Chapter 3

Exercises

1. Suppose (€2, F) and (Y,G) are measure spaces and f : Q@ — Y. Show that: a)
It-1a)(w) = (Ia o f)(w) for all w; b) f is measurable if, and only if, o({f~'(4) :
AegG}) CF.

Answer: a) For any subset A C Y, we have f~1(A) = {w: f(w) € A}. Then,
Iy (W) = Ippeny (W) = Ta(f(w)) = (Ia o f)(w).

b) Since f is measurable, f~1(G) C F. By monotonicity of o-algebras, o(f~1(G)) =
o{fYA): A€ G}) C F. Now, o(f1G)) = fHo(G)) = f1(G) C F. The last set

containment implies measurability.

2. Show that for any function f : X — Y and any collection of subsets G of Y,
fHo(G)) = o(f71(9))
Answer: f~!'(0(G)) is a og-algebra associated with X. Since G C o(G), f~1(G) C
f~Yo(G)) and consequently o(f~1(G)) C f~(c(G)).
Now, as in Theorem 3.1, U = {U € 2Y : f~YU) € o(f~1(G))} is a o-algebra. By
definition of U
) co(f719)).
Also, G C U since f~HG) C f~U) C o(f~1(G)). Since U is a o-algebra we have that
o(G) CU. So,
fHe(@) C 1 U) Ca(f7(C)).
The last set containment combined with the reverse obtained on the last paragraph

completes the proof.
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3. Let i € I where [ is an arbitrary index set. Consider f; : (X, F) — (X;, F;).

(a) Show that for all i, the smallest o-algebra associated with X that makes f; mea-

surable is given by f; ! (F).

(b) Show that o (U fi_l(]-})> is the smallest o-algebra associated with X that makes
iel
all f; simultaneously measurable.

Answer: a) f; is measurable if f;!'(F;) C F. But by monotonicity of o(-) we have
o(fi1(F)) = f71(F) C F since f;'(F;) is a o-algebra. b) f;1(F) C F foralli € I

7 2 1

because f; is measurable. But any sub-c-algebra of F that makes all f; measurable

functions must contain all f;*(F;), i.e., Jf; '(Fi). However, unions of o-algebras are
i€l
not necessarily o-algebras. Hence, we consider o (U fi_l(]-})), the smallest o-algebra
i€l
that makes all f; simultaneously measurable.

4. Let X : (0, F,P) — (S,Bs) where S C R* and Bs = {BN S : B € B*} be a random
vector with £ € N, and ¢ : (S, Bg) — (T, Br) be measurable where T' C R? with p € IN.
If Y = g(X), show that

(a) o(Y): =Y YBr) C o(X) := X 1(Byg),
(b) if £ = p and g is bijective, o(Y) = o(X).
Answer: (a) E € Y Y(Br) = E =Y '(Byr) for some Br € Br. Now,
E={w:Y(w) € Br}={w:g(X(w)) € Br}={w: X(w) € g (Br)}
= X" (g7"(Br)).

Since g is measurable, g~ (Br) € Bg and since X is a random vector X ~*(¢~*(Br)) €
o(X):= X1 (Bs). Hence, o(Y) C o(X).

(b) First, observe that since g is bijective, it must be that k = p and S = T. For any
BT S BT7

g Y(Br) = g '(g(B)) for some B C S

= B € Bg since ¢! is an inverse function and g is measurable.

Hence, any Br € By is such that Br = g(B) where B € Bg. Similarly, due to the
existence of the inverse g, for any Bs € Bg, Bs = g~ '(B) where B € Br. Hence, if
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C:={¢gY(B): B € By} then Bs C C. But measurability of g assures that C C Bg
Hence, X '(Bs) :=0(X)=X"1(C) ={X"Y¢g ' (B)): B Br} =o(Y).
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