3 Distribution function estimation over R

It is natural to define an estimator for the distribution function at F'(z) at = by integrating

f. Hence, we have

Definition 8. Let f(x) be the kernel density estimator. The kernel distribution function

estimator is given by

F@p:[xﬂ@@. (20)
Theorem 17. Assume that { X}, is an IID sequence and that K is a density function.
Then,
B(F(@)) = F@) = [ (Fla+ h) = F@)E () 21)
and
V(E@) =1 (2 [ Famna = Gonrar - ([ Ft K6 ) (22)

where G(v) = [ K(z)dz.

=
tion we write F(z) = - S ha [Xi—e K(2)dz. Consequently, by the assumption that the
T

nhny

sequence {X;}" ; is IID we have

s =33 [ [ Ktest = [ [ KGer

y—

" K(2)dzf(y)dy given that [ K(z)dz=1

N

v
=1-h, // K(2)dzf(z + hyy)dy by letting v = 4-*

Proof. By definition F/(z) = —L S [f UK (X;L—;y> dy. By a change of variable in integra-

:1—/GWMF@+hw)

Integrating by parts, we have [ G(v)dF(z+ h,y) = li_>m G(7)F(x+ hny) — 1_1>m G(y)F(z+
Y0 Y—>—00

hay) = [ Fa+hay)dG(y) = 1= [ F(a+hyy) K (7)dy. Thus, B(F(2)) = [ F(o+h.y) K (y)dy
and given that [ K(vy)dy =1

E(F(x)) = F(z) = /(F(x +hay) = F(2))K(7)dy. (23)
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V(E() = E ((1 - %;G (Xihf» -(1-#(c (Xh_x»))
(BB ) e (5)
e ((e () # (e ()
(o (%) -2 (¢ (%)) 2
(o (5) -3 (e (5) - (e (59))

where the penultimate equality follows from the assumption that {X;}! , is IID. Using

A

integration by parts and a change of variable as in obtaining the expression for E(F'(z)) we

E <G2 (Xih_ x)) =1- Q/F(fv + ha ) K(7)G(7)dy-

n

have

Hence, given that E (G (Xﬁ—;I)) =1— [ F(z + hyy)K(7)dy we have

V(E@) =1 (2 [ P+ o)1 - G KO - ( [+ hw)K(v)d7> ) )

]

A

Remarks. 1. Note that E(F(z)) — F(x) is expressed with the same algebraic structure
as the right-hand side of E(f(z)) — f(z) = [(f(z + hny) — f(2))K()dy with F replacing
f. In the case of f we used Theorem , which required [ |f(y)|dy < oo, to show that
E(f(z))— f(z) = 0 as n — oo. In the case of F', it is not generally true that [ F(y)dy < oo,
thus we cannot make use of Theorem Additional assumptions are needed to study the

behavior of the bias and the variance of F.

Theorem 18. Assume that a) {X;}?, is an IID sequence; b) K is a density function with
[AK(y)dy = 0 and [+*K(vy)dy < oo; ¢) F(z) has bounded second derivative on R and
FW(z) is continuous on R; d) 0 < hy, — 0 as n — co. Then, E(F(z)) = F(z) +O(h%) and
V(F(z)) = M — b f(x)a+ o (22) where a =2 [ yK(7)G(7)dy.

n
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Proof. By c), for any € R and some 0 < A\ < 1 we have F(z +h,y) = F(z) + FY (2)h,y+
1F®(z + Ah,y)h2~2. Then, from Theorem

h2
[ Pt KOy = F@)+ 5 [ PO ) K)dy = Fa) +02)
where the last integral exists given that F® is bounded and [ 2K (v)dy < oco. Similarly,

[ 2P+ b KG) - Gy = Fio) [ 2K6)(1 - G
+hFOa) [ 29K0)(1- Gy
12 [ OG-+ )1 = GO E ()
—2P(s) - F()2 [ GO)K )y
+ 2, FO () / VK (y)dy = hy FY ()2 / YK ()G (v)dy
+hy / FO (2 + Mpy)y* K (7)dy
— 1 [ PO+ MK (0)G )

Note that all integrals on the right hand side of the last equality exist since: integrating
by parts we have that 2 [ G(y)K(y)dy = 1, by b) [vK(y)dy = 0, fny(fy)G(y)dﬂ <
[ 7K (7)dy < oo by b) and the fact that G(y) < 1, | [ F@(z + M) K (7)G()dv| <
C [v*K(y)dy < oo by b), ¢) and G() < 1. Hence, noting that F(!)(z) = f(x) and letting
a =2 [~vK(y)G(y)dy we have

[ 2P+ )K= GO = Fa) = haf@)a + O0). (25)
Consequently, E(F(z)) — F(z) = O(h2) and

V(F()) = = (F(2) = haof(z)a +O(hy) = (F(x) + O(h}))?)

_ (x)(1 = F(x)) B %f(:x)oz + %7210(1) + %O(l)

_ F($)<1—F($)) _ %f(:z:)omto(%) since hn 0.
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Remarks. 1. Under the conditions of Theorem (18 F () converges in quadratic mean to
F(z) and consequently F'(z) 5 F(z) for all .

2. Different from the case of density estimation, there is no requirement that nh, — oo in

the case of distribution estimation.

3. Given that {X;}?, is IID, the empirical distribution function F,(z) = £ > " I(X; < z)

is such that E(F,(z)) = F(z), V(F,(z)) = 1F(z)(1 — F(z)) and using Lévy’s central limit

theorem /n(F,(z) — F(x)) A N(0,F(z)(1 — F(z)). Hence, the use of F(x) as an esti-

mator for F(z)

V(F( ) = M f(z)a — o (h ), it is possible to obtain a reduction of the variance. Conse-
(r) — F(x))?) could be smaller than F((F,(z) — F(x))?). An advantage of

) is its smoothness.

introduces a bias term compared to F,(xz). However, since V(F,(x)) —

quently, E((F
F(z) over F,(x

4. B((F(z)— F(z))?) < £@0-r@) ba f(z)a+ 0 (22) + h1C. Choosing h, to minimize the

" 1/3
bound on the righthand side of the inequality we obtain h* = n~!/3 <%> . This rate of
decay for h,, is different from that obtained for the estimation of f when g > 2 in Theorem
12

Theorem 19. Assume that a) {X;}, is an IID sequence; b) K is a density function with
[AK(y)dy = 0 and [y*K(y)dy < oo; ¢) F(x) has bounded second deriwative on R and
FY)(x) is continuous on R; d) 0 < h,, — 0 as n — oco. Then,

Vi(F(w) = E(F(x))) 5 N(0, F(2)(1 - F(x))). (26)

Proof. ~(F(w) = E(F@)) = 230, (6 (%:2) - £(6 (3%2)))- Let Zu = 26(3%2),
E(Zyi) = pn and s2 =" | E(Zn; — pn)?. Note that

- S ae(o() o () - (o (5) v (w)

F(z)-E(F(x n Ini—Wn \ __ n : _ _
Hence, % = 2lim1 <_snL> = >y X with E(Xy) = 0, E(X7)) = $E<Zm'_/in)2

and 1" | F(X2) = 1. Consequently, by Liapounov’s CLT (see Davidson (1994), p. 372)

A

F(z) — B(F(x))
V(E(2))

—L5 N(0,1)
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provided limy, o > vy B Xi|*T® = 0 for some § > 0. We now verify that this limit is in

fact zero.

D BIXul = ZE(‘ - )=ZV(F<x)>—1—3E(|Zm—un|2+5)

= V(F(2) (HZ)nE(\Zm-—un!“‘;)

By the ¢, inequality and the fact that by Theoremp,n = O(n '), we have F (|Zm~ — un|2+5) <
20 F (| Zy|**?). Therefore,

STEXuP < V(E@) T Dn2E (|Z,4°%)

246
= V(F(g;))—(1+%)21+5n_1_5E (‘G (Xth_ x) n )
< V(@) 90 since [G(o)] < 1 and [ f(3)dy = 1
= (nV(F(x)) 52

By Theorem |18 as n — oo, nV (F) — F(x)(1 — F(z)) and since n=%2 — 0 for all § > 0 we

have S0 E|X,,|** = o(1). Since V(F(z)) — M M fr)a+ o (22) = o(1) we
have .
o) Z BEW@) 4y, 1), (27)
F@)(1=F(x)) ’
O]

Remark. i(F(r) - F(z) = Va(F(x) - B(F(x)) + ya(B(F(x)) — F(@) = ya(F(z) -
E(F(z)))+n'2h20(1), where the last equality follows from Theorem . Hence, if n'/2h2 —
0 we have /n(F(z) — F(x)) N N(0,F(z)(1 — F(x))). If h, = h} on remark 4 following
Theoremﬂthen n'2(h)? = n~Y5C — 0 as n — oo and \/n(EF(z)— F(z)) % N(0, F(z)(1—
F(z))). Hence, under suitable choice for the order of the bandwidth, F, and F have the

same asymptotic distribution.

4 Estimation of discontinuous distributions and their
jumps

We will now consider the estimation of distribution functions that are continuous, but not

absolutely continuous, or even discontinuous at z. We first study the case where F' is
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continuous but does not have a density at x. In what follows, since F' is a distribution
function, we take it to be right-continuous, L; denotes the space of functions on R with a
finite norm || f||, = [ [f(t)|dt, Cp is the space of uniformly bounded continuous functions

on R with norm || f||, = sup | f()|.
teR

4.1 Estimation at points of continuity of F

For z a point of continuity of F', we start by defining a general class of estimators for F(x).

Given a function U and a random sample {X;}”" | from F we consider estimators defined as

Fa) = %iU (Xh_ “”") (28)

i=1

where h := h,, > 0 is a bandwidth, or smoothing parameter, satisfying h — 0 as n — oo. In

addition, we place the following restriction on U.
Assumption 1. U € C, lim U(z) =1 and lim U(z) = 0.
T—>—00 T—00

If K:R — R is integrable with [*°_ K (t)dt = 1 and we set U(xz) = [° K (t)dt, then it
follows that U satisfies Assumption In addition, if K is an even function, then F (x) =
LS~ L (%) where L(z) = [ K(t)dt.

Letting

ou(N) = max{ sup [0(:) = 1] sup U2}

z<—N z>N
for N > 0, we note that Assumption [l| implies ¢y (N) — 0 as N — oo. Also, letting

w(z,€) = supgep<. (F (x4 h) — F(x — h)), we note that if 2 is a continuity point of F', then

w(z,€e) = 0 as ¢ — 0. We now state the following lemma.

Lemma 3. If U satisfies Assumption and § € (0,1), then for all h > 0

/]RU <y - "’““) dF(y) — F(x)

Proof. Since U is bounded and continuous and F' is of bounded variation, [, U (£5%) dF(y)
exists (Natanson, 1955, p. 238). For € > 0 we have

/]RU (y ; x) dF (y) — /; dF(y)‘ < /M_E {U (y ; x) - 1} dF(y)’
! /x—y|ge v (y P x) dF(y)‘
Lo (55w« [ arw
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Then, we obtain the following bounds

/ {U (y%) —1] dF(y) < swp |U(z)=1] [ dF(y) < du(e/h)F(a)

z<—¢€/h y<z—e

|z y|<eU <yzm) dF(y)| < ||U||C[F(I—|—6) —Fz—¢)] < ||U||Cw($76>7

| v (yf) dFy)| < swp (UG [ dP() < dule/m)(1 - F(a)),

z>¢/h y>z+te

and [ _dF(y) < w(z,e). Collecting the above inequalities we have

[o(455) i - Fw

To finish the proof, we put € = h°.

< gule/h) + (1 +||Ulg) wiz, €).

Lemma [3|is the basis for the following theorem.

Theorem 20. Suppose U satisfies Assumption[]] and let x be a continuity point of F. Then,
o) [B(F(2) = F(@)| < 6u(h) +wl@, h¥) (1 + |U]lo),
b) If F(z) € (0,1) then nV(F(z)) = F(z)(1 — F(z)) + o(1).

Proof. a) follows directly from Lemma [3|since

2 (F) - Fo) = ||

(t - x) dF(t) — F(z)| .

b) We have V(F(x)) = {E (U2 (52) - [E(U (X;x))}z} From part a) we know that
E (U (%2)) = F(z) + o(1) as h — 0. U? satisfies Assumption , so by Lemma

(e (75) 7o

If F(z) € (0,1) this proves the statement. O

o

< 2 (h07Y) + w(z, B2 (1 + |U*||.) =0, h—0.

The following corollary is a direct consequence of Theorem

Corollary 2. If U satisfies Assumption|[]] and F € C, then

supw(z,e) = 0, as e — 0, (29)
zeR

and sup, g |E(F(z)) — F(x)‘ < ¢y (h*™Y) + supyeg w(z, k%) (1 + ||U|lo) = 0, h — 0.
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Proof. Since lim F(z) =0 and lim F(z) = 1, the variation of F' on (—oo, —N] and [N, c0)
will be small xfgr Tz;rge N > 0. Oglcr?[oiN , N], F' is uniformly continuous and its variation on
segments [x — €,z + €] will be small for small € and all € [-N, N|. Thus is true and
the statement follows from Theorem [20| a). O

The following theorem gives the asymptotic distribution of F () under suitable normal-

ization and centering.

Theorem 21. Suppose U satisfies Assumption (1| and x is a point of continuity of F' such
that F(z) € (0,1). For 6 € (0,1), if h — 0, V/noy(h°~t) — 0 and /nw(z,h®) — 0 as
n — oo, we have

Vi(F(x) = F(x)) % N(0,(1 = F(2))F(x)). (30)

Proof. Let Zy, = U (52), p, = B(Z;,) and 82 = 30| E(Zy,— 1) Then, s2 = V(F(x))

and

F(z) - E(F(x)) Zin — n _ ZXm
V(ﬁ’(x)) i=1 Sn i=1

where X;, = Zetie B(X;) = 0, V(Xin) = 5 E(Zin — pn)” and 327, V(X;n) = 1. By Lia-

pounov’s Central Limit Theorem > | X, LNy N(0,1) provided lim,,_,oo > 1 | E (|Xm|2+9) =

0 for some 6 > 0 (see Davidson, (1994, p. 369-372). It follows from the fact that {X;}i—1..

is assumed to be independent and identically distributed that

Y E(1Xul) = 0V (E(2)) " P E( Zin — pal**)

i=1

and by the ¢, inequality E(|Zi, — f1n]*™0) < 2"%(E(|Zin|**?) + |11n|**?). From Theorem [20]
if h — 0 we have that n|u,|*" = —45|F(z) + o(1)|*". Consequently,

n . L 1 X, — o 246
S B (1) <V (F ()22 (n—E (\U( ) )wﬂ)

Z: = (nV (F(x)))~1-0/221+0y,~0/2 (E (’U <X1 h‘ ‘”) M) +|F(x) + 0(1)|2+9>

—0asn— o0

since nV (F(z)) — F(z)(1 — F(x)) and E <‘U (th’:”)|2+0> = O(1) by the fact that U?**?

satisfies assumption 1. Now, noting that /n(F(z) — F(z)) = n(F(z) — E(F(z))) +
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f(E(ﬁ(x)) F(z)) we have that /n(F(z) — F(z)) KN N(0,(1 — F(z))F(z)) provided
that \/n(E(F(z)) — F(z)) — 0. But from Theorem

VR(E(F(x)) = F(x))] < Vagu(h*™) + Vnw(z, B°)(1 + [|U]|c).
Since, /n ¢y (h°~1) — 0 and /nw(x, h’) — 0 by assumption, the proof is complete. ]

Remark. The requirements that /n ¢y (h°~1) — 0 and \/ﬁw(x h%) — 0 can always be
satisfied by an appropriate choice of the sequence {h,}. If U(z f K(t)dt and K has
compact support, then \/n¢y(h®~') = 0 for any § € (0,1) and all 0 < h < h(d). If K
has compact support, the choice of the bandwidth is dictated solely by the condition that
Vnw(x, h®) — 0. If, in addition to continuity at x, F satisfies a local Lipschitz condition of

order a > 0, we have that for some positive constant M, and u € (0, h%]
F(x+u) — F(z —u) < 2Mu® < 2M_h*°

and /nw(z, h?) < 2M,/nh*® — 0 if nh?* = o(1). If, as usual, h oc n=7 for v > 0 then
nh? = o(1) if v > 1/(2a).

Now, we turn to the estimation of the probability F(x,y) := F(y) — F(z) for z < y.
From Theorem [20| we can derive the rate of convergence of F(y) — F'(z) to F(x,y). However,
the variance of F(y) — F(z) cannot be easily obtained from Theorem To obtain it we

make the following assumption.

Assumption 2. G = G ([a,b]) is a bounded continuous function of intervals [a,b] C R or,

more precisely, of an ordered pair (a,b), where a < b with

bEr_nooG ([a,b]) =0, lim G ([a,b]) =1 and lim G ([a,b]) = 0.

a——00, b—oo a—00

Define ¢6(N) = max {suppe_y G (6 ]) |, 5upsy |G ([0, B]) | Subacs, s G ([0 B]) — 1]}
and note that Assumption [2 implies that ¢g(N) — 0 as N — oo. If a kernel K satisfies
Jg K(t)dt =1, then G ([a,b]) = f: K (t)dt satisfies Assumption . Besides, if Uy, U, satisfy
Assumptlon [] then G([a,b]) = Ui(a) — Us(b), —00 < a < b < oo, satisfies Assumption [2|

We estimate F'(z,y) by
y Xi—=x
—xe(F ]

Lemma 4. If G satisfies Assumption@ and § € (0,1), then for all h >0

Lo ([ 52]) are) - Pl < 60(8) + 0+ 1G]0) o) + (0]
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Proof. We put [2%, 22| = [a, b] and write

/]RGHG,deF(Z)_/xde(Z)_L<x—eG +/ b)) — 1] dF(z)
AL % £ SN
+/zy|<6G +/m+6 +/ 6dF(,z).

<HEE < 1,80

| Glamare)

7Y

In the first integral

< sup G ([a,b]) F(x) < da(e/h)F(x).

b<—e/h

)

In the second integral < —f, %% > £ and

/ " (0, b) — 4R ()| <

“+e€

sup |G ([a, O]) = 1|(F(y)—F(x)) < dale/h)(F(y)—F(x)).

a<—¢/h, b>e/h

In the third integral 7% > =¥ > & and

R h

/> N G ([a,b]) dF (2)

< sup G ([a,b]) (1= F(y)) < dale/h)(1 = F(y)).

a>e/h

The sum of the remaining four integrals is obviously bounded by (1+||G|| ) [w(z, €) + w(y, €)].
Thus, to finish the proof it remains to add the bounds and put € = h’. O

Theorem 22. Suppose G satisfies Assumption[d, x < y are continuity points of F and let
d €(0,1). Then

W) |EF(y) — Flay)| < 06087 + (14 Gllo) [l 1) + w(y, h)] for h> 0.

b) If F(x,y) € (0,1) then V(F(z,y)) = % [F(z,y)(1 = F(x,y)) + o(1)].

Proof. Part a) immediately follows from Lemma 4| because

E (F(x,y)) - /RG ({Z - Yz . "”D dF (2).
Part b) follows from

V() =%{EG2 (5 5)- [EG({X;y’X;xDr}

where G? satisfies Assumption [2| and, by Lemma ,

EG2<[¥X;QSD —F(x,y)‘ < g2 (R’ + (1+[|G?|| ) [w(z, h%) + w(y, h%)] — 0,

as h — 0. O
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5 Estimation of jumps of a distribution function

Let the jump of F" at point x be given by p, := F(z)—F(x—0), where F(z—0) = liiglF(x—e).
We estimate it by

1 & X,—=z
Ax — W (3 , 31
o= o () (31)
where the function W satisfies the following assumption.

Assumption 3. The function W is bounded and continuous, satisfies W(0) = 1 and
lim W(z) = 0.

|z]—o0

We let wi (€) = sup, <. [W(z) — 1], ow (N) = supj,sn [W(2)], 0r(€) = f|zfx|<€ dF(z) —
ps > 0 and note that Assumption [3|implies wy(€) = 0 as € — 0 and ¢ (N) — 0 as N — oo.
Since hﬂo(x — h,z + h) = {z}, by continuity of probability lim. o dr(€) = 0.
>

Denote by f the exponential Fourier transform of f. Thus, for a distribution function F'
we have F(t) = [, €"*dF(z) and for the kernel K we have K(t) = [ e*K(z)dz. If K is a

kernel, its exponential Fourier transform K satisfies Assumption

Lemma 5. a) Let €; € (0,1), 3 > €. For any A € (0,1)

[w (555 are) -

b) If x is an isolated point of the support of F, that is, f|zfx|<h
h > 0, then for all small A > 0

[w (555 are) -

In particular, when W has compact support, fR w (Z;r) dF(z) = py for all small .

< ww (A7) [po + ap (AT [+ + [[Wle) 0p (A ™) +ow (A7),

dF(z) = py for all small

< ow(ATY).

Proof. a) By additivity of probability for any h; € (0, h)

pe < / CE /| o TG = pe () (32)

This implies

/hlgz_xkhdF (2) = /| e dF(z) — /| o dF(z) < 6p(h), (33)
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< dr(h). (34)

| e -n
|z—z|<h1
We wish to bound

/RW (Z 5 “”E) dF(z) = p, = /h W (Z . ‘””) dF(2) — p.
+ /hlg|m|<hW (z 5 x) dF () + /”|th (2 5 w) dF (2).

(35)
Obviously,
‘/ W (Z 5 x) dF(2)| < éw(h/N). (36)
|z—a|>h
By and

IA

LW (355) arc) -

‘/|Z—oc|<h1 [W <2 ; m) - W<O>} dF(2)

+ ‘W(O) / o dF(2) — ps

IN

o (h/A) /| R ‘ /| IO

< ww(hi/A) [pe + 0r(R)] + 0p(h). (37)

/hlSz—m|<hW (Z ; 37) dF(z)

Combining — we get

/RW(ZXI) dF(2) — p,

It remains to put here h = A\ =€ hy = hA®? = \T22=¢1 < h to finish the proof.
b) Instead of write

/RW <Z S 3“") dF(2) — p, = /H<hW <Z . x) dF(2) — pa + /lHMW (Z S ‘”) dF(2).

For all small h f\z—z\<h W (%) dF(z) = W(0)p, = p,. By we see that the statement

in the enunciation of the lemma is true. O

By (33)

< HWHc/h e hdF(Z) < |[[Wllgor(h).  (38)
1<|z—z|<

< ww (h/A) [pe + 0p()] + (1 + [Wllc) 6p(h) + ¢w (h/X).
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Theorem 23. Suppose W satisfies Assumption [3,
a) Let €; € (0,1), €2 > €1. Then, for any h € (0,1),

| E(pz) = pa| < ww (h?™) [po + (A ™N)] + (L4 [Wlle) 6p (A7) + ow (A7).
b) If x is an isolated point of the support of F, then for all small h
|E(pz) — el < dw(h™).

In particular, when W has compact support, p, s unbiased for all small h.
¢) If py € (0,1) then V(p,) = = [ps(1 — ps) +0(1)], h— 0.

Proof. a) and b) follow from Lemma |5, ¢) obtains from a), given that

v = o (S52) o (22

and the fact that TW? satisfies Assumption O

Remark. 1. Suppose that the moments fR t! K (t)dt are zero for j = 1,...,m — 1, and the
derivative K™ is bounded. Then, since f{(j)(O) =0forj=1,...,m—1, by Taylor’s Theorem

k(i‘“)-k(m = K™(p) (Z;x>m%

Using this equation in (37) we get

[ E () e -

sup

f((m)’ A
1
: |z—z|<hi

[ are -
|z—z|<hy
<A™ @D [p +6p(ANTY)] + (AT

+

with the same choice of hy, h as before. The resulting bound

|E(Pa) —pal <A™ [+ 0p (N + (14 |K,) p(A' ™)+ sup

|z[=A7<1

fqz))

shows that imposing higher-order kernel conditions, without restricting the class of distribu-
tion functions, has a limited effect on convergence rate, because of the term §z(A\!71). The

following theorem gives asymptotic normality of p, when suitably centered and normalized.
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Theorem 24. Suppose W satisfies Assumption [3 and F has a jump p, at x where p, €
(0,1). Fore; € (0,1) and €3 > €1, if h — 0, V/now(h™) = 0, V/nww(h2™) — 0 and
Vop(h'=) = 0 as n — oo, we have

Proof. In the proof of Theorem let Z;, = %W (%) and proceed with the same argu-
ments to conclude that /n(p, — E(pz)) A N(0, (1 — pg)pz). Use Theorem [23|to obtain

VA(B(p2) = pa)l < v (ww (27 [pa + 6p(h )] + (1+ [Wlo) SR 7) + o (h7))

Hence, given the conditions on the enunciation of the theorem we have /n(E(p.) — p.) — 0
as n — oo.

]

Remark. The requirements that \/n ¢y (h™) — 0, /nww (h2™?) — 0 as n — oo always
hold with appropriately chosen {h,}. If W(t) = [, ¢"*K(z)dz and K is a kernel such that
W has compact support (see, e.g., W and K used in subsection 5.2), then /n ¢y (h™1) =0
for all small h. The condition that /ndp(h'~“) — 0 can always be satisfied if h,, tends to 0
sufficiently quickly. However, to obtain a tractable dependence of the bandwidth on n, we
note that

Sp(h'™) = F(z+h'™") — (F(z — h'™%) + p,)

and if a Lipschitz condition of order « is imposed on the difference on the righthand side
of the equality, we have \/ndp(h'=) < 2M,/nh1=)%). As in Remark 1, if h oc n77, it
suffices to choose v > 1/(2(1 — €;)a) to satisfy the condition.
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