
Financial Econometrics

Professor Martins

University of Colorado at Boulder

Fall 2023

Lecture 14



GARCH(1,1) models

I If {Xt}t∈N follows an ARCH(1) model with E (Xt) = 0, we
have

V (Xt |Xt−1) := ht = α0 + α1X
2
t−1

I {Xt}t∈N is said to follow a GARCH(1,1) model with
E (Xt) = 0 if

Xt = (α0 + α1X
2
t−1 + β1ht−1)

1/2εt

where εt ∼ IID(0, σ2). Often, it is assumed that
εt ∼ NIID(0, σ2).



GARCH(1,1) models

I Note that substituting ht−1 gives

Xt = (α0 + α1X
2
t−1 + β1(α0 + α1X

2
t−2 + β1ht−2))

1/2εt

= (α0(1 + β1) + α1(X
2
t−1 + β1X

2
t−2) + β21ht−2)

1/2εt

and substituting ht−2 gives

Xt = (α0(1 + β1 + β21) + α1(X
2
t−1 + β1X

2
t−2 + β21X

2
t−3)

+ β31ht−3)
1/2εt

After m-substitutions

Xt = (α0(1 + β1 + β21 + · · ·+ βm1 ) + α1(X
2
t−1 + β1X

2
t−2 + β21X

2
t−3

+ · · ·+ βm1 Xt−(m+1)) + βm+1
1 ht−(m+1))

1/2εt



GARCH(1,1) models

If 0 ≤ β1 < 1 and recalling that α0 ≥ 0 and 0 ≤ α1 < 1, as
m→∞

Xt =

(
α0

1− β1
+ α1(X

2
t−1 + β1X

2
t−2 + β21X

2
t−3 + · · · )

)1/2

εt

Letting δ0 =
α0

1−β1 , δ1 = α1β
0
1 , δ2 = α1β1, δ3 = α1β

2
1 · · ·

Xt =

(
δ0 +

∞∑
i=1

δiX
2
t−i

)1/2

εt

with δ0 ≥ 0, 0 ≤ δi ≤ 1. Hence, GARCH(1,1) can be represented
as ARCH(∞).



GARCH(1,1) models

I Since E (εt |Xt−1,Xt−2, · · · ) = 0 we have

E (Xt |Xt−1,Xt−2, · · · ) =

(
δ0 +

∞∑
i=1

δiX
2
t−i

)1/2

× E (εt |Xt−1,Xt−2, · · · ) = 0

I Since X 2
t =

(
δ0 +

∑∞
i=1 δiX

2
t−i
)
ε2t and

E (ε2t |Xt−1,Xt−2, · · · ) = σ2

E (X 2
t |Xt−1,Xt−2, · · · ) =

(
δ0 +

∞∑
i=1

δiX
2
t−i

)
σ2

I Also, since ht−1 depends on Xt−2,Xt−3,···

E (X 2
t |Xt−1,Xt−2, · · · ) = α0 + α1X

2
t−1 + β1ht−1



GARCH(1,1) models

I By the LIE

E (E (X 2
t |Xt−1,Xt−2, · · · )) = E (X 2

t ) =

(
δ0 +

∞∑
i=1

δiE (X
2
t−i )

)
σ2

and we write

γ(0) =

(
δ0 +

∞∑
i=1

δiγ(0)

)
σ2 =⇒ γ(0) =

δ0σ
2

(1− σ2
∑∞

i=1 δi )
.

Hence,

γ(0) =
δ0σ

2(
1− σ2 α1

1−β1

) .
If σ2 = 1, γ(0) = α0

1−α1−β1 where α1 + β1 < 1 .

I Since, E (Xt |Xt−1,Xt−2, · · · ) = 0, γ(h) = 0 for
h = ±1,±2, · · ·



GARCH(q,p) models

I If {Xt} is generated by

Xt =
(
α0 + α1X

2
t−1 + · · ·+ αqX

2
t−q + β1ht−1 · · ·+ βpht−p

)1/2
εt

we say that Xt follows a GARCH(q,p) model.

I In this case

Xt =

(
α0

1− β1 − · · · − βp
+
∞∑
i=1

δiX
2
t−i

)1/2

εt

where δi = αi +
∑n

j=1 βjδi−j for i = 1, 2, · · · , q,
δi =

∑n
j=1 βjδi−j for i = q + 1, · · · , q and n = min{p, i − 1}.



GARCH(q,p) models

I Note that
γ(0) =

α0

1−
∑p

i=1 βi −
∑q

j=1 αj

for 1−
∑p

i=1 βi −
∑q

j=1 αj > 0

I γ(h) = 0 for h = ±1,±2, · · ·
I For estimation see MATLAB codes: garch 11 gau.m,

garch student.m, arma garch gaussian.m,
arma garch apple.m


