0) 'XQ = \WQO IW(0).
 5. XY GQ (O)XQ = X1 IW(O), ZKLcK H[LVWV b\ UHPaUN 1.

 A. 1.2. VHULILcaWLRQ RI RHJXOaULW\ CRQdLWLRQV (RI) WKURXJK (R3).

 (RI) TKLV KROdV IRU aQ\ 00 aQd S = 9A, b\ UHPaUN 1.
 (R2) IW(O) = 1 IRU 0 E (-PR, 0] U [(3/2), PR) IRU HYHU\ W. TKXV, IRU 0 LQ WKLV SaUW

 RI WKH dRPaLQ

 1 +W -

 1+ - - 2 -

 IW(O * .

 I Ia aaI

 WaO WAOW I

 - 3

 W+1 C , +1 CW

 1+ 2 =1
 7+1 +CW = I 1

 FIGR I
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 1 I Q I Q

 OLP -X'QIQ(0) OXQ = OLP - , IW(0)= OLP - 1 = 1.
 Q- Q Q->Q W=1 QI> Q W=1

 FRU 0 E (0, (3/2)), OHW QR = Pa[ ^Q: 0 < 1I(Q - 1)` ZKHUH 1/0 LV WR bH UHJaUdHd
 aV RR VR WKaW QR = 1 IRU 0 E [1, (3/2)). NRWH WKaW QR H[LVWV aQd LV ILQLWH IRU HYHU\
 0 E (0, (3/2)), aQd WKaW IW(0) = 1 IRU W > Q 0. TKXV, IRU 0 E (0, (3/2))

 1 LQ I R

 OLP-X'QIQ(H')-IXQ = OLP- I,( 0) = OLP-E I,(0) + OLP- MOI(H
 Q[ Q Q Q Q Q W=Q+O

 I QR I Q

 cOLP - > (1 + W) + OLP - > 1 VLQcH
 Q>R Q W=1 Q- Q W=QR+1

 1 + W LV WKH Pa[LPXP RIIW(0) RQ 9

 OLP Q( +Q) OLP Q-Q =0+ 1= 1.
 Q->RR Q QR Q

 SLPLOaUO\,

 1 LQ
 OLP - X'QIQ (0) -'XQ 2 OLP - E I (0) VLQcH I (0) > 0 RQ 9I IRU HYHU\ W.
 QR Q Q->R Q W=QR+O

 Q - Q6
 =OLP =1 .

 Q->RR Q

 TKXV,

 OLP -X, IQ(0_ 'XQ =1 V 0 E 1,
 QR Q

 aQd 1 LV LQYHUWLbOH, VR WKH ILUVW SaUW RI cRQdLWLRQ (R2) LV YHULILHd. TR YHULI\ WKH VHcRQd

 SaUW, QRWH WKaW LI 0 E (-RR, 0] U [(3/2), RR) WKHQI'(0) = 0 IRU HYHU\ W. TKXV, IRU
 0 LQ WKLV SaUW RI WKH dRPaLQ

 1 LaaaaaaaQ
 OLP -X'QGQ(0)XQ = OLP- I'I(0) = 0.
 Q Q-R Q-> RR Q Q->RR Q W=1

 FRU 0 E (0, (3/2)), QRWH WKaWI'(0) = 0 IRU W > QR, VR
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 1 I Q I Q
 OLP - XQ GQ X OLP - ,I( ) OL-_,( ) IO-400 O)Q OIO-I400R I- E0 I W1W( Q->Rc) Q Q->R QW=-1 QR W=1

 I Q

 V OLP - > Wc, VLQcH Wc, LV WKH Pa[LPXP RI II'(0)I RQ N

 c OLP - (QcCQ) = O.
 Q-4R

 TKXV, OLPQ[ (1IQ)X'GQ(0)XQ = 0 IRU HYHU\ 0 E 9R, ZKLcK LV a cRQWLQXRXV
 IXQcWLRQ RI 0 RQ 9R, VR WKH VHcRQd SaUW RI cRQdLWLRQ (R2) LV YHULILHd.

 (R3) COHaUO\ Q - = O,(Q'), SO 8 = 1. IQ IacW, Q LV QRQVWRcKaVWLc VR WKaW

 -Q _ 00 = O(Q-1). MRUHRYHU, OQ(0Q) - H[LVWV IRU aOO Q VLQcHIW(0) > 0 IRU
 HYHU\ 0 E 9R aQd W = 1, 2,

 A.1.3. DHPRQVWUaWLRQ WKaW A - S3Q # OS(Q 128). RaWKHU WKaQ ZULWLQJ a
 Ta\ORU H[SaQVLRQ aV LQ FXOOHU aQd BaWWHVH, ZH VKaOO H[aPLQH dLUHcWO\ WKH dLIIHUHQcH

 I3,, - -Xa(? = a)OQQ(?

 Q Q

 A I A(Q)X A Q)0?U

 W=1 W=1

 - _______- ZKHUH X, LV WKH WWK HOHPHQW RI XQ

 Q a aa -X Q -

 Eaaa'Q IX' )O (O I.( ) '

 W=1 W=1

 Q

 E IW( )XA

 -=__ _ - - Q X, VLQcH I,(0?) =I,(0) - 1 IRU HYHU\ W

 W=1 a a W=

 Q Q1

 SIW ( A)

 Q (IWQ) - W00

 W=1

 =aaa- E / ( VLc -W (O)IW() RUHHU

 IW ( ALQ)
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 IQ Q) _ Q-1 )+QW-

 VLQcH IW(I/Q) 1 IRU W < Q b\ UHPaUN 3,

 ( + Q) _ _ _ _ _ _ _

 (Q 1)+ (1+ Q) Q + (- 1) + (1 )

 W= 1

 TKHUHIRUH,

 (RQ OQ) = Q U 7> UW.
 2 2CQW=1

 NRZ, E(1/(2\/Q) \ WQ1 UW) = 0 aQd

 WL QL U L2 1 LQ 1 1
 VaU I - UW I =-> E(XW)=-> = -

 2 /Q W = 4Q W=1 4Q WI IW (0 0) 4Q W=I IW (0) 4

 ZKHUH ZH KaYH XVHd WKH ]HUR cRYaULaQcH RI WKH RXW'V aQd WKH IacW WKaW IW(0) = 1 IRU
 HYHU\ W. TKXV, b\ CKHb\VcKHY'V IQHTXaOLW\ (1/(2\/<)) _= UW LV bRXQdHd LQ
 SURbabLOLW\. BXW

 UQ= Q(IQ Q) + XW

 -2L LQ YC+-Q VE a LQ

 Q I QCQI I X W

 WIPQ A QO + OS(M),

 VR LI (\/LI2)XQ LV XQbRXQdHd LQ SURbabLOLW\ WKHQ \/A(IQ - IL) LV aOVR XQbRXQdHd
 LQ SURbabLOLW\. BXW P((\1I2)IUQ L < B) LV WKH aUHa XQdHU a N(O, 1) dHQVLW\ bHWZHHQ
 -(2B/Q) aQd (2BI\/- ) IRU aQ\ B > 0, VR OLPQ- P((\/QI2)IXQO < B) = 0 aQd
 (\/'O2)X LV XQbRXQdHd LQ SURbabLOLW\. TKHUHIRUH, I3Q - I3Q LV QRW OS(Q112) aQd
 LV aOVR QRW OS(Q- 1/2-8) = OS(Q- 3/2). TKXV, WKH cRQcOXVLRQ WKaW AQ SRVVHVVHV WKH
 VaPH aV\PSWRWLc dLVWULbXWLRQ aV caQQRW bH HVWabOLVKHd WKURXJK UHOLaQcH RQ AQ -
 OQ = OS (Q - 1/2-8). IQ IacW, LQ WKH SUHVHQW H[aPSOH \/Q(OQ - /3) - N(O, 1) IRU HYHU\
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 Q ZKLOH Q(Q - ) - N(O, (Q + 3)/4), ZKLcK dRHV QRW cRQYHUJH LQ dLVWULbXWLRQ
 WRN(O, 1). LI

 REFERENCES

 AITKEN, A. C., "OQ LHaVW STXaUHV aQd LLQHaU CRPbLQaWLRQV RI ObVHUYaWLRQV," PURcHHdLQJV RI WKH RR\aO

 SRcLHW\ RI EdLQbXUJK 55 (1935), 42-48.

 AMEMIYA, T., "GHQHUaOL]Hd LHaVW STXaUHV ZLWK aQ EVWLPaWHd AXWRcRYaULaQcH MaWUL[," EcRQRPHWULca 41

 (1973a), 723-732.

 , "RHJUHVVLRQ AQaO\VLV WKHQ WKH VaULaQcH RI WKH DHSHQdHQW VaULabOH IV PURSRUWLRQaO WR WKH
 STXaUH RI WKH E[SHcWaWLRQ," JRXUQaO RI WKH APHULcaQ SWaWLVWLcaO AVVRcLaWLRQ 68 (1973b), 928-934.

 "A NRWH RQ a HHWHURVcHdaVWLc MRdHO," JRXUQaO RI EcRQRPHWULcV 6 (1977), 365-370.

 AdYaQcHd EcRQRPHWULcV (CaPbULdJH: HaUYaUd UQLYHUVLW\ PUHVV, 1985).

 ANDERSON, T. W., TKH SWaWLVWLcaO AQaO\VLV RI TLPH SHULHV (NHZ YRUN: WLOH\, 1971).

 AND C. HSIAO, "FRUPXOaWLRQ aQd EVWLPaWLRQ RI D\QaPLc MRdHOV UVLQJ PaQHO DaWa," JRXUQaO RI

 EcRQRPHWULcV 18 (1982), 47-82.

 CAMPOS, J., "IQVWUXPHQWaO VaULabOHV EVWLPaWLRQ RI D\QaPLc SLPXOWaQHRXV S\VWHPV ZLWK ARMA EUURUV,"

 RHYLHZ RI EcRQRPLc SWXdLHV 53 (1986), 125-138.

 CARROLL, R. J. AND D. RUPPERT, "RRbXVW EVWLPaWLRQ LQ HHWHURVcHdaVWLc LLQHaU MRdHOV," TKH AQQaOV RI

 SWaWLVWLcV 10 (1982), 429-441.

 CRAGG, J. G., "QXaVL-ALWNHQ EVWLPaWLRQ IRU HHWHURVcHdaVWLcLW\ RI UQNQRZQ FRUP," JRXUQaO RI

 EcRQRPHWULcV 54 (1992), 179-201.

 CROCKETT, P. W., "AV\PSWRWLc DLVWULbXWLRQ RI WKH HLOdUHWK-HRXcN EVWLPaWRU," JRXUQaO RI WKH APHULcaQ

 SWaWLVWLcaO AVVRcLaWLRQ 80 (1985), 202-204.

 DURBIN, J., "EVWLPaWLRQ RI PaUaPHWHUV LQ TLPH SHULHV RHJUHVVLRQ MRdHOV," JRXUQaO RI WKH RR\aO

 SWaWLVWLcaO SRcLHW\ B 22 (1960), 139-153.

 FOMBY, T. B., R. C. HILL, AND S. R. JOHNSON, AdYaQcHd EcRQRPHWULc MHWKRdV, cRUUHcWHd VRIWcRYHU

 SULQWLQJ (NHZ YRUN: SSULQJHU-VHUOaJ, 1988).

 FULLER, W. A., IQWURdXcWLRQ WR SWaWLVWLcaO TLPH SHULHV (NHZ YRUN: WLOH\, 1976).

 AND G. E. BATTESE, "TUaQVIRUPaWLRQV IRU EVWLPaWLRQ RI LLQHaU MRdHOV ZLWK NHVWHd-EUURU

 SWUXcWXUH," JRXUQaO RI WKH APHULcaQ SWaWLVWLcaO AVVRcLaWLRQ 68 (1973), 626-632.

 GALBRAITH, R. F. AND J. I. GALBRAITH, "OQ WKH IQYHUVHV RI SRPH PaWWHUQHd MaWULcHV AULVLQJ LQ WKH

 TKHRU\ RI SWaWLRQaU\ TLPH SHULHV," JRXUQaO RI ASSOLHd PURbabLOLW\ 11 (1974), 63-71.

 GLEJSER, H., "A NHZ THVW IRU HHWHURVcHdaVWLcLW\," JRXUQaO RI WKH APHULcaQ SWaWLVWLcaO AVVRcLaWLRQ 64

 (1969), 316-323.

 GOLDBERGER, A. S., EcRQRPHWULc TKHRU\ (NHZ YRUN: WLOH\, 1964).

 GOLDFELD, S. M. AND R. E. QUANDT, NRQOLQHaU MHWKRdV LQ EcRQRPHWULcV (APVWHUdaP: NRUWK-HROOaQd,

 1972).

 GREENE, W. H., EcRQRPHWULc AQaO\VLV, 2Qd Hd. (NHZ YRUN: MacMLOOaQ, 1993).

 GUILKEY, D. K. AND P. SCHMIDT, "EVWLPaWLRQ RI SHHPLQJO\ UQUHOaWHd RHJUHVVLRQV ZLWK VHcWRU

 AXWRUHJUHVVLYH EUURUV," JRXUQaO RI WKH APHULcaQ SWaWLVWLcaO AVVRcLaWLRQ 68 (1973), 642-647.

 HANNAN, E. J., "TKH AV\PSWRWLc DLVWULbXWLRQ RI SHULaO CRYaULaQcHV," TKH AQQaOV RI SWaWLVWLcV 4 (1976),

 396-399.

 HARVEY, A. C., "EVWLPaWLQJ RHJUHVVLRQ MRdHOV ZLWK MXOWLSOLcaWLYH HHWHURVcHdaVWLcLW\," EcRQRPHWULca

 44 (1976), 461-465.

 ,TKH EcRQRPHWULc AQaO\VLV RI TLPH SHULHV, 2Qd Hd. (NHZ YRUN: PKLOLS AOOaQ, 1990).

 HILDRETH, C. AND J. P. HOUCK, "SRPH EVWLPaWHV IRU a LLQHaU MRdHO ZLWK RaQdRP CRHIILcLHQWV," JRXUQaO

 RI WKH APHULcaQ SWaWLVWLcaO AVVRcLaWLRQ 63 (1968), 584-595.

 JUDGE, G. G., W. E. GRIFFITHS, R. C. HILL, H. LUTKEPOHL, AND T-C. LEE, TKH TKHRU\ aQd PUacWLcH RI

 EcRQRPHWULcV, 2Qd Hd. (NHZ YRUN: WLOH\, 1985).

 MAGNUS, J. R., "Ma[LPXP LLNHOLKRRd EVWLPaWLRQ RI WKH GLS MRdHO ZLWK UQNQRZQ PaUaPHWHUV LQ WKH

 DLVWXUbaQcH CRYaULaQcH MaWUL[," JRXUQaO RI EcRQRPHWULcV 7 (1978), 281-312.

 MANDY, D. M. AND C. MARTINS-FILHO, "SHHPLQJO\ UQUHOaWHd RHJUHVVLRQV XQdHU AddLWLYH HHWHURVcH-

 daVWLcLW\: TKHRU\ aQd SKaUH ETXaWLRQ ASSOLcaWLRQV," JRXUQaO RI EcRQRPHWULcV 58 (1993), 315-346.

This content downloaded from 
             198.11.30.153 on Wed, 03 Mar 2021 23:21:31 UTC              

All use subject to https://about.jstor.org/terms



 FEASIBLE AITKEN IV ESTIMATORS 979

 PARK, R. E., "EVWLPaWLRQ ZLWK HHWHURVcHdaVWLc EUURU THUPV," EcRQRPHWULca 34 (1966), 888.

 PARKS, R. W., "EIILcLHQW EVWLPaWLRQ RI a S\VWHP RI RHJUHVVLRQ ETXaWLRQV WKHQ DLVWXUbaQcHV AUH BRWK

 SHULaOO\ aQd CRQWHPSRUaQHRXVO\ CRUUHOaWHd," JRXUQaO RI WKH APHULcaQ SWaWLVWLcaO AVVRcLaWLRQ 62

 (1967), 500-509.

 PIERCE, D. A., "LHaVW STXaUHV EVWLPaWLRQ LQ WKH RHJUHVVLRQ MRdHO ZLWK AXWRUHJUHVVLYH-MRYLQJ AYHUaJH

 EUURUV," BLRPHWULNa 58 (1971), 299-312.

 RAJ, B., V. K. SRIVASTAVA, AND A. ULLAH, "GHQHUaOL]Hd TZR SWaJH LHaVW STXaUHV EVWLPaWRUV IRU a

 SWUXcWXUaO ETXaWLRQ IRU bRWK FL[Hd aQd RaQdRP CRHIILcLHQWV," IQWHUQaWLRQaO EcRQRPLc RHYLHZ 21

 (1980), 171-183.

 SCHMIDT, P., EcRQRPHWULcV (NHZ YRUN: DHNNHU, 1976).

 SCHOENFELD, P., "A UVHIXO CHQWUaO LLPLW TKHRUHP IRU P-DHSHQdHQW RaQdRP VaULabOHV," MHWULNa 17

 (1971), 116-128.

 SCOTT, A. J. AND D. HOLT, "TKH EIIHcWV RI TZR SWaJH SaPSOLQJ RQ OUdLQaU\ LHaVW STXaUHV MHWKRdV,"

 JRXUQaO RI WKH APHULcaQ SWaWLVWLcaO AVVRcLaWLRQ 77 (1982), 848-854.

 SHAMAN, P., "AQ ASSUR[LPaWH IQYHUVH IRU WKH CRYaULaQcH MaWUL[ RI MRYLQJ AYHUaJH aQd AXWRUHJUHVVLYH

 PURcHVVHV," TKH AQQaOV RI SWaWLVWLcV 3 (1975), 532-538.

 SIDDIQXI, M. M., "OQ WKH IQYHUVLRQ RI WKH SaPSOH CRYaULaQcH MaWUL[ LQ a SWaWLRQaU\ AXWRUHJUHVVLYH

 PURcHVV," AQQaOV RI MaWKHPaWLcaO SWaWLVWLcV 29 (1958), 585-588.

 SINGH, B. AND A. ULLAH, "EVWLPaWLRQ RI SHHPLQJO\ UQUHOaWHd RHJUHVVLRQV ZLWK RaQdRP CRHIILcLHQWV,"

 JRXUQaO RI WKH APHULcaQ SWaWLVWLcaO AVVRcLaWLRQ 69 (1974), 191-195.

 SZAMY, P. A. V. B. AND J. S. MEHTA, "EVWLPaWLRQ RI LLQHaU MRdHOV ZLWK TLPH aQd CURVV-SHcWLRQaOO\

 VaU\LQJ CRPSRQHQWV," JRXUQaO RI WKH APHULcaQ SWaWLVWLcaO AVVRcLaWLRQ 72 (1977), 890-898.

 TAYLOR, W., "SPaOO SaPSOH PURSHUWLHV RI a COaVV RI TZR SWaJH ALWNHQ EVWLPaWRUV," EcRQRPHWULca 45

 (1977), 497-508.

 THEIL, H., PULQcLSOHV RI EcRQRPHWULcV (NHZ YRUN: WLOH\, 1971).

 UPPULURI, V. R. R. AND J. A. CARPENTER, "TKH IQYHUVH RI a MaWUL[ OccXUULQJ LQ FLUVW OUdHU MRYLQJ

 AYHUaJH MRdHOV," SaQNK\d A31 (1969), 79-82.

 WHITE, H., AV\PSWRWLc TKHRU\ IRU EcRQRPHWULcLaQV (OUOaQdR: AcadHPLc PUHVV, 1984).

 ZELLNER, A., "AQ EIILcLHQW MHWKRd RI EVWLPaWLQJ SHHPLQJO\ UQUHOaWHd RHJUHVVLRQV aQd THVWV IRU

 AJJUHJaWLRQ BLaV," JRXUQaO RI WKH APHULcaQ SWaWLVWLcaO AVVRcLaWLRQ 57 (1962), 348-368.

 AND D. S. HUANG, "FXUWKHU PURSHUWLHV RI EIILcLHQW EVWLPaWRUV IRU SHHPLQJO\ UQUHOaWHd
 RHJUHVVLRQ ETXaWLRQV," IQWHUQaWLRQaO EcRQRPLc RHYLHZ 3 (1962), 300-313.

 ZINDE-WALSH, V. AND J. W. GALBRAITH, "EVWLPaWLRQ RI a LLQHaU RHJUHVVLRQ MRdHO ZLWK SWaWLRQaU\

 ARMA(S,T) EUURUV," JRXUQaO RI EcRQRPHWULcV 47 (1991), 333-357.

This content downloaded from 
             198.11.30.153 on Wed, 03 Mar 2021 23:21:31 UTC              

All use subject to https://about.jstor.org/terms


	Contents
	image 1
	image 2
	image 3
	image 4
	image 5
	image 6
	image 7
	image 8
	image 9
	image 10
	image 11
	image 12
	image 13
	image 14
	image 15
	image 16
	image 17
	image 18
	image 19
	image 20
	image 21
	image 22
	image 23

	Issue Table of Contents
	International Economic Review, Vol. 35, No. 4, Nov., 1994
	Volume Information [pp.  i - iii]
	Front Matter
	Asymmetric Information Acquisition and Behavior in Role Choice Models: An Endogenously Generated Signaling Game [pp.  795 - 819]
	Why an Informed Principal May Leave Rents to an Agent [pp.  821 - 832]
	Strategic Investment and Timing of Entry [pp.  833 - 853]
	Myopic Investment Decisions and Competitive Labor Markets [pp.  855 - 875]
	Efficient Provision of a Discrete Public Good [pp.  877 - 897]
	Moral Hazard and Secured Lending in an Infinitely Repeated Credit Market Game [pp.  899 - 920]
	Currency and Credit are Equivalent Mechanisms [pp.  921 - 956]
	A Unified Approach to Asymptotic Equivalence of Aitken and Feasible Aitken Instrumental Variables Estimators [pp.  957 - 979]
	Adaptive Estimation in the Panel Data Error Component Model with Heteroskedasticity of Unknown Form [pp.  981 - 1000]
	Terms of Trade and Current Account Dynamics: A Methodological Critique [pp.  1001 - 1014]
	On the Restrictive Nature of Constant Elasticity Demand Functions [pp.  1015 - 1018]
	Cost Minimization of Nonconvex Firms under Prices in Normal Cones [pp.  1019 - 1028]
	Publications Received [pp.  1029 - 1030]
	Back Matter



