for x = axy +bwy. But since T~ exists, T (y;) = x; and T (y2) = o and T (ay; +bys) =
z=aT  y) + 0T (y2). O

Theorem 43. Let T € L(X,Y). T is one-to-one if, and only if, T(x) = 6 implies x = 6.

Proof. ( =) Recall from Remark |8 that because T is linear we have that 7'(f) = 6. Also,
if T is one-to-one, for any other = € X, T'(x) # 0. Hence, T'(z) = 6 only when z = 6.
(<) If T'(z) = 0 implies = 0, then the null(T) = {#}. For any two different z, 2’ € X,

that is, x—x’ # 6, we have by linearity that T'(z) # T'(2’). Consequently, T is one-to-one. [

Definition 45. Vector spaces X and Y are said to be isomorphic if there exists a linear
function T € L(X,Y) that has an inverse T~'. In this case, any such T is called an

isomorphism.
Theorem 44. Let X and Y be real vector spaces and {xy,--- ,x,} be a basis for X.

1. If {ya, - yyn} €Y, then there exists T € L(X,Y) such that y; = T (z;) for i =

1, ,n.

2. If T, f € LIX)Y) and T(x;) = f(x;) = y; fori=1,--- ,n, then T(x) = f(x) for all

r e X.
Proof. 1. Consider an arbitrary (not necessarily linear) function 7": {z1, -+ ,z,} — Y with
T(x;) =y; fori=1,--- ,n. Since, {z1,--- ,x,} is a basis for X, any = € X can be written

as x = 2?21 a;r;, where a; # 0 for some i. Now, define an extension of T" to all of X as
T(x)=>"", aT(x;) =) ., ay;. Note that for w,v € X

n

r = aw+bv= ai cix; + bi dix; = Z(aci + bd;)x;.
i=1 i=1

i=1
Hence, T (x) = > 1 (ac; + bd;)T(z;) = ad o cyi +b> o diy; = aT (w) + bT (v). Hence,

T is linear and entirely determined by T : {1, - ,z,} = {1, ", Un}-
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2. Let x = Y7 | a;x;, and since f,T are linear functions, we have

T(x) = ZaiT(a:i),

f@) = 3 af().

i=1

and by assumption T'(z;) = f(z;). Consequently, T'(x) = f(z) for all x € X. O

Theorem 45. Let X and Y be real vector spaces. Then, X and Y are isomorphic if, and
only if, dim(X) = dim(Y).

Proof. (=) Let {xy,--- ,x,} be a basis for X, then dim(X) = n. X and Y are isomorphic
if there exist T € L(X,Y) with an inverse T~!. First, we show that {T'(z1), - ,T(z,)}
is a basis for Y. That is, we show that a) {T'(z1),---,T(x,)} is a linearly independent
collection of vectors and b) any y € Y can be written as > . T'(z;)a;. If this is the case,
then dim(Y) = n. For a), note first that > | a;7(x;) = 6 implies T'(>_""_, a;x;) = 6. Since
T~ exists, we have > " ax; = T7H(#) = 6, but given that {x1,---,x,} is a basis for X
it must be that a; = 0 for all 7 if the equality is to hold. Hence, > " | a,T(z;) = 6 implies
a; = 0 for all 7, establishing the linear independence of {T'(x;),--- ,T(z,)}. For b), note that
for all y € Y there exists one, and only one, € X such that y = T'(z). But z =Y. | a;z;,
hence by linearity y = T(3> 0 aiz;) = Y iy a; T (x;).

(«<=) Now, suppose {z1,--+,x,} and {y1, -+ ,y,} are bases for X and Y. By Theorem ,
there exist 7 € L(X,Y) such that 7 (x;) = y;. Hence, all there is to show is that 7 has an
inverse 7. Suppose @’ = >_1"  a;x; and 2" =Y " | bx; are such that T (2/) = T(z”), then
Yo aiT (z) =0, bT (x;) which implies that Y (a; — ;)T (x;) = >, (a; — b;)y; = 6.
But since {41, -, y,} is a basis for Y, it must be that a; = b; for all i, and therefore ' = z”.
So, T is one-to-one, and we need only show that it is onto to conclude it has an inverse.

From Theorem 39| (part 2), {T(z1),---,7T (z,)} generates 7 (X) which is a subspace of Y.
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But {7 (z1), -+ ,T(xn)} = {y1, - ,yn} which is a basis for Y. Hence, T(X) =Y and T is

onto. O

10.1 Vector coordinates

Let X be a vector space of finite dimension n and {vy,--- ,v,} be a basis for X. Then, for
every x € X there exists a unique collection of scalars {a;,--- ,a,} such that x = Y1 | a;v;.
We call a; the i'" coordinate of x given {vy, -+ ,v,}. We define the coordinate vector function

as ¢, : X — R", such that

n a1
() = ¢ <Z aivi> = = q.
Remark 10. 1. Since for any two vectors x # ' and for a fixed basis {vy, -+ ,v,},

co(x) # ¢, (2'), ¢, is one-to-one.

2. For every a € R", we have that > a;v; is an element of X (by the definition of a

vector space and the fact that {vy,--- ,v,} is a basis), thus ¢, is an onto function.

n

3. If v,y € X then v = Y jaw; and y = > o biv;. Hence, if ¢,d are scalars and
z = cx + dy we have that z = Y cav; + > dbv; = > (ca; + db;)v;. Thus,

cy(2) = ca + db = cc,(x) + dey(y). Hence, ¢, is a linear function.

Let f € L(X,Y), and {vy, -+ ,v,} and {wy, - ,w,} are basis for X and Y. Then,

for any © € X we can write x = Y_", a;v; and because of linearity we can write f(x) =
bui

> oimyaif(vi). Since f(v;) € Y we can write f(v;) = > 7 bjsw; and ¢, (f(vi)) = :
bm’

b ;. Since ¢,, is linear,

m a;by;

cw(f(7)) = cu <Z az’f(“z’)) = Z aicw(f(vi)) = Z a;b; =

=L\ aibpi
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Note that for fixed z (a is fixed), f(x) is entirely determined by its action on v;. This, in

turn, is determined by b;. Hence, we can say that f(x) is determined by the collection of

coordinates {by,---,b,,}. Thus, we can associate with f(x) the following object
by -+ bim
bnl T bnm

We call this the matrix B associated with f and we write the function
M(f): L(Xpm, Y,) = MM

where M™ ™ is the set containing matrices with n rows and m columns. Hence, we think of
M(-) as a function that maps linear functions to a space of n x m matrices. The subscripts
on X and Y in L(X,,,Y,) denote the dimension of the spaces.

We note that the set of matrices M™*™ can itself be viewed as a vector space by defining

addition and scalar multiplication for Q, N € M™™ and a € R as
1. @+ N is the matrix S with element S;; = Q;; + N;;
2. a(@) is the matrix P with element P;; = aQ);;

3. 0, the null vector is a matrix with element 6;; = 0

The next theorem establishes that M is linear, one-to-one and onto. One-to-one and onto
means that for any two f,g € L(X,,,Y,) and f # g we have M(f) # M(g) and for every
M € M™™ there exists one, and only one, f € L(X,,,Y,). Consequently, L(X,,,Y,) and

M™¥™ are isomorphic.

Theorem 46. Let f.g € L(X,,,Y,) and h = af + Bg for scalars « and 5. Then, 1.
M(h) = aM(f)+ BM(g); 2. M is one-to-one and onto.

Proof. 1. Since L(X,,,Y,) is a vector space, h € L(X,,,Y,). Let = >, a;v; and observe

that by Remark 3 (linearity of the coordinate vector function) and linearity of f and
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g we have ¢, (h(z)) = ac,(f(z)) + Bew(g(x)) = acwy O imq aif(v:)) + Bew (O img aig(vi)) =
ad i aicy(f(v) + B0, aicw(g(v;)). Recall that by definition

M(h) = ( co(h(vr)) - culh(vm)) ),

hence

M(h) = (acu(f(v1)) - aco(f(vm)) )+ ( Bew(g(vr)) -+ Bewlg(vm)) )

2. First, note that M (f) = M(g) implies that f(v;) = g(v;) foralli = 1,--- ,m. By Theorem
[44}2 this implies f = g. Second, f = g implies f(v;) = g(v;) for all i = 1,---,m since the

basis are in X.. Consequently, M (f) = M(g). Thus, M is one-to-one.
by,
Now, let Q € M™™ and write ) = ( b1 -+ bm ) Note that b; = : is an
bn;
array of n scalars, and if {w;}?_, is a basis for Y,,, for some y; € Y,, we have y; = """ | w;b;;

since dim(Y, ) = n. Then, if {vy,--- ,v,} is a basis for X, by Theorem [44] there exists T €
L(X;,Y,) such that 7 (v;) = y; = >0 wiby;. Also, by Theorem B9}2, {T (v1), -+, T (vim)}
is a basis for the image of 7. Thus, any y € Y,, can be written as y = Z;nzl a;T (v;), and

by linearity of T,y =T (Zm ajvj) = T (x), which is entirely characterized by Q. O

J=1

In the following example we will take X,, = R™ and choose the unit-coordinate vectors

as the components of the basis.

Example 19. Let f € L(R™, R"™) and choose the unit-coordinate vectors as the components

of the basis for R™ and R™. That is, the basis for R™ is the collection {e1, ..., ey} with
e.T:(O e 1 .. O)

where 1 appears at the it position of the m-tuple. Similarly, the basis for R™ is the collection

{ug, ... u,} with ul = ( O -- 1 -0 ) where 1 appears at the it position of the n-
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tuple. For v € R™ we have x = )_." | x;€;
=f (Z xﬂi) = Z-Tzf(ez)
i—1 i=1
Now, f(e;) € R™, therefore f(e;) = Z?Zl fileu; = ( file)) faler) -+ fuler) )T. Hence,

=Y wi( file) fe) - fule))"

( filer) file2) filem) )z filer)  filez) filem)

_ ( faler) falea) falem) ) x _ faler)  fa(ea) falem) .
(fuler) Fulex) - fulew) ) fule) fulex) - Fulen)

= Fux,

where F' is an n X m matric with typical element Fj; := f;(e;)

Example 20. As in the previous example let f € L(R™,R") and g € L(R",RP) where
the domain of g is the range of f. Let (go f)(x) = g(f(x)) for x € R™ and note that
(go f)(x) € L(R™ RP) (why?). Let {e1, -+ ,em}, {us, - ,u,} and {wy,--- ,w,} be the
unit coordinate basis for R™, R"™ and RP. Then, f(z) = f(O " mie;) = Yoo, xif(e;),
Fle) = Sy feuy and F = (B30 is the matnia of £. Also, g(y) = g (S, vyu;) =
> i1 Yig(ug), g(uy) = 370 gr(wj)wy and G = [GRl”, ., is the matriz of g. Now, (g o
@) =(go )L mies) = 3275 (g 0 f)lei)i and

(go f)lei) =g(f(es)) =g (ij(ei)uj) ng e;)g(u;) ng €; Z Wy,
Z <ij ez gk u] )

Hence, the matriz of (g o f) is given by Il = [Z?’:l fj(ei)gk(uj)]nm . We define this

k=1,i=1
matriz to be the (Cayley) product of the matrices G and F' and we write Il = GF. Thus, the

well known formula for multiplication of matrices derives from the composition of two linear

functions.
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Example 21. 1. Let BC RX and T € L(B,R"). Let X € M™¥ be the matriz associated
with T, such that, as in Example[19 we write T(b) = Xb where b € B. Let {e, }I, be a basis
for RE where ey, is the unit coordinate vector of dimension K x 1. X = (X --- X ) and
T(ex) = Xer, = Xy. The rank of T is the cardinality of {X 1, -+, Xk} = K. Recall that
the null(T) = {a : Xa = 0} and by Theorem [41] we have that dim(null(T)) = 0.

2. Note that if y = Xb and y = X3, we can conclude that X (b — ) = 0 and this implies
b= (3 if the columns of X are linearly independent or, equivalently, rank(T) = K.

3. If Y =T(B) +¢, Y is the element of a linear variety, not element of the image of T. A
very interesting question is whether or not there exists an element in the image of T that is

“closest” to Y. For example, is there a solution for the minimization problem
min | = 7(8) |57

10.2 Bounded linear functions

We start by establishing that linear functions defined on finite dimensional spaces are always

continuous.

Theorem 47. Let (X, |- ||x) and (Y, |- ||yv) be normed vector spaces with dim(X) =n € IN.

fe L(X,Y) implies that f is continuous on X.

Proof. Since dim(X) = n € N, there exists a basis {b;}!_; and a collection of scalars {s;}I ,
such that any € X can be written as @ = Y. s;b;. Linearity of f implies f(z) =

> iy s f(b;) and by the properties of norms,

1f(@)lly < Z [silll £ (ba) |-

The set of real numbers {|| f(b;)||y}?; is finite and we define M := max | f(b;)|lyy- Hence,

If @)y < MY sil.
i=1
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Now, recall that if f is linear f(f#) = 6 and continuity at any point z, € X establishes
continuity on X. As in Theorem 35 define the norm |[z|j; = > ., |s;| on X and take zq = 6.

Then, we have

1 () = f(zo)lly = If () = F(O)llv = I f(@)]lx <MD |sil = M[a|r.

=1

But in finite dimensional spaces, from Theorem [35] any two norms are equivalent. Hence,

there exists C' > 0 such that ||z||; < C||x|x, which gives
If(@)lly < Mllz], < MCllz]lx.
Hence, for any € > 0 whenever ||z||x < ¢/MC, || f(z)|ly < e O

We now provide a definition of boundedness of linear functions.

Definition 46. Let f : (X, - ||x) — (Y, - ||v) be linear. f is bounded if there exists a

real scalar C' > 0 such that for all x € X we have

1 (@)lly < Cllz|lx-
The norm of f, denoted by || f|| is defined as || f]| := inf {C : || f(2z)||y < C||z|x for all z € X}.

Remark 11. If (X, || - ||x) is not finite dimensional in Theorem it is still true that

1) = FO)ly = [If@)llv, and if |f(@)llv < Cllzlly, that is f is bounded, f will be

continuous at 0 and consequently everywhere.

Remark 12. By definition ||f(x)|y < ||f|ll|lz|lx for all x € X. Consequently, for all x # 0
I @)y

llllx

we have < ||fll and by definition of supremum (the least upper bound on a set of

numbers in R) we have

1= sup @
[lzllx#0 l|lx]|x

Also, letting ' = x/||x||x we have that ||2'||x = 1 and substituting x with «'||z||x we have

If @y _ el llixf @iy 1)l

[E1PN [ElIEZIPNIAN [E PN EAPN
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where the second equality follows from the properties of norms and linearity of f. Thus,

p @y _

llme#o allx ||ac||X !

1P = p |If(@)lly-

Theorem 48. A linear function f: (X, -|lx) = (Y, || - ||v) is bounded if, and only if, f is

continuous on X.

Proof. Let f be bounded. Then, there exists a real scalar C' > 0 such that for all x € X
we have [|f(z)|ly < Cllz||x. Consider a sequence {z,}neny € X such that z, — 0, ie.,
|z, — O|lx — 0. Then, ||f(z,)|ly < C||lzn]x — 0. Since f(0) = 6 and || f(z,) — f(6)|v — 0,
f is continuous at #. Then, by Theorem f is continuous on X.

Let f be continuous on X. In particular, there exists § > 0 such that ||f(z)|y < 1
whenever ||z||x < J. Now, for all z € X such that = # 6 we have that ||z]|x # 0 and we

define 2/ = ﬁ Then, by the properties of norms we have ||2’||x = §. By linearity of f

we have that f(z) = f (H;SWX) ||3C(l|x and, consequently, || f(z)|ly = ”x”fo( > ly < L= ” ,

where the last inequality follows from || f(z)|[y < 1. This establishes that f is bounded with

C =1/s. 0

We denote by B(X,Y) be the collection of all bounded linear functions from the normed

space (X, || - ||x) to the normed space (Y, | - ||v)-
Theorem 49. B(X,Y) is a normed vector space with norm | f| given in Definition [46]

Proof. Let f,g € B(X,Y) and define s(z) = f(z) + g(z), p(z) = af(z) and the null vector
to be the function n(z) = 0 for all z € X. We must show that s(z) and p(x) are bounded
(we already know they are linear). By the properties of norms and the fact that f and g are

bounded, we have

Is(@)llv < [1f (@)lly + llg(@)llv < QA+ gDl

59



Thus, s is bounded and ||s|| = || f]| + |lg||- Also,

Ip(@)[ly = lalllf(2)lly < lalllFllllz]x-
Thus, p is bounded and ||p|| = |al||f]|. That n(x) = 0 is linear and bounded is obvious. []

Recall that if X is a finite dimensional space, every linear function defined on X is
continuous, and by Theorem (48| it is bounded. The next theorem says that the norm of a
(bounded) linear function f : (R™, |- ||g) = (R™, || - |[|g) is related to the maximum element

of its matrix and the dimension of the spaces.

Theorem 50. Let f be a linear function from the normed space (R™, || - ||g) to the normed

space (R™, || - ||g) where ||| g = (327, 22" and |lylle = (320, y2)"?. Let A be the matriz

%

of f with typical element a;; and p = max, la;;|. Then,

i=1,n;j=1,-,
< Il < pyv/mn.

m

Proof. For all x € R™ we can write y = Ax, where y; = ijl

a;jz;. By the Cauchy-Schwarz

inequality, we have

m
E CLZ']'SC]'
=1

|yz| =

m 1/2 m 1/2 m 1/2
é(Zaé) (Zx?) =<Za3j) lzlle < (mp?)" 2l e

Then,

" 1/2 n 1/2 " 1/2
Lf (@) le = llylle = (Zﬁ) = (Z |yz'|2> < <Z(mu2)llx||%) = (n(my?)|[«3) "
i=1 i=1 i=1
= Vnmpl|z||e.
Thus, by definition of || f|| as the infimum of the sets of constants that satisfies || f(x)|g <
Cl|z| g for all z, we have || f|| < /nmpu.

Now, let {e;}7; be the basis composed of unit coordinate vectors associated with the

matrix A and n; = || f(e;)||z. Note that n; = ||Ae;||z = ||A,||z where A is the j column
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of A. Hence, n; = (37, a2)"? Let n = _max n;. By definition of ||f|| it must be
J=1m

that [|f]] > 7 = max (37, aZ)"% But (31, a%)Y? > max |a;| since max |a”|
]_1 .. j 1, ,m j 17 ;1

—LTy

max (a; )2 < /3 a = ny. Hence, ||f| > 0 = max n; > max - max. |a”| =

Jj=1m gl - Jj= j=1,---.m i=1,
- O
Remark 13. 1. The proof of the previous theorem relies on the Cauchy-Schwarz Inequal-
ity (in R™). To see its validity let ay,- -+ ,ap, by, -+ , b, be a real numbers. Then, for
all A € R consider
> (@i — Ab)? Za +>\2Zb2 2)\Zbaz
i=1

2 L0, put \ = Z=1%% Then,

In particular, if > .

=1 7’ i=1 b?
Za? _ (Zzzl—abz) > 0 and consequently (Z aibi) < (Z b?) ( a?) )
i=1 =1 "1 =1 =1 =1

n 1/2 1/2
Hence, | S0, aibs| < (30, 02 (X0, a2),

2. If (fog)(x) = f(g(x)) and f and g are bounded linear functions, then ||(f o g)(x)| =
£ (gD < I fAllg@)I < Iflglll[=|| for all x. Therefore, || f o gll < | fllllgll-

When f is a linear function from the normed space (X, || - |[x) to itself, we call f a linear
operator. In many instances, we are interested in linear operators on (R”, |- ||g). If we take
as a basis for R™ the collection of unit coordinate vectors, then f(z) =y = Az where A is

the n X n matrix associated with f (why?). If f has an inverse, then by definition

i) =1 f@) =" ) ==

If the matrix associated with f~! is denoted by A™! then f~'(y) = A~ly = A~} (Ax) =
A7'Axr = I,x = x. The matrix I, is associated with the identity operator, i.e., Z(z) = .

The identity operator is a composition of two linear functions, and since R"™ is a finite
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dimensional space, f is continuous, and consequently bounded. So, by the last remark Z
is bounded. Thus, noting that [|Z(x)|| = ||z||, there exists C' > 0 such that for all z € X,

IZ(x)] = la]l < Cllz], giving | Z]| = 1. Then,
—1 —1 -1 1
L= 177" 0 fIL< 11 and consequently 177 2

Hence, invertible linear operators are those associated with a matrix A~! such that AA™! =
A7'A =1, and we call A~! the inverse of A. Since invertibility means that f is one-to-one

and onto, and given that by Theorem
dim(R"™) = dim(im(f)) + dim(null(f))
we have that dim(null(f)) =0 and rank(f) = n.

Theorem 51. Let f, g be invertible linear operators on the normed space (R",||-||g). Then,

fog is invertible and (fog) ™t =g to fL.

Proof. Since, f and g are linear, so is (f o g) from Example . Given that ¢ is linear
g(0) = 0, and since it is invertible (one-to-one and onto) ¢~'(f) = 6 and for any x # 0,
g(x) # 0. But since f is invertible f(g(z)) # 6 for x # 6. Consequently, (f o g) is invertible.
Now, let y = (f o g)(z) = f(g(z)) and since f is invertible, f~!(y) = g(z). Furthermore,
since ¢ is invertible, g7 (f7'(y)) = (g7 o f7')(y) = z. Consequently, (fog)™' =g 1o f!

[

Remark 14. 1. If M(f) is the matriz of f and M(g) is the matriz of g, then we know
that (f o g) has matriz M(f)M(g) and (f o g)~* has matriz M(g)"*M(f)~1. Hence,

(M(f)M(g))~" = M(g)~"M(f)~".

2. The collections of all invertible linear operators on (R™, || - ||g) is, of course, a subset
of the linear operators on (R",|| - ||g). Hence, a norm on L(R"™ R™) applies to the

collection of invertible linear operators.
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Theorem 52. Let [ be a linear (and bounded) operator on the normed space (R", | - ||g)

and L be the identity operator.

1L If||f|l <1, then T — f is invertible and ||(Z — f) 7| < I—Tlfll'

2. If |Z — f|| <1 then f is invertible.

Proof. 1. Let x # 6 be an element of R".

V

I - H@)lls = 1Z(x) - f@)]s > lalls— |f@)]s by Lemma[]
> |lzlle — Ifllll7]l by boundedness of f
— lels(t — I£1) > 0 since [|f]| < L.

|(Z — f)(z)||p > 0 implies x # f(x) for all z # 6, which implies that Z — f is invertible.
Now, let (Z — f)(z) =y, x = (Z — f)"*(y) and note that

Z=H(Z=H"W)le=1Z=FHoZ-H"Wle=lyle

Hence, [[yllp = [(Z—f)(@)le = (L=l fIDI(Z - £)~"(y)|| which implies that [(Z—f)~" (y)]| <

IZ-H"" W IZ-H W)l

e < = is an upper bound for T P,

Since

A’ and consequently

[ Rl
2. Let g(x) = Z(z) — f(z). Then, f(z) = Z(z) — g(x). From part 1, ||g|| < 1 implies Z — ¢

1= Hfll

is invertible, which is equivalent to ||Z — f|| < 1 and this implies that f is invertible. O

Theorem 53. Let f,g be (bounded) linear operators on (R™, || - ||g). If f is invertible and

Wil

lf—gll < Hf_llH’ then g is invertible. Furthermore, ||g71|| < Tt

Proof. Note that

g(x) = f(z) = (f(z) —g(z))
= f(z) = f(f ' (f(z) — g(x))) since f is invertible
= f(z—f'(f(z) — g(z))) since f is linear
= (fo@~f"o(f~9) ().
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Now, [If™ o (f =gl < If7MIIlf — gl from Remark [13]2 and ||f~'[[[lf — gll < 1 since

If = gll < 1/|lf7|| by assumption. Consequently, Z — f~! o (f — g) is invertible and
g = (fo(Z—-f"1o(f—g))) is the composition of two invertible functions. Hence, by
Theorem [51} g is invertible and 7' = (Z — f~' o (f — g)) ' o 1. Then, [|g7!|| < |(Z —

£ o (F =) Il < =i I~ from Theorem 3 0
Definition 47. Let I(R", || - ||g) be a collection of linear bounded invertible operators on
(R™ || - llg) and i(f) be a function that assigns to any linear bounded invertible operator f

its inverse. That is, i : I(R™, | - ||g) = I(R™ | - ||g) with i(f) = f~'.
Theorem 54. Let i be as in the previous definition. i is continuous.

Proof. Let f,g € I(R™,|| - ||g). We must show that for all ¢ > 0, there exits 6 > 0 such
that whenever ||f — g|| < § we have ||f~' — g7 Y| < e If || f — gl < 1/(2]|f7]), then by

. . . _ -1 _
Theorem , g is invertible. Then, ||g7!|| < % and ||f~ o (f —g)|| < 1/2. Hence,

lgHIl < 2[lf7H|. Now, g7 = fH = (Z— flog)ogt=fo(f—g)og™" and

lg™ = F N < W =g o g <IN = g™ 1 < 202 = 9)ll-
For any € > 0, put 6 = (¢/2)||f7| 72, then ||f — g|]| < & which implies that ||[¢7' — f7!]| <
20/ P/ = e O

11 Matrices

The matrices associated with linear functions can be manipulated in interesting and very

revealing ways.

11.1 Transposition, trace, vectorization and rank

It is useful to think of the rows and columns of a matrix associated with a linear function

fo(R™ | - |lm) = (R™ || - ||ln) as elements of a vector space. Hence, if A € M"™*™ we can
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write

A
A= : orA:(A.1 A.m)
A,.

where A; = (A -+ Ain) ER™ and A = (Ay; --- A)T € R™,

The column space of the matrix A is the set of all y € R" such that y = Z;”Zl s; A
where {s;}72, is a collection of scalars. Clearly, the dimension of the column space of A is
< m. This space is sometimes referred to as the span of A and denoted by span(A).

When n = m we say that A is a square matrix and when, in this case, A;; = Aj; we say
that the matrix A is a symmetric matrix. If the square matrix A is such that A;; = 0 for all
i # j we say that A is a diagonal matrix. The (main) diagonal of A is the n x 1 vector with
elements A;;. If the square matrix A is such that A;; = 0 for all ¢ > j(i < j) we say that the
matrix A is an upper (lower) triangular matrix.

The transposition of A is denoted by A” and is the matrix with typical element Aj;.
Clearly, for A symmetric we have A = AT, If A € M™™ we define vec : M™™ — R™™ as
A
vec(A) = :
Am
The trace of a square matrix is the sum of the elements in its main diagonal, i.e. tr(A) =

> Ay Often, it is convenient to “partition” a matrix into sub-matrices. For example, we

Arg Ao
A= ' '
( Asq Asp )

where A171 is ng X m, ALQ is ng X ma, A271 18 Ny X my, AQ,Q is Ny X Mo with ni+ng=n and

may write

mi -+ Mo = m.
If s € R we say that sA is the matrix with typical element sA;;. If two matrices have
the same row and column dimensions, A + B is the matrix with typical element A;; + B;;.

C = AB, the product of A and B was introduced in Example It is easy to verify that
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1. (A+ B)T = AT + BT (AB)T = BT AT,
2. tr(A) = tr(AT), tr(sA) = str(A) for s € R, tr(A + B) = tr(A) + tr(B),

3. AB+C)=AB+ AC, (B+(C)A = BA+ CA, (AB)C = A(BC), where in general
AB # BA,

4. Al,, = 1,A= A, tr(AB) = tr(BA).

As a matter of terminology, the rank of a matrix A, denoted by r(A), is the cardinality of

the largest number of independent rows or columns of A. Hence, we immediately have that
r(A) < min{n,m}.

We now prove that r(A)=dim(span(A)), i.e., the number of linearly independent columns of

A.

Theorem 55. Let A € M™™. Then, r(A)=dim(span(A))=dim(span(AT)).

Ay

Proof. Write A = : so that AT = (AT, --- AT ) and suppose dim(span(AT))=
A,

k <n. Then,

k
Af = Zsljel for j=1,---,n where s;; € R
=1
and {e;}/_, is a basis for span(A”). Select the i-th element of each AT and form the vector

k
Ay 2121 €S S11 Sk1
: = el : + e
k
Ani Zl:l €1iSin Sin Skn

k Si1

= E e;8; where s; =

=1 Sin
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Ay
Since : is the i-th column of A, span(A) C span {s;, -, sz} and
Ani

dim(span(A)) < k = dim(span(A”)).
Repeating the same argument with AT gives
dim(span(A”)) < k = dim(span((A”)")) = dim(span(A)).
Hence, r(A) = dim(span(A)) = dim(span(AT)). O

Remark 15. 1. We say that a matriz is of full rank if its rank is equal to the smallest of
its dimension. If that is not the case we say that a matriz is rank deficient. A square

full rank matriz is called nonsingular. If not, it is called singular. It is easy to show

that for c € R — {0}, r(cA) =r(A)

2. Let A € M™™ with r(A) = r < min{n,m}. From Theorem|46] there is one, and only
one, linear function f : R™ — R™ such that y = f(x) := Az. Since, the collection
of unit coordinate vectors {e;}7., is a basis for R™, from Theorem we have that
{f(ej) = A }jL, spans the im(f). The rank of f is the number of linearly independent

vectors in {A;}7L,, which by assumption is r. By Theorem

dim(R™) = dim(im(f)) + dim(null(f)) <= m=r+ (m —r).

3. It follows immediately from the previous theorem that the rows and columns of a matrix
A e M™™ with r(A) = r < min{n,m} can be re-arranged (by repeated permutation

of its rows and columns) to produce the matriz
Biix Bip
App = ’ ’
rr ( By1 Bap
where the sub-matriz Byy € M"™" is of full rank and the other sub-matrices are of
conformable dimensions. App is called the full rank partitioning of A.
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If A e M™™ is nonsingular, for the unit coordinate vector e; € R", we have that there
exists x; such that Az; =e; for: =1,--- ,n. Hence, we may write AX = I, where the i-th
column of X is z;. X is called the right-inverse of A. But X is itself a nonsingular element
of M™*™ (why?), so it has a right-inverse we call Y, such that XY = I,,. Thus, AXY =Y
which gives A =Y and XA = I,,. Hence, pre- or post-multiplying A by X gives [,,. In this

case, X is called the inverse of A and denoted A~! as earlier in these notes.

Theorem 56. 1. Let A € M™™ with r(A) = r < min{n,m} and X € M™™ and
Y € M"™™ be nonsingular. Then, r(XA) =r(AY) =r.

2. Let A € M™™ be nonsingular, then (A~1)T = (AT)~1.
3. Let A€ M™™ and B € M™®. Then, r(AB) < min{r(A),r(B)}.
4. Let A,B € M™ " Then, r(A+ B) <r(A)+r(B).

Proof. 1. Let = € null(A). Then, Ax = 6 which gives XAz = 6. Thus, z € null(XA).
Conversely, if x € null(XA), then XAz = 6. Since, X is nonsingular, it has an inverse
and X 'XAz = 0 <= Az = 6. Thus, € null(A) and we conclude that null(A) =
null(X A). But since A and XA have the same number of columns r(A) = r(XA). Now,
(AY)T = YT AT, Since r(AT) = r and Y7 is nonsingular, we use the first part of the result
to conclude that r(AY') = r.

2. By definition AA™! = I,,. Then, (AA™Y)T = (A~1)TAT = [,,. Alternatively, by definition

(AT)~LAT = T,,. Consequently,
(A_l)TAT — (AT)_lAT — ((A_l)T - (AT)_l) AT — 9’

and since AT is nonsingular, it must be that (4717 = (AT)~L.

3. If v € null(B) then Bx = 6 and ABx = #. Thus, null(B) C null(AB). Then,
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r(null(B)) < r(null(AB)). Since, B and AB have the same number of columns,

r(B) + r(null(B)) = r(AB) 4+ r(null(AB))
<= r(AB) —r(B) = r(null(B)) — r(null(AB)) <0

— r(AB) < r(B).

Now, r(AB) = r((AB)T) = r(BTAT) < r(AT) = r(A), where the inequality follows from

the first step of the proof of 3. Thus, 7(AB) < minr(A), r(B).
I,
I,
smallest number of linearly independent columns in ( A B )) But, this is smaller than

4. A+B=(A B) ( ) From item 3., r(A+ B) < r(( A B)), which is the the
the number of linearly independent columns in A plus the number of linearly independent

columns in B. Thus, r(A+ B) < r(A) +r(B). O

Remark 16. If A € M™ ", the matriz AT A is often encountered. It is called a Gramian
matriz. Note that if x € null(A) then Ax = 0 and ATAzxz = 0. Also, if v € null(ATA)
then ATAx = 0 and 27 AT Az = (Ax)T Az = 0 if, and only if, Az = 0. But in this case,
x € null(A). Hence, null(A) = null(ATA) and since A and AT A have the same number of
columns, we have r(A) = r(ATA) (also r(AAT) = r(A)).

11.2 The determinant

Consider the set S, of all n! = 1-2--.-n permutations of the n-tuple (1,2,...,n). For
example, if n = 2 we have Sy = {(1,2),(2,1)} where #S; = 2! = 2 and if n = 3 we
have S3 = {(1,2,3),(1,3,2),(3,1,2),(3,2,1),(2,1,3),(2,3,1)} where #53 = 3! = 6. Each
permutation is obtained by exchanging the adjacent elements of the original n-tuple a certain
number of times (or not at all, as is the case of the original n-tuple). For example, if n = 2
the permutation (2, 1) was obtained from one exchange. In the case of n = 3 the permutation

(1, 3,2) was obtained from one exchange, but the permutation (3,2, 1) was obtained after 3
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exchanges of adjacent elements. We represent this as
(1,2,3) = (1,3,2) — (3,1,2) — (3,2, 1)

where each arrow represents and exchange. Let sgn : S,, — {—1,1} be a function defined
as sgn(p) = (—1)* where z is the number of exchanges needed to obtain the permutation p.

For example,

-1V =1ifp=(1,2
sgn : Sy — {—1,1} is given by {( ) ifp=(12)

(—D'=—lifp=(2,1)

and

(—1)0 =1if p=(1,2,3)
1) =—-1ifp=(1,3,2),(21
sgn : S3 — {—1,1} is given by (=1) nr (1,3,2),(2,1,3)
(—12 = 1ifp = (3,1,2), (2,3, 1)
(C1)P = —1ifp=(3.2.1)
Definition 48. The determinant of A € M™"™ is a function det: M™™ — R defined as
d@t(A) = Z 39”(p)A1j1 A2j2 cee Anjn

PESnH

where p = (j1, 2, -+, Jn) and A;j is the (i,7) element of A.

Example 22. Ifn = 2, det(A) = A11A22 - A12A21. [fn = 3, d@t(A) = A11A22A33 +
A13A21A32 + A12A23A31 - A11A23A32 - A12A21A33 - A13A22A31-

Theorem 57. Let A € M™™ be nonsingular. Then, 1. det(cA) = c"det(A), 2. det(AT) =

det(A), 3. if A is diagonal, lower or upper triangular det(A) =[], Au

Proof. 1. Since cA is the matrix obtained by multiplying every element of A by c,
det(cA) = ZSgl’l(p)CAljl CA2j2 tee CAnjn =" ngn(p)AIjl A2j2 tee Anjn = c"det(A)
2. Now, det(AT) = 3 sgn(p)Aj 14,2+ Aj,,. For any permutation p € S, the order of

PESn
the factors in the product A;,1Aj,2--- A, , can be re-arranged and ordered by the first index
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without altering the product. Doing this for all permutations and observing that sgn(p) is
not altered by any of these rearrangements gives
det(AT) = “sgn(p) Ay, Agj, -+ Ay, = det(A).
PESn
3. This follows directly from the observation that for diagonal, lower or upper triangle
matrices Ayj, Agj, -+ Apj, = 0 for all permutations except the permutation {ji,---,j,} =

{1, ,n} O

It is convenient to express the determinant of A as linear combinations of the determinants
of matrices of smaller dimensions. To this end, the square matrix (n — 1 x n — 1) obtained
from deleting the i-th row and j-th column of A will be denoted by AY. The co-factor

associated with the element A;;, denoted A, is

K

and its minor is det(A%¥). It can be shown that for A € M™" and any i =1,--- ,n
=1

Similarly, for any j = 1,--- ,n, det(A) = >"" | A;;Auj). These are called Laplace expansions
of the determinant of A.

The adjoint of A, denoted by Adj(A) is defined as Adj(A) = ([A¢;])?. This matrix has
the interesting property that AAdj(A) = Adj(A)A = det(A)L,.

We now give some properties of the determinant for A € M™ ™. They are easy (but

tedious) to verify.

A Aip
Asq Ags

is mg X ny and either A; 5 or Ay, or both, are matrices containing only zeros, then

1. IfAz(

> where Al,l is ny X nq, ALQ is ny X na, Ag’l is Nng X Ny, AQ’Q

det(A) = det(ALl)det(Agjg) .
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2. If Ay, and Ay, are nonsingular

A1 AT+ AT 1AL Z 7 Ay 1 AT — AT A2
_Z71A2,1A1—j Z1

where Z = Ay s — AQJAHALQ. Z is called the Schur complement of A ;.
3. det(AB) = det(A)det(B) but in general det(A + B) # det(A) + det(B)
4. Tf A is nonsingular det(A) = 1/det(A™"). Thus, det(A) = 0 if, and only if, A is singular
5. For a nonsingular matrix A, A~! = (det(A))'Adj(A).
We close this section with a useful type of product of matrices.

Definition 49. Let A € M™" and B € MP*9. The Kronecker product of A and B 1is

denoted by A ® B € M™P*" qjith

AnB ApB .- Ay,B
A® B = : : e :

It can be easily checked that:

. A B) ' =A"1'® B!

2. (A®B)(C®D)=AC® BD
3. (A B)T = AT @ BT

4. tr(A® B) = tr(A)tr(B)

5. vec(ABC) = (CT @ A)vec(B)

=}

A e MV and B € M™™ det(A ® B) = det(A)"det(B)™.
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12 Eigenvalues and eigenvectors

Definition 50. Let A € M™" x € R" — {0} and A € R or C, such that Az = \x. We say
that X\ is an eigenvalue of A and x is an eigenvector of A corresponding to the eigenvalue \.

(A, ) is called an eigenpair.

Remark 17. 1. Given one eigenpair (A, z) we can immediately conclude that many others

exist. Indeed, for a € R — {0}
aAzr = A(ax) = alx = Nazx) and if y :== ax, Ay = \y.

Hence, (A, y) is an eigenpair. It is often the case that eigenvectors are normalized such

that ||z]| = 1.

2. Ax = Az implies (A — A\,)x = 0. An obvious choice of x that satisfies this equation
is x = 0 (trivial solution), but since in the previous definition we have x # 0, x
will satisfy this equation (non-trivial solution) only if A — A1, is not invertible, i.e.,

det(A—N,) =0. If A=[A;] ., we have

i=1,j=1
All - A A12 tt AITL
det(A — A,)) = det Afl A”:_ A Af“ — 0. (8)
Aw A e A A

3. If A is a diagonal, upper or lower triangular matriz det(A — AI,) = [[i (A — N).

This equals zero for X = Ay;. The associated eigenvector is the unit coordinate vector.

Let us take a closer look at equation , known in this context as the characteristic

equation. First consider the case where n = 2. Then,

det(A — M) = N> — (A11 + Ap) A + (A1 Ass — ArpAy)

= (1N 4 (=1)'A ) det(Ag,y) + det(A).
{i1}eC?
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Here, Ay, denotes the matrix obtained by keeping the row and column 7; in the matrix
A and C? is the set of combinations (2 choose 1) from the set {1,2}. That is, C? has two

elements: 1 and 2. For the case n = 3, we obtain

det(A— A1) = (=1)°A% + (=1)222 Y det(Ag,))
{ti)}yec?
+ (=D D det(Ag, ) + det(A).
{(i1,i2)}eC3

where Ay, ;,3 denotes the matrix obtained by keeping the rows and columns ¢; and ¢, in the
matrix A. After similar algebraic manipulation and induction, we obtain for n € IN

det(A— AI) = (=N)"+ (=N)"" Y det(Ag,y) + (=N > det(Ag, i)
{tin)}eCt {(i1,i2)}eCy

(=) S det(Ag iy,.in1}) + det(A). (9)

{(31,3250in—1) }ECT_|
Equation (9) shows that det(A — AI) is an n-degree polynomial in A. As such, the charac-

teristic equation has n solutions not necessarily real or distinct. For example, if n = 2

M= % (6r(4) + V/ix(A)? — 4det(4)) amd A, = % (r(4) — /(AP — 4det(A))

The set containing the distinct eigenvalues of A is called the spectrum of A and is denoted

by o(A). Given an eigenvalue );, an eigenvector x; can be obtained by solving the equation

That is, the eigenvectors associated with ); are the elements in the null space of (A — \;1,,).
The space of solutions for (A — \;I,,)x; = 0 for i = 1,--- n is called the eigenspace of A
belonging to ;.

Since det(A — \iI,) = 0, 7(A — \il,) < n. The dimension of the eigenspace associated

with the eigenvalue );, which we denote by g¢;, is called the “geometric multiplicity” of \;.
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Recall from Theorem |41 that if we think of A — \;I,, as the matrix associated with a linear

function f on R™, we have dim(R") = dim(im(f)) + dim(null(f)) or
n=r(A-NL)+g < r(A-X\NI,)=n—g.

In general, the geometric multiplicity of \; is different from the algebraic multiplicity ;.

The latter refers to how many times the \; is repeated as a root for equation @D
Theorem 58. The eingenspace of A belonging to the eigenvalue X\ is a vector space.

Proof. Let z,y be eigenvectors associated with A. Then, Az = Az and Ay = A\y. Now, let

z=ax + by for a,b € R. Then,
Az = A(ar +by) = ax + by = M ax + by) = Az.
Hence, z is an eigenvector associated with \. O]

Theorem 59. If \ is an eigenvalue of A, then: 1. \" is an eigenvalue for A", for n € IN;

2. A7t is an eigenvalue of A7

Proof. 1. We prove this by using the principle of induction. Take n = 2: if Ae = Ae, then
A?e = Me = \?e. Now, assume that A% = \'e. Then, A""le = AA" = A\"e = \"Ae =

A'tle 2. Ae = \e implies A~ Ae = MA~'e = e which implies %e = A~ le. O

Theorem 60. Let A € M™ ™ with typical element A;; and Ay, ..., \, be eingenvalues. Then,
1. det(A) == H?:l )\Z',' 2. t’l"(A) = Z?:l A“ == Z?:l /\z

Proof. 1. From equation (9)) det(A — A1) is,

pA) = (=1)" A"+ (=1)" N lep g - (=1)Aer + det(A). (11)
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where ¢, ..., c,_1 are the coeflicients in (9)). If A\;,--- , )\, are eigenvalues of A, i.e., solutions
b ) n b ) n ) )

for p(A) =0, we can write

pPA) =AM =A)-- (A = A)

_ (_1>n)\n n Lyn—1 Z )‘11 + n 2\n—2 Z )‘11)‘22
1160” (’Ll ZQ)EC
+ (—=1)'\! > i hig - X AL A (12)

(i1,’i2,...,in_1)ecg_1
Comparing the coefficients on the polynomials in equations @, and completes the

proof. n

Theorem 61. Let A € M™™ and Ay, ..., \x where k < n be a set of distinct eigenvalues.

Let (A\j,x;) for j =1,2,...k be eigenpairs. Then, the set {xj};?:l is linearly independent.

Proof. The proof is by contradiction. Suppose {xj}le is linearly dependent. Then, there
exist S C {1,2,...,k} with #S := ¢ < k such that {z,};cs is linearly independent. Let
the corresponding distinct eigenvalues be {\;};es. Then, there exist scalars ¢; such that
Ty = ZjeS tjx; where k ¢ S. Now, multiply the last equation by A — A1, so that
0= (A= NDap =D ti(A=ND)ay =Y ti(Ax; — Mry) = > t5(N — M)z
Jjes jes jes
Since the eigenvalues are distinct A; — A, # 0. Consequently, the collection {x;}es is linearly

dependent, a contradiction. O

If all eigenvalues A; of A are distinct, i.e. n = k, then the set of eigenvectors {z;}7_,
is linearly independent. Let X € M™ " be the matrix X = ( Ty v Ty ), which in this

case is of full rank, r(X) = n. Letting

A O 0

0 X 0
A= . )

0 O An



by definition we have

AX = XA &= A=XAX"1

The equation A = XAX ! is called the diagonal factorization of A. Clearly, if all eigenvalues
of A are distinct, A can be diagonally factorized. But as the next theorem shows, having all

eigenvalues of A being distinct is not necessary for the diagonal factorization of A.

Theorem 62. Let A € M™ " with distinct eigenvalues A1, ..., N\, where k < n and each

having algebraic multiplicity mq, ..., my. If X is the matriz of eigenvectors of A, then
r(A—Nx)=n—m; <= X is invertible.

Proof. (<) A — A1, is a diagonal matrix with exactly m; zeros on its diagonal. Hence,

r(A = NI,) =n—m;. If X is invertible,
X(A = NL)X 1= (XA~ \NX)X 1= (AX — \MX)X L= A — A,

Since multiplication of any matrix by another matrix of full rank does not alter its rank,
r(A—NIL,) =n—m;.

(=) If r(A— \;I,) = n—m, the rank of the null space of A — \;I is m;. That is, there exists
m; linearly independent eigenvectors of A associated with A;. Denote these eigenvectors by
{wi};2,. These eigenvectors are columns of X. Now, let v; be an eigenvector associated with
A; # A and assume v; is linearly dependent on {w;};”. Then, there exists a sequence of

non-zero scalars {t;}," such that v; = > t;w; and

Avj = A thwz = Z tiAw; = \; Ztlwl = \ivj
=1 =1 =1

contradicting the assumption that v; is not associated with A;. Thus, it must be that v; is

independent of {w;};. O

Remark 18. 1. If \; and A; are distinct eigenvalues of a symmetric matriz A, and if x;

T

and x; are eigenvectors associated with \; and \;, then x; x; = 0. This is promptly
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verified by noting that
foxi = )\Zx;fxz and x;fFij = )\ﬂ?iij

and by symmetry (¢} Az;)" = x Az;. Thus, Nix] vy = N x;. But since N\; # Aj, it

must be that :Ef:cl = 0. That s, x; and x; are “orthogonal” to each other.

2. It can be shown, see|Hadley (1977) pp. 243-245, that if A is a symmetric matriz and \;
1s an etgenvalue with multiplicity m;, there will be m; linearly independent orthogonal

eigenvectors associated with \;.

3. The previous two remarks show that if A is a symmetric matriz with eigenvalues

Ay ooy A, possibly not all distinct, there exists a sequence of associated linearly in-
dependent orthogonal eigenvectors {x1,...,x,}. Thus, every symmetric matriz can be
diagonally factorized.

Theorem 63. Let A € M™™ be diagonizable with eigenpairs {(N\;,x;)};_,. 1. The r(A) is
equal to the number of nonzero eigenvalues, 2. The eigenvalues of an idempotent matrix are

either 0 or 1. In this case, r(A) = tr(A) = tr(A).

Proof. 1. Since X 'AX = A and X is nonsingular, (X 'AX) = r(A). Hence, r(A) = r(A).
But since A is a diagonal matrix containing the eigenvalues of A, r(A) is the number of
nonzero elements in the diagonal of A.

2. Az = Mz and since A is idempotent Az = AAx = \?z. Thus,
M= Nz = AA—1)z=0.

Since = # 6, it must be that A(A — 1) = 0 which implies A = 0 or 1. O
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13 Quadratic forms

In Example , for z,y € R" we defined the inner product (z,y) = > ", z;y; or
(@,y) = 2"y.
Of course, 27y = 271,y which can be viewed as a special case of
a" Ay for A € M™" when A = I,. (13)

The expression 7 Ay is called a bilinear form and when x = v, i.e., when we have

n n
x’szg E Ay,

i=1 j=1
we refer to it as a quadratic form. It is common to define quadratic forms for symmetric

matrices A. In fact, this is with loss of generality, as made evident in the next theorem.

Theorem 64. For every A € M™" there exists a matriz A, = (A + AT) € M™™ such
that

2T Agx = 7 Az where A, is a symmetric matriz.

Proof. For any A € M™" let M = A+ AT. Clearly M is symmetric (MT = (A + AT)T =
AT + A= M). Now,

o' Mz = 2" Az + 2T ATr = 2T Az + (27 AT2)! = 2T Az + 2T Ax = 227 Az
Hence, 30" Mz = 2" Az and we define A, = (A + AT). O
The following definition is useful in ordering matrices.
Definition 51. Let A € M™*™ be symmetric.

1. A is said to be positive semi-definite if v Ax > 0 for all x € R™,
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2. A is said to be positive definite if x¥ Ax > 0 for all v € R™ — {0},
3. A is said to be negative semi-definite if x7 Ax < 0 for all z € R",

4. A is said to be negative definite if x7 Ax < 0 for all z € R™ — {6}.

Theorem 65. Let A € M™" be symmetric. A is positive definite if, and only if, all

ergenvalues are positive.

Proof. (<) Since A is symmetric, the matrix formed by eigenvectors X is invertible. Thus,
{X}}j=, is a linearly independent collection of vectors. Hence, any vector y € R™ — {0} can
be written as y = Z?Zl X js; where s; € R. Then,

Ay = Azn:X.ij = zn:AX.ij = zn: )\ijth and
j=1

j=1 j=1

n

yTAy = iX’{SZ i )\ijij = Z i )\ijSinX'j.
i=1 Jj=1

i=1 j=1

Since A is symmetric X7 X ; = 0 for ¢ # j, hence
YT Ay = NS XIX =Y A(sX5) (55X ).
=1 =1

Since (s;X ;)7 (s;X ;) > 0, if \; > 0 we have y” Ay > 0.

(=) AX, = \X, = XfAX.i = )\iX.ZT-X.i. Since XfX.Z- > (, we have that for XfAX,Z- >0

it must be that \; > 0. U

For any any A € M™ " the upper sub-matrices of A are given by

A A A A A
Ap = A, Ay = < H 2 ) , Az 1= Ay Ag Ay o Ay = A
An Az Azi Asp Asg

Theorem 66. Let A € M™ ™ be symmetric. A is positive definite if, and only if, det(A;) > 0

for j=1,...,n, where A; are upper sub-matrices of A.
Proof. Exercise. O
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14 Banach spaces

We start by defining Cauchy sequences.

Definition 52. A sequence x1,xs, -+ in a normed vector space (X, | - ||x) is said to be a

Cauchy sequence if ||z, — xn||x = 0 as n,m — co.

Recall that this means that for all € > 0, there exists N, such that for all n,m > N, we
have ||z, —x,||x < €. Note that for any x € X we have ||z, —zn|x = ||[tn — 2+ 2 —250|x <
|zn—2||x+||z—2m|x. Hence, if 21, xq,- - - converges to x, then ||z,,—z,|x — 0. Thus, every

convergent sequence is a Cauchy sequence. However, Cauchy sequences may not converge.

Definition 53. A normed vector space (X, || - ||x) is complete if every Cauchy sequence in
X has a limit in X. That is, every Cauchy sequence in the space converges to an element in

the space. A complete, normed vector space is called a Banach space.
Lemma 2. A Cauchy sequence is bounded.

Proof. Let N be such that for all n > N we have ||z, — zn|| < 1. Hence, for n > N we have

[znllx = llzn — 28 + 2nllx < llzn — 2nllx + [lovlx <1+ Jlzn]x. O
Theorem 67. Let {x1,29,---} be a sequence in (X,| - ||x). If 1 is a limit point of
{@1,29,- -+ }, then there exists a subsequence {xnny, Tn2), - -~ } of {@1, 22, - - } such that z,) —

xr as n(k) — oo.

Proof. Since z, is a limit point, for all ¢ > 0 and for all N, there exists n > N such that
|z, — x| < e. Consider B(xp,1/k) = {x : ||z — x| < 1/k}, where k € IN. Since z, is a
limit point, for all k there exists n(k) such that z,x € B(xr,1/k). From Remark @ there
are infinitely many points in every ball centered at x, hence it is always possible to choose
n(k) < n(k+1) for all K = 1,2,..., so that x,@) is indeed a subsequence. As k — o0,

1/k — 0, which implies that z,x) — 2r. O
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1ifn=135,...
n~lifn=246,...
as there is no x € R such that all (except finitely many) x,, € B(x,€) for any e > 0. Note

Example 23. Let z, = This sequence does mot converge in R
that x;, = 0 is a limit point of the sequence since every B(0,€) contains an element of the

sequence different from 0. Furthermore, the subsequence xo, = n~" — 0.
The following remark is for a sequence taking values in R.

Remark 19. We say that {x,}n,en in R is bounded if there exists a,r € R with r > 0 such
that for all n, x, € B(a,r) ={y : |y —a| <r}. That isa—r <z, < a-+r. Note that if

a>0 then |a|=a and a —r > —r > —a —r. Thus, |a| —r > —r > —|a| — r and
—la|—r <l|a| -7 <z, <|a| +r.

Hence, x,, € B(0,|a| +r). Alternatively, if a <0 then |a| = —a we have
—lal —r <z, < —la|+r <|a|+7r

and consequently x,, € B(0, |a| +r).

Theorem 68. Let (X, || - ||) be a normed vector space with metric dx(z,y) = || — y|| and
S C X have infinite many elements. xy is a limit point of S if, and only if, there exists a

sequence of distinct points {xy, tnew C S such that lim x,, = zp.
n—oo

Proof. ( =) x, a limit point of S means that for all € > 0 there exists € S, distinct from
x, such that dx(z,z) < e. Then, choosing e = 1 = 2%, there exists z; € S distinct from zy,
such that dx(z1,21) < 2% Next, choose € = dx(z1,x1)/2, then there exists x5 € S, distinct
from wxp, such that dx(zs,2r) < dx(w1,27)/2 < 1/2%71. Next, choose € = dx(v2,21)/2,
then there exists x3 € S, distinct from zy, such that dx(xs,zr) < dx(z2,71)/2 < 1/2371

Repeating the argument n € IN times, gives dx(z,,zr) < 1/2"7'. Hence, there exists a

sequence of distinct points in S that converges to ..
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(<=) x, — = as n — oo means that for all € > 0 there exists N, € IN such that for all n > N,
we have dx(x,,x) < € or B(xy,€) contains infinitely many elements of {zy,xs,---} C S.

Hence, B(xp,€)()S # 0 and zy, is a limit point. H
The next theorem is called the Bolzano-Weierstrass Theorem.
Theorem 69. FEvery bounded infinite set S C R has a limit point.

Proof. Since S is bounded, there exists a,b € R such that S C [a,b]. Set ¢ = (a +b)/2 and
consider [a, c] and [¢, b]. It must be that either [a, ¢] or [c, b] (or both) contain infinitely many
elements of S. Without loss of generality suppose [a, | contains infinitely many elements of
S and label [a,c] = [a1,b1]. Let ¢; = (a3 + b1)/2 and define [a, ¢1] or [¢y,b1]. By the same
reasoning, either [a1, 1] or [c1, by] (or both) contain infinitely many elements of S. Say it is

[c1,b1] and label [¢1, b1] = [az, bs]. Repeating this reasoning n € IN time gives
1. [a,b] D [a1,b1] D [az,ba] D - D [an, byl - -
22.a<a;<ay <---andb>by > by > -
3.bi—ar=(0b—a)/2,bp—ay=(b—a)/4, - b, —a, = (b—a)/2".

Since a, is monotonically increasing and bounded, a, — a = supa,. Also, since b, is
nelN

monotonically decreasing and bounded, b,, -+ b = im{\I b, and a, — b, — 0 as n — oo. Then,
ne

b, — a| = |by, — an, + a, — al < |b, — a,| + |a, — al.

By item 3 and the fact that a,, — a we have that b, — a. Since limits are unique a = b.
Now, let a = b = xr, we will show that xy, is a limit point of S. For any ¢ > 0 consider
B(zyp,€) = (x —€,x +€). For n sufficiently large [a,, b,] C (x; — €,z +¢€) and consequently

any ball centered at z; contains infinitely many points of S. Hence, B(xp,€)()S # 0,

establishing that x is a limit point of S. ]
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Remark 20. The reasoning used in the proof of the Bolzano-Weierstrass Theorem extends
without difficulty to the case where S C R™. Hence, we have the following theorem, which is

stated without proof (see |Apostol (1974), page 54).
Theorem 70. Every bounded infinite set S C R™ has a limit point.

Hence, if x is such a limit point of S, using Theorem we can conclude that there
exists a sequence {x1,zy,---} € S such that Jggloxn = x7. Now, let S be itself a sequence
and write S = {1, 29, -}

Theorems |18 and [19) imply that every bounded sequence {z,},en € R has a converging
subsequence. Of course, the point to which this subsequence converges is a limit point of
{2, }nen. Put differently, every bounded sequence {x, },en € R has a limit point in R. This
is a version the classic Bolzano-Weierstrass Theorem. It can be easily extended to R™ with

the Euclidean norm. We state it next.

Below are examples of Banach spaces.

1. (R,|-|) is a Banach space. To verify we need to show that every Cauchy sequence
{Zn}nenw € R converges to some z € R. Since {z,}nen is Cauchy, it is bounded.
Since it is bounded it has a limit point x € R. By the triangle inequality |z, — z| <
|z, — | + |zm — x|. Note that by the Cauchy property, there exists N, such that
for n,m > N, |z, — x| < € and by definition of a limit point |x,, — 2| < e. Hence,

|z, — 2| < 2e.

2. It follows from 1. and the Bolzano-Weierstrass Theorem that R™ for m € IN with the

Fuclidean norm is a Banach space.
3. C10, 1], the space of continuous functions on [0, 1] with [|z(¢)||x = maxo<i<1|z(t)].

4. 1, for 1 < p < oo, the space of scalar sequences {1, xa, -+ } for which > % |z;]P < o0

whenever 1 < p < oo with norm ||z||, = (3, |xi|p)1/p. When p = 00, [|7||o = suplz;|.
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5. If X and Y are Banach spaces and W = X X Y be the cartesian product of the spaces,

with norm [|w|w = ||z||x + |lyl]ly. W is a Banach space.

The Bolzano-Weierstrass Theorem can then be used to prove Cantor’s Intersection The-
orem, an important result that is helpful characterizing compact sets. These sets play an

important role in optimization.

Theorem 71. (Cantor’s Intersection Theorem) Let {Q1,Q2,---} be a countable collection
of nonempty sets in R™ such that: a) Qry1 C Qr and b) each set Qy, is closed and @y is

bounded. Then, (-, Qk is closed and nonempty.

Proof. Let I = (;—, Qk. Since each @y is closed, so is I. We now need to show that there
exists a point z € I. If one of the sets () is finite, then the proof is trivial given that the
sequence {Q1, Qq, -} is composed of nonempty sets. Thus, let’s assume each @y contains
infinitely many points. Let A = {21, x9,---} be a collection of distinct points such that
Tr € Q. Since A C @1 and @ is bounded we have that A is bounded. But every bounded
sequence has a convergent subsequence that is bounded, which has a limit. Thus, A has a
limit point, call it . We will show that € I by showing that it is in every ). Since the
Q) are closed they contain their limit points, so it suffices to show that z is a limit point of
every (Jr. But any ball centered at z contains infinitely many points of A since all except
(possibly) a finite number of elements of A belong to % and this ball also contains infinitely

many points of Qr. So, x is a limit point of every Q. n

Theorem 72. Let (X, d) be a metric space and A C X. xp is a limit point of A if, and only

if, there exists a sequence in A — {x} that converges to x,.

Proof. (<) Let {ay}n=12,. € A—{x} such that a, — x, then for all € > 0 there exists N,
such that d(a,,z) < € for all n > N,. Since B(zp,€) = {z : d(z,z1) < €}, B(xp,e)[ (A —
{z1}) # 0 for the given ¢, since some a,, are arbitrarily close to xj. Therefore, by definition

xr is a limit point of A.
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(=) zr is a limit point of A implies that for all » > 0, B(zp,7) (A — {zL}) # 0. We
will show that we can construct a sequence in A — {z} that converges to z;. Put ry =1,
then there exists a1 € B(zp,m = 1)(V(A — {z1}). Next, rp = 2d(ar,z1) < § = 5=
there exists as € S(xp,72) (A — {21} Similarly, 73 = 1d(as,z1) < I = 5 there exists

as € B(xp,r3)(VA—{xr}, and so on. Hence, there exists {aj, as, - - - } such that d(a,,z;) <

zn%l — 0 as n — oo. Therefore, a,, — x. O

Theorem 73. A C (X,d) is closed if, and only if, every convergent sequence in A has its

limit in A. That is, if {x1, 22, -} is a sequence in a closed set A and x,, — x, then © € A.

Proof. (<) If every convergent sequence in A has a limit in A, then this is true for all
convergent sequences {xi, sy, -} for which x, # x for all n. Therefore, A contains all of
its limit points, but since a limit point is a closure point, A contains all of its closure points,
and by definition it is a closed set.

(=) Assume that A is closed and let {x, 22, -} be a sequence in A such that z,, — x.
If x,, # x for all n, then z is a limit point of A, and since A is closed, x € A. If x,, = x for

some n, since z,, € A, then z € A. n

Theorem 74. Let (X, | - ||x) be a Banach space. A C X is complete if, and only if, A is

closed.

Proof. (=) A complete implies that every Cauchy sequence converges to an element in A.
Then this is true for all sequences {zy,xs,- -} for which z,, # = for all n. Therefore, A
contains all of its limit points, but since a limit point is a closure point, A contains all of its
closure points, and by definition it is a closed set.

(<) Let {1, 29, -} be a sequence in A such that x,, — z. If z,, # « for all n, then x is
a limit point of A, and since A is closed, x € A. If z, = x for some n, since z,, € A, then

z e A O
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Theorem 75. Let f: (X,dx) — (Y,dy) be a function. f is continuous if, and only if, for
all subsets C' closed in Y, f~1(C) is closed in X.

Proof. (=) We will verify that f~1(C) contains all of its limit points when f is continuous
and C closed. Let x7 be a limit point of f~'(C). Then, by Theorem there exists a
sequence {z1, Tq, -+ } in f~1(C)—{z} that converges to z1,. Note that, since f is continuous
f(z,) — f(xp). By construction, f(z,) € C for all n, and by assumption C' is closed.
Therefore, by Theorem [73], f(x,) has its limit f(2r) € C. But this means that z € f~(C),
therefore f~1(C) is closed.

(<) We will prove that f discontinuous at some z implies that for some C' closed in Y,
f7HC) is not closed in X. f discontinuous implies that there exists zy such that z,, — x¢
with f(x,) - f(zo). That is, there exists r > 0 such that dy(f(x,), f(zo)) > r for all n.
Now, let C' be the closure of {f(x,)}. C is, consequently, closed. Since, f(z,) € C we have
that =, € f~1(C) for all n, and since x, — xg, zo is a limit point of f~*(C). However,
f(xzo) & C (f(xo) is not a closure point of {f(x,)}), for B(f(xo),e) {f(z,)} = 0 for all n
and € < r. Hence, 2o ¢ f~1(C) and f~(C) not closed. O

Corollary 4. Let f: (X,dx) — (Y,dy) be a function. f is continuous if, and only if, for

all subsets C' open in'Y, f~1(C) is open in X.

The last theorem and corollary characterize continuous functions without explicitly de-
scribing the involved norms and metrics. In this sense, we can provided an axiomatic
approach to continuity. Let (X, 7x) and (Y, 7y) be two topological spaces. A function

(X, mx) = (Y, 7y) is continuous if for every Y € 7y, f~1(Y) € 7x.

15 Compactness and extreme values

Definition 54. Let I be an index set and U = {U; : i € I} be in (X,dx). U is a cover for

ACX if AC U;. If U;’s are open for all i, U is called an open cover.
i€l
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Definition 55. A C X is compact if for all open covers U of A, we can find a finite
subcollection of U, say {U;}i—, such that A C |J;_, U;.

Example 24. (0,1) is not compact. U = {(1/n,1) : n > 2} is an open cover for (0,1), but

no finite subcollection of U will cover (0,1).

It is important to note that compactness does not result from being able to cover a set
with a finite open collection of sets. Clearly, (0,1) can be covered by (0,0.51)(J(0.5,1).
What is critical in the definition is that associated with every open cover there is a finite

subcollection that is also a cover for the set under study.

15.1 Characterizing compactness in R"

We will give useful characterizations for compact sets in R"™. We will give first some necessary

and important supporting results.

Theorem 76. Let G = {A;, As,- -+ } denote the countable collection of all balls in R™ with
rational radius and centers with rational coordinates. Let x € R™ and S be open in R™ with
x € S. Then, at least one of the balls in G contains x and is contained in S. That is,

x € A C S for some A in G.

Proof. Recall that the set of rational numbers is countable, hence G is countable and there

exists B(xz,r) € S. We will find y € S with rational coordinates and find B(y,q) € G

I

such that B(y,q) C B(z,r) and = € B(y,q). Let : and let y, € Q such that
Tn

\ye—x| <r/dnforallk =1,--- n. Then, ||y—2| < |y—21|+ - +|yn—2n| < £zn = ] (recall

that [l = 320 [@:f® = (321 [wil)® — 222, lwil o] < (323 [wal)?, and [lzf < 3201 |il).
Let ¢ € Q such that § < ¢ < §. Then, z € B(y,q) and B(y,q) € B(z,r) C S. But

B(y,q) € G which proves the theorem. O]
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Theorem 77. (Lindeldf Covering Theorem) Assume A C R™ and let O be an open cover of

A. Then, there exists a countable sub-collection of O which also covers A.

Proof. Let © € A, then there exists an open set S in O such that z € S. By Theorem
there exists a ball Ay such that x € Ay C S. Of course, there may be infinitely many such
Ay, but we choose only one of these, say the one with smallest index m(x). Then, the set of
balls A,,(;) obtained as x varies over all elements of A is a countable collection of open sets
which covers A. To get a countable sub-collection of O, correlate with each A, one of the

sets O in U that contains A, (. O

The next theorem, known as the Heine-Borel Theorem, establishes that closed and
bounded sets in R™ are compact. The proof is an example of the usefulness of Cantor’s

Intersection Theorem.

Theorem 78. Let O be an open cover of a closed an bounded set A C R™. Then, a finite

sub-collection of O covers A.

Proof. By Theorem [77|there exists a countable sub-collection of O which covers A. Describe
this collection as Oy = {I,I5,---} and consider S,, = -, I for m finite. S, is open,
since the finite union of open sets is open. We will show that for some m, A C S,,. Let
Q1 = A, Q2 = ANR" - 51), Q3 = AN(R™ — Sy),---. If we can show that for some
m, AN(R" — S,,) = 0, then for that m, A C S,,. By construction, S; C Sy C --- and
Q1 2 @ O ---. By assumption, A is closed, and since R" — S, is closed (recall that the
complement of an open set is closed), @, = A((R" — S,,) is closed for all m, since the
finite intersection of closed sets is closed. Since by construction @), C A, and since A is
bounded by assumption, @,, is bounded for all m. Suppose no set @), is empty, then by
Cantor’s Intersection Theorem, [);—, Qr # 0. This means that there exists z € A that is
an all @Q,,, and therefore, outside of all S,,, viz., x ¢ (J;—, Sk. But this is impossible, since

A C U2, Sk Therefore, some @,,, must be empty, which completes the proof. O
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The following theorem provides a full characterization of compact sets in Euclidean
spaces. In particular, in these vector spaces compactness is equivalent to closeness and

boundedness of sets.

Theorem 79. Let A C (R",dg) where dg is the metric associated with the Euclidean norm.
The following three statements are equivalent: 1. A is compact; 2. A is closed and bounded;

3. Every infinite subset of A has a limit point in A.

Proof. In Theorem [78| we showed that 2 implies 1. We now show that 1 implies 2. If a € A,
then the collection of open balls B = {B(a, k) : k =1,2,-- -} is an open covering for A. Since
A is compact, there exists a finite sub-collection that covers A. Therefore, A is bounded.

Suppose A is not closed. Then, by Theorem there exists a convergent sequence
in A whose limit is not in A, i.e., there exists a limit point z; of A that is not in A.
For all € A, let r(z) = 3|lv — x1||. Note that r(z) > 0 since # # zp, (v ¢ A) and
consider the collection B = {B(x,r(x)) : « € A}. B is an open cover for A, and since A is
compact, there exists a finite subcollection of B that covers A. Thus, A C (J,—, B(zg; k).
Let r = min{ry,re, -+ ,rm}. Note that if x € B(xp;r) then ||z — x| < r < 7, and
consequently by the triangle inequality ||x; — zx|| < ||z — || + ||z — x|, or || — x| >
|lzp — x| — ||z — || = 2rk — ||z — || > 7 since ||z — z|| < 1. Hence, x ¢ B(xy, 1) for
all k and B(zp,r) (U, B(xk,mx) = 0, which contradicts z, being a limit point. Hence, A
must be closed.

Since 1 and 2 are equivalent, the proof will be complete establishing that 2 and 3 are

equivalent. This is left as an exercise. n

Example 25. Intervals such as [a,b], with a < b and a,b € R, are closed and bounded and
consequently compact when we endow R with the Euclidean norm; 2. It is not hard to show
that x?_,]a;, b;] C R™ is also closed and bounded and compact when R™ is endowed with the
norm ||z|| = (X", 22)"/%.

=11
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Theorem 80. Let f: (X,dx) — (Y,dy) be a continuous function on A C X, where A is

compact. Then, f(A) is compact in Y. In particular, f(A) is closed and bounded.

Proof. Let O be an open covering for f(A). We will show that a finite sub-collection of O

covers f(A). Let f(A) € |J C and note that f~(C) is open on (X, dx) by continuity of f
ceo

and Corollary . Now, {f~}C) : C € O} is an open cover for A, and since A is compact,

there exists a a finite sub-collection {C;}._;, p € IN that covers A. Therefore,

AcrienJsreU---UJsrie.

Hence,

) < f(readrieay--Urie)
= futeyraen-- Y rorie)
c O UCQ U ce U C,. by Homework 1
Hence, f(A) is compact. f(A) compact implies f(A) is closed and bounded (from Theorem

[79). We note here that the structure of R" was not used in Theorem [79] to establish that 1

implies 2. [

On Definition 46| we defined what is meant by boundedness of a linear function f. We

now define what is meant by boundedness of a function f.

Definition 56. The function f : (X, - ||x) = (Y, || - |ly) is bounded on A C X if there
exists C' > 0 such that || f(z)||y < C for all x € A.

Theorem 81. Let f : (X, |- [|x) = (R™ | - llg). If [ is continuous on A C X and A is

compact, then f is bounded on A.

Proof. Since A is compact, f(A) is compact by the previous theorem. Therefore, f(A) is

closed and bounded, and consequently f is bounded on A. O
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Remark 21. In the case where [ : (X,| - [|x) = (R,|-]), f(A) is a closed and bounded

subset of R, therefore f(A) has an infimum and a supremum. Hence,
inf f(A) := f(z;) < f(x) <sup f(A) := f(xs) for all x and some z;, ;s € A.

But f(x;) is a closure point for f(A), hence f(z;) € f(A). Similarly, f(zs) € f(A). Hence,

there exist minimum and maximum for f over A.

This remark leads to the following corollary to the previous theorem. It is known as

Weierstrass Theorem and provides for the existence of maxima or minima.

Corollary 5. (Weierstrass Theorem) Let A be a compact set in a metric space (X, dx) and
f A —= R be continuous. Then, f is bounded in A and attains both its minimum and

mazximum in the set. That is, there erists Toin, Tmax € A such that f(Tya.) = sup f(A) and
f(@min) = inf f(A).

Theorem 82. Let f: (X, - ||x) = (Y, | - [[v). Suppose f is one-to-one and onto, so that

the inverse function f~' ewists. If X is compact and f is continuous, then f~' is continous.

Proof. f~!is continuous if, and only if, for every closed set C' C X has image f(C') closed
in Y. Since C'is closed and X is compact we have that C' is compact.

To see this, let O be any open cover of C'. Since C'is closed, its complement C¢ = X — '
is open. Thus, O |J(X —C) is an open covering for X. But since X is compact, it contains a

finite subcover which we can assume contains X — C. That is, there exist A;, As,--- A, and
Xcal)4Jx-c

This collection also covers C', and since X — C' contains no element of C', UZ_, A; covers C.

Now, since C' is compact f(C') is compact and, consequently, closed. O

The next theorem shows that continuity of a function on a compact set implies uniform

continuity of the function on the set. That is, for any ¢ > 0 there exists a 6. > 0 depending
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only on € - and not on x that assures e-proximity in the range of the function whenever there

is 0-proximity in the domain.
Example 26. 1. Let f(x) =27 for z € (0,1] and let zo € (0,1]. For x # xy note that

1
|[f(@) = flwo)l = [a7" — 25| = g 17 ol

Hence, for any e > 0, |f(x) — f(zo)| < € if — |v — x| < € or |x — 20| < zHHE := (20, €),

1
TTQ
where 0 depends on xqy and e.
2. Let f(z) = 22 for x € (0,1] and let xy € (0,1]. For x # x¢ note that

|f(x) — fxo)] = |x2 — x%‘ = |z — xo| (x + x9) < 2|x — m¢| SiNCE T, 20 < 1.
Hence, for any € > 0, |f(z) — f(zo)| < € if 2|x — xo| < € or |x — o] < €/2 :=(e)
Theorem 83. (Heine’s Theorem) Let f : (X,dx) — (Y,dy) and A be a compact subset of

X. Suppose f is continuous on A, then f is uniformly continuous on A.

Proof. Let B = {B(a,r,/2) : a € A}. Then, B is an open cover for A. Since A is compact
there exists a finite sub-collection of B which covers A. Let’s write A C ;- , B(ak, 7%/2)
where m is finite. Let ¢ := lg@m{rk /2}. Since f is continuous on A, for all € > 0 there
exists ry (depending on ay) s_uc_h that d(f(z), f(ar)) = || f(z) — f(ax)|| < €/2 whenever
x € Blag, ). Let x,x9 € A such that d(z,zg) = ||z — x¢]| < 0 := 1gllci<nm{rk/2}' Then, there

exists B(ay,ry/2) such that x € B(ag,/2) implies d(f(x), f(ax)) < €/2. Hence,
d(zg,ar) < d(zo,x)+ d(x,ay)
< 0+d(z,ay)
< 04 rp/2 < /24 1E/2 =1y
Hence, zy € B(ag,ry) and therefore d(f(zo), f(ax)) < €/2. But since

d(f(x), f(o)) < d(f(x), flax)) + d(f(ar), f(x0))

< £4°¢
— — — €.
5 73
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This completes the proof, since for arbitrary z,zqg € A such that d(z,zo) <  implies

d(f(x), f(z0)) < e. 0
16 Differential Calculus

We will provide a short review of differentiability as introduced in elementary Calculus and
then give some more advanced notions of differentiability. We start with functions defined

on R.

16.1 f defined on R

We start with functions defined on a subset of R.

Definition 57. Let (a,b) be an open interval in R and f : (a,b) — R. f is differentiable at

c € (a,b) if
o F0) = 10

T—rC Tr — C
exists (v # c). We denote such limit, which clearly depends on c, by fM(c). It is called the

deriwative of f at c.

It is worth remembering what is meant by the type of limit that appears in the definition.
For fixed ¢ with ¢ # x we think of the ratio r.(z) := % as a function on (a,b) — {c}. If
¢ is a limit point of (a, b), then the limit statement in the definition means that for all € > 0,

there exists a d(€) > 0 such that |r.(z) — f(c)| < € whenever |z — ¢| < §(e).
Remark 22. 1. Since limits are unique, we are defining a new function fO in (a,b).

2. As a matter of notation, the limit in the definition is alternatively denoted by % (¢)

or f'(c).
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fleth) 1)

3. It is clear that by letting h = x—c # 0 we can equivalently define fM)(c) = lim .

h—0
As mentioned above, this means that for all € > 0 there exist 6(¢) > 0 such that when-
ever |h| < d(e)

[f(e+h) = f(e) = hfD(e)] < |hle
4. When f is differentiable at all ¢ € (a,b), we say that f is differentiable on (a,b).

Theorem 84. Let (a,b) be an interval in R and f : (a,b) — R be differentiable at xy € (a,b).

Then, there ezists f* : (a,b) — R continuous at x¢ which satisfies

f(z) = f(zo) = (x — x0) f*(x) for all z € (a,b) (14)
with f*(xo) = fY(x). Conversely, if there ewists f* which is continuous at xo and satisfies
, then f is differentiable at xo and f(zo) = f*(z0).

Proof. (=) If fM)(z) exists, define for all # € (a,b) the following function
f(x)—f(z0) if © # xo

xr—x0 ’

fr(x) =
fO(zg), if z = mo.
Note that f*(x) — f*(wo) = L2120 — ¢ () for z # xo. Therefore, lim (f*(x) — f*(20)) =

0, which shows that f* is continuous at zy and clearly satisfies .

(<) If f(x) — f(m0) = (& — x0)f*(z) for all z € (a,b) then we can write ZE=/20) — f+(5)

T—xo
for x # xy and
lim f(@) = f(zo) = lim f*(x)
T—TQ xr — $0 T—T0
By continuity of f* at zp, lim f*(z) = f*(x¢) = lim %ﬁéxo) = MW (z). ]
T—T0 T—x0

Remark 23. 1. Note that f(xo+h) — f(xg) = wh and if [ is differentiable at

Tg, then
lim f (o + h) — f(20) = [ (o) X 0 =10
h—0
Therefore, }llin[l)f(xo +h) = f(xg), which implies that f is continuous at xq, by Theorem
—

(37 Hence, differentiability at xo implies continuity at .
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2. If p(x) = f(z)g(x) where f,g are differentiable on (a,b). Then,

pleth) =p@) Lo pate 1) — f@)e(x) — f@)gl + )

h h
+f(x)g(z + h))
=gz + h)f(x +h) — f(z) + f(x)g(x +h) —g(x)
h h
pV(z) = }ng%p(x + h})l —p(z) = g(2)fO(2) + f(2)gP(2)

where }lLir% g(x 4+ h) = g(x) by continuity of g.
%

3. Using the same arguments as in item 2, if [ and g are differentiable, it can be easily

verified that
if s(x) = f(x) + g(x), then sW(z) = D (z) + ¢V (x),
if p(x) = 2™ with n € N, then pM (z) = na™ !,

if a(x) = L8 for g(x) # 0, then V() = A (fD (2)g(x) — gD (@) f(2)).

The next theorem, which gives the derivative of a composite function, is known as the

chain rule for differentiation.

Theorem 85. Let (a,b) be an interval in R, f: (a,b) = R and g : I := f((a,b)) - R and
consider h = (go f) : (a,b) — R. Assume that there exists o € (a,b) such that f(xy) € L.

If f is differentiable at xo and g is differentiable at f(x), then (go f) is differentiable at xo
and (g o f)D (o) = g (f (20)) S (0)-

Proof. By Theorem [84] there exist f* such that
f(x) = fwo) = (x — x) f* () for all z € (a,b) with f*(xo) = f (o).

Similarly, g(y) — g(f(x0)) = (v — f(z0))g*(f(z)) for all y € T, where T is some open

sub-interval of f((a,b)) containing f(xy). Here, g* is continuous at f(zq) and ¢*(f(zo)) =
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g (f(x0)). Choosing € (a,b) such that y = f(x) € T we have

(gofl@) = (g0 f)xo) = g(f(x)) = g(f(x0))
= (f(2) = f(20))g"(f(2)) = (& = 20) [*(2)g"(f (2))-
Therefore, 8E-eDEn) — f+(1)g*(f(z)) and
i 90 F)(@) = (g0 f)(ao)

T—x0 €Xr — ;CO

= [ (0)g™ (f (o).

]

The definition of a derivative at a point xy required that the point be interior to an
interval and that f(!)(zy) € R. It is desirable to extend the definition to closed sets and to

allow for the possibility of f™M)(zg) € R|J{—o0}J{oo}.

Definition 58. Let f be defined on |a,b] and assume that f is continuous at xo. f is said

to have a right-derivative at xo, denoted by ff)(:zfo), if

il)(mo) = limM € ]RU{—OO} U{oo}

xlxo T — X

Similarly, f is said to have a left-derivative at xy, denoted by fﬁl)(xo), if

D (zo) = thfO(IO) € R J{—o0} [ J{o0}-

ztxg r— X

If 7o € (a,b) (the interior of [a,b]), we say that f)(z¢) = +oo if ffrl)(xo) = W (z9) = Fo0.

The classical geometric interpretation of f)(x() as the slope of the line that is tangent
to f(zg) is preserved by the last definition in the case where the tangent line is vertical.

Also, note that continuity of f at x( is now assumed.

16.2 Derivatives and extrema

Definition 59. Let (a,b) C R and f : (a,b) = R. We say that o is a local mazimum for f
if, there exists r > 0 such that for all x € B(xo,r), f(xo) > f(z). Similarly, we say that xg

is a local minimum for f if, there exists r > 0 such that for all x € B(xg,r), f(x¢) < f(x).
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Theorem 86. Let (a,b) be an open interval in R and f : (a,b) — R. Assume that for some
xo € (a,b), fD(zo) >0 or fV(2¢) = co. Then, there exists € > 0 such that B(zg,¢€) C (a,b)

such that f(x) > f(xo) if v > xo and f(z) < f(xo) if x < xo.

Proof. 1f 0 < fM)(x4) < oo then by Theorem , there exist f* such that
f(x) = f(x0) = (& — m) f* () for all x € (a,b) with f*(z) = f) (o),

for all = € (a,b) with f* continuous at zo and f*(zo) = fM(2¢) > 0. Since f* is continuous
at o, there exists B(xg,€) C (a,b) such that for x € B(xg,€), f*(z) has the same sign of
f*(zo), i-e., f*(x) > 0. This means that f(x) — f(zo) has the same sign of z — .

If f)(zg) = oo, there exists B(xy,€) C (a,b) such that for all z € B(zo, €)

flz) = flxo)

T — X9

0< M < , for o # xg.

Thus, in the ball, %ﬁéwo) > (. Therefore, the conclusion follows similarly to the case where

fO(x0) < 0. O

Theorem 87. Let [ : (a,b) — R be differentiable on (a,b). If xo is a local maximum for f,
then W (z4) = 0.

Proof. Since xq is a local maximum f(xo + h) — f(xo) < 0 for all |h| < § for some 6 > 0.

Therefore,
f(xo—l—h]i—f(%) <0 for h € (0,9)
and
flzo+ h]i — @) S ) for e (<5,0),
Then,
. f(wo+h) — f(xo)
D, h =" "
and
. f(l’() + h) - f(l’(])
ot h =0 "
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5t locallnimimum
3! locallnaximum
| f'(x')=0

Figure 3: Graphical representation of a function that has derivatives at a local minimum at
x and a local maximum at z’

But since f is differentiable at xzq, viz., }Linéw exists as f1)(x), the limits in 1)
%

and must coincide. This can happen only at 0, therefore f (1)(1'0) =0. O

Remark 24. The same is true for a local minimum. That is, if x¢ is a local minimum for

f on (a,b), then fO(zy) = 0.

Theorem 88. (Rolle’s Theorem) Let f : [a,b] — R be differentiable on (a,b). Assume that

f is continuous at a and b. If f(a) = f(b) there exists at least one © € (a,b) such that
fO(z) =0.

Proof. Since f is continuous on a compact set, there exist x; and =5 on [a,b] such that
f(z;) = m[iré} f(x), flzs) = m[a)g] f(z). Now, assume that f)(z) # 0 on (a,b). By Theorem
x€la, xE|a,

z; and x, are not in (a,b) because, if they were, f()(z;) = fM(z,) = 0. Hence, both

are at the endpoints. Since f(a) = f(b), then f(z;) = f(zs) and f is a constant on [a, b].
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However, in this case f(!)(x) = 0, a contradiction. O
Rolle’s Theorem can be used to prove the very important Mean Value Theorem.

Theorem 89. (Mean Value Theorem) Let f : [a,b] — R be differentiable on (a,b) and

continuous at both end points. Then, there exists ¥ € (a,b) such that f(b)—f(a) = fI(x)(b—

a).

Proof. Let

Note that ¢(b) = ¢(a) = 0 and for all x € (a,b)

o) —o(x) _ fly) = flx)  fb) = fla)

y—x B y—x B b—a (18)
and

since f is differentiable on (a,b). Therefore, ¢ satisfies all assumptions on Theorem |88|and,

consequently, there exists € (a,b) such that ¢ (x) = 0, and from (19)

f(b) - f(a)

=0
b—a ’

¢V (z) = fO(z) -
which implies f(b) — f(a) = fO(z)(b — a). O

Since limits are unique, £ is a function with domain S C (a,b) where f is differentiable.

If ) is differentiable at ¢ € S, then we write

fM e+ h) = fO(e)
h

@) () = i
f7(e) = lim

and call £ (c) the second derivative of f at c. When it exists, the n'? derivative of f at c

is denoted by f™(c).
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