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Estimating AR(1) parameters - Method of Moments
E(X¢|Xe—1) = ¢o + #1Xe—1 and by the LIE

E(Xt) — (Z)O + ¢1E(Xt_1).

By stationarity u = E(X;) = E(X¢—1) and consequently

E(Xe)(1 = ¢1) = ¢o. (1)
Also,
Xe—p = ¢o— p+ ¢1Xem1 — d1p+ d1p+&x
= do+ (o1 — 1)+ d1(Xem1 — 1) + &
Thus,

E((Xe — p)(Xe—1 — 1)) = 01E (Xe—1 — 1)?)

and consequently

E (X — m)(Xer — 1))

N T E (K- 1))



Estimating AR(1) parameters - Method of Moments
The method of moments estimator for ¢1 is
3y = Nt Yo (Xe = X)(Xeer = X) _ 4(1)
n=1 3 (Xe — X)? 4(0)
and the method of moments estimator for ¢q is given by

b0 = X(1 — b1).

Now, note that
E (Xt — E(XelXe-1))?[Xe—1) = E ((Xe — do — d1Xe—1)?|Xe—1)
= E(ef[Xe-1)
By the LIE
E ((X: — do — $1X:-1)%) = E(e7) = o°.

By the method moments, and given ggo and (;31 we define

2 1 A s
02 = ;Z(Xt — ¢o — ¢1Xt—1)2-

t=2



Maximum Likelihood Estimation of AR(1)
Since |¢1| < 1 we have E(X;) = 12 and V(X;) = 1%5.
1 1-¢7
If &, ~ N(0,02), then

€t + o = Xe — p1 Xp—1 ~ N(¢0702)

CEN)

X o o
and we say that < X t > has a multivariate/bivariate normal
t—1

distribution, and

o) 2
X; - 4 1 ¢ >
~ N $1 ,— d
)= (() 570 5)
Xe|Xe—1 ~ N (¢o + p1Xe—1,02) .

Consequently, if X := {X;}7_; is a sample, we have

Xty - Xn) = B X1 (Xn) B, 1 X0 o xa (Xn—1) -+ B (%2) B, (x1)

= an|X,,_1(Xn)fX,,_1|Xn_2(Xn*1) e fX2|X1 (Xz)fxl (X1)7



Maximum Likelihood Estimation of AR(1)

Under normality,

log fx(x1, .., xn) = Y _ log Fix,_y (Xe) + log fix, (x1)

t=2
Y < 1 <1<Xt—¢o—¢1xt_1>2>>
= og 5 €Xp 3
t—o \2mog Oe
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