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1 Introduction

The relationship between different types of convergence of a sequence of densities {fy,}nen to
a density f has been the subject of several papers dating back to the 1970’s. See, inter alia,
Hettmansperger and Klimko (1974)), Dellacherie and Meyer| (1978), Visintin (1984)), Balder| (1991))
and Balder| (1993). Of particular interest are conditions that assure the equivalence of strong and
weak convergences, represented respectively by the L; and the Lévy-Prokhorov metrics.

Several sets of sufficient conditions for this equivalence have been suggested. |[Hettmansperger
and Klimko| (1974)) imposed unimodality on f,,, Dellacherie and Meyer| (1978) required lin}I inf (x)
> f(z) almost everywhere, whereas Visintin| (1984) established equivalence when f is in the set
of all extreme points of the closure of the convex hull of {f,},cy almost everywhere. In a recent
paper, Walker| (2023) gave a new sufficient condition involving second derivatives of f,,. He noticed
that the convergence of {f,}nen to f in L; is equivalent to the convergence of a smoothed version
of {fn}nen to fin Ly if f is bounded and continuous.

We follow Walker’s approach but replace his condition on { fy, }nen. In particular, our proof does
not require differentiability of f, nor does it require that f, have a second-derivative satisfying
a limsup condition on his Theorem 3.2. Our condition on {f,},en is simply L;-equicontinuity
which is strictly weaker than a local Holder condition (see Remark [ below). In fact, given
the Kolmogorov—Riesz theorem, Li-equicontinuity is precisely the missing ingredient for L, pre-
compactness of a bounded equitight family; for densities converging weakly, both boundedness
(Ilfnll1 = 1) and equitightness are automatic, making Li-equicontinuity the natural condition to be
imposed.

One of our auxiliary results (see Theorem [1|below), needed for our main equivalence theorem, is
of independent interest, establishing the asymptotic unbiasedness of the classical Rosenblatt-Parzen
density estimator for Lebesgue points of the density f with a bound on the rate of convergence.
We also provide a corrected statement of Walker’s main lemma, with a refined proof.

The rest of the paper is organized as follows: section 2 contains some technical background and

auxiliary lemmas and section 3 contains the main equivalence theorem. Throughout we consider



densities on R with respect to Lebesgue measure and adopt the following notation: a) for an
arbitrary function f : R — R, we say that f is locally integrable, denoted by f € LY¢(R) if
Jic | f(@)|dz < oo for all compact K C R; b) supp f denotes the support of the function f; ¢) xa
denotes the indicator function of set A; d) ||f||; denotes the L; norm of the function f; e) for a

uniformly bounded f: D — R, || f]|co := sup|f(z)].
zeD

2 Technical preliminaries

We start by noting that by Theorem 5.6.2 in Bogachev| (2007)), for any function f such that
f € L¢(R) we have that f(z) = lﬁﬂ)l > ffj: (t)dt for almost every = € R. In this case, and when

, it is easy to see

|f(x)| < oo, x is called a Lebesgue point of f. Letting g, (t) = w — f(=x)

)

that if z is a Lebesgue point of f then 1}1?(} 3 foh go(t)dt = 0. Letting v,(¢) = sup 7 ‘foh gz (t)dt
0<h<e
we have that

lim v;(e) = 0 for almost every z € R. (1)
e—0
The condition given in equation holds at points of continuity of f, denoted by C(f), since

1

h
. / gx(t)dt' < sup |f(z+1t)— f(z)] =0, as h | 0 forz € C(f).
0

0<|t|I<h

However, x ¢ C(f) may be a Lebesgue point of f. To see this, note that for the Heaviside function
H, 0 is a Lebesgue point if we define H(0) = 1/2 = [H(0 — 0) + H(0 + 0)]/2 and also a point of
discontinuity of H.

Some elements of the proofs of the following Lemmas [1| and [2| below have been borrowed from

Bochner and Chandrasekharan! (1949)).

Lemma 1. Suppose that 0 < K € Ly is an even function, non-increasing on [0, 00) and [, K (t)dt =
c> 0. Then,

lim tK(t) = lim K(t) =0, tK(t) < c/2 fort > 0. 2)

t—o00 t—o00



Proof. lim;_, K (t) = 0 because of the convergence of [, K (t)dt. Obviously,

t t c 0
:/0 K(s)ds/o (K(S)K(t))ds§2/0 (K(s) — K (t)) x(0,) (s)ds — 0, t = o0,

by the dominated convergence theorem. The bound on tK(t) in is trivial. O

If K has a compact support, where supp K = [—a, a], then we define N(¢) = a/e, ¢ > 0. If the
support of K is not compact, from we know that for each € > 0 the set {N > 0: NeK(N¢) <

2¢2, [y K(t)dt < €} is not empty and we can put

€

N(e) = inf {N >0: NeK(Ne) < 262, / K(t)dt < 5} :
eN
In this case, if K is right-continuous,
N(e)K(N(e)e) < 2e, K(t)dt <e. (3)
eN(e)

From the second inequality in (3)) we see that lin%N (e) = 0.
E—

Lemma 2. Suppose that K satisfies conditions of Lemmall] and, in addition, K is right-continuous
with derivative K' that exists everywhere on [0,00) and is Riemann integrable on every compact
interval [0,0], b > 0. Let f € Ly and x be a Lebesgue point of f. Put I.(N) = [~ go(t)NK(Nt)dt.

1) If the support of K is not compact, then

[L(N(e)] < evale) +e(([fll + [f(2)]); € >0 (4)

2) If supp K = [—a, a], then

[I(N(€))| < ¢1z(e), &> 0. (5)
Proof. 1) Split the integral I( =(fs+ /[~ )gw(t)N VK (N(e)t)dt := I + I. Until the end
of this proof we write N := N (5) for short. Put G(t) = fo gz(s)ds. g, is locally integrable

on [0,00) and G is absolutely continuous. Since G is absolutely continuous and K is monotone



n [0,00), K is of bounded variation and by Theorem 1 in (Natanson, 1955, Chapter VIII, p.
230), fo d(NK (Nt)) exists. In addition, by Theorem 3.3.1 in Hille and Phillips| (1974),

IN NK(Nt)dG(t) also exists and integrating by parts we have
3
I = / NEK(Nt)dG(t) = NK (N&) G / G (t)d(NK (Nt)).
0

In addition, since K has a derivative K’ everywhere on [0,00) and K’ is Riemann-integrable on

every compact interval [0,b] for b > 0, by Theorem 2 in (Natanson| 1955, Chapter VIII, p. 231),

/ G (t)d (NK (Nt)) = / e (t) N2K' (Nt) dt,
0 0

and Iy = NK(Ne)G fo (t)N2K'(Nt)dt.

Using for the first term we have ‘NsK(Ns) GS)

< 5%6 (¢). Replacing Nt = s and remem-

bering that K’(s) < 0 we bound the second term as

€ Ne
(t)NzK/(Nt)dt‘ < (o) /0 tN?K'(Nt)|dt = —,(e) /0 sK'(s)ds

Ne

= 20(6) (KB [ KGs) < Gt

0

The integration by parts is validated as above. Thus,
(11| < eya(e). (6)

For I, we split the terms in g, and use monotonicity:

11| s/m’f(“t)‘zw((m)dH/oo‘f(xt)‘NK(Nt)dH|f(x)|/°°NK(Nt)dt
< ]\U(;]\k)/xi\f(tﬂdt—i—]\U(ém/j:au(t)\dt—klf(x)] No: K(s)ds.

Applying ([B) we get || < e(||f]|; + | f(z)]), which together with (6] proves the statement.

2) If K has compact support, then ¢ > ¢ implies N(g)t > N(¢)e = a and K(N(g)t) =0,s0 I, =0



and it is enough to apply @ O
We note that if [, K(t)dt =1 then

1 s 2 [ s
/RK (2) f (¢ + hz) dz — f(z) = h/RK (ﬁ) g(s)ds = h/ﬂ K (ﬁ) g2(5)ds. (7)
For our applications to weak convergence and to density estimation we add to the conditions of

Lemma [2| the condition that K integrates to 1, thus obtaining the following condition on K:

0<KelL, / K(t)dt =1, K is even, right-continuous, non-increasing and its derivative K’
R

exists everywhere on [0, 00) and is Riemann integrable on every interval [0,b], b > 0. (8)

Non-negativity of K excludes higher-order kernels that are often used to obtain faster convergence
rates for the absolute value of the bias of the Rosenblatt-Parzen kernel estimator (see equation @)
when the density is sufficiently smooth. Condition addresses the case where the density is not
sufficiently smooth or the degree of smoothness is unknown.

Define h(e) = 1/N (g), € > 0, implying ;13% h(e) = 0 and consider a sequence of independent
and identically distributed random variables {X;}!* ; with density f. The Rosenblatt-Parzen kernel

estimator of f (z), denoted by f(z), is given by

f(z) = &ZK(‘T _hXj) for h > 0, (9)
j=1

and since K is even, its expectation, or smoothed version, is

Ei(z) = Shf(ac):2/RK<xgz>f(z)dz:/RK(z)f(:r—i—hz)dz. (10)

Theorem 1. Let x be a Lebesgue point of a density f and assume that the kernel K satisfies .

We choose the smoothing parameter h := h(e). Then, we have:

1. if supp K is not compact, |Ef(z) — f(z)| < 2(ve(e) + (1 + f(z))), € >0,



2. if supp K = [—a,d], |Ef(z) — f(z)| < 27:(¢), £ > 0.

Proof. The proof follows directly by applying equation and Lemma O

3 Main result

For a distribution function F and corresponding density f let F(A) = [,dF = [, fdx where
A C R is a Borel set. A sequence of densities {fy}, oy is said to converge weakly to a den-
sity f if [p k() fn(z)de — [pk(2) f (z)dz for all bounded and continuous functions k. Let
A® = Jyea {1 |z — a] < e} be an e-neighborhood of A. Given distribution functions F),, F' corre-

sponding to f,, f the Lévy-Prokhorov metric is defined by

d(fn,f)=1inf {5 >0: Bf:g)A{Fn (A) — F(A%)} < e} ,

and an equivalent definition of weak convergence is that d (f,, f) — 0. See Billingsley| (1999)).
The next result is well-known (Devroye and Gyorfi, [1985, Theorem 1), but here we provide an

alternative proof.

Corollary 1. Let the kernel K satisfy (§). For a density f, we have |Sy, f — f|; == Jg [Sh, f — fldx

— 0, as h, — 0.

Proof. Since 75 (¢) — 0, as ¢ — 0 and f(x) < oo for almost all =, by Theorem [I| we have that
Sh, f(x) — f(x) almost everywhere. Then, the conclusion of the theorem follows by Scheffé’s

theorem. O

For completeness, we prove the following lemma and note that the commonly cited reference

(Dudley, 2002, Theorem 11.3.3) does not have dependence on a Lipschitz constant.

Lemma 3. For any two probability measures P and Q) on the Borel sets of R, let

dp(P,Q) := inf {5 >0: sup {P(A)—-Q(A%)} < 5} .

Borel A
If dp(P,Q) < § and g : R — [0,1] has Lipschitz constant L, then UgdP — fng‘ < (L +1)o.
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Proof. For any 0 < g < 1, define the level sets 4, = {g > t} for ¢t € (0,1). Then [gdP =
fol P(A;)dt. By the Lévy-Prokhorov inequality, P(4;) < Q(AJ) +45. Now, A) = {y : 3z €
Ay, ly—z] <0} C{y:g(y) >t—Lé} = Ai_rs, the inclusion following because g is L-Lipschitz: if
g(z) >t and |y — z| < 4, then g(y) > t — Lé. Therefore, [gdP = fo (Ay)dt < fo [Q(Ai—1s5) +
§ldt = flzéwQ Ag)ds + §. Since Q(As) < 1 for all s and A; = R for s < 0 (as g > 0),
QA ds < [0, 1ds + [ Q(Ag)ds = L6 + [ gdQ. Hence [gdP < [gdQ + (L +1). By
symmetry (exchanging P and Q), |fgdP [gdQ| < (L+1)é. O

The next lemma is a new correct statement and proof of Lemma 2.1 in Walker| (2023).

Lemma 4 (Walker, restated). Let Sp, fu(z) := [g K(2)fn(z + hnz)dz and Sy, f(x) be similarly
defined, where K satisfies and is bounded with Lipschitz constant Ly . If dp(F,,F) — 0 as

n — oo and f is bounded and continuous, then for some hy, — 0, ||Sh,, fn — Sh, flli = 0 as n — oo.

Proof. Set e, = dp(Fp, F'). First, note that if £, = 0 for some n, then f,, = f almost everywhere
and Sy, fn, = Sh,, f. Hence, it suffices to consider that case where €, > 0. Let h,, = 5,1/ 3, so h, — 0

and e, /h2 = 571/3 — 0. We also write 6, = &y, /hy,.

Step 1: Rescaling. Fix 2 € R. Define the shifted-and-rescaled densities f5(y) = hy, fun(yhn, +
z), f*(y) = hn f(yhn + x). Note that f and f* are densities since fy, f* > 0, [ fi(y)dy =
[ frn(u)du=1and [ f*(y)dy = [ f(u) du = 1. Their distribution functions are F}(t) = F,(th, +
x), F*(t) = F(th, + ).

Step 2: Lévy—-Prokhorov rescaling. Since dp(F,,F) < &, the definition gives F,,(A) <
F(A®) + ¢, for all Borel A. For any Borel B C R, the affine transformation of B is such that
F¥(B) = F,(h,B + z). Note that the e,-neighborhood of h,B + z is by definition, (h,B +
z) = {u:3b € B, |u—hyb— x| < &,}. Substituting v = (u — x)/hy, the condition becomes
lv—b| < ey/hn = Op, s0 v € B and u € h,B% + x. Therefore, F*(B) = F,(h,B + z) <
F((hyB+12)*) + &5 = F(hyB% 4+ 1) + &, = F*(B%) +&,. Since ¢, < §, (for h,, < 1), this gives

dp(F*, F*) < 6, = en/hn. (11)



Step 3: Bounded Lipschitz inequality. Apply Lemma [3] to the rescaled distributions. The
function K has Lipschitz constant Lx and ||K||,, < co. Define g(y) = (K(y) + || K| )/ (211K s),
which satisfies 0 < g < 1 with Lipschitz constant L, = Lk /(2| K], ). Since f; and f* are the

densities of F; and F*, | [ g(y) fx(y)dy — [ 9(y) f*(y) dy| < (Lg + 1)d,. Unscaling g back to K:

‘/K(y) [fn(w) = Fr ()] dy| < 2[| K|l (Lg +1)0n = (Lic + 2| K| )0n =: Ck 8n. (12)

Step 4: From the rescaled integral back to Sy, f, — Sh, f. By the substitution y = (u—x)/hy,

Sh, fn(z) = [[K(8) folx + shy)ds = ﬁ [ K(y) f;(y) dy. Similarly for Sp, f(z). Hence, from (12,

[ K@) - rw) ) < 52 =02

n

S fale) — Sh, (@) = 7 0 (13)

for every z € R. The constant C'x depends only on K, not on z.

Step 5: L; convergence via Scheffé’s theorem. We cannot apply Scheffé directly to Sh,, fn

and Sy, f, because Sy, f itself depends on n. Instead, use the triangle inequality:

[Shn S = Sha fllt < WSk fr = Fllr + 1Sk, f = £l (14)

Bound on || Sk, f — flli. Since f is bounded and continuous, Theorem (1] gives S, f(z) — f(x)
for every x. Both S, f and f are nonnegative and integrate to 1 (they are densities), so Scheffé’s
theorem gives ||Sh, f — fl1 — 0.

Bound on ||Sh,, fn— fll1- Inequality gives Sy, fn(x) — Sp, f(x) — 0 for every z, and Theorem
gives Sy, f(z) — f(x). Hence Sy, fn(x) — f(z) for every x. Since Sy, f, and f are both densities,
Scheffé’s theorem gives ||Sy,,, fn — f|l1 = 0. Combining via gives ||Sh,, fn — Sh, fll1 = 0. O

Remark 1 (Dependence on the boundedness and continuity of f). Walker states the condition “f
bounded and continuous” only after Lemma 2.1, in Lemma 2.2 and in the phrase “we will make
this assumption going forward.” However, this condition is needed inside the proof of Lemma 2.1

at Step 5: specifically, to obtain a fized (i.e., n-independent) limit for Scheffé’s theorem. Without



it, the pointwise convergence Sy, fn(z) — Sh, f(x) — 0 between two n-dependent densities does
not automatically yield L1 convergence. The statement of Lemma 2.1 should therefore include the

hypothesis that f is bounded and continuous.

Remark 2. When K is the uniform kernel K(s) = %X(_Ll)(s), the function g is not Lipschitz,
so the bounded-Lipschitz inequality of Step 3 does not apply directly. This is why Walker treats
the uniform kernel separately, using the identity Sh,, fn(x) = i[Fn(x + hy) — Fu(x — hy)] and the

two-sided Lévy—Prokhorov bound F(x—ey) — e, < F(z) < F(x+e,) + €, to obtain the rate e, /hy,.

Remark 3. For a non-negative and non-decreasing function ¢ on [0,00) and two distribution
functions F and G, |Rotar (1975) introduces the metric v(F,G) = [7°_o(|z])|F(z) — G(z)|dx and

proves that under a matched-moment condition

/00 o(x) F*(z)dz = /00 o(z) G*(x) dz, (15)
0 0

where F*(x) =1 — F(z) 4+ F(—x), the v-distance is controlled by the Lévy distance L(F,G) in that
for ally > 0, v(F,G) < 4{fy°o o(x) G*(x)dr + ¢(y)(y + 1) L(F, G)} Taking p(z) = = (Rotar’s
Corollary), this gives a quantitative bound on [ |x||F(z) — G(z)| dx in terms of the Lévy distance
and the tail integral fIIIZa 22 dG, for a > 1.

In our context, Rotar’s lemma provides an alternative to the bounded-Lipschitz inequality of
Step 3. For the CLT application in Rotar’s paper, the matched-variance condition s natural.
For Walker’s setting, the densities f, and f do not have matched moments, so the simpler bounded-
Lipschitz inequality is the more direct tool. However, if one wanted a rate that accounts for tail

behavior (e.g., finite second moments of f,), Rotar’s lemma would give a sharper bound.

Main equivalence theorem

Our condition on {f,, }nen is L1-equicontinuity, which we now define.

Definition 1. The Ly modulus of continuity of a function f € L1(R) is wi(f,0) = supy<s Jg | f(z+



t) — f(x)| dx. A sequence of functions { fn}nen C L1(R) is said to be Li-equicontinuous if

lim supwi (fn,d) = 0. (16)
6—0 neN

Remark 4. The Ly modulus of continuity satisfies wi(f,0) < 2||f||1 for all 6 > 0, and for densities
| frlll = 1. Since wi(f,d) is nondecreasing in 0, the only content of is the uniformity of the
limit (0) as 6 — 0.

Theorem 2. Let {f,},cn be a sequence of Li-equicontinuous densities and f be a bounded and
continuous density. Then, weak convergence of {fn},cn to f implies the convergence of { fn},cn

to f in L.

Proof. Take a kernel K that satisfies with supp K = [—a,a] and has Lipschitz constant L.
Then |[|Sh,f — fll; = 0 by Corollary By Lemma ISk, (fn—F)ll; — 0. From f, — f =
(Shpf — f) + (fn — Sh, fn) + Sh, (fn — f), we see that it remains to establish || f,, — Sh, fall; — O.
By Fubini’s theorem and the fact that K >0, [ K =1, supp K = [—a, al:

1S fn — Fall, :/R‘ _a K@) [fale + hnz) — fole)] dz| do

g/_a K(z)/R\fn(a:—l—hnz)—fn(a:)\dxdzg UK wr (o o) dz. (17)

—a

Since wy is non-decreasing in its second argument and |z| < a, we have w1 (fn, |2|hn) < wi(fn, ahy).

Therefore,
a

Hshnfn - anl < wl(fmahn) 3 K(z) dz = wl(fmahn)- (18)

By Li-equicontinuity , the right-hand side satisfies sup,, wi ( fn,ah,) — 0 as h, — 0, completing

the proof. ]
Remark 5. (Comparison with Walker’s condition) Theorem 3.2 in| Walker| (2025) obtains the same

equivalence but under a different condition. For fT/L/ denoting the second derivative of f, he requires

lim sup
n

/ S2K (s)fr (x + As)ds| < oo for all z € R and X € (0,1). (19)
R
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Hence, the second derivatives of f, must exist and satisfy , which is not required by our as-
sumption that {fn}nen is L1-equicontinuous. However, sequences of densities {fn}nen that sat-
isfy are not necessarily Li-equicontinuous. For example, take f,(x) = n¢ (n(x —n)) where
o(u) = \/%e_UQ/Q and K = ¢. Then, holds at every x but fails with 8171Lp w1(fn,0) > 2 for
all § > 0. Note that { fn }nen is not tight, so it does not fall under the weak-convergence premise of
Walker| (2025); this is intentional. The point is only that condition , taken by itself, does not

entail L-equicontinuity. Thus, whereas the two conditions are not directly comparable for f, that

are sufficiently smooth, ours can accommodate non-smooth fy.

Remark 6. (Comparison with a local Holder condition) A function f satisfying |f(z+1t) — f(x)] <
c(x)|t|® for |t| < eo with ¢ € L1 has L1 modulus of continuity wi(f,d) < |lc[|10% for § < eg.
Hence, a sequence {fn}nen with fn € H(cn, ) and sup,, |cnlli < oo is Li-equicontinuous. But
Li-equicontinuity is strictly weaker: it requires wi(fn,d) — 0 uniformly in n, with no rate, and

does not assume pointwise reqularity of fn.

Remark 7. (Connection with the Kolmogorov—Riesz theorem) By the Kolmogorov—Riesz compact-
ness theorem, a bounded subset of L1(R) is relatively compact if and only if it is Ly-equicontinuous
and equitight (i.e., sup, f|x|>R fo(z)dz — 0 as R — o0). For a sequence {fn}nen of densities
converging weakly to a density f, || fnll1 = 1 (boundedness) and equitightness (from tightness of the
measures) are automatic. Thus, L1-equicontinuity is precisely the missing ingredient for Ly precom-
pactness, and weak convergence identifies the limit uniquely. This explains why L1-equicontinuity
18 the matural condition for the equivalence of weak and strong convergences. This is another
proof of Theorem[3, without boundedness or continuity assumption on f. This shows that the L-
equicontinuity assumption cannot be relazed further. Although our proof is longer, our Theorem|l]
Lemma @ (whose proof we could not find in the extant literature) and Walker’s Lemma |4| are of

independent interest.

Our equivalence result will prove particularly useful in establishing asymptotic properties of

Bayesian posterior distributions. See Barron et al.| (1999) and Ghosal and van der Vaart| (2017)).
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