
6 Multivariate density estimation over R

Let X(!) : ⌦ ! RD be a random vector defined on (⌦,F , P ) for D 2 N and consider a

random sample of observations {Xi}ni=1 on X. We assume that F (x) =
R
Xx f(u)du, where

x 2 RD and X  x is taken element-wise. As in the univariate case f is called the density

function of X.

Definition 9. Let Hn = diag{hd,n}Dd=1 be a nonstochastic matrix with 0 < hd,n for all d and

n, x 2 RD
, K : RD ! R be a measurable function. Then, we define

f̂(x) =
1

ndet(Hn)

nX

i=1

K
�
H�1

n (Xi � x)
�

where det(Hn) denotes the determinant of the matrix Hn and H�1
n denotes its inverse.

Remark. Since 0 < hd,n for all d, det(Hn) > 0 and H�1
n exists. Under the assump-

tion that K : RD ! R is a measurable function and that E |K (H�1
n (Xi � x))| < 1 and

E
⇣
K (H�1

n (Xi � x))2
⌘
< 1 it is straightforward to prove a multivariate version of Theorem

6. Hence, we have

E(f̂(x)) =

Z
K(�)f(x+Hn�)d�

and

V (f̂(x)) =
1

ndet(Hn)

Z
K2(�)f(x+Hn�)d� � 1

n

✓Z
K(�)f(x+Hn�)d�

◆2

.

The integral sign in both expression areD-fold Riemann integrals. We now state an extension

of Theorem 7. Throughout let ||x||1 =
PD

i=1 |xi| be the norm of the vector x and recall that

by the Cauchy-Schwarz Inequality ||x||1  D1/2||x||E.

Theorem 25. Assume that a)
R
RD |K(�)|d� < 1; b) ||�||1 |K(�)| ! 0 as ||�||1 ! 1; c)

0 < hd,n ! 0 for all d as n ! 1. Let f(x) : RD ! R such that d)
R
RD |f(�)|d� < 1.

Then, for every continuity point x of f ,

det(Hn)
�1E

�
K
�
H�1

n (Xi � x)
��

! f(x)

Z
K(�)d� as n ! 1. (40)

The remark that follows Theorem 7 applies to the multivariate case and therefore if

|K(�)| < C

det(Hn)
�1E

�
Kr
�
H�1

n (Xi � x)
��

! f(x)

Z
Kr(�)d�

as n ! 1 for r > 1. Hence, we have the following multivariate version of Theorem 8.
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Theorem 26. Let {Xi}ni=1 be a sequence of IID random vectors with density f . Assume that

a) |K(�)|  M for all � 2 RD
; b)

R
|K(�)|d� < 1 and

R
K(�)d� = 1; c) ||�||1|K(�)| ! 0

as ||�||1 ! 1; d) hd,n > 0 for all n and hd,n ! 0 as n ! 1. Then, E(f̂(x))� f(x) ! 0 as

n ! 1 and if n det(Hn) ! 1 as n ! 1, V (f̂(x)) ! 0 as n ! 1 for every x which is a

point of continuity of f .

Remark 14. 1. Theorem 26 implies that f̂(x) converges in quadratic mean to f(x) and

consequently f̂(x)
p! f(x).

2. If f satisfies a Lipschitz condition of order 1 in RD
, i.e., for all x, x0 2 RD

with x 6= x0

we have that for some C < 1, |f(x)� f(x0)|  Ckx� x0k1. Then

|E(f̂(x))� f(x)| 
Z

|f(x+Hn�)� f(x)||K(�)|d�  C

Z
kHn�k1|K(�)|d�

= C

Z  DX

d=1

hn,d|�d|
!
|K(�)|d�

= C
DX

d=1

hn,d

Z
|�d||K(�)|d�  C trace(Hn) if

R
|�d||K(�)|d� < C.

The condition that
R
|�d||K(�)|d� < C is verified if K � 0 and

R
�dK(�)d� < C.

Let Dd1,··· ,dmf(x) =
@m

@xd1
···@xdm

f(x) for d1, · · · , dm = 1, · · · , D whenever the partial deriva-

tives on the righthand side of the equality exist. We now define

Definition 10. Let T ✓ RD
and let � and C be two positive numbers. The Hölder class

⌃(�, C) on T is defined as the set of b�c times di↵erentiable functions f : T ! R whose

partial derivatives of order b�c satisfy

|Dd1,··· ,db�cf(x)�Dd1,··· ,db�cf(x
0)|  C||x� x0||��b�c

1 , 8 x 6= x0, x, x0 2 T.

Theorem 27. Assume that f 2 ⌃(�, C) for � � 2 and K is a multivariate kernel of order

b�c, i.e.,
R
�d1 · · · �db�cK(�)d� = 0 for d1, · · · , db�c = 1, · · · , D. Then, if

R
|K(�)||�d|�d� <

C for d = 1, · · · , D

E(f̂(x))� f(x) = O

 
DX

d=1

h�
n,d

!
= O

�
trace(H�

n )
�
. (41)
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Proof. Since f 2 ⌃(�, C), by Taylor’s Theorem, for some � 2 (0, 1)

f(x+Hn�)� f(x) =
DX

d1=1

Dd1f(x)hn,d1�d1 +
1

2

DX

d1=1

DX

d2=1

Dd1,d2f(x)hn,d1hn,d2�d1�d2 + · · ·

+
1

(b�c � 1)!

DX

d1=1

· · ·
DX

db�c�1=1

Dd1,··· ,db�c�1
f(x)hn,d1 · · ·hn,db�c�1

�d1 · · · �db�c�1

+
1

b�c!

DX

d1=1

· · ·
DX

db�c=1

Dd1,··· ,db�cf(x+ �Hn�)hn,d1 · · ·hn,db�c�d1 · · · �db�c

Since K is of order b�c and f 2 ⌃(�, C),

E(f̂(x))� f(x) =

Z
(f(x+Hn�)� f(x))d�

=
1

b�c!

DX

d1=1

· · ·
DX

db�c=1

Z
Dd1,··· ,db�cf(x+ �Hn�)hn,d1 · · ·hn,db�c�d1 · · · �db�cK(�)d�

=
1

b�c!

DX

d1=1

· · ·
DX

db�c=1

Z ⇣
Dd1,··· ,db�cf(x+ �Hn�)�Dd1,··· ,db�cf(x)

⌘

⇥ hn,d1 · · ·hn,db�c�d1 · · · �db�cK(�)d�

By the Triangle Inequality, f 2 ⌃(�, C) and the fact that � 2 (0, 1), we have

|E(f̂(x))� f(x)|  C

b�c!

DX

d1=1

· · ·
DX

db�c=1

Z
k�Hn�k��b�c

1 hn,d1 · · ·hn,db�c |�d1 | · · · |�db�c ||K(�)|d�

=
C

b�c!

DX

d1=1

· · ·
DX

db�c=1

Z DX

d=1

h��b�c
n,d |�d|��b�chn,d1 · · ·hn,db�c |�d1 | · · · |�db�c ||K(�)|d�

where the last inequality follows from the fact that hd,n, |�d| > 0 and � � b�c  1. The

largest power on hn,d occurs when d1 = · · · = db�c = d and we have

|E(f̂(x))� f(x)|  CD

b�c!

DX

d=1

h�
n,d

Z
|�d|�|K(�)|d� = O

 
DX

d=1

h�
n,d

!

provided
R
|K(�)||�|�d� < C and hn > 0.

The following theorem is an extension of Theorem 10 to the multivariate setting.
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Theorem 28. Assume that: a){Xi}ni=1 forms an IID sequence of random vectors with density

f ; b) |K(�)|  M for all � 2 RD
; c)

R
|K(�)|d� < 1; d) ||�||1|K(�)| ! 0 as ||�||1 ! 1;

e)
R
K( )2+�d < 1 for some � > 0; f) hd,n > 0 for all n, hd,n ! 0 and ndet(Hn) ! 1 as

n ! 1. Then,

(ndet(Hn))
1
2 (f̂(x)� E(f̂(x)))

d! N

✓
0, f(x)

Z
K2( )d 

◆
,

where x is a point of continuity of f .

Remark 15. 1. Theorem 28 shows that one of the consequences of estimating multivari-

ate densities is that the rate of convergence in distribution slows (exponentially) as D

grows. This is known as the “curse” of dimensionality.

2. Note that under the conditions of Theorem 27

(n det(Hn))
1
2 (f̂(x)� f(x)) = (n det(Hn))

1
2 (f̂(x)� E(f̂(x)))

+ (n det(Hn))
1
2 (E(f̂(x))� f(x))

= (n det(Hn))
1
2 (f̂(x)� E(f̂(x))) + (n det(Hn))

1
2O

 
DX

d=1

h�
n,d

!
.

Hence, if (n det(Hn))
1
2
PD

d=1 h
�
n,d ! 0 as n ! 1,

(ndet(Hn))
1
2 (f̂(x)� f(x))

d! N

✓
0, f(x)

Z
K2( )d 

◆
.

3. If, in the previous item, hn,d = hn for all d, then

(n det(Hn))
1
2

DX

d=1

h�
n,d = D(nhD+2�

n )1/2 = o(1) if nhD+2�
n = o(1).

If h / n�
, since n detHn ! 1 and nhD+2�

n = o(1) as n ! 1 we need

� 1

D
< � < � 1

2� +D

to conclude that

(nhD
n )

1
2 (f̂(x)� f(x))

d! N

✓
0, f(x)

Z
K2( )d 

◆
.
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7 Bandwidth Choice

7.1 Minimizing Integrated Squared Error

It should be apparent by now that bandwidth choice is an important part of nonparametric

density or distribution estimation. Intuitively, we would like to select a sequence hn := h so

that a suitably defined distance between f̂(x) and f(x) is as small as possible over the set

where the random variable X takes values. We are here searching for a global criterion for

the choice of hn.

Distances in function spaces can be defined in various ways, subject to some mathematical

technicalities. Here, we search for h that will minimize
Z

(f(x)� f̂(x))2dx (42)

In the statistical literature this integral is called the Integrated Square Error (ISE) of f̂ ,

and we write ISE(f̂). Note that ISE(f̂) does not depend on where the estimator f̂ is

being evaluated, but it does depend on the sample {Xi}ni=1, hence ISE(f̂) is itself a random

variable. It is clear that minimization of ISE(f̂) with respect to hn is equivalent to the

minimization of
R
f̂ 2(x)dx� 2

R
f(x)f̂(x)dx.

From the definition of f̂(x) and taking K to be an even function,

Z
f̂ 2(x)dx =

1

n2

nX

i=1

nX

j=1

1

hn
K ⇤K

✓
Xi �Xj

hn

◆

where K ⇤K(u) =
R
K(u� t)K(t)dt.

The integral
R
f(x)f̂(x)dx clearly depends on f , which is unknown. Hence, to render

the criterion for choosing hn operational we need a suitable approximation for
R
f(x)f̂(x)dx.

Note that,

Z
f(x)f̂(x)dx =

1

n

nX

i=1

Z
1

hn
K

✓
Xi � x

hn

◆
f(x)dx

=
1

n

nX

i=1

Zni

and that

E (Zni) =

Z Z
1

hn
K

✓
↵� x

hn

◆
f(x)f(↵)dxd↵ = E

✓
1

hn
K

✓
↵� x

hn

◆◆
,
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where the expectation is taken with respect to the joint density of two independent and

identically distributed random variables. Note also that

E

✓
1

hn
K

✓
↵� x

hn

◆◆
⇡ 1

n(n� 1)

1

hn

nX

i=1

nX

j=1,j 6=i

K

✓
Xi �Xj

hn

◆
,

suggesting the following approximation for
R
f̂ 2(x)dx�2

R
f(x)f̂(x) which can be minimized

with respect to hn,

M(f̂) =
1

n2

nX

i=1

nX

j=1

1

hn
K ⇤K

✓
Xj �Xi

hn

◆
� 2

1

n(n� 1)

1

hn

nX

i=1

nX

j=1,j 6=i

K

✓
Xi �Xj

hn

◆
.

Since K is known, hn that minimizes M(f̂) can be chosen by a numerical optimization

procedure.

Example: Suppose K( ) = 1p
2⇡
exp(�1

2 
2). Then, K ⇤K( ) = 1p

2⇡
p
2
exp(�1

4 
2), and

M(f̂) =
1

hnn2

nX

i=1

nX

j=1

1p
2⇡

p
2
exp

 
�1

4

✓
Xi �Xj

hn

◆2
!
�2(n(n�1)hn)

�1
nX

t=1

nX

i=1,i 6=t

K

✓
Xt �Xi

hn

◆
.

7.2 Minimizing Mean Integrated Squared Error

One of the remarks made regarding ISE was that it depends on the sample {Xi}ni=1. One

can imagine a process of repeated sampling that induces a distribution on ISE. Hence, we

might consider,

MISE(f̂) = E

✓Z
(f̂(x)� f(x))2dx

◆

= E

✓Z
(f̂(x)� E(f̂(x)) + E(f̂(x))� f(x))2dx

◆

= E

✓Z
{(f̂(x)� E(f̂(x)))2 + (E(f̂(x))� f(x))2

+ 2(f̂(x)� E(f̂(x)))(E(f̂(x))� f(x))}dx
⌘

=

Z
{V (f̂(x)) + E(f̂(x)� f(x))2}dx

Note that V (f̂(x)) = 1
nhn

f(x)
R
K2( )d + o((nhn)�1) and if f 2 ⌃(2, C) we have that

E(f̂(x)) � f(x)) = h2
n
2 µ2f (2)(x) + o(h2

n) with µ2 =
R
x2K(x)dx. Hence, MISE(f̂) can be

written as

MISE(f̂) = (nhn)
�1

Z
K2( )d +

h4
n

4
µ2
2

Z
f (2)(x)2dx+ o((nhn)

�1) + o(h4
n).
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Let
R
K2( )d = �2, µ2

2

R
f (2)(x)2dx = �1 so that

MISE(f̂) = (nhn)
�1�2 +

h4
n

4
�1 + o((nhn)

�1) + o(h4
n).

Let the hn that minimizes the first two terms of MISE(f̂) be denoted by ĥn. It satisfies

�n�1(ĥn)
�2�2 + ĥ3

n�1 = 0

or ĥ5
n�1 =

1
n�2 which implies

ĥn =

✓
�2
n�1

◆ 1
5

= n� 1
5

✓ R
K2( )d 

(
R
 2K( )d )2

R
(f (2)(x))2dx

◆ 1
5

Remark 16. 1. Although �2 can be obtained from knowledge of K, �1 depends on f (2)(x).

Hence, in practice ĥn depends on obtaining an estimate for
R
(f (2)(x))2dx.

2. Taking (�2
�1
)
1
5 = c we see that ĥn / n� 1

5 . Hence, according to the AMISE criterion,

there is an optimal rate of convergence of the bandwidth to zero, namely, n�1/5
. Recall

that

(nhn)
1/2(f̂(x)� f(x)) = (nhn)

1/2(f̂(x)� E(f̂(x)) + (nhn)
1/2(E(f̂(x))� f(x))

and since the first term after the equality converges in distribution to a normal dis-

tribution, normality of the left side of the equality results if (nhn)1/2(E(f̂(x)) � f(x))

approaches zero as n ! 1. But

(nhn)
1/2(E(f̂(x))� f(x)) = n1/2h5/2

n

1

2
µ2f

(2)(x) + n1/2h
5/2
n

h2
n

R(n)

where R(n) = O(h2
n). Hence, for (nhn)1/2(E(f̂(x)) � f(x)) to vanish asymptotically,

we need nh5
n ! 0 as n ! 1 which implies that hn / n�

where �1 < � < �1/5.

Consequently, asymptotic normality of (nhn)1/2(f̂(x) � f(x)) cannot result when the

optimal choice hn is based on AMISE, oversmoothing is necessary.

3. It should be clear that both minimization of the cross validation function and AMISE

can be extended to multivariate density estimation with little conceptual e↵ort. For a

random vector X : ⌦ ! RD
we have

M(f̂) =
1

n2

nX

i=1

nX

j=1

1

det(Hn)
K ⇤K

�
H�1

n (Xj �Xi)
�

� 2
1

n(n� 1)

1

det(Hn)

nX

i=1

nX

j=1,j 6=i

K
�
H�1

n (Xi �Xj)
�
.
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Also, in the case where f 2 ⌃(2, C) and
R
�dK(�)d� = 0 and

R
�d1�d2K(�)d� = 0

when d1 6= d2 we can write

AMISE(f̂) = (ndet(Hn))
�1

Z
K2( )d +

µ2
2

4

Z  DX

i=1

Diif(x)h
2
i,n

!2

dx

= (ndet(Hn))
�1

Z
K2( )d +

µ2
2

4

DX

i=1

DX

j=1

h2
i,nh

2
j,n

Z
Diif(x)Djjf(x)dx.

Taking derivatives with respect to each of the elements in Hn we have that Ĥn must

satisfy,

µ2
2

 
ĥ3
d,n

Z
(Ddd)

2f(x)dx+ ĥd,n

DX

i=1,i 6=d

ĥ2
i,n

Z
Dddf(x)Diif(x)dx

!
=

�2

nĥd,ndet(Ĥn)

for all d. When Hn = hnID we have

ĥD+4
n =

�2

nµ2
2

PD
i=1

PD
d=1

R
Dddf(x)Diif(x)dx

which implies that ĥn =
⇣

�2

nµ2
2�1

⌘ 1
D+4

.

4. The simplest procedure to estimate
R
(f (2)(x))2dx is to assume, at this stage, that f(x)

belongs to a parametric family of densities. For example, if we assume that Xi ⇠
N(µ, �2), then for r 2 N

Z
(f (r)(u))2du =

(2r)!

22r+1r!
p
⇡�2r+1

.

For r = 2 and plugging back into the optimal bandwidth formula gives

hAMISE =

8
<

:

n�1/51.06� if K is a Gaussian kernel

n�1/5(1.06)(2.214)� if K is an Epanechnikov kernel

n�1/5(1.06)(1.740)� if K is an uniform kernel

where � can be estimated by the sample standard deviation. The resulting bandwidths

are normally referred to as Silverman’s rule-of-thumb bandwidths.
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Appendix

Lemma 6. Let C 2 R, n 2 N and {X1, · · · , Xn} be a collection of random variables defined

in the same probability space. Then,

P (max{X1, · · · , Xn} > C) 
nX

i=1

P ({Xi > C}).

Proof. First, note that

P (max{X1, · · · , Xn} > C) = 1� P (max{X1, · · · , Xn}  C)

= 1� P (\n
i=1{Xi  C})

= P ((\n
i=1{Xi  C})c) .

Second, by De Morgan’s Laws

P (max{X1, · · · , Xn} > C) = P ([n
i=1{Xi  C}c)


nX

i=1

P ({Xi  C}c) =
nX

i=1

P ({Xi > C}).

Lemma 7. (Bernstein’s Inequality) Let {Wi}ni=1 be a sequence of independent random vari-

ables satisfying

1. |Wi � E(Wi)|  mi for all i,

2. V (Wi) = �2
i < for all i

Let Mn := max
1in

{mi}, Sn :=
Pn

i=1 Wi and �2
n :=

Pn
i=1 �

2
i . Then, for all � > 0 we have

P (|Sn| � ��n) < 2 exp

 
� �2

2 + 2
3
Mn
�n

�

!

Proof. See Bernstein (1924) or Bennett (1962).

Lemma 8. (Loève’s cr Inequality) For r > 0,

E

 �����

nX

i=1

Xi

�����

r!
 cr

nX

i=1

E(|Xi|r)

where cr = 1 when r  1and cr = nr�1
when r > 1.
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Proof. We will prove that �����

nX

i=1

Xi

�����

r

 cr

nX

i=1

|Xi|r (43)

and then take expectations. By the Triangle Inequality |
Pn

i=1 Xi|r  (
Pn

i=1 |Xi|)r. Thus,

it su�ces to consider the case where each Xi � 0. Let 0 < r  1 and note that since
Pn

i=1 Xi > 0 (if Xi = 0 for all i then inequality (43) holds with equality) it su�ces to show

that

1 
nX

i=1

Zr
i

where Zi =
XiPn
i=1 Xi

,
Pn

i=1 Zi = 1 and 0  Zi  1. But since, Zr
i � Zi and

Pn
i=1 Zi = 1, the

results follows immediately. For r > 1, convexity of xr immediately gives

 
1

n

nX

i=1

Xi

!r

 1

n

nX

i=1

Xr
i ,

 
nX

i=1

Xi

!r

 nr�1
nX

i=1

Xr
i .

Taking expectations in both cases gives the desired inequality.
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