Chapter 2

Exercises

1. Let p be a measure on (R, B(R)) such that u([—n,n)) < oo for all n € IN. Define,

u([0, z)) if x>0,
():=¢ 0 if =0,
—u([x,0)) ifx <0.

F

I

Show that F), : R — R is monotonically increasing and left continuous.

Answer: Given that p([—n,n)) < oo, F), takes values in R. First, we show that all
x <a, F,(x) < F,(«'). There are three cases to be considered

(a) (0 <z <) f0 <z <, F () — Fu(z) = p([0,2")) — p([0,x)). Since
[0,2") = [0,2) U [z, 2"), o-additivity of u gives u([0,2")) = p([0,z)) + p([z,2")) or
Fu(2') = FL(0) =

pllz, o)) = p((0,27)) = u((0, #)) = Fu(a') = Fu(x) = 0. Itz = 0,
)

(b) (z <0 <) If 2’ >0, F,(2') — Fu(x) = p([0,2")) + p(fz,0)) > 0. If 2/ =0,
F(0) — Fy(x) = p([2,0)) > 0.

(c) (z <2’ <0): Fy(2")—F,(xz) = —p([z',0))+u([z,0)). Since [z,0) = [z, 2")U[z’,0),
o-additivity of u gives p([z,0)) = u([z,2")) + p([2', 0)) or p(lz,0)) — p([’,0)) =
Fu(#!) — Fy(a) = (i 7)) > 0.

Second, we must show that lim F,(z — h,) = F,(z) for all z € R. Let n € N,

n—00

hy > hy > hg > --- with h, | 0 as n — oo, and hy > 0. There are three cases to

consider.



(a) (z > 0): Choose hy € (0,z) and define A,, = [0,z — h,,). Then, Ay C Ay C ---

and lim A, = |J A, = [0,2). By continuity of measure from below,

lim F,(z — hy,) = lm p([0,2 — hy,)) = p([0,2)) = F,(x).

n—o0 n—oo

(b) (x =0): Define A, = [—h,,0). Then, A; D Ay D --- and lim A, = () A, =0.

By continuity of measures from above, and given that u([—hy,0)) < oo,

lim F,(—h,) = lim p([—h,,0)) = u(@) = 0= F,(0).

n—oo n—o0

(¢) (z <0): Define A,, =[x — hy,,0). Then, A; D Ay D --- and lim A, =N, A, =

n—o0
[,0). By continuity of measures from above and given that u([z — hq,0)) < oo,

lim F,(x — h,) = lim — p([zr — hy,0)) = —p([z,0)) = F,.(z).

n—oo n—oo

2. Let F}, be defined as in question 1 and let v, (([a,b)) = F,(b) — F,.(a) for all a < b,

a,b € R. Show that v, extends uniquely to a measure on B(R) and vg, = p.

Answer: Recall that S = {[a,b) : a < b, a,b € R} is a semi-ring (if a = b, [a,a) = ().
Given F),, we define vp, : S — [0, 00) as vg,([a,b)) = F,(b) — F,,(a) for all @ < b. Since
F), is monotonically increasing, F,(b)—F,(a) > 0 and vg,([a,a) = 0) = F,(a)—F,.(a) =
0. Also, vp, is finitely additive since for a < ¢ < b, we have that [a,b) = [a, c)U[c, b) and
v, ([0,5)) = Fu(b) — Fu(@) = Fule) — Fula) + Fu(b) — Fule) = v ([a,¢)) + v ([e,b).
We now show that vp, is o-additive, i.e., for [a,,b,), n € IN a disjoint collection such
that [a,b) = ngm[a"’ bn), we have vp, ([a,b)) = Z Vg, ([an, by)). Fix €,, € > 0 and note

that (a, — €,,bn) D [an, by). Hence, U]N(an en,bn) D U]N[an,bn) = [a,b) D [a,b— €.
ne ne

Since U]N( — €, by,) 1s an open cover for the compact set [a, b— €], by the Heine-Borel

Theorem, there exists N € IN such that

UM [an — €n,bn) D UN_ (an — €,,b0) D [a,b— €] D [a,b—¢). (2.1)

Now, since Upen|an, b,) = [a,b) we have UY_,[a,,b,) C [a,b) and

vr,([a,0)) > vr, (U [an, by) ZVFH ([an,b,)) by finite additivity.
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Hence, we have

Mz

0<wvp,( vE, ([an, bn)

n=1

N

= VF;L<[aab_€))+VF b_€ b Z VFH €mbn)) _VFM([an_eman)))
n=1

=vp,([a,b—¢) Z vp, ([an — €,,0y,)) this term < 0 by (2.1)

+ vr, ([ Z vr,([an — €n, an))

N

< v, ([b—eb) + Z Vi, ([an = €0 @n)) = Fu(b) = Fu(b— ) + > (Fy(an) — Fy(an —

n=1

By left-continuity of F),, we can choose € such that F},(b) — F,(b—¢€) < n/2 and ¢, such
that F),(a,) — Fl.(a, — €,) <27"n/2. Hence,

0<VFM ([a, b)) ZVFN an, b)) g<1+22 >

Letting N — oo we have that vp,([a,0)) = >0 vg, ([an, bn))-

Since vp, is a pre-measure on a semi-ring, by Carathéodory’s Theorem, it has an exten-
sion to o(S) = B(R). Furthermore, since for n € N, [-n,n) T R and vg,([-n,n)) =

F,(n) — F,(—n) = p([0,n)) + p([—n,0))) < oo, this extension is unique.

To verify that vp, = p, it suffices to verify that vp, = p on S, since vy, extends

uniquely to B(R). There are three cases:

Case 1 (0 < a < b): vp,([a,b)) = Fu(b) = Fu(a) = u([0,0)) = p([0,a)) = u([0,a)) +
pu(la, b)) = p([0, a)) = p(la, b)), since [0,0) = [0,a) U a, b),

Case 2 (a < 0 < b): vp,([a,b)) = F,(b) — Fu(a) = u([0,0)) + p([a, 0)) = p(la, b)), since
[a,b) = [a,0) U[0,b),

Case 3 (a < b < 0): v ([a,8)) = Fyu(b) — Fu(a) = —u([6,0)) + u([a,0)) = pa([a, ),
since [a,b) = [a,0) — [b,0), which completes the proof.

. If F'is a distribution function, show that it can have an infinite number of jump

discontinuities, but at most countably many.
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Answer: A jump of F, denoted by Jr(z) exists if Jp(z) = F(z) — }ILIL%F([E —h)>0
for h > 0. This happens if and only if P({z}) > 0. Now, the collection of events
E, = {{z} : P({z}) > 0} is disjoint and all have positive probability. We now show
that this collection is countable. Let C,, = {E, : P(E,) > 1 and € R}. The elements

of (), are disjoint events and

P (Ua:mExm) = i P(Exm) = o0,

m=1
where the last equality follows from the fact that P(E,, ) > 0. So, it must be that C,
has finitely many elements. Also, {F, }zer = U2, C,,, which is countable since it is a
countable union of finite sets.

4. Show that A!'((a,b)) =b—a for all a,b € R, a < b. State and prove the same for \".
Answer: Let a < b and note that [a + 1,b) 1 (a,b) as k — co. Thus, by continuity of
measures,

A(a,b)) = lim A([a+1/k,b) = im (b—a —1/k) =b — a.
k—o0 k—o0
Since A([a,b)) = b — a, this proves that A\({a}) = 0.

5. Consider the measure space (R", B(R"), \"). Show that for every B € B(R™) and = €

R™, x+ B € B(R") and that A"(z+B) = \"(B). Note: x+B :={z:z=2x+b, b € B}.

Answer: First, we need to show that x + B € B(R") for all x € R™ and for all
B € B(R"). Let A, = {B € B(R") : z + B € B(R")} and note that A, C B(R").

Also, A, is a g-algebra associated with R", since:

(a) R™ € A, given that x +b € R" for all b € R” and R" € B(R"),

(b) Be A, = z+B e B(R") = (¢+B)° € B(R"). Butsince (zr+B)° = 2+ B°
and B¢ € B(R"), B € A,.

(c) {Autnen € Ay = 2+ A, € B(R") for all n € N. Since B(R") is a o-
algebra | J,cn( + An) = 2 + U,enw An € B(R™). But since J, . An € B(R"),
Unen 4An € A,

Now, let R™" = xI[l;,u;) € Z%" C B(R") and note that z + R™" € %" C B(R").
Hence, R*" € A, = x + R™" € A,. Hence,

B(R") = o(T"") c A, C B(R"),
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which implies that x + B € B(R") for all z € R™ and for all B € B(R").

Now, set v(B) = A"(z+B). If B=10, v(0) = \*(x+0) = A"(0) = 0. Also, for a pairwise
disjoint sequence {A, }nen, v (Une]N An) = \" (:1: + Unen An) = \" (UnE]N(x + An)) =
Yonen A(@ 4+ Ay) =30 .y v(A,). Hence, v is a measure and

v(R) = XMz + R = [ [+ 2 — i+ 20) = [ J(w = 1) = A"(R™).
i=1 i=1
Hence, v(R™") = \"(R™") for every R™" € I™". Since Z™" is a 7-system, generates
B(R™) and admits an exhausting sequence [—k, k) T R™ with A"([—k, k)") = (2k)" <
00, we have by Carathéodory Theorem that A" = v on B(R").
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