Econ 4858, Homework 1 - part 1, Professor Martins.

1. Assume X is a random variable with density function

[ 1/(b—a), ifz€]a,b
f<9”)—{ 0, it 2 ¢ a.b]

with a < b for a,b € R.

(a) Obtain E(X) and V(X).

Answer: By definition E(X) = [ ;%-dz = ;- [} 2 = ] (% - ‘12:) = bte
By the definition,

V(X) = BX?) - (BO)P = BX) - (L0
But,
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Substituting back into the expression for variance, we have

a —a2
V(X) = BX?) — (BX)) = £ —a) +ab— (2302 = C2 O

(b) Suppose a =0,b=1and Y = 3X — 2. Find the density function of Y.
Answer: Using results from class slides we have. For Y = 3X — 2:
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2. Let X and Y be random variables (both discrete or continuous). Show that:

a) if ¢ is a constant, show that E(cX) = cE(X); b) if ¢ is a constant, show that V(cX) = ¢V (X) and
V(e) =0.

Answer:
a) BE(cX) = [cxfx(z)dz = ¢ [ xfx(x)dz = cE(X) where fx is the density of X.

b) V(eX) = E((cX)?) — (E(cX))? = 2E(X?) - *(E(X))? = 2(B(X?) - E(X)?) = ?V(X). V() =

E() - E(c)?=E(?-c2)=0

3. Suppose there are N € IN assets that compose a portfolio P. Assume that n; shares of asset 4
(i=1,...,N) are purchased and the price of asset i in time period ¢ is denoted by P;;. Let V; be the
value of the portfolio in time period ¢ and w; = £ tf” be the share of the investment on asset ¢ in
period ¢t. Show that net return and gross returns of holding the portfolio for one time period can be
written as a weighted average of net returns and gross returns of the component assets of the portfolio.
Show that the same is not true for log-returns.




Answer: Net return was done in class. See the last two slides from lecture 1. For gross returns note
that

i1 = Yo _ 2 Zn:Pi 41N = L zn:(Pi t+1/Pie)ni Py = zn:/% t+1nipit = zn:m t+1Wit -
Vi Vi Viig il Vi il /
The result doesn’t hold for log-returns due to the nonlinearity of the log function.
. Suppose Y = uX + 0Z where Z is a random variable with density fz, X is a non-stochastic variable,
o> 0 and p € R are unknown constants. Obtain the density of Y.

Answer: Since Y = puX + 0Z and X and p are constants, we can write g(z) = uX + oz and

g 1(2) =07 (y — pX). Hence, %g’l(y) = 1. Hence,

j&@)zfzw*%y—uxng.

. Suppose {X;}7 ; is a sequence of independent and identically distributed random variables. Now
define,
1 n
=

Obtain F(Z,) and V(Z,).

Answer: Since {X;}?; is an IID sequence, if E(X;) exists it does not depend on 4. Thus, let
E(X;) = p. Similarly, if V' (X;) exists it does not depend on i. Thus, let V(X;) = v. Also, independence
implies that the covariance C(X;, X;) = 0 for any i # j. Consequently,

!
—
8l
3
SN—

I

1 n
E <n ZE(Xi)) =M
i=1
V() v lzn:X 1§:V(X) !
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. In class we defined log-returns from holding a financial asset for one time period by

Py
Py

ry = log

where P; is the price of the financial asset in time period t. Assume that r; ~ N(u,o?) for all
t=1,---,nand {rs}7, forms an independent sequence.

What is the theoretical probability that the log-return from holding this asset for A time periods will
exceed a predetermined value r?

Answer: 1) = log Pi; = Z?:_c} r+—j. Hence, E(ry ) = hy and V(ry ) = ho?. Thus,

r—hu
P(ryp>r)=1—P(ryp, <r)=1-F
(rin 1) =1 Pl <) =1~ Fz (=22

where F'z is the distribution function associated with a standard normal density.



