1.3 Uniform convergence in probability

In many contexts it is desirable to obtain uniform convergence of f over a specified subset of
the range of X;. The next theorem gives conditions under which f converges to f uniformly

in probability over a compact subset of R.

Theorem 13. Assume that: a) |[K(u)| < C for all uw € R; b) [|K(u)ldu < oo; ¢)
lul|K(u)| = 0 as |u] = oo; d) for any u,v' € R with u # v we have |K(u') — K(u)| <
Clu" — u| for some arbitrary constant C < oo (Lipschitz condition of order 1 in R); e)

h, — 0, nh} — oo and 1"& — 00 as n — o0o. Then, if f is continuous in G, a compact
ogn

subset of R
P s B logn 1/2
sup x) = B()| = O, ((W) ) .

Proof. Since G is a compact subset of R, it is closed and bounded. Therefore, there exists
zo € R and some r > 0 such that G C B(zo,r) = {z € R : |z — 29| < r}. In addition, for
any two z, 2’ € G we have |z — 2’| < 2r. For every x € G consider B(z,r,) and note that the
collection {B(x,r;) : for x € G and r, > 0} is an open covering for G. By the Heine-Borel
Theorem every open cover of G contains a finite subcover, which we denote by {B(z, 74, ) :

for x, € G, ry, >0and k=1,--- ,m, m € N.}. Now, by the triangle inequality

f(@) = B(f(@)] < |f(ze) = E(f ()] + | f (@) = )] +|B(f(2)) = B(f(an))].

Given d), for x € B (v, 75, ) we have

() — Flon)l < oploe —al < O™ and. |B(f (@) — B(f ()| < oyl — o] < 2

Hence,

F(2) = B @) < 1) = B(f(a)] + 2072

Since for every x € G there exists B(zg, s, ) that contains z,

sup |f(2) = B(f(a))] < max |f(ax) = B(f(x)] + 2075
zeG <k<m 2

Now, for every n, let m := [, and r,, = r, with G C UL":IB(:Ck,rn) with r > [,r, or
. 3/2
ln, < r/r,. Letting r, = % we have

(nha)'? (nh,,)"/? 20

log(n)'/2 igg’f@) — B(f(2)| < log(n)1/2 ér}gl(n‘f(xk) — E(f(a))| + log(n)'/?
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and to prove the theorem it suffices to show that for all € > 0 there exists A, > 0 such that

P (%1<ka<l |f(@x) = E(f ()] > Ae) < € for all n.

By Lemma [6]in the Appendix, we have

1/2

p (el o )~ B> 2,) < }jPQ@ i) = Bi@)] > 8.).

log(n)'/21<k<l,,

1/2
Now, using Lemma (7| in the Appendix (Bernstein’s Inequality) with A = (@) A

nhny on’

Win = K (Xh;> iy (LK (Xh;)> we have that if |K (z)] < O, [Wi| < 2% and

n nhy

(nh ) 12 r nhy o
P (et - Em””>&)<%m'}+%%AgGwYm

n On nhny

logn A 2
nhny AE

=2exp | —

L2220
202 3nh == A, (

)1/2

logn A?

=2exp | — 7
2nh, o2 + 4C’A (log”>

where 02 = V(f(xz)) = = [ K?(0) f(x) + hov)dv — L ([ K(v)f (% +hnv)dv)2. Since f
is uniformly continuous on G (continuity on a compact set implies uniform continuity)
nhn,o2 — f(ay) [ K*(v)dv for all zy and, provided that

1/2
4C’A (log”) — 2f(zy) [ K*(v)dv. Now,

log" — 00, we have ¢, := 2nh,, 0 +

)1/2 . . A?
P (—(g;}zné)uz 1gi}§n|f($k) — E(f(wg))] > AE) < I, 2exp (—108;” —6>

—A2/c, nl/2

since [, < =~ = e

1\ /2 a2
= 2( h3) nlf?r—>0
n

provided A? > 2f(zy) [ K*(v)dv and nh} — oo. m
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Remark 10. 1. From Theorem|[13, we can conclude that

X X oo n\ /2
sl o)~ B = (252) 0,0

nxeG

Consequently, if — oot ’7;) — oo then hisup|f(.r) — E(f(z))] = op(1) or sup| f(z) —
" zeqG zeG

E(f(z))] = op(h ) Note that if h, o« n’, then nhi — oo requires that § > —3

and in this case z i, — 0.
ogn

2. If 2

lOg(n — 00, then by the triangle inequality

suplf(e) = f@) < oosuplf() = BUF@)]+ - sup [ E(f(@) - f()

n r€G n r€G n r€G

— 0(1) + 5 sup | E(f(x))  f(a))|

n x€G

If f satisfies a Lipschitz condition of order 1 in G, that is |f(x) — f(2)] < Clx — 2|
for all z,2' € G and [K(u)du = 1, then |E(f(z)) — f(z)| < [|f(z + hou) —
F@)|K (u)|du < hpC' [ [ul| K (u)|du. Hence, if [ |ul|[K (u)|du < 00, 7= sup,cq |E(f(x))—
f(2))| = O(1) and sup,¢ |f(x) = f(2)] = h,Op(1).

3. If f satisfies the Lipschitz condition in remark 2 and [uwK (u)du < oo, then for any
given n the mean squared error in Theorem|9 is bounded above as E ((f(x) — f(:v))2> <
hiC, + ﬁC’g. The first term is a bound on the square of the bias and the second is a
bound on the variance. The bias bound increases as h,, increases whereas the variance
bound diminishes as h, increases. This is the bias-variance tradeoff associated with

the choice of h, (for fized n). The bound on the right-hand side of the inequality is

Cy
2C

bound we have E ((f(x) - f(:r;))2> = O(n=2/3),

1/3
mainimized at h) = ( ) n~Y3. Hence, substituting h’ in the expression for the

4. If by, = Cn® with —1 < § < 0 then =ne By L’Hopital’s rule and the fact that

log(n) log(n) *

—1<(5<0wehavel7§ﬁ”)—>oo as n — o0.

5. If h, = Cn? then nh? = n'*3C% — oo if — 1/3 < 0. Asin remark 3, by L’Hopital’s
rule and the fact that —1/3 < § < 0 we have ; ( j — 00 asn — oo.

Remarks [10}1 and [10]2 together with Theorem [L3] provide the following corollary.
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Corollary 1. Assume a) |[K(u)| < C for allu € R; b) [ |K(u)|du < co; ¢) |u||K(u)| — 0
as |u| = oo; d) for any u,u’ € R with u # u' we have |K(v') — K(u)| < C|u' — u| for some
arbitrary constant C' < oo (Lipschitz condition of order 1 in R); e) [ |ul|K(u)|du < oo; f)
h, — 0 and z;;h(i)
condition of order 1 in G, a compact subset of R,

— 00 asn — oo. Then, if f is continuous and if it satisfies a Lipschitz

L suplf(@) - f(2)] = 0,(1).

hm/mGG

2 Univariate density estimation over [0, co)

In practice, it is common to encounter non-negative random variables where the support of
the density f is the half-line [0,00). In this case, the Rosenblatt kernel density estimator
f (x) generally has bad properties. To see the source of the problem, suppose f € 3(3,C),
K is even and of order || with compact support [—1,1]. Then, for x € [h,,c0) the bias of
f (x) is given by

o

) o/hn
B(f(x)) = / K(u)(f(z — hot)) — f@)du— f(z) | K(w)du

z/hn

- /1 K(u)(f(z — hyu) — f(z))du — f(x) x 0 < REC.

But if 2 € [0, h,) (or x € [0,n"/@F+D)) and for A € (0,1),

1

N x/hn
BU@) = 1) [ Kw)du— s / R+
(R 50 e Ah )  (d 5
+ L@J! g/il (f ( A}lnlt) }{( )d §£ C)(hn)
A z/hn
V(f(z)) < n(;;n /_1 K*(u)du.

Unless f(z) =0, f(x) is inconsistent. In the typical case where = 2, even if f(z) = 0, the
rate of decay of the bias in the vicinity of the boundary is h,,, rather than h?, away from the
boundary. Hence, the rate of decay of the mean squared error and the optimal bandwidth
differ in the vicinity of the boundary. We will now define a new kernel density estimator

that does not suffer from this boundary problem.
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2.1 Hestenes extension and a new estimator for f

Let wy, ..., wsy1 be pairwise different positive numbers for s = 0,1, ---. Of special interest are
the decreasing sequence w; = 1/i,7 =1, ..., s+1 (used by Hestenes| (1941)) and the increasing

sequence w; = i. Let the numbers ky, ..., kg1 be defined from the following system

s+1

> (—w)ki=1, j=0,..s. 8)

i=1

Since this system has the Van-der-Monde determinant

1 1 1
— W1 —Wsq —Ws+1 7& 0
(—w1)® (—w2)® .. (~wey1)®

k1, ...,ksy1 are uniquely defined. Let s € IN and €2 C R. The class of functions f : Q@ — R
which are s-times differentiable with ‘ f (s) (x)| < (C for some 0 < C' < oo and continuous is
denoted by C;(2). If f € C; on its domain Dy = [0, 00), its Hestenes extension to (—o0,0)

is given by
s+1

ds(2) = Z kif(—w;z), x <O0. (9)

Note that if f is a density function, ¢ is not a density, but a linear combination of den-
sities w; f(—w;x) with coefficients k;/w;. Assuming that f has s right-hand derivatives
f(0+4), ..., f®)(0+) at zero (s = 0 means continuity), we see that the following sewing condi-

tions at zero are satisfied due to (8):

s+1

B (0-) = Y _(—wy)"k; f(0+) = f(0+), m =01+ 5.
j=1
Now, define g5, on R by
>
<

with g, being s times differentiable.

Definition 7. Let f € CJ, K be an even kernel and {X;}?_, be an IID sequence of random
variables with density f. We define the estimator of fs(x), forx >0, by

1 <& - X,\ Bk (74 X w,
K ! D= . 11
Tm;[(m)+;%( — )
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Remark 11. 1. When s =0 in , fo(x) 1s the “reflection estimator” from |Schuster

(1985), i.e.,
A 1 " Zz Xz Z’—FXZ
fﬂ<x>:n—m;[f‘( =) ()]

2. We note that Schuster’s estimator does not depend on s, the index on C;. Thus,

knowledge that s > 0 is not used in constructing his estimator, whereas it is central in

the definition of fs(x).

Theorem 14. Suppose f € Ci on Dy = [0,00) and K is a kernel with [ K(u)du = 1. Then,
the bias of fs(a:) has the representation

E(f(2)) - f(x) = /R K (1) [gs( — hat) — go(0)] dt, @ € Dy (12)

Proof. By the IID assumption

(52) 3 (220

E(f@) = ;F

1 > i T+ t/w;
= W /0 K( » ) dt+z / ( )f(t)dt . (13)
In the first integral let u = 4=, in the others u = Ht/ L% Then
. 1 —o0 s+1 00
E (fs(x)> = = [—hn B K (u) f(z — hyu)du + h, >k ) K(u)f (—w;(z — hou)) du]
n T/ hn J 1 ZT/Nn

—0o0

z/hn s+1
= [/ K(u)f(x—hnu)du—i- Zkf —wj(z — nu))du] :

In the first integral we have © — h,u > 0 and f(z — h,u) = gs(x — hyu); in the second one
x — hyu <0, 80 Zji kif (—w;(z — hyu)) = gs(x — hyu). Hence,

:c)) = /]RK (u) gs(x — hyu)du. (14)

Since [, K (t)dt = 1, this implies (L O

Remark 12. The integral representation for bias obtained in Theorem depends on the
extension gs, not the density f. Consequently, existing results for smooth functions (not

densities) on R allow us to obtain bias estimates.
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Theorem 15. Assume that [ K(t)dt =1, [ K(t)t'dt =0, forj =1,...,s—1, [ |[K(t)t*|dt <
ooand‘f(S |<C’f07‘allx>0 then

E (f's(z)> — f(x) = O(h®) for all x € Dy. (15)
Proof. Since [ K(t)dt =1 we have from Theorem
B0 - 50) = [ KOt =)~ gDt = [ K0 (o)) + 502 )~
+oe égg% — thr)(—hnt)S) dt
for some 7 € (0,1). If [ K(t)tdt =0, for j =1,...,s — 1 then

B(F@) ~ 1) <52 [ 11ROl ~ thr)dt < O,

where the last inequality follows from the assumptions that fR | K (t)t°| dt < oo, ‘ 1 | <C
for all > 0 and the structure of ¢(*). O
Remark 13. 1. In the density estimation literature, it is usually assumed that f €

C:. In this case, under the conditions in Theorem we have Efy(z) — f(z) =
%f(z)(x) Jx K (t)dt + o(h?) for all x € Dy. This expression, similar to what is
obtained for the classical Rosenblatt-Parzen estimator when Dy = R, contrasts with
what is obtained for Schuster’s reflection estimator. In particular, for boundary points,
viz., x = ch for 0 < ¢ < 0o, we have (see Marron and Ruppert (1994))

z/hn

Efy(z) - f(z) = / K (1) (go(z — hut) — golz))dt = / K (1) f(z — hyt)dt

—00

[ KO- - hat))dt - / K(t)gol)dt

z/hn
2
) [ R 2 et
R

+ 202 fB(2) (P pao,—c + cpa—c) + o(h2)

where pu . = f__oco u*K (u)du for £ = 0,1,2. The additional bias terms result from the
fact that Schuster’s estimator does not use the additional smoothness (beyond continu-

ity) of f in its construction.
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2. Theorems|[14 and[13], require the existence of densities and their derivatives up to order
s at x = 0. As such, in the case of densities that either diverge to infinity, or have
derivatives that diverge to infinity near the boundary, the bias order we have derived do
not hold. In particular, when f(xr) — oo as x — 0 (a pole at x = 0) the bias diverges
to infinity at x = 0. If f(0) is finite, but fV)(x) = oo as x — 0, the bias decays at a

speed that is slower than h®.

The following theorem provides the order of the variance for fs(az) It is necessary to

consider the boundary z = 0 and interior points (x > 0) separately. Let kg = wy = —1. The

oo | s+1 ]{? + 2
—/K%)dt and rl—/ Y ZK (—) dt,
R 0 — Wi wj

Jj=0

quantities

will appear in variance expressions inside the domain and at the left boundary, respectively.
Theorem 16. Suppose the conditions in Theorem |15 hold, sup f(z) < oo, sup |K(x)| < oo
xT

x>0

and [, |K(t)|dt < oo. Then, I) for fired x >0
A 1
V(@) = — L@+ o)}, (16)
II) at the left boundary
V (£0)) = - (/O + (1)} (17)
Proof. By the IID assumption, the variance of fs(x) is given by V(fs(x)) = % (E(u?) — E(u1)?)

where )
1 z—X s r+ X/ w
et () ()]

n

Since E(uy) = E(f,(z)) — f(x), we have that LE(u1)* = O(n™1'). Now,

1, 1 (1 , (7 — X,
EE%)_ o (hnE<[{X1>°}K < I ))
9 1 z+ X{/w
+—ZE([{X1>0}— ( ) ( hl/ ]))

1 s+1 T+ Xl/w 2
+FE< ok (215 ])>
n Wy

j=1

= nh (IIn + IQn + [3n)
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By a change of variable in integration

- @/hn ) Fla— i\ f(0) |~ ()du itz=0
Iln—/_oo K= (u) f(z = hnu)d %{f(x)f K*(w)du  if x> 0

as n — 0.

s+1 s+1
ki k1 r+ X /w; x4+ X1 /w
I (e e L e

=1 Il=1
1 s+1
s+1 s+ k kl
=22 i
j=1 I=1 wiw
Now, for j # [ and x > 0, a change of variable u = M}f& we have

o0 : 1 — ws
Lipn = w; KK (uﬂ i M
gj/hn wy n

) F((uts — 2)uwy)du.

Since | K (u)| = o(1) as u — oo and h,, — 0, we have that I, — 0 as n — oo. If x = 0, then

L, = UJ;/ K(u ( )f(h uw;)du — f(0 w]/ K(u K(uzuv—j) du.

For j=1land z >0

Lijn = wj o KZ(U)f((hnu —z)w;)du — 0

and for 2 = 0, L, — w; f(0) [;° K?(u)du. In all,

o(1) ifx>0
" { S5O J37 K )du + F0) 5 S ks J KK (u2) du it =0
Similar arguments give,
Iy, = { s+1 (1) %f ©>0 .
2f(0) >0 ki fy K (—uw;)du if =0

Combining the orders and expressions for [y, Is,, I3, we have, for z > 0

V(i) =1 | K2+ of(nha) ™)
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and for x =0
s+1
4(0) K?(u K?(u
V(fs(0 nh (/ du—l—Z::w]/

s+1 s+1
+ f(O / K(u ( ) du

7j=11= 1175
s+1

+2f(0 Zk/ K(u uwj)du>—i—0((nhn)1).
[

Remarks. 1. It is a direct consequence of Theorem that, if [|K(u)|*"du < C for some
0 > 0, by Liapounov’s Central Limit Theorem we have for > 0

Vil (f@) = B (1@))) 5 N (0, f@)1), (18)
and for x = 0,
Viuh (£.0) = E (£.0)) ) % N (0, f(O)T). (19)

2. For f € C}, equation together with the expression for E(fa(x)) gives

Vil (0 = (500 + 52004 [ #x@a+o0) ) S ¥ 0,500,

which can be used to construct confidence intervals and conduct hypothesis testing.
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