Econ 4858, Homework 1 - part 2, Professor Martins.

1. Assume X is a random variable with density function

1/(b—a), ifzé€la,b
f(x){ 0,/( ) ifm%{a,b} ’ (1)

with a < b for a,b € R.

Answer: By definition B(X) = [ %de = ;5 |° & = ;L (% - %) = b,
By the definition,

b+a
V(X) = E(X?) - (B(X))?=BE(X?) - (=)
But,
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Substituting back into the expression for variance, we have
)2
V(X)=E(X?) — (E(X))? = %(b— a)? + ab — (szra)2 _ (b 12a) '

Suppose a =0, b=1 and Y = X?2. Find the density of Y = X?2. In this case, obtain the 0.75-quantile
of Y.

Suppose @ = 1 and b = 5. Obtain the the 0.1 quantile for X and 1/X.

Answer: X ~ Up 5 which implies that fx(z) = { 164 ii ; E’;
i(m —1). Let the 0.1-quantile of Fx be denoted by yo.1. Then, 0.1 = Fx(x9.1) = i(a:m —1). This
implies xg, = 1.4.

For Y =1/X we have

. Then, Fx(z) = [/ 3dy =

d
) = fx (/1) ] % y)] -
Yo.1
Frnn) = [ e = I (12 = {1/ +5).

which implies yo.; = 0.217.
2. Let A be a subset of R and consider the indicator function of the set A, viz.,

1, ifzeA
ma={ o s @)

Consider a finite and independent collection {X;}? ; of random variables that have the same distribu-
tion, say F'. Let

1 n
Fn(it) = E ZIXiSI
=1



Obtain E(F,(z)) and V(F,(z)) for some x € R.

Answer:
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1x P(X; <2)+0x P(X; <z)=F(x).
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( E IXi<x> = —nV(Ix,<z) since {X;};"; is an independent collection
n = n =
i=1

(BE(Ix,<z) — F(2)?)

3=

(B(X <) — F(2)?) =

(F() = Fa)?) = 2 F(a) (1 - F(a).

SIk3-

3. Answer problem 2 (items (a) and (b)) from chapter 3 of your textbook.

Answers: 2.
a) 1(3) ~ N(0.3,1.8).

b) P(ri(3) <2) =P (”@1;80'3 < 2;%-;) =P (Z < JlTlg) = 0.8974.

4. Answer problem 5 (items (a) and (b)) from chapter 3 of your textbook.

Answers: 5.

a) X7 = XZexp(2(r1 + -+ + i) and E(X?) = XZE (exp(2rq + -+ +2ry)). Let v, = 2ry, since
ri ~ N(p,0?) we have v, ~ N(2u,40?). Hence,

B(X2) = X2B(exp(n -+ 7)) = X2E(exp(2uk + 2ko%))
X2 exp(2uk + 2ko? — X2 exp(2uk + ko?)
X2 exp(2uk) exp(ko?)(exp(ka?) — 1)

b) X; = g(r1) = Xoexp(r1) implies log X; = log Xo + r1 which gives log X; — log Xy = r1. So,
g 1(X1) = log X; — log Xy and %g’l(Xl) = Xil, hence f1(X1) = ¢(log X1 — logXO)Xi1 where ¢(x)
is the density for a standard normal.

5. The MATLAB data set AAPL.mat contains six columns. The fifth column contains daily closing price
of Apple stock from 01/03/2000 until 07/27/2011.

(a) Use MATLAB and these price to calculate daily log-returns on Apple stock. Produce a plot of
these returns against time.

ssuming these log-returns are independently drawn and identically distributed as N(u,oc*),

b) A ing these 1 t ind dently d d identically distributed N 2
estimate the parameters of this distribution by the method of moments. Produce an adjusted
method of moments estimator for o2 that is unbiased.

(c) Use the estimated parameters to obtain an estimate for the expected price of the stock at each
time period in the sample.



