
Econ 7818 - Mathematical Statistics, Professor Martins.
Midterm Examination
Date: October 22, 2020
Exam duration: From 9:35 AM to 10:50 AM.

Important instructions: You will scan your answers for this exam into a PDF file (no JPEG, GIF, et
cetera). I should receive one, and only one, PDF file containing your answers. The pages in the PDF doc-
ument should be numbered consecutively starting at 1 and be scanned in order. I should receive the PDF
file via email (carlos.martins@colorado.edu) by 11:00 AM. You are free to consult notes, books and previous
homework sets as you answer the questions below. No communication with other human beings is allowed
in crafting your answers. Answer all questions.

Question 1: Let λ be the Lebesgue measure on (R,B).

1. (3 points) Show that for all x ∈ R, the set {x} ∈ B and λ({x}) = 0.

Hint: Write the set {x} using intervals such as [x− n−1, x+ n−1) for n ∈ N.

2. (2 points) Let Q be the set of rational numbers. Show that λ(Q) = 0.

3. (2 points) Let I be an uncountable index set and suppose {Bi}i∈I is a collection of sets with λ(Bi) = 0

for all i. Is λ
(
∪
i∈I

Bi

)
necessarily equal to zero? Explain, using mathematical arguments.

Question 2: (7 points) Let {Xn}n∈N be a sequence of random variables defined on the probability
space (Ω,F , P ) such that E(Xn) < ∞ for all n ∈ N. Show that if limm→∞

∑m
n=1E(|Xn|) < ∞, then

limm→∞
∑m

n=1Xn = X almost everywhere, and in this case E(X) = limm→∞
∑m

n=1E(Xn).

Hint: In this question it is useful to know that if
∑m

n=1 |xn| converges to a finite limit as m → ∞, then∑m
n=1 xn converges to a finite limit as m→∞.

Question 3: a) (3 points) Suppose E(|Xr|) <∞ for r > 0. Show that xrP (|X| ≥ r)→ 0 as x→∞.

Hint: Use Markov’s Inequality.

b) (3 points) Suppose that for all ε > 0 there exists δ > 0 (depending on ε) such that E(|X|IA) < ε for all
A such that P (A) < δ. Show that E(X) <∞.
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