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GARCH(1,1) models

> If {X:¢}tew follows an ARCH(1) model with E(X;) =0, we
have
V(Xe|Xeo1) == hy = ap + a1 X? |

» {Xt}tew is said to follow a GARCH(1,1) model with
E(X;) =0 if

Xt = (Oéo + a1Xt2,1 + /Blht_l)l/25t

where ¢; ~ 1ID(0,0?). Often, it is assumed that
et ~ NIID(0,0?).



GARCH(1,1) models

» Note that substituting h;_; gives

Xt = (a0 + a1 X2 | + Bi(ao + a1 X? 5 + Brhe_2)) %,
= (ao(1 + B1) + a1(XZy + BrX20) + Bihe—2) %,

and substituting h;_o gives

Xe = (ao(1+ B1+ B7) + an(XP 1 + B1X7 o + BIXZ 3)
+ ﬁfht—?,)l/zéft

After m-substitutions

Xe = (ao(1+Br+ B+ + B + ar( Xy + BuXEo + BEXE 3
+ 4 B X (mr1)) 5{"+1ht—(m+1))1/25t



GARCH(1,1) models

If 0 < 1 <1 and recalling that g > 0and 0 < a7 < 1, as
m — oo

1/2
X = (1—,8 + aq( t21+51Xt22+ﬂ%Xt23+~~)> e

=19, 6 = a1f1, 83 = a1 37 - -

) 1/2
Xt = ((50 + Z&'XE_,-) Et

i=1

Letting do = g %1

with 09 > 0, 0 < 4; < 1. Hence, GARCH(1,1) can be represented
as ARCH(o0).



GARCH(1,1) models

> Since E(e¢| Xt—1, Xt—2,---) = 0 we have

- 1/2
E(Xe|Xe-1,Xt—2,-++) = <50 + Z 5iXt2i>
i=1

x E(e¢|Xe—1, Xe—2,---) =0
> Since X2 = (60 + D724 ;X2 ;) €2 and
E(€%‘Xt—l7xt—2a ) = a?
E(X?|Xe_1,X¢_2,--+) = (50 +) 5,-x,_?_,.) o2
i=1
» Also, since h;_1 depends on X;_», X;_3 ...

E(XE‘Xt—laXt—L t ) = g + 041Xt2—1 + /Blht—l



GARCH(1,1) models
> By the LIE

E(E(Xt2|Xt—1,Xt—2> ) = E(X,_?) = ((50 + i(S;E(X?_i)) o?

i=1

and we write

— S i 0'2
_<5o+;517(0)> = 1(0)= (1—023"7210i)

Hence, )
doo
10 =7— -
(1 -0 17&)
If 02 =1, 4(0) = - a1 wherea1—|—61<1

» Since, E(Xt|Xt,1,Xt,2, -) =0, v(h) =0 for
h=41,42, -



GARCH(q,p) models

» If {X;} is generated by

)1/2

Xt = (060 + 041Xt2_1 + -+ OCthZ_q + Brhi—1---+ Bphit—p €t

we say that X; follows a GARCH(q,p) model.

» |In this case

1/2
Xt (1—/81 +Z(5Xt2 I) Et

where §; = o + er']:l ﬁjéifj fori=1,2,---,q,
&ZZXﬂﬁﬁhﬁmi:q+lf“,q%dn:mmwj—l}




GARCH(q,p) models

» Note that o
0

1=, 8- quﬂ Q;j
for1—5° B — qu:l aj >0

» v(h) =0for h=41,42,---

> For estimation see MATLAB codes: garch_11_gau.m,

garch _student.m, arma_garch gaussian.m,
arma_garch_apple.m
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